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Optimal Parallel Algorithm of Fast Inverse Laplace
Transform for Electromagnetic Analysis

Di Wu , Seiya Kishimoto , and Shinichiro Ohnuki , Member, IEEE

Abstract—Fast inverse Laplace transform (FILT) is a simple and
concise technique for performing inverse Laplace transforms. This
letter develops an efficient parallel algorithm for FILT for solving
various electromagnetic problems. This algorithm can be easily
combined with existing computational methods used in electromag-
netics to realize efficient time- and frequency-domain analyses.

Index Terms—Complex frequency domain, electromagnetics,
inverse Laplace transform, parallel computation, time-domain
analysis.

I. INTRODUCTION

THE Laplace transform is a well-known and efficient math-
ematical tool for solving partial differential and ordinary

equations in physics and engineering problems [1]–[4] in areas
such as system modeling, analysis of electrical and electronic
circuits, digital signal processing, nuclear physics, and process
control [5]. It can be used to calculate the output of a linear
time-invariant system by convolving the unit impulse response
with the input signal. The Laplace transform essentially converts
the convolution operation into a multiplication operation in the
Laplace space, where algebraic manipulation is easier.

Generally, a forward Laplace transform is relatively easy to
apply. However, an inverse Laplace transform proves difficult
when it is used for solving practical problems, such as the
design of electromagnetic (EM) devices. To perform an inverse
Laplace transform, many numerical implementations have been
proposed [6]. The fast inverse Laplace transform (FILT) is an
easy and concise implementation [7] that has been successfully
applied to practical EM analyses for plasmonic antennas [8],
ground-penetrating radar [9], transmission lines [10], biologi-
cal media [11], low-frequency issues, and problems related to
dc components [12]–[14]. FILT can obtain the time-domain
response independently at an arbitrary single time; therefore,
it is convenient for performing parallel computations. With
regard to computational speed, completely parallel computing
through multiple computing nodes can significantly reduce the
processing time.

We recently developed a novel technique for conducting
both time- and frequency-domain analyses; specifically, we
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combined FILT with the finite-difference complex-frequency-
domain (FDCFD) method [12] for the near-field analysis of
plasmonic objects. We also developed a time-division algorithm
for the finite-difference time-domain (FDTD) technique [15].
This algorithm combines the FDTD [16], FDCFD, and FILT
methods. It performs FDTD computations by using the initial
condition of an EM field that is obtained using the FDCFD
and FILT methods [12]. By substituting the FDCFD result
at time t1 into the FDTD process, the time response in the
period [t1 t2] can be computed without computing from t = 0
and sequentially updating the EM field. Other techniques, such
as curve fitting, macro modeling, and fast Fourier transform
(FFT)-based numerical inversion of Laplace transform [17]–
[19], are available for evaluating the time-domain response
from the complex-frequency domain (CFD) response obtained
using FDCFD. The proposed FILT algorithm can be used to
directly define the pole for the inverse Laplace transform without
requiring a fitting function and to easily perform error analysis.
Because the inverse Laplace transform is calculated by a series
of image functions, a butterfly computation method like FFT is
not required. Therefore, parallel computations can be performed
easily. Furthermore, the proposed method can efficiently per-
form calculations using only a few poles.

This letter proposes a further improvement of the parallel
algorithm to study long-period problems. We discuss an opti-
mized parallel algorithm for FILT and use it to perform parallel
computations for optimizing the processing time. This method
enables parallel computations for both the time domain and
the CFD. We combine FILT with a recently developed FDCFD
method for 3-D analyses of EM scattering from metallic objects.
The computational accuracy and speed of the proposed parallel
algorithm are verified.

II. FORMULATION

A. Original FILT Algorithm

We briefly explain the original FILT algorithm for performing
inverse Laplace transforms [6]. In this algorithm, the exponen-
tial function in the integral of the inverse Laplace transform
is replaced by a hyperbolic function [3], [7]. Upon usage of
the residue theorem and application of the Euler transform for
truncating the infinite series, the following approximated form
is obtained:

f (t) = lim
y→∞

1

2πj

∫ x+jy

x−jy

F (s) estds

≈ fec (t, α)
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Fig. 1. Flowchart of proposed parallel FILT algorithm in (a) s domain and
(b) time domain.
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eα
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where

Fn = (−1)n Im [F (s)] , s =
α+ j (n− 0.5)π

t
(2a)

App = 1, Ap0 = 2p, Apne
= Apne−1 − (p+ 1)!

ne! (p+ 1− ne)!
(2b)

and k is the truncation number. The second summation is for
performing the Euler transformation with p terms to expedite the
convergence of the alternation series. Here, F (s) represents the
image function in the CFD of the original time-domain function
f(t). The accuracy of fec can be controlled to 10−α by using the
approximation parameter α. The above equation is the original
FILT equation described in [3]. It is advantageous in that the
field distribution at an arbitrary time can be obtained via a simple
summation of a few corresponding singularities on a complex
plane.

B. Optimized Parallel Implementation

fec(t, α) in (1) can be obtained by summing up all the terms
one by one. To obtain the time response at t1, we can simply
replace t by t1. Each term in the summation of FILT can be
computed independently; therefore, we can perform parallel
computations for obtaining fec(t, α) in both the time domain and
the CFD. Fig. 1 shows the parallel implementation of FILT for
performing time response analysis. First, we set the observation
time t, approximation parameter α, and s and k1 values, follow-
ing which we set the number of terms of the Euler transformation
p. We can solve the image function in parallel and obtain Fn by
using multiple computing nodes. Finally, summations are taken
for obtaining the response at observation time t.

Fig. 1(a) shows the parallel implementation in CFD. To sum
up the series in the algorithm, we can evaluate them inde-
pendently in parallel. We can also parallelize the time-domain
computation, as shown in Fig. 1(b). Because the FILT algorithm
is used for computing the time response at each observation time,
we perform the same process using multiple nodes for varying
observation times.

The optimized selection for the parallel computation process
for both the time domain and the CFD is discussed in Section III.

C. Double Euler Transformation

Because the proposed method is completely parallel, its
efficiency is almost 100%. However, the computational cost
becomes high when k + p becomes very large. This often
occurs in the late-time responses of EM waves for strongly
resonant problems, such as designing plasmonic devices and
solving cavity problems. The original FILT algorithm becomes
expensive for late-time responses when t in (2a) becomes large.

In this letter, we propose an improved FILT algorithm to over-
come this issue and realize rapid convergence. Upon usage of the
improved algorithm, a similar computational cost can be realized
even for the late-time response. The following equation shows
the improved FILT algorithm using double Euler transformation:

fec (t, α) =
eα

t

⎛
⎜⎜⎝

k2∑
n =k1

Fn + 1
Ap0

p∑
ne= 1

Apne
Fk2+ne

+ 1
Aq0

q∑
ne= 1

Aq(q−ne)Fk1−ne

⎞
⎟⎟⎠

(3)

where k1 and k2 are the lower and upper truncation number, re-
spectively. The method for selecting these numbers is discussed
in Section III. Furthermore, in the double Euler transformation,
the second and third summations are applied for the upper and
lower sides of the summation. This modification helps accelerate
the convergence for a reduced truncation number from k1 to k2.
Here, p and q are the numbers of terms in the Euler transforma-
tion to accelerate the convergence of fec.

D. Three-Dimensional FDCFD Formulation

In this letter, an FDCFD solver is used for calculating the EM
field in the s domain. The following equation is a better alter-
native to Maxwell’s equations because it eliminates unknown
elements of the electric fields:

∇PML×
(
μ−1∇PML ×E

)
+ s2εE = −sJ −∇PML × μ−1M

∇PML =
1

cx

∂

∂x
ax +

1

cy

∂

∂y
ay +

1

cz

∂

∂z
az (4)

where cx, cy , and cz are the coordinate stretching variables for
the purpose of applying a convolutional perfect matched layer
(CPML) [20] as an absorbing boundary condition. In (4), the
time dependence is assumed to be est, andJ andM , respectively,
represent electric current and magnetic sources, and ε and μ,
respectively, represent the permittivity and permeability of the
scatterer. In this letter, (4) is used for calculating the E-field to
evaluate a surface plasmon on a metal surface. The permeability
μ of materials for visible light can be assumed to be μ0 because
the incident wave is of visible light.

Discretizing (4) and collecting the whole element in the x-,
y-, and z-directions gives⎛

⎝
⎡
⎣D2

y +D2
z DxDy DxDz

DxDy D2
x +D2
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x
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J ′
z

⎤
⎦ (5)

where I represents the unit matrix. The coefficients in the first
term on the left-hand side, Dx, Dy , and Dz , are matrices for
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Fig. 2. Computational model of a metallic sphere for investigation of the
computational accuracy of the proposed algorithm.

the curl operator as in (4). Specifically, they can be written as
follows:

D2
y Ex =

1

cy |i,j,kΔy2

×
(
Ex |i,j+1,k

− Ex |i,j,k
cy |i,j+0.5,k

−
Ex |i,j,k − Ex |i,j−1,k

cy |i,j−0.5,k

)

D2
z Ex =

1
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DxDy Ex =
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ΔxΔy

DxDz Ex =
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− Ex |i−1,j,k+1

− Ex |i,j,k
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.

Upon the same procedure being performed for the entire
computational space, a system of linear equations is obtained
as

Ax = b (6)

where A is an operator; x, the unknown EM components we
solve for; and b, a column vector determined by the given
current source. The coefficient matrix A is typically very large
but extremely sparse because it is constructed via the finite-
difference scheme. The unknown vector x in the CFD can be
solved by using a direct or iterative solver [21] similar to that in
conventional finite-difference methods. In this letter, an iterative
method is used to solve the linear equations. The iteration is
performed until the norm of the residual becomes 10−7. Upon
application of (4), the number of iterations can be drastically
reduced, and the computational speed can be made much faster
than that of the linear system obtained using Maxwell’s equation.

III. COMPUTATIONAL RESULTS

Fig. 2 shows the computational model of a metallic sphere
with a radius of r = 2.5 nm. A plane wave is incident on the
sphere. The electric field is observed at a distance of 0.5 nm
from the sphere’s surface.

To consider the dispersion of permittivity in a metal,
the relative permittivity εr (:= ε/ε0) is calculated using the
Lorentz–Drude model [22] as

εr (s) = 1 +
f0ω

2
p

s2 + sΓ0
+

N∑
j=1

fjω
2
p

s2 + sΓj + ω2
j

(7)

Fig. 3. Time-domain response of a metallic sphere with sine-step pulse by
using FDCFD-FILT.

Fig. 4. Convergence for k + p for various observation times t when using the
original FILT algorithm.

where ωp is the plasma frequency, and N is the number of oscil-
lators with frequencyωj, strength fj, and damping coefficientΓj.

Fig. 3 shows the time-domain response of the electric field Ex

at the observation point. The solid line and dots, respectively,
indicate the computational results of FDTD and FDCFD-FILT
(i.e., combination of FDCFD with FILT). These results are
observed to be in very good agreement. Because the incident
wave is set as the resonant wavelength λ = 350 nm, the electric
field is enhanced by the surface plasmon resonance.

Fig. 4 shows the convergence history of the electric field for
different truncation numbers of FILT in (1). Here, the approx-
imation parameter is selected as α = 6. The lines indicate the
convergence history for various observation times t. To obtain
six-digit accuracy, a larger truncation number is needed for a
later observation time. For t = 200 fs, almost 300 truncation
numbers are required.

A similar convergence test is performed to investigate the
performance of the improved FILT algorithm with the double
Euler transformation and reduced truncation number. Fig. 5
shows the convergence history of this algorithm for various
lower and upper truncation numbers (k1 and k2, respectively) in
(3) when t = 200 fs. k1 (≥ 1) and k2 are selected as follows:

k1 = kc − n, k2 = kc + n, (n = 1, 2, 3, . . .) (8a)

kc = int (2fct) (8b)

where fc represents the center frequency of the incident wave.
Here, the approximation parameter is α = 6 and the number
of upper side Euler transforms is p = 5. The lines indicate the
convergence history for various numbers of lower side Euler
transforms q. In this convergence test, the horizontal axis indi-
cates the inverse number of poles defined by k2 − k1 + p + q.
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Fig. 5. Convergence for different numbers of poles when using the improved
FILT algorithm with the double Euler transformation.

TABLE I
COMPUTATIONAL TIMES FOR VARIOUS NUMBERS OF COMPUTING NODES

Clearly, the convergence is accelerated upon application of the
Euler transform for both the upper and the lower sides. The error
converges to∼10−6 when the truncation number is k2 − k1= 50
with p = q = 5.

FILT is very suitable for parallel computation using clusters.
Each term in (3) can be calculated independently. There are two
strategies for parallel computation—parallel computation for the
CFD with the summation of FILT and parallel computation for
the time domain.

Table I shows the computation time for varying numbers of
nodes. The time responses for t = 200–203 fs for EM scattering
from a silver sphere are simulated for investigating the efficiency
of the parallel computation. Our proposed method is particularly
effective for late-time analysis regardless of the size of objects.
The number of required poles is defined as in (8a) and (8b).
The time increment Δt is set to 0.1 fs, which is approximately
one-tenth of one period of the incident wave. The computational
load is divided in the time domain and s-domain and distributed
equally across various nodes. In this numerical verification, the
total number of sampling points for the time response is 30,
and the number of poles on the complex-frequency plane for
FILT is also set to 30 by using the double Euler transformation.
Under this condition, the required computational time when
using 30 computing nodes for time division or s division in
parallel is reduced to 1/30 of the original time. However, it
cannot be further reduced by increasing the number of nodes
because the proposed algorithm does not allow for division of the
computational load across more than 30 nodes in this case. The
case of s-divisions has the same restriction. Both time division
and s-division in parallel are ideal solutions for improving the
computational efficiency in terms of load distribution. The last
line in Table I shows an example of using 100 nodes. First, the

TABLE II
IFFT AND FILT COMPUTATIONAL TIMES FOR VARIOUS NUMBERS OF NODES

total computational load is divided into ten parts in the time do-
main, where each part includes three sampling points for the time
response. One sampling point requires 30 computations of poles
on the complex-frequency plane. Thus, the number of required
poles becomes 90 for three sampling points. The computation
of 90 poles can be further divided into ten equal parts. Here,
nine poles are distributed to one computing node. Therefore, the
total computational load can be equally distributed to 100 nodes
via the parallelization of the time domain and CFD. Finally, the
required computational time is reduced to approximately 1/100
of the original time. The maximum speed-up in the ideal case
can be estimated as

Speed-up = Ns ×Nt (9)

where Ns and Nt represent the number of poles and sampling
points, respectively.

We also performed a comparison between our method and the
conventional Euler transformation regarding the computational
time. Because the double Euler transformation reduces Ns, its
computational time is shorter than that of the conventional Euler
transformation in all cases.

Table II compares the computational times of parallel inverse
fast Fourier transform (IFFT) [23] and FILT for varying numbers
of nodes. The frequency-domain or CFD data were transformed
into time domain, and the data length was 215. It can be observed
that for a single or few nodes, IFFT is faster than FILT. However,
when the number of nodes increases, the speed-up of IFFT be-
comes saturated as parallel IFFT requires data communication.
However, FILT allows embarrassingly parallel computation due
to which the speed-up can be held. Consequently, FILT becomes
faster when 512 nodes are used.

IV. CONCLUSION

An optimized parallel algorithm is proposed to reduce the
computational cost of FILT and applied to an EM scattering
problem. This algorithm greatly reduces the truncation number
of FILT and, in turn, greatly reduces the computational time in
comparison with those of the conventional method.

This method is very suitable for performing parallel compu-
tations. Both time-domain and CFD parallelization are applied
for distributing the computational load optimally. The compu-
tational time can be reduced in proportion to the number of
computing nodes. The maximum speed-up in the ideal case is
given as the product of the number of poles on the complex plane
and the number of sampling points of the time response.
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