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Abstract—In what follows a channel model that describes
a class of communication systems employing a certain non-
parametric receiver is considered. In particular a block coded
transmission via the channel under consideration and soft-input
mismatched decoding are considered. The paper deals with
a problem of finding an upper bound on the probability of
erroneous decoding. In order to obtain the bound in question
a second version of the Duman-Salehi bound is applied. For the
system under consideration a closed form for the normalized
tilting measure minimizing the bound under consideration is
obtained.

I. INTRODUCTION

In recent decades a number of reception techniques based

on parametric hypothesis testing methods were developed in

order to provide reliable communications and high data rates.

However if channel state information is either unavailable

or imprecise nonparametric reception techniques are to be

used [1], [2], [3], [4], [5]. In this paper a channel model

corresponding to a class of communication systems using

nonparametric reception method proposed in [6] is considered.
This paper is organized as follows. In section II a description

of the channel under consideration is given, the relation

between the model in question and the connection between

the channel model under consideration and real-life commu-

nication systems using nonparametric receiver proposed in

[6] are discussed. In section III a description of the system

using coded transmission via the channel under considera-

tion and soft-input mismatched decoder is given. In section

IV is obtained by applying the second type Duman-Salehi

bounding technique. For the case under consideration (i.e.

for mismatched decoding of the coded transmission via the

channel under consideration explicit closed form expression

for normalized tilting measure minimizing the proposed bound

is given. Finally in section V the results obtained and the

contribution of this paper are summarized.

II. CHANNEL MODEL

Let q and α be natural numbers such that q > 2, q > α. Let
us define the following sets:

B
1
q = {b = (b1, b2, . . . , bq)T :

∀ i ∈ {1 : q} bi ∈ {0, 1} , wH (b) = 1}
(1)

- the set of all binary column vectors of length q and Hamming
weight 1,

B
α
q = {b = (b1, b2, . . . , bq)T :

∀ i ∈ {1 : q} bi ∈ {0, 1} , wH (b) = α} (2)

- the set of all binary column vectors of length q and Hamming
weight α. Moreover for any column vector z such that

wH (z) < α let us define

S
1 (z) =

{
s : s ∈ Bα

q , s ∧ z = z
}

(3)

- the set of all binary column vectors of Hamming weight α
that "cover" the vector z

S
0 (z) =

{
s : s ∈ Bα

q , s ∧ z �= z
}

(4)

- the set of all binary column vectors of Hamming weight α
that don’t "cover" the vector z.
Let us designate the input of the channel with x and the

output with y.The channel under consideration is then given
by the following equations

x ∈ B1
q,y ∈ Bα

q

p (x) = p
(
y ∈ S1(y) | x) (5)

and additional conditions

∀x : p (x) = p

∀x,yi ∈ S1(x),yj ∈ S1(x), i �= j :

p (yi | x) = p (yj | x) = p1

∀x,yg ∈ S0(x),yh ∈ S0(x), g �= h :

p (yg | x) = p (yh | x) = p0

(6)

the channel model given by (5) can be interpreted in the

following way: let as assume that the communications channel

in use is split into q non-overlapping subchannels either in
time or frequency domain (the former case corresponds to

Impulse Radio transmission [7], [8] and the latter to multi-

tone transmission techniques [9] e.g. OFDM [10]) and q-ary
symbols are transmitted via the channel in use by employing

either Pulse Position Modulation (if the subchannels are time

slots) or q-ary frequency shift keying (if the subchannels are
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subcarriers). The output of each subchannel can be affected by

both background noise and interfering signals (e.g. multiuser

interference or intentional jamming) The receiver measures

certain parameter (e.g. signal power) of the signal at the output

of each subchannel and chooses α “best” (in a certain sense,

e.g. the receiver can choose α subchannels having energy

greater than others) subchannels. The list of the numbers

of the subchannels that were chosen is the output of the

receiver (within the scope of the model described above the

subchannels being chosen are marked by the nonzero entries

in the vector Y ). The probability p(x) is then a probability
of the fact that the number of the correct subchannel (i.e. the

one that has been used for transmission and corresponds to x)
has been included in the list. As for the conditions (6) these

will hold if each of the interfering signals occupies a certain

subchannel equiprobably. The latter is certainly not always the

case in real-world systems however this can be guaranteed if

prior to sending a certain vector a pseudorandom permutation

is applied (the permutation is to be chosen equiprobably from

the set of all possible permutations and the choice is to be

carried out for each vector) and at the receiver end inverse

permutation is done prior to decoding.

As can be seen from (5) the channel under consideration is

nothing but the discrete memoryless channel (DMC). In fact

if the conditions (6) holds the channel under consideration is

a symmetric one (in the sense of the definition given by [11],

[16]). Moreover since

∀z ∈ B1
q

|S1(z)| = σ1 =

(
q − 1
α− 1

)

|S0(z)| = σ0 =

(
q − 1
α

) (7)

if (6) holds the respective probabilities are given by

p1 =
p

σ1

p0 =
1− p

σ0

(8)

An example of the equivalent channel transition diagram and

channel transition matrix for the case q = 5, α = 2 is given
in Fig. 1 Even though the channel model under consideration

belongs to a well known class of symmetric DMCs it is in

many respects different from the well known channel models

from this class. In particular the cardinality of the input

and output alphabet usually either coincide (as e.g. in q-ary
symmetric channel) or the input alphabet is a subset of the

output alphabet (as e.g. in q-ary erasure channel).For our case
however none of the two previous statements is true. It is

worth noting that the idea of the channel having input and

output alphabet of sufficiently different cardinality has been

addressed in [12]. However even in the case considered in

[12] the input alphabet was a subset of the output one which

is certainly not the case to be considered hereinafter.
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Fig. 1. Channel model (an example for α = 2, q = 5)

III. CODED TRANSMISSION AND DECODING

Let us now consider coded transmission via the channel

under consideration. Let us assume that the information to

be transmitted is encoded with an C(N,K, d) linear block
code. Each (say jth) symbol of the mth codeword vmj is

mapped into a vector xm
j . Thus each codeword v

m is mapped

into a matrix Xm. Within the scope of the mapping under

consideration ith symbol is mapped into a binary column

vector of length q with nonzero entry at the ith position

and zero entries at the remainder positions (please note that

if the code in use is an MDS code the construction under

consideration is exactly the one considered by Kautz and

Singleton [17]). Thus to transmit a codeword vm a corre-

sponding matrix Xm = [xm
1 ,xm

2 , . . .xm
N ] is to be transmitted

via the channel under consideration. Correspondingly a matrix

Y j = [yj
1,y

j
2, . . .y

j
N ] is to be received. Thus in what follows

we shall use the phrases "a codeword was transmitted" and

"a matrix was transmitted" as synonyms (the same holds for

"received vector" and "received matrix" since in the channel

under consideration we receive matrixes rather than vectors).
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Let us now assume that for any Xm that could have been

transmitted and any received matrix Y j a "reliability" function

Θ(Y j | Xm) can be computed. The decoding procedure then
boils dow to choosing

X∗ = argmax
m
Θ
(
Y j |Xm

)
(9)

(in what follows we shall assume that ties are resolved

randomly). Hereinafter we shall consider the case when the

reliability function admits multiplicative form i.e.

Θ
(
Y j |Xm

)
=

N∏
n=1

θn
(
yj
n |xm

n

)
(10)

and ∀ n = 1 : N

θn
(
yj
n |xm

n

)
=

{
ηθ yj

n ∈ S1 (xm
n )

θ yj
n ∈ S0 (xm

n )
(11)

where η ≥ 1, θ > 0. Please note that if η = p1

p0
and θ = p0

the decoder under consideration is nothing but the Maximum

Likelihood decoder for the case under consideration. However

we interested in a more general case i.e. the case when η and
θ are some constants that meet the aforementioned conditions.
This case is commonly referred to as "mismatched" decoding

[18], [19], [20], [21], [22]. In next section an upper bound on

the probability of error for the case under consideration will

be obtained.

IV. UPPER BOUND

Hereinabove it has been shown that the problem under

consideration boils down to finding an upper bound on the

probability of error for the decoding rule described above. To

solve this problem a classical approach [23], [24], [25] will be

used: we shall assume that the code in use is partitioned into

a number of subcodes (it will be assumed that each subcode

Cw consists of an all-zero codeword and all codewords of a

certain Hamming weight w). Without loss of generality the
probability of error can be upper bounded

Pe = Pe|0 ≤
N∑

w=d

Pe|0(w) (12)

where Pe|0(w) is the probability of error for the case when
a subcode Cw is used and an all-zero codeword has been

transmitted (due to the linearity of the code in use the bound

(12) does not depend on the codeword transmitted). To obtain

an upper bound on the probability Pe|0(w) we shall use the
second version of the Duman-Salehi bound (DS2 bound) [13],

[14], [23]. The latter is given by

Pe|m ≤
⎛
⎝∑

l �=m

∑
j

ψm
N

(
Y j

)1− 1
ρ pN

(
Y j |Xm

) 1
ρ ·

·
(
Θ
(
Y j

∣∣X l
)

Θ(Y j |Xm )

)s)ρ
(13)

where ρ and s meet the conditions

1 ≥ ρ > 0, s > 0 (14)

and Pe|m is the probability of error if the matrix Xm

(corresponding to the m-th codeword) has been transmitted,
pN

(
Y j |Xm

)
is the probability to receive Y j if the matrix

Xm has been transmitted and ψm
N

(
Y j

)
is the normalized

tilting measure: a function that depends on Y j may also

depend on Xm and meets the following conditions

∀Y ∈ Y ψm
N (Y ) > 0∑

Y ∈Y
ψm
N (Y ) = 1

(15)

where

Y =
{
Y = [y1, y2, . . . , yN ] : ∀m = 1 : Nym ∈ Bα

q

}
(16)

is the set of matrixes that can be received. Since the right

hand side of (13) is an upper bound the tilting measure is to

be chosen to minimize the bound for any fixed ρ and s meeting
(14). Since in the case under consideration the bound (13) is

applied to subcodes separately it admits the following form

Pe|0 (w) ≤ p̄
(
w,ψ0

N (Y )
)
= (Aw)

ρ(
f0
(
w,ψ0

N (Y )
))ρ

(17)

where Pe|0 (w) is the probability to receive Y j if the subcode

Cw is used for transmission and matrix X0 (corresponding to

the all-zero codeword) has been transmitted, Aw = |Cw| − 1
is the number of codewords of the weight w in the code C,
and f0

(
w,ψ0

N (Y )
)
is given by

f0
(
w,ψ0

N (Y )
)
=

∑
Y j∈Y

(
ψ0
N

(
Y j

)1− 1
ρ pN

(
Y j |Xm

) 1
ρ ·

·
(
Θ
(
Y j

∣∣X l
)

Θ(Y j |Xm )

)s)
(18)

whereX l is the matrix corresponding to a certain codeword of

weight w. Since Aw does not depend on ψ0
N (Y ) and y = xρ

is an increasing function

p̄
(
w,ψ0

N (Y )
) →
ψ0
N (Y )

min⇒ f0
(
w,ψ0

N (Y )
) →
ψ0
N (Y )

min

(19)

where minimization is to be carried out subject to con-

straints (15). Let us now obtain an explicit form of the

minimization problem (19).

If X0 has been transmitted the probability to receive a

certain matrix Y j for which∣∣∣{x0
t : t = 1 : N,yj

t ∈ S1 (x0
t

)}∣∣∣ = i (20)

is given by

pN
(
Y j

∣∣X0
)
= pi1p

N−i
0 =

(
p

σ1

)i(
1− p

σ0

)N−i

(21)

Let us define the value

h =
∣∣∣{x0

t : t = 1 : N,yj
t ∈ S1 (x0

t

)
,x0

t �= xl
t

}∣∣∣ (22)

- the number of positions such that matricesX0 andX l differ

in the respective columns (and thus corresponding codewords
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differ in the respective positions) and the respective columns

of X0 are "covered" by the respective columns of Y j . Since

X0 and X l correspond to the all-zero codeword and some

codeword of weight w respectively we can claim h ≤ w.
Moreover due to (20) and (22) we can claim that h ≤ i and
thus h ≤ min(w, i). Since X0 and X l correspond to the all-

zero codeword and some codeword of weight w respectively

they coincide in N −w columns and due to (20) and (22) we

can deduce that i− h of those columns are "covered" by the
respective columns of Y j . Therefore the number of matrixes

Y j for which (22) hold is given by

H0(N,w, i, h) =

(
N − w

i− h

)
σi−h
1 σN−w−i+h

0 (23)

Let us define the following values

k =
∣∣∣{x0

t : t = 1 : N,yj
t ∈ S1 (x0

t

)
,yj

t ∈ S0 (xl
t

)}∣∣∣
g =

∣∣∣{x0
t : t = 1 : N,yj

t ∈ S0 (x0
t

)
,yj

t ∈ S1 (xl
t

)}∣∣∣ (24)

where k is the number of positions such that matrices X0 and

X l differ in the respective columns (and thus corresponding

codewords differ in the respective positions) and the respective

columns ofX0 are "covered" by the respective columns of Y j

while the respective columns ofX l are not and g is the number
positions such that matricesX0 andX l differ in the respective

columns and the respective columns of X l are "covered" by

the respective columns of Y j while the respective columns of

are not. Let us now define

υ〈1,1〉 =
∣∣{y : y ∈ Bα

q ,y ∈ S1 (x0
)
,y ∈ S1 (xl

)}∣∣ =
=

(
q − 2
α− 2

)
υ〈1,0〉 =

∣∣{y : y ∈ Bα
q ,y ∈ S1 (x0

)
,y ∈ S0 (xl

)}∣∣ =
=

(
q − 2
α− 1

)
υ〈0,1〉 =

∣∣{y : y ∈ Bα
q ,y ∈ S0 (x0

)
,y ∈ S1 (xl

)}∣∣ =
=

(
q − 2
α− 1

)
υ〈0,0〉 =

∣∣{y : y ∈ Bα
q ,y ∈ S0 (x0

)
,y ∈ S0 (xl

)}∣∣ =
=

(
q − 2
α

)

(25)

The number of matrixes Y j for which (24) holds (for some i
and h ≤ min(w, i)) is given by

H1(N,w, i, h, g, k) =

(
w

h− k, k, g

)
υh−k
〈1,1〉υ

k
〈1,0〉υ

g
〈0,1〉υ

w−h−g
〈0,0〉
(26)

and the number of matrixes Y j for which (20),(22),(24) hold

is given by

H(N,w, i, h, g, k) =

= H0(N,w, i, h)H1(N,w, i, h, g, k) =

=

(
N − w

i− h

)
σi−h
1 σN−w−i+h

0 ·

·
(

w

h− k, k, g

)
υh−k
〈1,1〉υ

k
〈1,0〉υ

g
〈0,1〉υ

w−h−g
〈0,0〉

(27)

Please note that if Y j ,X0 and X l are such that (24) hold

Θ
(
Y j

∣∣X l
)

Θ(Y j |Xm )
= ηg−k (28)

Finally since ψ0
N (Y ) depends on Y let us define ψ0

N (Y ) in
the following way

∀ Y j = [yj
1,y

j
2, . . . ,y

j
N ] : t =

∣∣{m : yj
m ∈ S1 (x0

m

)}∣∣
ψ0
N (Y

j) = Ψt

(29)

Putting (27),(21),(25),(28) and (29) together we obtain

f0 (Ψ0, . . . ,ΨN ) =
N∑
i=0

min(w,i)∑
h=0

h∑
k=0

w−h∑
g=0

(
Ψ
(1− 1

ρ )
i ·

·ηs(g−k)

((
N − w

i− h

)
σi−h
1 σN−w−i+h

0

)
·

·
((

w

h− k, k, g

)
υh−k
〈1,1〉υ

k
〈1,0〉υ

g
〈0,1〉υ

w−h−g
〈0,0〉

)
·

·
((

p

σ1

) i
ρ
(
1− p

σ0

)N−i
ρ

))
=

N∑
i=0

βiΨ
(1− 1

ρ )
i

(30)

where βi is given by

βi =

((
p

σ1

) i
ρ
(
1− p

σ0

)N−i
ρ

)
·

·
min(w,i)∑

h=0

h∑
k=0

w−h∑
g=0

(
ηs(g−k) ·

·
((

w

h− k, k, g

)
υh−k
〈1,1〉υ

k
〈1,0〉υ

g
〈0,1〉υ

w−h−g
〈0,0〉

)
·

·
((

N − w

i− h

)
σi−h
1 σN−w−i+h

0

))
(31)

the minimization problem in question is then given by

f0 (Ψ0, . . . ,ΨN ) =

N∑
i=0

βiΨ
(1− 1

ρ )
i →

Ψ=[Ψ0,...,ΨN ]
min

∀i = 1 : N −Ψi ≤ 0
N∑
i=0

γiΨi − 1 = 0

(32)

where γi is given by

γi =

(
N

i

)
(33)

The Lagrangian function for this problem is given by

Λ (Ψ0, . . . ,ΨN ) =
N∑
i=0

βiΨ
(1− 1

ρ )
i + λ̃

(
N∑
i=0

γiΨi − 1
)
+

N∑
i=0

λi

(−Ψi + u2
i

)
(34)

where
λ̃ ≥ 0
∀i = 0 : Nλi ≥ 0

(35)
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The the Karush-Kuhn-Tucker (KKT) conditions are then given

by
∀i = 0 : N
βi

(
1− 1

ρ

)
Ψ
(− 1

ρ )
i + λ̃γi − λi = 0

−Ψi + u2
i = 0

2λiui = 0
N∑
i=0

γiΨi − 1 = 0

λi ≥ 0

(36)

Therefore solving (36) we obtain the closed form expression

for the values of the tilting measure

Ψi =

(
N∑
i=0

βρ
i γ

1−ρ
i

)−1(
γi
βi

)−ρ

(37)

minimizing (30) and thus (18) and the right hand side of the

(17). Please note that f0 (Ψ0, . . . ,ΨN ) is a linear combination
of convex function and thus f0 (Ψ0, . . . ,ΨN ) is convex and
so is the optimization problem (30). Thus the Karush-Kuhn-

Tucker (KKT) conditions guarantee that the obtained solution

indeed provides minima of the function f0 (Ψ0, . . . ,ΨN ) Thus
substituting (37) into (17) we obtain the following bound

Pe ≤
N∑

w=d

Aρ
w

(
N∑
i=0

(βi (s, ρ))
ρ
γ1−ρ
i

)
(38)

where βi is given by (31) and γi is given by (33). The latter
is to be minimized numerically by ρ and s subject to (14)
similarly to the conventional Gallager bound [15].

V. CONCLUSION

Hereinafter a coded transmission via a channel that cor-

responds to a communication system using nonparametric

receiver proposed in [6] has been considered. In particular

the case of mismatched decoding has been addressed. For

the case under consideration an upper bound on the error

probability has been obtained by using the Duman-Salehi

bounding technique and exact closed form expression for the

normalized tilting measure minimizing the bound in question

has been obtained.
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