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Tracking Point Vortices and Circulations
via Advected Passive Particles:

An Estimation Approach
Gil Marques , Marco Martins Afonso , and Sílvio Gama

Abstract—We present a novel method for estimating
the circulations and positions of point vortices in a
two-dimensional (2D) environment using trajectory data of
passive particles in the presence of Gaussian noise. The
method comprises two algorithms: the first one calculates
the vortex circulations, while the second one reconstructs
the vortex trajectories. This reconstruction is done thanks
to a hierarchy of optimization problems, involving the inte-
gration of systems of differential equations, over time
sub-intervals all with the same amplitude defined by the
autocorrelation function for the advected passive particles’
trajectories. Our findings indicate that accurately tracking
the position of vortices and determining their circulations
is achievable, even when passive particle trajectories are
affected by noise.

Index Terms—Fluid flow systems, numerical algorithms,
optimization algorithms.

I. INTRODUCTION

THE OBJECTIVE of this letter is to showcase a way
to find the strength (or circulation) and trajectory of a

system of point vortices by using the data of trajectories of
passive particles. This is within the scope of the problems
proposed by Protas [1], more specifically his Problem 4, in
which he considers the scenario of reconstructing some state
of a vortex dynamical system by using incomplete or noisy
data.

The inverse problem of this, i.e., tracking passive particles
advected by point vortices with known circulations is well
documented in the literature. For example, the work [2] uses
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Poincaré sections and canonical transformations to investigate
the Hamiltonian dynamics of passive markers in the flow cre-
ated by two point vortices. In [3], the authors use data from
coherent Lagrangian structures to determine when and where
vortex formation occurs in flows around a 2D panel, and in [4]
the authors employ vortices to approximate the dynamics of
an incompressible flow.

The study of point vortices and passive particles is
interesting for understanding the global evolution of atmo-
spheric and oceanic vortices [5], [6], [7].

Section II serves as an introduction to the formalism of point
vortex dynamics. In Section III we detail the problem we are
tackling, presenting a method to solve it in Section IV. We
present the results obtained from testing the method on sim-
ulated corrupted data in Section V, and finally in Section VI
we sum up some conclusions and ideas for future work.

II. POINT VORTICES

In the vorticity formulation, the two-dimensional incom-
pressible Navier–Stokes equations can be written as

∂ω

∂t
+ (u · ∇)ω = ν∇2ω, (1)

where ω is the vorticity, u is the velocity field and ν is the kine-
matic viscosity. In an inviscid flow (ν = 0), equation (1), also
known as Euler’s equation, possesses the singular solutions

ω(x, y, t) =
∑

v

�v δ((x, y)− (xv(t), yv(t))). (2)

The scalar �v denotes the circulation of the point vortex
located in (xv(t), yv(t)) and can be thought of as a measure
of the rotation strength of the flow around the point vortex.

These singular solutions of the 2D incompressible Navier–
Stokes equations [8], [9], [10], [11] were first studied by
Helmholtz [12], and further explored by Kelvin [13] and
Kirchhoff [14]. They correspond to a scenario where the vor-
ticity of a flow is concentrated in some well-defined points
in space and enable a simpler description of the dynamics of
such a system. Knowing the position and strength of each vor-
tex in the system suffices to obtain the full velocity field at
that instant, and thus knowing the dynamics of the vortices
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themselves in some time interval is enough to characterize the
velocity field during that same time interval.

While a single point vortex, if left alone, will stay
in the position (x0, y0) forever and its circulation � will
induce a time-independent velocity field in the plane, in a
system of multiple point vortices the dynamics become more
complex.

Consider a 2D inviscid flow in the complex plane that
is described by Nv point vortices located in the positions
zv = xv + iyv (v = 1, . . . , Nv; i2 = −1). The velocity field
generated by each of these vortices will affect the remain-
ing Nv − 1 point vortices, making them move in the 2D
plane, which causes the velocity field to change in time.
Assuming there is no other object or force interfering in
the flow, the motion of point vortices follows the differential
equations

ż∗v =
1

2π i

Nv∑

s=1
s�=v

�s

zv − zs
, v = 1, . . . , Nv, (3)

where �s is the circulation of vortex s and ∗ denotes the
complex conjugate.

However, when looking at real phenomena, it can be dif-
ficult to state precisely where the vortices are located and
what is their circulation. A test particle, or a passive parti-
cle, is a particle that does not affect the flow and thus does
not act on the vortices. Thus, they can be considered as point
vortices with zero circulation. These passive particles, whose
number we assume to be Np, can be easier to trace and
the trajectory zp(·) of any of them follows the equations of
motion

ż∗p =
1

2π i

Nv∑

v=1

�v

zp − zv
, p = 1, . . . , Np. (4)

III. PROBLEM

Assuming we have a way to track individual passive par-
ticles in a flow (for example, using drones, meteorological
sensors, particle image/tracking velocimetry techniques), con-
sider the problem of finding the circulations and positions of
a system of Nv point vortices, while only knowing the num-
ber of vortices in the system and the trajectory of Np passive
particles advected by that system of vortices.

In fact, since the trajectories of passive particles are sam-
pled, what we have access to are discrete measurements of the
particle trajectories. For simplicity, let us assume that these
measurements are taken on Nt equally spaced time instants
tk = t0 + hk in the time interval [t0, tf ], where h is the time
increment.

Thus, one way to approach the problem of reconstituting the
vortices trajectories is to use the information on the particle
trajectories to trace back the vortices that originated them, by
trying to reconstitute the measured particle trajectories using
the knowledge of the equations of motion for both the particles
and the vortices. This can be summed up in the following

problem:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Minimize
zv(t0)∈C
�v∈R\{0}
1≤v≤Nv

∑Nt−1
k=0

∑Np
p=1 ||̃zp(tk)− zp(tk)||2

subject to
˙̃z∗p = 1

2π i

∑Nv
v=1

�v
z̃p−zv

, p = 1, . . . , Np

ż∗v = 1
2π i

∑Nv
s=1
s�=v

�s
zv−zs

, v = 1, . . . , Nv

z̃p(t0) = zp(t0)

, (5)

where ||·|| is the usual Euclidean norm and z̃p(t) is an estimate
of the position of particle p at time t as obtained from solving
the corresponding differential equations. This is an estimate
because we do not know the true values for �v or the initial
conditions zv(t0).

As a consequence to solving this problem, we will obtain
the information about the vortices circulations and trajectories.

IV. METHOD

Notice that first and foremost, since the particle trajectory
data is prone to unknown measurement errors, we actually do
not measure the real zp(tk), but a quantity zp(tk) + �zp(tk),
where �zp(t) is the error associated with that measurement.
By using a smoothing algorithm to diminish the impact of
measurement errors in the data, we can then obtain estimations
for the particle trajectories. From here onward, zp will be used
to denote the filtered data in order to not overload the notation.

From the filtered trajectories one can use a finite-differences
method to estimate the velocity of the passive particles żp(t).
However, if velocity data are available, one can smooth such
data directly instead of estimating them from the filtered tra-
jectory data, which is something that would introduce further
errors in the velocity estimates.

We can take advantage of the fact that �v is constant in
time to divide the problem into two sub-problems. First, we
will find the circulations of the vortices, and afterwards use
them to find better estimates for the vortices trajectories.

A. Estimating the Circulations

For any given time t for which we have data for, the
unknowns in (4) are �v and zv(t). These amount, in reality,
to 3Nv unknowns and thus we need to know the trajecto-
ries of at least 3Nv/2 particles (each brings two pieces of
information) in order to build a system of equations that is
not underdetermined. After building such a system, one can
use a nonlinear solver method to find a solution of the system.
This will require an initial guess for both the circulations and
positions of the vortices that should be provided based on
analysis of the data: either the movement of the particles in
the flow or actual visual imagery of the environment should
hint towards what range of values one can expect for these
quantities.

Doing so for time tk will return estimates for the circulations
�v and for zv(tk) — the positions of the vortices at time tk.
We will identify these estimates as �̃vk and z̃vk . The index k
on the circulations is used just to identify that such a value
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Algorithm 1 Finding the Circulations
1: Set a value for ε

2: Estimate the velocities of passive particles
3: Provide an initial guess for the circulations and positions

of the vortices at t = t0
4: k← 1
5: while k ≤ Nt do
6: Use a nonlinear solver to find �̃vk and z̃vk , estimates

for �v and zv(tk) with the appropriate initial conditions
7: Use z̃vk and (3) to find an estimate for zv(tk+1)

8: Generate random numbers δv uniformly in the interval
[−ε, ε]

9: Use �̃vk(1+ δv) as an updated initial guess for the
circulations

10: k← k + 1
11: end while
12: Run an outlier analysis over the values �̃vk

13: Obtain a more robust estimate of the circulations using
the average or median of the leftover �̃vk values

was estimated using the data at time tk, as the circulation is
in fact independent of time.

One can then use z̃vk as an initial condition for (3) in order to
find an initial guess for zv(tk+1) and build the same nonlinear
system of equations as before for time tk+1, solve it and obtain
estimates for zv(tk+1) and a new estimate for �v: �̃vk+1 . In
order to explore the parameter space further, one can update
the initial guess for the circulations as �̃vk(1 + δv), where δv

is a uniform random variable that ranges from −ε to ε (ε is
some small positive number).

Repeating this procedure from t0 to tf will result in a set
of values {�̃vk :k = 1, . . . , Nt}, all of which are estimates for
the vortex circulations. By doing an outlier analysis one can
remove any abnormal value and find estimates for the vortex
circulations using the average or median of the leftover values
in order to obtain �̃v, a more robust estimate for these quan-
tities. One can even repeat this whole procedure using these
more robust estimates as the initial guess in order to refine the
results. Algorithm 1 sums up this procedure.

B. Estimating the Vortex Trajectories

Having obtained the circulations, we have now simplified
the problem (5) as �v is now fixed at �̃v.

It is known that, in general, vortex systems exhibit chaotic
dynamics for Nv ≥ 4 [8], [15]. A practical consequence of
this fact is that, when solving equations such as (5) or (4),
even a small error in the initial condition can be highly ampli-
fied given enough time and the computed trajectories can be
completely different from the real ones. Our approach to deal
with this problem is to partition the trajectory and work on
the reconstitution of each part separately and sequentially.
However, one needs to first find a criteria for building such a
partition which should take into account what is known about
the chaoticity of the system.

One way to measure the degree of chaos in such a system
are Lyapunov exponents [16], [17]. In particular, the largest

Lyapunov exponent measures the (exponential) rate at which
two nearby trajectories separate from each other, and thus
its inverse gives us the time needed for two nearby trajec-
tories to separate for a factor of e. This also tells us that
the system has some degree of memory but, after a certain
time, the evolution is mostly uncorrelated with the states past
a certain point in time. Lyapunov exponents for the system
of vortices and for passive particles with a chaotic movement
are different. Nevertheless, in a chaotic system, they seem to
be within the same order of magnitude [18]. Thus, since we
have no information about the vortices themselves, we need
to use the passive particles to get an estimate of such quanti-
ties. However, Lyapunov exponents computation is slow and
heavy and, in a scenario where one wants to follow vortices in
real time, it is not a quantity suitable to use. Autocorrelation
functions, nonetheless, are fast to compute and can be used to
find the time after which the state of the system has little to
no memory of its initial state.

By computing autocorrelation functions for the passive par-
ticles’ trajectories, we can find the time τ it takes for the
system to lose most of its memory from the initial state. We
do this by setting an arbitrary cutoff 0 < α < 1 and computing
τ :∀p ∈ {1, . . . , Np}, | ρp(t > τ)| ≤ α, where ρp denotes the
autocorrelation function for the trajectory of the particle p.

Thus, in order to reconstitute the full vortex trajectories
we must reconstitute n = 
 tf−t0

τ
� partitions of the form

Pj = [t0 + jτ, t0 + (j + 1)τ ], j = 0, 1, . . . , n − 2, and
Pn−1 = [t0 + (n − 1)τ, tf ]. Each of these sub-problems
constitutes an optimization problem akin to (5) that can be
written as⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Minimize
zv(t0+jτ)∈C

1≤v≤Nv

∑(j+1)τ/h
k=jτ/h

∑Np
p=1 ||̃zp(tk)− zp(tk)||2

subject to
˙̃z∗p = 1

2π i

∑Nv
v=1

�̃v
z̃p−zv

, p = 1, . . . , Np

ż∗v = 1
2π i

∑Nv
s=1
s�=v

�̃s
zv−zs

, v = 1, . . . , Nv

z̃p(t0 + jτ) = zp(t0 + jτ)

(6)

for j = 0, 1, . . . , n− 2, t ∈ Pj, and
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Minimize
zv(t0+(n−1)τ )∈C

1≤v≤Nv

∑(j+1)τ/h
k=jτ/h

∑Np
p=1 ||̃zp(tk)− zp(tk)||2

subject to
˙̃z∗p = 1

2π i

∑Nv
v=1

�̃v
z̃p−zv

, p = 1, . . . , Np

ż∗v = 1
2π i

∑Nv
s=1
s�=v

�̃s
zv−zs

, v = 1, . . . , Nv

z̃p(t0 + (n− 1)τ ) = zp(t0 + (n− 1)τ )

(7)

for t ∈ Pn−1.
These n problems can thus be solved sequentially by a non-

linear solver, using zv(t0 + (j+ 1)τ ) obtained in the problem
associated to the interval Pj as an initial guess for the problem
associated with the interval Pj+1. Algorithm 2 summarizes this
full process.

V. RESULTS

We simulated a system comprised of Nv = 4 vortices with
circulations �v = v, v = 1, 2, 3, 4 and Np = 20 passive
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Algorithm 2 Finding the Vortex Trajectories
1: Set α

2: p← 1
3: while p ≤ Np do
4: Compute ρp(t), the autocorrelation function of zp(t)
5: Find τp : | ρp

(
t > τp

)| ≤ α

6: p← p+ 1
7: end while
8: τ ← min1≤p≤Np

{
τp

}

9: n←
⌈

tf−t0
τ

⌉

10: j← 1
11: while j ≤ n do
12: Use a nonlinear solver to solve problem (6) on the

time interval Pj

13: j← j+ 1
14: end while
15: Use a nonlinear solver to solve problem (7)

particles. The vortices were initially placed in the position
z1(t = 0) = 2, z2(t = 0) = −1 − i, z3(t = 0) = 1

2 + i
2 ,

z4(t = 0) = −2+ 3i and the passive particles were placed in
random positions in the background between the vortices, and
we let the system evolve for a time period of 105 units of time
using a time step of 10−2. The vortex circulations were all cho-
sen to have the same sign in order to confine the movements
of the particles and vortices to a certain area, which facilitates
the simulation and analysis. If there are vortices with oppo-
site signs in the system, pairs of vortices can be formed and
travel long distances away from the remaining vortices. Even
though we would only need 6 particles in order to obtain some
estimators for the vortices’ circulation and positions we chose
Np = 20 so that we have more information about the system.
If we had only 6 particles, the estimation for the vortices’
circulations and positions could be easily compromised if the
data for one of the passive particles was too corrupted or was
affected by some measurement errors. Having a higher num-
ber of particles helps to minimize these issues. The simulation
ran for a long time in order to be possible for us to compute
a good estimate of the maximum Lyapunov exponent of the
vortex system, for which we found ∼ 0.028. This was done
in order to make a comparison with the time obtained from
the autocorrelation function when applying the presented algo-
rithms. However, since the problem of recovering the vortex
trajectories is computationally heavy, we restrained to using a
time interval of 103 units of time for this problem.

We then introduced Gaussian white noise W ∼ N (μ = 0,

σ 2 = 0.012) in the particles’ trajectory data, in order to sim-
ulate what actual real data could look like. After doing so,
the data were too corrupted to be directly used, so we first
smoothed them using a Gaussian filter. We then used the
smoothed trajectories to compute particle velocities using a
fourth-order finite-differences scheme and ran Algorithm 1
with ε = 0.1. Integration was made using the Runge–Kutta–
Fehlberg method with a step size of 10−2, and the nonlinear
equations were solved by MATLABTM routine lsqcurvefit.

TABLE I
TRUE VALUES OF THE CIRCULATIONS AND THE VALUES RECOVERED

BY ALGORITHM 1. THE CIRCULATIONS WERE RECOVERED WITH A
RELATIVE ERROR OF ∼ 0.1 %

Fig. 1. Boxplot for �̃v − (v − 1). The values are shifted down by v − 1
for easier visualization purposes. We can see that the distribution of
obtained values is centered around the true value of each circulation.

We were able to recover the vortices’ circulations with a
relative error of ∼ 0.1% (if we use the uncorrupted data, the
relative error decreases to ∼ 10−5 %). The obtained values are
summarized in Table I, as well as the relative errors for each
individual circulation.

Fig. 1 shows the boxplots for the values of �̃vk obtained by
the algorithm. The values in the y axis were shifted down by
v− 1 for easier visualization purposes.

Using the obtained values of �̃v, we then proceeded to
recover the vortex trajectories using Algorithm 2. We set
α = 0.2, obtaining τ = 39.89. This is in accordance with
the value of the Lyapunov exponent we obtained in the ini-
tial simulation (∼ 0.028), since τ−1 ≈ 0.025, which is of
the same order of magnitude as the Lyapunov exponent. Once
again, integration was made using the Runge–Kutta–Fehlberg
method with a step size of 10−2 and the nonlinear problems
were solved by MATLABTM using the routine fmincon with
the sqp algorithm. We were able to recover the trajectories of
the vortex system with a total relative error of ∼ 0.44 % (if
we use the uncorrupted data, the relative error decreases to
∼ 0.08 % ).

Fig. 2 shows a portion of the recovered trajectories of the
4 vortices with different colored markers and the (smoothed)
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Fig. 2. A portion of the recovered trajectories of the 4 vortices (blue dots, pink triangles, red crosses and green asterisks identify vortices 1, 2, 3
and 4, respectively) and an example of a smoothed trajectory for a passive particle in a full black line. The color-filled dots mark the initial point of
each trajectory.

Fig. 3. Relative error for the position of the vortex system at each time
step. The circles identify the discontinuities that arise from the partition
of the problem into various sub-problems. In general the relative error
decreases every time we change from one partition to the following one.

trajectory of a passive particle in a full black line. The color-
filled dots mark the initial point of each trajectory.

Fig. 3 illustrates how the partitioning of the problem helps
with controlling the error of the recovered trajectories. Due

to the chaoticity of the system, errors can grow large and we
can see that, in general, by integrating partitions of the trajec-
tory with a time length similar to the inverse of the Lyapunov
exponent of the vortex system will help to prevent exponential
growth of the errors.

VI. CONCLUSION

We presented the basic ideas on how to try to recover vortex
dynamics from data on the trajectories of advected passive
particles. This is a problem that, as far as we are aware, has
not been addressed before and can have relevant interest since
it is easier to track the advected particles than tracking and
measuring the strength of vortices themselves.

The method presented is a first study and we believe it can
be improved largely. For example, using optimization tech-
niques and algorithms specifically tailored for the problem and
its equations, instead of using generic MATLABTM routines,
will likely increase accuracy and speed up the computations.
Moreover, in this letter we assumed that the number of vortices
Nv was known in advance. In situations where Nv in unknown,
its estimation from the data of a set of passive particles is not
an easy task and is left for a forthcoming paper.

Nevertheless, from the results of this letter, we see that
it is possible to effectively recover the full vortex dynamics
with a good degree of accuracy, even in the presence of noisy
data. This opens up the possibility of studying more complex
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problems, for instance, predicting positions of vortices and/or
particles at future times, which enables the study of finding
controls to move passive particles to a desired position in a
given time.
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