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Data-Based Control Design for Output-Error
Linear Discrete-Time Systems With
Probabilistic Stability Guarantees

William D’Amico

Abstract—In this letter we propose a novel method for
direct data-based design of an output feedback controller
for output-error processes in the single-input-single-output
case. We consider a finite number of input/output data
points collected from the system. Based on them, we define
a set of state-space perturbed models consistent with data,
where a bound on the disturbance is obtained by sce-
nario optimization, and the structural properties of the
models in this set are theoretically analyzed. This leads
to a linear matrix inequality for the design of the feedback
control law with probabilistic asymptotic stability guaran-
tees. A simulated non-minimum phase system illustrates
the approach.

Index Terms—Data-driven control, uncertain systems,
robust control.

. INTRODUCTION

HEN input/state/output data are available from a plant
Wto be controlled dynamically, algorithms that design
a feedback controller directly from such data are appealing
because they circumvent the possibly time-consuming tasks
of creating a model for the underlying plant from first prin-
ciples and, then, of identifying its parameters, especially if
some of these parameters affect the closed-loop performance
only mildly. Such algorithms are even more appealing if,
from the finite amount of input/state/output data, they pro-
vide guarantees on asymptotic stability of the resulting closed
loop obtained by the feedback interconnection of the unknown
plant and the designed controller [1]. This is the philos-
ophy behind many recent works that have considered the
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so-called fundamental lemma by Willems et al. [2] as a start-
ing point, and have ranged over different settings in terms
of underlying (unknown) plant dynamics (linear [3], polyno-
mial [4], [5], nonlinear [6]), control objective (stabilization [3],
dissipativity [7], invariance [8]) and control design method
(predictive [9], optimal [10] or robust control [5], [11], [12]).

In the majority of these works, the data points used for
controller design take the form of noisy input/state data since
this facilitates the characterization of the plant dynamics that
are consistent with the collected data and, in turn, allows
obtaining necessary and sufficient conditions for robust sta-
bilization of all such dynamics. How to carry out the design
directly through noisy input/output data while guaranteeing
robust stabilization is less understood and has comparatively
been less investigated; at the same time, it is more relevant
and realistic in real-world applications. Among the works
that, within the aforementioned thread, have treated input/
output data, we mention [3], [12], [13], [14], [15]. Reference
[3, Sec. VI] shows how an output feedback controller can be
designed from noise-free input/output data of a single-input
single-output (SISO) system. In [15] a data pre-processing
procedure is proposed to mitigate the effect of the measure-
ment noise in a given batch of input/output data. Reference
[12, Sec. IV.B] allows for the design of a dynamic output feed-
back controller in the presence of noisy input/output data while
discussing some challenges in the multi-input multi-output
case. Both [12] and [13] consider input/output data where
the corrupting disturbance acts in the difference equation in
the same fashion as in ARX (AutoRegressive with eXoge-
nous variable) processes. Alternatively, noise can corrupt the
input and output signals in an additive fashion in the so-called
error-in-variables (EIV) setting. This setting includes the case
of output-error (OE) processes where, quite naturally, mea-
surements are considered to be composed of signal and noise;
it is known to be potentially challenging [16], and was consid-
ered for set-membership identification, e.g., [17], [18]. Direct
design of a dynamic compensator for superstabilization is pur-
sued in [14] from input/output data in an EIV setting; such a
design is formulated as a polynomial optimization problem,
which is effectively solved via sum-of-squares hierarchies.

In this letter we focus on direct design of a SISO output
feedback controller with output measurements corrupted by
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measurement noise, i.e., for OE processes. Unlike supersta-
bility in [14], we consider classical asymptotic stability. Our
approach consists of defining a suitable set of state-space
perturbed models consistent with the data, where an energy
bound for the whole disturbance sequence is obtained via sce-
nario optimization, leading to a linear matrix inequality for
the design of the feedback control law. Also, we prove that
all the matrices in the set share a particular structure in agree-
ment with the setting of OE processes. A key feature of our
scheme is that asymptotic stability is guaranteed, in a proba-
bilistic sense, despite the uncertainty induced by additive noise
corrupting the output measurements.

This letter is organized as follows: in Section II the control
problem is stated, whereas in Section III a disturbance uncer-
tainty set is constructed through a novel algorithm that relies
on scenario optimization. In Section IV the main tool for con-
trol design is provided. Section V shows the application of the
proposed method to a simulation example.

Notation: k denotes the discrete-time index belonging to the
integers Z. The transpose of a matrix M is M. 0,,,, (or 0)
denotes a zero matrix with n rows and m columns (or with
a suitable number of rows and columns). [, is the identity
matrix of dimension n. |a| denotes the absolute value of a real
number a. Py{A} denotes the probability of an event A with
respect to random variable «, and P, {AC} the probability of
the complement of A.

[I. PROBLEM STATEMENT

We consider a discrete-time linear-time-invariant (LTT)
SISO system S of order n described by the input-output
representation

_ poT

y(k) = z(k) + w(k)
where the regressor vector ¢ (k): Z — R2" s defined as
¢ (k) = [z(k),....ztk —n+ 1), uk), ..., u(k—n+ DT, (2)

u is the manipulated input, z is the nominal output, y is
the measured output, w is the measurement noise; 6° =
oy, ..., Gé’n]T € R?" contains the unknown system parameters.

We assume that one batch of input/output data, obtained
from a suitable experiment on the system S, is available. The
objective of this letter is to propose a data-based control design
technique for regulation with asymptotic stability guarantees
for the feedback control system in case only input/output data
are available and the output is affected by noise as in (1). The
next assumption is required on the system.

Assumption 1:

a) The system in (1) is open-loop asymptotically stable;

b) The system order n is known;

¢) w is bounded, i.e., 3w € R such that |w(k)| < w for all

k>—-n+1.

Assumption la) is required to ensure the stationarity prop-
erties needed in Section III-C; unstable plants can be handled
by a cascade control architecture, provided that a preliminary
(possibly low-performing) stabilizing controller is available.
Assumption 1b) is necessary to avoid problems with struc-
tural identifiability [19, Sec. 5.3]. Data-based estimation of

the system order can be obtained by the procedure in [20],
subspace identification methods [21, Th. 2], or in view of our
considerations in Remark 1. Assumption 1c), which is com-
monly verified in practice, is required to obtain a bounded
disturbance uncertainty set, as we discuss in the next section.

II1. UNCERTAINTY SET

The objective of this section is the construction of a dis-
turbance uncertainty set suitable for the application of the
data-dependent stability condition in [5, Th. 1].

A. State-Space Model and Disturbance Uncertainty Set

In this section we obtain a state-space model for (1) and
define the disturbance uncertainty set. Firstly, we assume that a
finite number Ny of output/regressor data pairs (y(k+1), (13(/())
is available, for k =0, ..., N; — 1, where

$k) = y(®). ...
In view of this, system (1) can be rewritten as
y(k+ 1) =0T (k) + d(k), 3
where Zl(k) = —GOTvAv(k) + w(k+ 1) and

yk—n+ 1), ukk), ..., utlk—n+ D]

wk) = [w(k),...,wk—n—+1), Ol,n]T.

System (3) can be recast in state space form as

{x(k + 1) = Fux(k) + Guu(k) + d(k) @)
y(k) = Hx(k)
where
d(k) = [d(k), 01 291" € R*"! )
x(k) = [yk),...,yk —n+1),
uk =1, ... ,utk—n+ DT eR” L (6)
oy ...00 07,...05,
. In—l On—l,l On—l,n—l
o= 01,1 01,01 ’
0n—2,n In—2 On—2,l
G, = [9::+1 O1,0—1 1 Olgn,Q]T, and H = [1 01,2,,_2].

Using the available input/output data we define the matrices

Uy = [u(O) u(ly -+ u(Ng — l)], (7a)

Xo = [x(0) x(1) -+ x(Ng—1)], (7b)

X) = [x(1) x2) - x(Ng)]. (Tc)
We require the next mild and easily verifiable assumption.

Assumption 2: Matrix [i{/g] has full row rank.

Remark 1: Assumption 2 is closely related to the identifi-
ability properties of the system. To understand this, consider
noise-free data and recall that the system order is n; through
a minimal realization of the difference equation in (1) with
matrices (Amin, Bmin, Cmins Pmin) (i.€., where (Amin, Bmin) 1S
controllable and (Amin, Cmin) 1S Observable), i(]?)
shown to have full row rank by the so-called fundamental
lemma [2, Th. 1] if u(—n+ 1), ..., u(Ng — 1) is persistently
exciting of order 2n.

can be
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We can use the considerations above to estimate the system
order. Assume that one considers 7 > n as system order and

constructs the matrix [XO ] based on 7n. Indeed, in view of the

U
fundamental lemma, Wiﬂ(’)l noise-free data and u(—n + 1), e
u(Ny — 1) persistently exciting of order 27, the matrix ’5?,]
cannot be full row rank since 71—n rows are linearly dependent
on the others. More generally, for noisy input/output data gnd
fairly good signal-to-noise ratios, n—n singular values of [5‘; ]
are negligible with respect to the others. This is analogous
to using the numerical rank of a suitable Hankel matrix in
subspace identification [19, pp. 181 and 182] to estimate the
system order. <
We define the unknown disturbance sequence matrix as

Do = [d(0) d(1) --- d(Ng—1)], (8)

so that data satisfy X1 = F,Xo + G,Uy + Dg. In view of
Assumption 1c), we have that the disturbance sequence Dy
has bounded energy, i.e., Dy € D, where

D::P)eRQWUWW:DDTﬁAAT} 9)

for some matrix A with AAT € R@=DxC2n=1 D g the dis-
turbance uncertainty set. The knowledge of AAT is required
for the application of [5, Th. 1]. Deriving a deterministic bound
AAT only from w may be conservative and, hence, we pro-
vide an alternative scenario-based estimate of AA7 in the next
section.

B. Computation of the Disturbance Upper Bound AAT
via Scenario Optimization

In this section we propose a method based on the sce-
nario approach [22] to obtain an upper bound AAT for the
disturbance with probabilistic guarantees.

We define A == ©® x W C RN¢t3n where ® C R?" con-
tains parameters 6 of LTI SISO asymptotically stable systems
of order n in the same representation as (1) and W < RNa+7
contains noise sequences W = [w(—n+1) ... w(Nd)]T. So,
any element of A is denoted by A = [67 WT]T. In view of
Assumption la), it is guaranteed that A¢ = [HUT w"T]T € A,
where w? = [w"(—n +1) ... w"(Nd)]T € W is the unknown
noise sequence of the real experiment. With some abuse of
notation, we use A’ in the following to denote its unknown
value, but also the related random variable, as clear from the
context. Indeed, although 6 is an unknown constant, it is com-
mon procedure (e.g., see [23, Sec. 5]) to assign a probability
distribution to it and consider it as a random variable when
its estimation is uncertain due to the presence of noise. We
require the next technical assumption.

Assumption 3: A is endowed with a known probability
distribution P;.

Some guidelines for the estimation of PP, from data in the
absence of any a-priori information are in Section III-C.

To estimate the disturbance upper bound AA”, we propose
Algorithm 1 where

01,202 } (10)

1
D=
|:02n—2,1 0202202

Algorithm 1 Estimation of AAT

i) Choose a violation probability € € (0,1), a confidence parameter
B € (0, 1), and a number p of scenarios to be discarded.
ii) By bisection, find the minimum integer N > 1 solving

p

N\ . .
Z(,)d(l—e)”f’sﬁ. (11)
=0
iii) Generate a sample (Al,kz,...,AN) of N independent random
elements from (A,PP), where A' = [eiT wiT]T, w =

[Win+1) ... wiNp] . fori=1,....N. '

iv) For each scenario A!, for k = 0,...,N; — 1, define W'(k) =
Wik, ..., witk —n+1),01 .17, dk) = —0 T ) + witk + 1),
and the row vector

d = [di©) dq)

-~ d'(Ng - D] (12)

v) For each scenario Ai, compute a)‘l = didiT, )

vi) Discard p scenarios corresponding to the ones with the greatest at.

vii) Among the remaining N —p scenarios, take the maximum o , denoted
by o, and set

AAT = o*D.

; (13)

As comments to Algorithm 1, we emphasize that the N
scenarios involve only A and not output/regressor data pairs,
which may be costly to collect. Furthermore, [24, Th. 1.2] pro-
vides an explicit (albeit conservative) inequality to upperbound
N such that (11) holds, namely,

N=ep+.p+(/p+Din(1/p)).

From (11) and (14), we note that N does not depend on the
dimension of A, i.e., on Ny and n. Removing scenarios allows
us to avoid too conservative estimates of the disturbance upper
bound AAT while providing probabilistic guarantees that
Do € D, as stated next.

Lemma 1: Let Assumption 3 hold. For all N > 1 fulfill-
ing (11), if AAT in the set D in (9) is computed according
to Algorithm 1 as in (13), it holds that Pp,{Dg € D} > 1 —¢
with probability at least 1 — 8.

Proof: See the Appendix. |

Note that Pp {Dg € D} > 1 — € is itself an event and, in
Lemma 1 and in the following Theorem 1, probability 1 — 8
is indeed intended with respect to the random multisample
extracted from AV, see [25]. As stated in [22], [25], B can
be selected small enough to be negligible, e.g., B = 10719,
without significantly increasing N.

(14)

C. Estimation of P, From Data

In this section we provide some guidelines on how to
estimate IP,. Py indicates the probability distribution of 6.
Furthermore, we consider the noise realizations w(k) as inde-
pendent and identically distributed random variables with
probability distribution P, for all k = —n 4+ 1,...,Ng. It
is also reasonable to assume each element of 6 to be uncorre-
lated with w(k), for all k = —n+1, ..., N;. Hence, we address
separately the problem of estimating Py and P,,.

Estimation of Py: While referring to [23, Sec. 5] and ref-
erences therein for more details concerning the estimation of
Py, we recall here the main ideas. Firstly, an estimate 0 of 9°
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is obtained by using a prediction error identification algorithm
and the corresponding covariance matrix ¥; is estimated from
data. In case a prior distribution for 6 is available, given é, a
Bayesian setting can be adopted to obtain a refined estimate
of Py, see [23, Proposition 2].

Estimation of Py To estimate P, a preliminary data col-
lection experiment in a steady-state condition with zero (or
constant) output can be performed in view of Assumption 1a).
From the analysis of the collected data, a suitable probability
distribution can be selected, and the corresponding parameters
can be estimated from data using classical methods, see [26]
for more details.

D. Set of Models Consistent With Data

In this section we define the set C of system matrices con-
sistent with data, and we analyze the structure of the matrices
therein contained, for AAT as in (13). Using the data in (7)

and the set D in (9), we define C as
C:= {[FG] :X1=FX()+GUO+D,DED}, (15)

i.e., the set of all matrices [F G] that, given Uy, could generate
data Xy and X; according to (4) and keep the disturbance
sequence in D. Note that Dy € D is equivalent to [F* G*] eC.

Let us define D(d) = [O ], for d € R"Ne, and the
2n—2,N4

set Cs of structured matrices, for any « > 0, as

¢ = {[F0) 60| : X1 = @)X + G,@) U + D@, d" <o}, (16)

where F,(0) = [ F;(Q)}, G.(0) = [ Gg}(@)], 9 e R,

) s

FY(G) = [01 o O Opg2 O ]a 6;(9) = On+t1,
In—l On—l,l Onfl,nfl Onfl,l

F, = 01,1 01,11 , G, = 1
On72,n In—2 On—2,1 0n—2,1

Also, from (7c¢), let X; =

Xl e RZn—2><Nd.

We have the next result on the set Cj.

Proposition 1: Under Assumption 2, if AAT = aD for any
o > 0 and D defined in (10), then C = C;.

Proof: See the Appendix. |

Proposition 1 shows that, when AAT = oD for any o > 0,
the matrices F and G in the set C in (15) cannot be “full”
but need to have the same structure as F(6) and G4(0) in Cs,
which coincides with the structure of F, and G, in (4).

|:Xli|, where X; € R'*N¢ and
X

IV. DATA-BASED CONTROL DESIGN

In this section the stability condition in [5, Th. 1] is extended
to the case when only input/output data are available. To this

end, we consider the control law
u(k) = Kx(k) 17

where KT € R?"~! and x(k) is defined in (6) as a stack of
(past) values of y and u. From data Uy, Xo, X; in (7), we

define

T
_ | Xo || Xo — | Xolyr ~._ T AT
A= [Uoi||:Uoi| B = [UO}X , Ci= X X7 — AAT.

The next theorem provides a sufficient condition for closed-
loop stability and is our main tool for control design.

Theorem 1: Under Assumptions 1, 2 and 3, consider (4)
with the feedback control law in (17). If AAT in the set D
in (9) is computed according to Algorithm 1 as in (13) and
there exist P = PT > 0 and L such that

—P—C 0y-124-1 BT
02n—1,2n—1 —P [P LT]

<0, (18)
B b -a

L

then K = LP~! ensures that, with probability at least 1 — S,
the unknown closed-loop system is asymptotically stable with
probability at least 1 — €.

Proof: See the Appendix. |

V. SIMULATION EXAMPLE

In this section we show the effectiveness of the proposed
algorithm for a non-minimum phase asymptotically stable
system of order n = 3. The system is drawn from [27, Sec.
IV], with the addition of a nonminimum phase zero. The
corresponding discrete-time system, discretized using the zero-
order-hold method with a sample time 75 = 0.125 s, has
unknown parameter vector

6° =[1.883 —1.276 0.2346 0.7617 —0.346 —0.4948]".

An additive uniform random noise w acting in the range
[—3, 3] affects the output z of the system as in (1).

A dataset composed of Ny = 1000 output/regressor data
pairs (y(k+1), (13(/{)) is collected from the plant in open loop.
The input signal is a pseudorandom binary sequence in the
range [ — 10, 10], and the signal-to-noise ratio is 25.448 dB.

Algorithm 1 is applied for the estimation of the disturbance
upper bound AAT. Py is estimated according to Section IT1I-C
and PP, is considered uniform in the range [ —3, 3]. We choose
a violation parameter € = 0.05, a confidence parameter 8 =
10719, and the number of scenarios to be discarded p = 20.
In view of this, the number of required scenarios obtained by
applying the bisection algorithm in (11) is N = 1265. As a
result, we obtain a;j = 21108. By considering a validation
set of 1265 new scenarios A!, the percentage of o* greater
than a; is 1.66%, less than €4, = 5%. The mean and standard

deviation of the validation o* are equal to 18705 and 1071,
respectively. The actual matrices [F* G,(] eC.

The controller gain K in (17) is obtained by solving (18)
using YALMIP [28] and MOSEK. In Figures 1 and 2 we show
the regulation results obtained by applying the control law (17)
to (1), in terms of trajectories of measured output y and control
input u, respectively. In the simulations, an impulse distur-
bance § is added to the input-output equation in (1) to perturb
the system, i.e., z(k + 1) = 9”T¢(k) + &(k). By inspection
of Figure 1 it is possible to see that the closed-loop system
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Fig. 1. Discrete-time closed-loop system. Blue line: measured output
y; red line: impulse disturbance 3.
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Fig. 2. Discrete-time closed-loop system. Blue line: control variable u.
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Fig. 3. Measured output trajectories. Black dashed line: refer-
ence closed-loop trajectory; blue line: proposed method; red line:
[29, Algorithm 2]; green line: [30].

is asymptotically stable. The spectral radius of the unknown
closed-loop-system state matrix F, + G, K is equal to 0.7583.

Finally, the feasibility program in (18) can be easily
upgraded to an optimization program to account for
performance, e.g., by relying in part on the method in
[29, Sec. IV]. Specifically, condition (18) can be used to pro-
vide robust stability guarantees in a probabilistic sense when
tracking constant references, while minimizing the mismatch
of the designed closed loop from a reference closed-loop
model, i.e., in place of [29, Th. 1, Eq. (24)]. In Figure 3
the reference tracking trajectories of the proposed method are
depicted and compared with the methods in [29, Algorithm 2]
and [30], where the same system, control objective, distur-
bance level, and data are considered. Comparable tracking
results are achieved.

VI. CONCLUSION

In this letter a novel approach based on scenario
optimization has been proposed for the data-based control

design of linear discrete-time SISO systems with probabilistic
asymptotic stability guarantees in case of available input-
output data. A simulation example has validated the proposed
method.

Future work will investigate the extension to multiple-
input multiple-output systems, the application of the method
to experimental case studies, and the possibility to consider
mismatches in the estimation of P;.

APPENDIX

Proof of Lemma 1: Under Assumption 3, we consider a
sample (Al, AZ AN ) of N independent random elements
from (A, P;), where N fulfills (11). Without loss of generality,
we consider M as a sufficiently large real number such that
d'd’” <M foralli=1,...,N. Then, we define A := [0, M].
Note that, in case of no scenario removal, aa‘ is the solution
to the scenario program

minimizeyep o
subject to o € m A,
i=1,...,N

19)

where A, = {a € A : dd”” < «}. Note that the cost func-
tion is linear in «. Moreover, A and A, A € A, are convex
and closed sets in «, and the solution to (19) obtained after
discarding p scenarios, denoted by o, exists and is unique.

In view of these facts, from scenario optimization the-
ory with constraint removal [22], if N fulfills (11), we can
state that, with probability at least 1 — B, it holds that
Piley, ¢ Aj} < €. By recalling that A € A and d° =
[21(0) oo d(Ng — l)], cf. (12), the previous statement holds
also when setting A = 1?, meaning that Pyo{a; ¢ Ay} < €.
Hence, we have that

€ > P;Lu{a; ¢ A,\a} = P&(,{&”&”T > a;} =y

ded’ o (5).(8) T c
P;,o{[ 0 s0:| > a;D} i PDO{(DODO < a’D) }
Hence, Pp,{DoD} < @D} > 1 — € and, with the choice
AAT = a¥D, Ppy{Do € D} = 1 —e. o

Proof of Proposition 1: (C; C C) Immediate since D(d) € D
under the hypothesis.

(C < Cy) Firstly, let D =:

[di| with d € RV>Ne and
D
dd” dp”

o r | and
Dd" DD
0. Moreover, for any D € D, if AAT = oD,
for any o > 0, with D defined as in (10), it must also hold
that DDT < 0. Tt follows that DDT = 05,-2.2,—> and that
D = 02,2 n,. Since the actual disturbance sequence Dy

ao
O2n—2,N,

D e R¥"=2xNa_Secondly, note that DDT = |:

that DDT >
=

satisfies Dg € D, we have Dy = [ :| for some

ao c RlXNd.
Hence, under the hypothesis, we have that C = C for

C:= {[F 6]: X1 = FXo + GUy + D@, D@ e D

= {[F 6]:% = FXo + GUp + D@, dd" < .
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Let us consider an arbitrary element [F G] € C and let us show

that [F G| € C,. [F G] can be partitioned as [F G| = gg]
for F =: [F| F2] e R F e R0 Fy e R F e
RZn=2x2n—1 G RIxI G € R2n=2x1, By these definitions,
[F G] € C if and only if

X, =FXo+GUy+d, dd’ < a,
X, = FXo + GUpy.

(20a)
(20b)

With the definitions in (16) and 6 := [F| G F,], (20a) rewrites

X| =F0)Xo+ Gs(®)Up+d, dd" <a.  (2la)

Data satisfy X; = Fy.Xo + G.Up + Dy since they are generated
o

by (4), and Dy satisfies Dy = |: i| for some d° e R!*Na
02n—2,N,
as noted above. Hence,

Xy = EXo+ G, Uo (21b)

by the definitions of F, and G,. Suppose by contradiction
that, for the considered [F G] € C, [F G] as in (20b) satisfy
[E Q] * [ES Qv] Let us subtract (21b) from (20b) so that

(£6)- £ )| o] = omu-2

If [F G] # [F, G,]. there would exist some non-zero vector
Xo
Uo
Thus, [F G] = [F, G,| is the only solution to (20b). In
summary, we have shown that for an arbitrary [F G] € C,

there exist 6 and d such that [F G] = |: Fs(©6) Gs(0) :| and
)

in the left kernel of , but this contradicts Assumption 2.

dd’ < «, by (21a) and (21b). In other words, we have shown
that [F G] € Cy.

Proof of Theorem 1: Under Assumption 1 it is possible
to define the matrices A, B and C, which are necessary to
express (18). By Assumption 2 and [5, Th. 1], if (18) holds
for some P = PT = 0 and L, we have that the closed-
loop system is asymptotically stable (i.e., F + GK is Schur)
for all [F G] € C. Hence, the probability that the unknown
closed-loop system is asymptotically stable is greater than
or equal to Pyo{[F. G.] € C} = Pp,{Do € D}. Under
Assumption 3, if AAT is computed according to Algorithm 1,
the claim follows straightforwardly from Lemma 1.
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