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Formation Control of Four-Legged Robots
Using Discrete-Valued Inputs

Shinsaku Izumi , Member, IEEE , Kiko Shinagawa, Xin Xin , Senior Member, IEEE , and Taiga Yamasaki

Abstract—This letter addresses a formation control
problem of four-legged robots with discrete-valued inputs.
Four-legged robots have the potential for completing tasks
on non-flat terrains, while their position control is achieved
by switching between specific movements, i.e., discrete-
valued signals. This implies that existing results assuming
the use of continuous-valued inputs are not available. We
present a solution to this control problem by combining
conventional formation controllers with dynamic quantiza-
tion. The resulting feedback system is then analyzed based
on a performance index describing the difference between
the systems with and without quantization. As a result, we
can estimate the effects of the quantization on the behavior
of the system and guarantee its stability.

Index Terms—Distributed control, quantized systems,
robotics.

I. INTRODUCTION

FORMATION control of multi-robot systems—steering
robots to form a desired configuration—has become a

major topic in the field of control systems. The research has
been motivated by various engineering applications, e.g., risky
area surveillance and cooperative transportation using vehicles.

Although existing works on formation control have focused
on omnidirectional [1], [2] and two-wheeled [3], [4] robots,
and linear dynamical agents [5], we consider here four-legged
robots. An example is shown in Fig. 1. This robot can perform
forward, backward, and lateral movements and rotations using
its four legs. The reason for considering four-legged robots is
twofold. First, four-legged robots can easily travel on non-flat
terrains compared to wheeled robots because they can adjust
the height of the tip of each leg according to the terrains. This
is especially advantageous in outdoor applications. Second,
using four legs is reasonable with respect to stability and cost.
In fact, it is difficult for two-legged robots to maintain stability
while moving one leg, but using too many legs increases the
cost of hardware and energy supply.
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Fig. 1. Four-legged robot [6].

Meanwhile, controlling these robots through continuous-
valued inputs is difficult. Using continuous-valued inputs
requires four-legged robots to change their positions smoothly.
However, this requirement is not satisfied because the robots
are driven by the commands of specific movements [6], [7] and
move by switching between these movements. This means that
existing results assuming the use of continuous-valued inputs
are not directly applicable to four-legged robots.

Thus, we aim to develop a framework for the formation
control of four-legged robots through discrete-valued inputs
corresponding to the aforementioned movement commands.
The contributions of this letter are summarized as follows.

1) We present formation controllers using discrete-valued
inputs for four-legged robots. Our controllers transform
the control signals for omnidirectional robots into those
for four-legged robots and quantize the transformed
signals to satisfy the constraint of discrete values. In
addition, the effects of the quantization on the result-
ing formation are mitigated through the feedback of the
quantization error, i.e., the error between the quantized
signal and the original signal. The performance of our
controllers is demonstrated through a simulation.

2) We analyze the resulting feedback system based on a
performance index to quantify the difference between
systems with and without quantization. We reveal that
an upper bound of the quantization error is given as a
nonlinear function of the maximum magnitude of the
signal to be quantized, and evaluate the performance
index using this property. As a result, we can estimate
the effects of the quantization on the resulting formation
and ensure the stability of the feedback system.

At the end of this section, we comment on related works.
The control of multi-robot (agent) systems with quantization
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was studied in, e.g., [8], [9]. Moreover, the performance analy-
sis problem addressed in this letter is formulated based on [10].
However, four-legged robots were not handled in these works.
In addition, from a technical point of view, the property of
the quantization error in our feedback system is not trivial,
unlike [10] where the property is directly given as that of
uniform quantizers, making the performance analysis difficult.
We reveal this property and obtain the main results from it, as
mentioned above. Hence, our results are not straightforward
consequences of those in [10].

Notation: Let R and R+ denote the real number field and the
set of positive real numbers, respectively. The zero scalar and
vector are both denoted by 0. The n×m zero matrix and the n×
n identity matrix are represented by 0n×m and In, respectively.
Let ‖ · ‖ denote the ∞-norms of vectors and matrices and let
‖ ·‖2 denote the Euclidean norms of vectors. For the vectors u
and v and the matrices U and V , u · v and U ⊗ V represent the
inner product and the Kronecker product, respectively. For the
vectors x1, x2, . . . , xn ∈ R

2 and the set I := {i1, i2, . . . , im} ⊆
{1, 2, . . . , n}, we define [xi]i∈I := [x�

i1
x�

i2
· · · x�

im
]� ∈ R

2m.
We use |S| to represent the cardinality of the set S. Finally,
for the positive number c and the vector v, satc(v) denotes the
saturation function ensuring that |vi| ≤ c for each element vi

of v.

II. PROBLEM FORMULATION

Consider a multi-robot system � in a two-dimensional
space. This consists of n four-legged robots modeled as
⎡
⎣

xi1(t + 1)

xi2(t + 1)

θi(t + 1)

⎤
⎦ =

⎡
⎣

xi1(t)
xi2(t)
θi(t)

⎤
⎦+

⎡
⎣

(cos(θi(t) + ui2(t))(1 − ui3(t))
(sin(θi(t) + ui2(t))(1 − ui3(t))

ui2(t)

+ sin(θi(t) + ui2(t))ui3(t))ui1(t)
− cos(θi(t) + ui2(t))ui3(t))ui1(t)

⎤
⎦, xi(0) = x0

i , θi(0) = θ0
i , (1)

where i ∈ {1, 2, . . . , n} is the robot index, t ∈ {0, 1, . . .} is
discrete time, [xi1(t) xi2(t)]� ∈ R

2 (denoted by xi(t)) is the
position, θi(t) ∈ (−π, π ] is the orientation, ui1(t), ui2(t) ∈ R

and ui3(t) ∈ {0, 1} are the control inputs, and x0
i and θ0

i are the
initial values of xi(t) and θi(t), respectively. The inputs ui1(t)
and ui2(t) determine the translational and rotational veloci-
ties, respectively, and ui3(t) determines the movement type.
More precisely, ui3(t) = 0 denotes a combination of rotation
and forward (or backward) movement, and ui3(t) = 1 denotes
that of rotation and lateral movement, as shown in Fig. 2.
Equation (1) is obtained by introducing ui3(t) to a continuous-
time model of a two-wheeled robot to allow lateral movements
and discretizing the resulting model.

We suppose that each robot i has the controller

Ki :

{
ξi(t + 1) = fi1(ξi(t), [xj(t) − xi(t)]j∈Ni, θi(t)),
ui(t) = fi2(ξi(t), [xj(t) − xi(t)]j∈Ni, θi(t)),

(2)

where ξi(t) ∈ R
m is the state, [xj(t) − xi(t)]j∈Ni ∈ R

2|Ni| and
θi(t) are the inputs, ui(t) ∈ R

3 is the output (i.e., ui(t) :=
[ui1(t) ui2(t) ui3(t)]�), and fi1 : R

m × R
2|Ni| × (−π, π ] → R

m

and fi2 : R
m × R

2|Ni| × (−π, π ] → R
3 are functions specify-

ing the behavior of the controller. The set Ni ⊂ {1, 2, . . . , n}

Fig. 2. Two examples of movements by robot i .

is the index set of the neighboring robots, i.e., the robots
whose relative positions can be observed by robot i. For
simplicity, we assume that ξi(0) = 0. In addition, the ele-
ments ui1(t) and ui2(t) of the output ui(t) are restricted to
discrete values, i.e., ui1(t) ∈ {0,±s,±2s, . . .} and ui2(t) ∈
{0,±π/4,±π/2,±(3π)/4, π} for the step size s ∈ R+. This
implies that at each time step, the movement distance and
direction of each robot are restricted to integer multiples of s
and π/4, respectively.

We describe the network topology of the system � using
the time-invariant directed graph G = (V, E), where V :=
{1, 2, . . . , n} and E ⊂ V×V are the vertex and edge sets rep-
resenting the robot indices and the information flow between
the robots, respectively. Based on this notation, Ni is defined
as Ni := {j ∈ V|(j, i) ∈ E}.

Let rij ∈ R
2 be the desired relative position of robot i in

terms of robot j. Our problem is then formulated as follows.
Problem 1: For the multi-robot system �, suppose that

the step size s and the desired relative positions rij (i, j =
1, 2, . . . , n) are given. Find controllers K1, K2, . . . , Kn (i.e.,
functions f11, f12, f21, . . . , fn2) such that

lim
t→∞(xi(t) − xj(t)) = rij ∀(i, j) ∈ V × V (3)

for every initial state (x0
i , θ

0
i ) ∈ R

2×(−π, π ] (i = 1, 2, . . . , n).
Three remarks on Problem 1 are given. First, it is impos-

sible to achieve (3) exactly because ui1(t) and ui2(t) for each
robot i are restricted to discrete values. Hence, we aim to
achieve (3) approximately. Second, to develop a framework
for adjusting the relative positions of the robots as the first
step of research, we do not assume the existence of a leader
to allow moving formations. Third, each robot can move in lat-
eral directions using its four legs unlike two-wheeled robots,
and thus this property should be used effectively. This and
the discrete-valued input constraint are the main features of
Problem 1.

III. FORMATION CONTROL USING

DISCRETE-VALUED INPUTS

This section presents our solution to Problem 1.

A. Proposed Controllers

A typical formation controller for each robot i is given by

Ki0 : ũi(t) = −k
∑
j∈Ni

(xi(t) − xj(t) − rij), (4)
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Fig. 3. Structure of the proposed controller Ki .

where ũi(t) ∈ R
2 is the output (vector) whose elements repre-

sent the velocities in the xi1 and xi2 directions, and k ∈ R+ is
the gain. However, the controller Ki0 cannot be directly applied
to Problem 1 because Ki0 assumes that each robot is omnidi-
rectional and that the control input can take continuous values.
Therefore, we modify Ki0 to a controller for the system (1)
with the discrete-valued ui1(t) and ui2(t).

Based on this idea, we propose the controller Ki shown
in Fig. 3 as a solution to Problem 1. This consists of Ki0 and
three blocks. The block Ki1 is given by

Ki1 :

{
ξi(t + 1) = g(θi(t), ui(t)) − vi(t),
vi(t) = satv̄(−ξi(t) + ũi(t)),

(5)

where ξi(t) is a two-dimensional vector (i.e., m := 2), θi(t),
ui(t), and ũi(t) are the inputs, vi(t) ∈ R

2 is the output, and
satv̄ is the saturation function, as explained in Section I. The
function g : (−π, π ] × R

3 → R
2 returns the velocities in

the xi1 and xi2 directions when applying ui(t) to robot i, i.e.,
xi(t + 1) − xi(t). The block Ki2 is described by

Ki2 : wi(t) =
[ ‖vi(t)‖2

arctan2(vi2(t), vi1(t)) − θi(t)

]
, (6)

where vi(t) = [vi1(t) vi2(t)]� and θi(t) are the inputs, wi(t) ∈
R

2 is the output, and arctan2 represents the four-quadrant
inverse tangent. Finally, Ki3 is of the form

Ki3 : ui(t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[q(wi1(t)) 0 0]�, if − π/8 ≤ wi2(t) < π/8,

[q(wi1(t)) 0 0]�, if − (5π)/8 ≤wi2(t)< −(3π)/8,

[q(wi1(t)) π/4 0]�, if π/8 ≤ wi2(t) < (3π)/8,

[q(wi1(t)) π/4 1]�, if − (3π)/8 ≤ wi2(t) < −π/8,

[q(−wi1(t)) 0 1]�, if (3π)/8 ≤ wi2(t) < (5π)/8,

[q(−wi1(t)) π/4 0]�, if − (7π)/8 ≤wi2(t)< −(5π)/8,

[q(−wi1(t)) π/4 1]�, if (5π)/8 ≤ wi2(t) < (7π)/8,

[q(−wi1(t)) 0 0]�, otherwise,

(7)

where wi(t) = [wi1(t) wi2(t)]� is the input, ui(t) is the out-
put, and q : R → {0,±s,±2s, . . . , } is the mid-tread uniform
quantizer with the quantization interval s. In (7), we suppose
that wi2(t) ∈ (−π, π ].

The proposed controller Ki operates as follows. Since
ξi(t) = g(θi(t − 1), ui(t − 1)) − vi(t − 1) from (5), the state
ξi(t) stores the value of g(θi(t−1), ui(t−1))−vi(t−1). Based
on this value, Ki1 modifies the signal ũi(t) generated by Ki0
and outputs it as vi(t). This is for mitigating the degradation
of the control performance owing to the discrete-valued input
constraint, and is inspired by the �� modulator [11], where
g(θi(t), ui(t))−vi(t) corresponds to the quantization error, i.e.,
the error between the resulting discrete-valued velocities of
robot i and the original continuous-valued vi(t). The saturation

function satv̄ in (5) is introduced to specify the maximum mag-
nitude of the signal vi(t); the reason for this will be detailed
in Section IV-B. The block Ki2 calculates the desired trans-
lational and rotational velocities from vi(t) representing the
desired velocities in the xi1 and xi2 directions. The block Ki3
generates a control input ui(t) that satisfies the constraint of
discrete values based on wi(t) from Ki2. The element ui1(t) is
determined using the simple static quantizer q, and ui2(t) and
ui3(t) are determined so that the resulting movement direction
of robot i is closest to the desired one. Note that ui2(t) only has
to take the values 0 and π/4 by switching between forward
(or backward) and lateral movements, as shown in (7).

B. Illustrative Example

Consider the case of n := 6 and s := 0.05. The network
topology G will be shown later. The desired formation is
illustrated in Fig. 4(a), where the circles and the numbers
1, 2, . . . , 6 denote the robots and their indices, respectively. We
use the controllers Ki (i = 1, 2, . . . , 6) described by (4)–(7)
with k := 0.05 and v̄ := 0.15.

Fig. 4(b) and (c) show the initial and resulting formations,
respectively, where the dots in the circles represent the orien-
tations θi (i = 1, 2, . . . , 6), and the arrows represent the edges
of the graph G. Fig. 5 shows the time evolution of the control
input u1(t) for agent 1 as an example. These results indicate
that the proposed controllers achieve a formation similar to the
desired one even under the discrete-valued input constraint.
Moreover, from Fig. 5(b) and (c), we can confirm that u12(t)
only takes the values 0 and π/4, and that u13(t) = 1, i.e., the
lateral movement, is often chosen.

Remark 1: The proposed controllers are designed without
the knowledge of the physical parameters of the robots, such
as the length of their legs; thus, they are robust against the
uncertainties in the parameters.

IV. THEORETICAL ANALYSIS

In this section, we analyze the feedback system with the
proposed controllers. Although the control objective (3) and
the proposed controllers are described by using the relative
positions of the robots, we perform the analysis focusing on
the absolute positions to use existing results on multi-agent
control. In addition, to focus on the relation between the quan-
tization of the control inputs and the system behavior, we do
not consider the effects of the error between the input and
output of satv̄ in (5). In this case, satv̄ simply provides the
maximum magnitude of vi(t) as a function of v̄. The effects
of the error can be avoided by choosing a smaller k in (4) so
that the input of satv̄ does not exceed v̄.

A. Convergence of Feedback System Without
Quantization

We first consider the case where ui1(t) and ui2(t) are not
quantized in (7). More precisely, we suppose that ui(t) can be
chosen to achieve the desired velocities specified by wi(t). In
this case, the following result is obtained.

Lemma 1: For the feedback system given by (1) and
(4)–(7), suppose that rij (i, j = 1, 2, . . . , n) are given and that
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Fig. 4. Desired, initial, and resulting formations.

Fig. 5. Time evolution of u1(t).

ui1(t) and ui2(t) are not quantized in (7). If the following two
conditions hold, (3) holds for every (x0

i , θ
0
i ) ∈ R

2 × (−π, π ]
(i = 1, 2, . . . , n).

(C1) The graph G has a directed spanning tree.
(C2) The gain k satisfies k < 1/dmax, where dmax ∈ R+

is the maximum degree of G.
Proof: Under the assumption that ui1(t) and ui2(t) are not

quantized in (7), ξi(t) ≡ 0 holds for every i ∈ V because
ξi(0) = 0 for every i ∈ V and there is no quantization error.
This, together with (4)–(7) and the assumption, implies that
the controller Ki steers robot i according to (4). Thus, from (1)
and (4), the position xi(t) of each robot i is updated as

xi(t + 1) = xi(t) − k
∑
j∈Ni

(xi(t) − xj(t) − rij). (8)

By letting ri ∈ R
2 be the desired absolute position of robot i

and applying �xi(t) := xi(t) − ri to (8), we obtain

�xi(t + 1) = �xi(t) − k
∑
j∈Ni

(�xi(t) − �xj(t)), (9)

where rij = ri − rj is used. For (9) with i = 1, 2, . . . , n,

lim
t→∞(�xi(t) − �xj(t)) = 0 ∀(i, j) ∈ V × V (10)

implies (3). Noting that (9) is a typical consensus algorithm,
we can show that (10) holds for every �xi(0) ∈ R

2 (i =
1, 2, . . . , n) subject to conditions (C1) and (C2) [12]. This
and the fact that (8) does not depend on θ0

i (i = 1, 2, . . . , n)

prove the lemma.
Lemma 1 indicates that the proposed controllers achieve

the desired formation if the control inputs are not quantized.
Hence, we only need to consider the effects of quantization
on the behavior of the feedback system.

B. Effects of Quantization

1) Analysis Problem: Let x(t) ∈ R
2n denote the positions

of n robots, i.e., x(t) := [x�
1 (t) x�

2 (t) · · · x�
n (t)]�, and let

x∗(t) ∈ R
2n denote x(t) for the proposed controllers without

the quantization of ui1(t) and ui2(t) in (7). We then address
the following problem formulated based on [10].

Problem 2: For the feedback system given by (1) and
(4)–(7), suppose that the step size s, the desired relative posi-
tions rij (i, j = 1, 2, . . . , n), and the parameter v̄ of satv̄ in (5)
are given. Evaluate the performance index

E := sup
x(0)∈R2n

sup
τ∈{0,1,...}

‖x(τ ) − x∗(τ )‖. (11)

In this problem, E quantifies the difference between the
feedback systems with and without the quantization of the
control inputs. A smaller value of E means that the effects of
the quantization on the system behavior are smaller.

2) Characterization of Quantization Error: To solve
Problem 2, for the feedback system with the proposed
controllers, we characterize the quantization error
ei(t) := g(θi(t), ui(t)) − vi(t) (i ∈ V) by the following
lemma.
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Lemma 2: For the feedback system given by (1) and
(4)–(7), suppose that s and v̄ are given. Then,

‖ei(t)‖ ≤
√( s

2

)2 +
(

1 − cos
(π

8

))(
4v̄2 + √

2sv̄
)

(12)

holds for every i ∈ V and t ∈ {0, 1, . . .}.
Proof: By the definition of ei(t), we obtain

‖ei(t)‖2
2 = ‖g(θi(t), ui(t)) − vi(t)‖2

2

= (g(θi(t), ui(t)) − vi(t)) · (g(θi(t), ui(t)) − vi(t))

= g(θi(t), ui(t)) · g(θi(t), ui(t))

− 2g(θi(t), ui(t)) · vi(t) + vi(t) · vi(t)

= ‖g(θi(t), ui(t))‖2
2 − 2‖g(θi(t), ui(t))‖2

× ‖vi(t)‖2 cos φi(t) + ‖vi(t)‖2
2 (13)

for each i ∈ V, where φi(t) ∈ R is the angle between the
vectors g(θi(t), ui(t)) and vi(t). It follows from (1), (6), and (7)
that |‖g(θi(t), ui(t))‖2 − ‖vi(t)‖2| ≤ s/2 and |φi(t)| ≤ π/8 for
every i ∈ V and t ∈ {0, 1, . . .}. Applying these to (13) yields

‖ei(t)‖2
2 ≤ ‖g(θi(t), ui(t))‖2

2 − 2‖g(θi(t), ui(t))‖2

× ‖vi(t)‖2 cos
(π

8

)
+ ‖vi(t)‖2

2

= (‖g(θi(t), ui(t))‖2 − ‖vi(t)‖2)
2 + 2‖g(θi(t), ui(t))‖2

× ‖vi(t)‖2 − 2‖g(θi(t), ui(t))‖2‖vi(t)‖2 cos
(π

8

)

≤
( s

2

)2 + 2
(

1 − cos
(π

8

))
‖g(θi(t), ui(t))‖2‖vi(t)‖2

≤
( s

2

)2 + 2
(

1 − cos
(π

8

))(
‖vi(t)‖2 + s

2

)
‖vi(t)‖2.

(14)

Therefore, it follows from satv̄ in (5) that

‖ei(t)‖2
2 ≤

( s

2

)2 + 2
(

1 − cos
(π

8

))(√
2v̄ + s

2

)√
2v̄

=
( s

2

)2 +
(

1 − cos
(π

8

))(
4v̄2 + √

2sv̄
)

(15)

for each i ∈ V. This proves the lemma because ‖ · ‖ ≤ ‖ · ‖2
by the definition of the norms.

Noting that v̄ corresponds to the magnitude of the signal
vi(t), we see from Lemma 2 that ‖ei(t)‖ would increase with
an increase in the magnitude of vi(t). This means that ei(t) is
not guaranteed to be bounded if satv̄ is not contained in (5).
This is because the locations that robot i can reach in one
time step are not given as a uniform lattice in the (xi1, xi2)

plane under the constraint on ui1(t) and ui2(t) considered here.
However, by setting the maximum magnitude of vi(t) using
satv̄, we can derive an upper bound of ‖ei(t)‖ as (12). This
property of ei(t) is different from that in [10].

3) Main Results: Now, we present a solution to Problem 2.
By a discussion similar to that presented in the proof of
Lemma 1, x∗(t + 1) is obtained by vectorizing (8), i.e.,

x∗(t + 1) = x∗(t) − k(L ⊗ I2)x
∗(t) + kb, (16)

where L ∈ R
n×n is the graph Laplacian of the graph G

and b := [
∑

j∈N1
r�

1j

∑
j∈N2

r�
2j · · · ∑

j∈Nn
r�

nj]
�. We can

rewrite (16) as

x∗(t + 1) = P̃x∗(t) + kb, (17)

where P̃ := P⊗I2 for the Perron matrix P := In−kL. Similarly,
from (1) and (4)–(7), x(t + 1) is derived as[

x(t + 1)

ξ(t + 1)

]
=
[

P̃ −I2n

02n×2n 02n×2n

][
x(t)
ξ(t)

]
+
[

e(t) + kb
e(t)

]
(18)

for ξ(t) := [ξ�
1 (t) ξ�

2 (t) · · · ξ�
n (t)]� and e(t) :=

[e�
1 (t) e�

2 (t) · · · e�
n (t)]�.

From (16) and (18), the following theorem is obtained.
Theorem 1: For the feedback system given by (1) and

(4)–(7), suppose that s, rij (i, j = 1, 2, . . . , n), and v̄ are given.
Then, the following inequality holds:

E ≤
(

1 +
∞∑

	=0

∥∥∥P̃	+1 − P̃	
∥∥∥
)

×
√( s

2

)2 +
(

1 − cos
(π

8

))(
4v̄2 + √

2sv̄
)
. (19)

Proof: From (17), x∗(τ ) can be calculated as

x∗(τ ) = P̃τ x(0) +
τ−1∑
	=0

P̃τ−	−1kb, (20)

where x∗(0) = x(0) is used. In addition, (18) yields

x(τ ) = P̃τ x(0) +
τ−1∑
	=0

P̃τ−	−1(−ξ(	) + e(	) + kb), (21)

ξ(τ ) = e(τ − 1) ∀τ ∈ {1, 2, . . .}. (22)

Substituting ξ(0) = 0 and (22) into (21) provides

x(τ ) = P̃τ x(0) +
τ−1∑
	=0

P̃τ−	−1kb

+
τ−2∑
	=0

((
P̃τ−	−1 − P̃τ−	−2

)
e(	)

)
+ e(τ − 1). (23)

From (20) and (23), ‖x(τ ) − x∗(τ )‖ is evaluated as

‖x(τ ) − x∗(τ )‖

=
∥∥∥∥∥

τ−2∑
	=0

((
P̃τ−	−1 − P̃τ−	−2

)
e(	)

)
+ e(τ − 1)

∥∥∥∥∥

≤
τ−2∑
	=0

∥∥∥
(

P̃τ−	−1 − P̃τ−	−2
)

e(	)
∥∥∥+ ‖e(τ − 1)‖

≤
τ−2∑
	=0

∥∥∥P̃τ−	−1 − P̃τ−	−2
∥∥∥‖e(	)‖ + ‖e(τ − 1)‖

≤
(

1 +
τ−2∑
	=0

∥∥∥P̃τ−	−1 − P̃τ−	−2
∥∥∥
)

×
√( s

2

)2 +
(

1 − cos
(π

8

))(
4v̄2 + √

2sv̄
)
, (24)

where the last inequality follows from Lemma 2. The right-
hand side of (24) is a monotonically non-decreasing function
with respect to τ ∈ {0, 1, . . .}, and does not depend on x(0).
This fact and (11) prove the theorem.

Theorem 1 provides an upper bound of the performance
index E. Because P	 converges as 	 → ∞ under (C1) and
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(C2) [12], P̃	 converges as 	 → ∞ due to P̃	 = P	 ⊗ I2. This
implies that ‖P̃	+1 − P̃	‖ in (19) approaches zero as 	 → ∞,
which means that the upper bound in (19) is finite. From this
and Lemma 1, under (C1) and (C2), the feedback system is
stable in the sense that x(t) is bounded for ξ(0) = 0 and every
(x0

i , θ
0
i ) ∈ R

2 × (−π, π ] (i = 1, 2, . . . , n).
For comparison, we consider the case where the quanti-

zation error ei(t) is not fed back in the proposed controller
Ki. This can be treated as ξi(t) ≡ 0 in (5). In this case, the
following theorem is obtained.

Theorem 2: In the same situation as that of Theorem 1,
assume that ξi(t) ≡ 0 for every i ∈ V. Then, the following
inequality holds:

E ≤
( ∞∑

	=0

∥∥∥P̃	
∥∥∥
)√( s

2

)2 +
(

1 − cos
(π

8

))(
4v̄2 + √

2sv̄
)
.

(25)

Proof: The assumption and (18) yield

x(t + 1) = P̃x(t) + e(t) + kb. (26)

Hence, x(τ ) is derived as

x(τ ) = P̃τ x(0) +
τ−1∑
	=0

P̃τ−	−1(e(	) + kb). (27)

By using (27) instead of (23) in the proof of Theorem 1, we
can prove the theorem.

Theorem 2 gives an upper bound of E when the quanti-
zation error is not fed back. By a discussion similar to the
above, we see that the upper bound in (25) is infinite. Thus,
the aforementioned stability of the feedback system is not
guaranteed, unlike in the original case. From this result, we
conclude that the feedback of the quantization error leads
to an improvement in the performance in the sense of an
upper bound of E and the guarantee of the stability of the
system.

4) Example: We reconsider the example in Section III-B. In
this example, E is evaluated as E ≤ 0.3422 from Theorem 1.
Meanwhile, the simulation result shown in Fig. 4 yields
supτ∈{0,1,...,120} ‖x(τ ) − x∗(τ )‖ = 0.03429. This validates
Theorem 1. Moreover, for the corresponding result when the
quantization error is not fed back, supτ∈{0,1,...,120} ‖x(τ ) −
x∗(τ )‖ = 2.221 is obtained. Therefore, in this exam-
ple, the proposed controllers improve the accuracy of
the resulting formation by feeding back the quantization
errors.

Remark 2: If ξ(0) �= 0, a term depending on ξ(0) is
added to the right-hand side of (19). However, also in this
case, we can show that x(t) is bounded for every (x0

i , θ
0
i ) ∈

R
2 × (−π, π ] (i = 1, 2, . . . , n) by a discussion similar to the

above. In this sense, the proposed controllers are robust against
the error on ξ(0).

Remark 3: Our results will be extended to the case where
the network topology G is time-varying in the following
way. First, we can show the convergence of the feedback
system without the quantization of the control inputs from
results (see, e.g., [12]) on the consensus for the time-varying

topologies. Then, by evaluating E for the feedback system
with time-varying P̃ and b in a way similar to that given
in this section, we will be able to obtain results similar to
Theorems 1 and 2.

Remark 4: We restrict ui2(t) to integer multiples of π/4
by considering the tradeoff between utilizing the mobility
of four-legged robots and reducing the implementation cost.
However, we will be able to handle the more general quanti-
zation interval, i.e., ui2(t) ∈ {0,±π/p,±(2π)/p, . . . ,±((p −
1)π)/p, π} for the positive integer p. This is performed by
modifying (7) based on the value of p and characterizing ei(t)
for the resulting feedback system similar to Lemma 2. In this
case, the upper bound in (12) will decrease as p increases
because the quantization interval becomes smaller.

V. CONCLUSION

In this letter, we addressed a formation control problem
of four-legged robots under discrete-valued input constraints.
For this problem, we presented distributed controllers based
on dynamic quantization and analyzed the resulting feedback
system. As a result, it was demonstrated that the feedback of
the quantization errors helps to improve the performance of
the system and guarantee its stability.

There are some directions for future research. One example
is to analyze the performance on the relative positions and cen-
troid of robots. Another example is to extend our framework
to the case of leader-follower formations.
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