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FDTD Modeling of Nonlinear Phenomena in Wave
Transmission Through Graphene

Liang Yang, Jing Tian, Khalid Z. Rajab, Member, IEEE, and Yang Hao, Fellow, IEEE

Abstract—A novel finite-difference time-domain modeling
method is proposed to simulate the nonlinear electrodynamic re-
sponses of graphene at terahertz frequencies. The relation between
currents in graphene and electromagnetic waves is governed by a
J–E characteristic formula at the frequencies where the conduc-
tivity of graphene exhibits resonant behavior. Simulation results
demonstrate nonlinear phenomena in wave transmission through
graphene including odd-harmonic generation and frequency-
mixing effect. The proposed modeling method can be used as a full-
wave solution to the design of nonlinear graphene-based structures.

Index Terms—Finite-difference time-domain (FDTD) method,
graphene, nonlinearity.

I. INTRODUCTION

GRAPHENE, a two-dimensional material with interesting
electromagnetic (EM) properties, has inspired researchers

to propose linear graphene-based devices such as reflector [1],
absorber [2], and isolator [3]. On the other hand, graphene also
owns promising nonlinear properties.

The band structure of graphene exhibits a linear energy disper-
sion relation near its Dirac points [4]. This linear band structure
can theoretically lead to the suppression of ac electric current
in graphene, and hence it results in the generation of odd har-
monics under strong terahertz (THz) field illumination [5]. It
has been predicted in [6] that a THz field with a peak value
of 1 kV/cm is capable of inducing third-order harmonic gen-
eration (THG) on monolayer graphene at room temperature.
The amplitude of generated third-order harmonic can be tuned
by varying the Fermi level of graphene with bias voltage [7].
To maximize THG, the optimized relation between incident
field amplitudes and Fermi levels has been discussed in [8].
Further enhancement can also be achieved by utilizing appro-
priate graphene-dielectric-metal structures [9]. The third-order
conductivity of graphene with resonant behavior at THz has
been proposed in [10] to analyze various nonlinear phenomena.
As isolated graphene is a centrosymmetric material, the even-
order harmonic generation is forbidden, leaving only odd-order
harmonic excitations [11]. In addition, the effects of magnetic
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bias on the nonlinearity of graphene are also investigated [12].
In terms of experiments, high THz field excitations with peak
electric fields between 0.2 and 63 kV/cm have been used to ex-
plore the nonlinear properties of graphene. The odd-harmonic
generation of graphene has been verified experimentally using a
45-layer graphene sample [13]. Moreover, the nonlinear trans-
mission enhancement of photoexcited monolayer graphene has
also been reported in [14], enabling the realization of graphene-
based tunable nonlinear devices.

The finite-difference time-domain (FDTD) method is a use-
ful full-wave numerical approach, which is frequently used to
assist with EM device design. The applications of FDTD meth-
ods for simulating magnetic and electric nonlinearities of other
materials have been discussed [15]–[19]. The magnetic non-
linearity is modeled through updating magnetic fields with a
differential permeability derived from the B–H characteris-
tic formula [15]. Although this approach has been success-
fully implemented to simulate the pulse propagation through
nonlinear magnetic sheets, the fine mesh required by the ge-
ometric details of magnetic sheets leads to very small time-
steps [16]. In terms of electric nonlinearity, a single time convo-
lution approach has been used to analyze both Kerr and Raman
interactions [17]. As this model considers the case of non-
resonant third-order processes [18], it is only suitable for
optical spectra where graphene does not exhibit resonant non-
linear behavior [20]. In addition, the numerical simulation
of anisotropic materials with frequency-independent nonlinear
constants has been discussed in [19] as well. To model graphene
that has a frequency-dependent conductivity at THz, complex
time-domain convolution is required in their FDTD updating
equations. Recently, an FDTD method for modeling the THz
nonlinearity of graphene was also proposed. The nonlinearity
of graphene is represented as a time-domain instantaneous con-
ductivity σ(t) = J(t)/E(t), resulting in even-order harmonic
excitation in their simulation results [21].

In this letter, a new FDTD method is proposed to simulate
the THz nonlinearity of graphene under strong THz field illu-
mination. The updating equation is directly obtained from the
characteristic formula derived in [5], hence the explicit expres-
sion of graphene conductivity is not required and the complex
time-domain convolution is also avoided. The excitation of odd-
order harmonics is successfully demonstrated, and the frequency
mixing of two THz signals is also presented.

II. FDTD MODELING

Assuming that the thermal energy is much less than the
chemical potential of graphene, the surface current Js(t) of
graphene derived from the quasi-classical kinetic theory can be
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Fig. 1. Yee cells in FDTD with a graphene sheet in xy plane. The Yee cell
where the graphene sheet exists is filled with light color. Red (blue) arrows
represent electric (magnetic) fields. Δx, Δy, and Δz are cell sizes in the three
directions.

approximately expressed as [5]

Js(t) =
evF p2

F P(t)
π�2

√
1 + P 2(t)

G (Q(t)) (1)

where e is the charge of an electron, vF is the Fermi veloc-
ity of graphene, pF = μ/vF is the Fermi momentum, μ is the
chemical potential, P(t) = eA(t)/pF is the dimensionless vec-
tor variable, P (t) = |P(t)|, A(t) =

∫ t

0 E(t′)dt′ is the vector
potential, E(t) is the in-plane electric field, � is the reduced
Planck constant, and G (Q(t)) is approximated as

G (Q(t)) ≈ 1 +
3
32

Q2(t) +
35

1024
Q4(t) (2)

where Q(t) = 2P (t)/(1 + P 2(t)).
Equation (1) is a J–E characteristic formula describing the

strong E(t) induced Js(t) at THz frequency. As it ignores the
interband transitions, (1) is only suitable for the THz region
where the intraband transitions dominate.

For an isotropic graphene sheet oriented in the xy plane, as
shown in Fig. 1, the time-domain Maxwell equation including
the surface currents of graphene can be expressed as

ε
∂E(t)

∂t
= ∇× H(t) − Js(t)δ(z − z0) (3)

where ε is the average permittivity of materials surrounding
graphene, and δ(z) is the Dirac delta function with z0 repre-
senting the position of graphene.

By taking the difference between time-step n and n + 1 on
the Ex component and integrating both sides of (3) from z0 −
Δz/2 to z0 + Δz/2 [22], the following updating equation can
be obtained:
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= En
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+
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ε

[
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−Jn+0.5
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Δz

]
(4)

where (i, j, k) represent the position index of a field variable,
Δt is the time-step, and n is a nonnegative integer.

To simplify the problem, we assume the incident plane wave
is linearly polarized, with the electric field in the x-direction
and the magnetic field in the y-direction. Hence, P(t) = Px(t)
and Pn+0.5

x is calculated as

Pn+0.5
x =

e

pF
An+0.5

x =
e

pF

∫ (n+0.5)Δt

0.5Δt

Ex(t′)dt′

=
e

pF
Δt

n+0.5∑

m=0.5

Em
x

(5)

where m represents a half-integer step time. Jn+0.5
sx can be

calculated by substituting (5) into (1).
It is noted that (5) requires electric fields at half-integer time-

steps. However, the values of electric fields are only calculated
at integer time-steps [see (4)]. Therefore, an electric field at a
half-integer time-step is approximated as the average value of
its nearest two integer time-steps. Thus

n+0.5∑

m=0.5

Em
x =

1
2

(
n∑

m=0

Em
x +

n+1∑

m=1

Em
x

)

. (6)

To simplify the above expression, the auxiliary element Bn
x

is defined as

Bn
x =

n∑

m=0

Em
x . (7)

Hence, it is easy to achieve the following updating equation
by substituting (7) into (6):

Bn+1
x = Bn

x + En+1
x . (8)

According to (6)–(8), (5) can be rewritten as
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x =

eΔt

2pF

(
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x

)
(9)

where En+1
x is the only unknown in order to determine Pn+0.5

x .
By substituting (1), (2), and (9) into (4), the updating equation

of Ex can be expressed as
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Fig. 2. Normalized spectral power of two incident signals S1 and S2 . The
inset is the temporal amplitudes of S1 , S2 and S1 + S2 , which are normalized
to E0 .

This updating equation can be solved with the Newton–Raphson
method.

III. RESULTS AND DISCUSSION

The continuous graphene layer with periodic boundary con-
dition is simulated to analyze the nonlinearity of large-area
graphene. A uniform plane wave with normal incidence is used,
and perfectly matched layers are employed in the propagation
(z) direction. For simplicity, it is assumed that graphene is
suspended in the air. The dimensions of FDTD cells are set
as Δx = Δy = Δz = 0.1 μm corresponding to 1/250 of the
wavelength of the highest simulation frequency (12 THz). This
small cell size is capable of providing converged simulation
results, and the time-step is defined according to Courant’s sta-
bility condition as [23]

Δt ≤ 1

c
√

1
(Δx)2 + 1

(Δy )2 + 1
(Δz )2

. (11)

Two scenarios are simulated in this study: the odd-harmonic
generation and the frequency-mixing effect. In the former sce-
nario, a sine-modulated Gaussian signal S1(t) is used as the
incident signal. For the latter case, an additional sine-modulated
Gaussian signal S2(t), at a different frequency, is used. The two
signals S1,2(t) are expressed as

S1,2(t) = E0 sin (2πfc1,2(t − t0)) e−( t−t 0
τ )2

(12)

where E0 is the temporal peak of the Gaussian pulse, fc1,2
are the carrier frequencies (fc1 = 2 THz and fc2 = 3 THz),
t0 = 4.8 ps, and τ = 1 ps. Fig. 2 presents the two signals in
both frequency and time domains.

For the simulations of odd-harmonic generation, the plane
wave consisting of only S1(t) is used. Due to the odd-harmonic
generation, the primary 2 THz component should not be exclu-
sively excited; the higher-order 6 and 10 THz components are
also expected in the transmitted spectrum. The power spectrum

Fig. 3. Normalized spectral power of the transmitted wave that demonstrates
odd-harmonic generation. The incidence has a 2 THz central frequency. The
generated fundamental, third, and fifth harmonics are emphasized by the red
color with darkness representing their strength. Various chemical potentials of
graphene are taken into account.

Fig. 4. Spectral amplitudes of third-harmonic generation at 6 THz and fifth-
harmonic generation at 10 THz under three incidences with different values of
E0 : 40 kV/cm, 50 kV/cm, and 60 kV/cm.

of the transmitted waves, plotted in Fig. 3, is defined as

PdBc = 20 log10
Etrans(ω)

Einc(2 THz)
(13)

where Etrans(ω) is the amplitude of transmitted waves and
Einc(2 THz) is the amplitude of incident waves at the carrier
frequency 2 THz. The power spectrum clearly shows the gener-
ation of the third and the fifth harmonics.

Fig. 4 shows the spectral amplitudes of the third-order (6 THz)
and fifth-order (10 THz) harmonics against the chemical poten-
tial of graphene under various incident signal strengths. It can
be found that there are optimized chemical potentials for THG
and fifth-order harmonic generations (FHG), which vary with
the strength of the incident signals, as summarized in Table I.
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TABLE I
OPTIMIZED CHEMICAL POTENTIALS FOR ODD-HARMONIC GENERATION

E0 (kV/cm) μ(meV) in THG μ(meV) in FHG

40 148 106
50 172 124
60 195 140

Fig. 5. Spectral amplitudes of transmitted signal through graphene for
frequency-mixing effect. The incidence consists of two signals with central
frequency at fc1 = 2 THz and fc2 = 3 THz, which is anticipated to gener-
ate third-order intermodulation harmonics (i.e., 1, 4, 7, and 8 THz) and other
high-order harmonics due to mixing effect. Without loss of generality, odd-
harmonic generations, such as 6, 9, and 10 THz, have also been shown in the
figure. Chemical potential of graphene is tuned from 0.05 to 0.3 eV with the
step 0.05 eV.

Another nonlinear phenomenon, the frequency-mixing ef-
fect, is also demonstrated with the proposed FDTD simu-
lation. Two linearly x-polarized plane waves, as shown in
Fig. 2, are used to explore the frequency-mixing effect. The two
incident signals are summed up directly in the time domain
(i.e., Stot(t) = S1(t) + S2(t) ) [24], and the spectral amplitudes
of waves transmitted through graphene for various chemical po-
tentials are illustrated in Fig. 5, where the resultant third-order
intermodulation harmonics (i.e., 2fc1 ± fc2 and 2fc2 ± fc1) are
clearly shown.

It is worth mentioning that in the FDTD simulations discussed
above, graphene is a uniform layer. As the J–E characteristic
formula [i.e., (1)] was derived independently of the graphene ge-
ometry, the proposed method holds the capability of simulating
more complex graphene geometries.

IV. CONCLUSION

A novel FDTD modeling method has been proposed to model
the nonlinear electrodynamic properties of graphene at THz
frequencies. FDTD results demonstrate odd-harmonic genera-
tions as well as frequency-mixing effects in wave transmission
through graphene. The effects of chemical potential are also
investigated, and the proposed modeling method is expected to
support the design of graphene-based nonlinear devices.
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