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Phase-Only Transmit Beampattern Synthesis With
Maximum Mainlobe Gain via Manifold ADMM

Yi Shen , Pengfei Leng , Shengyao Chen , Member, IEEE, and Hongtao Li

Abstract—Phase-only beampattern synthesis is widely used in
radar, communication and other fields, which manipulates only
the phases of the array antenna weights to achieve the expected
beampattern. This letter proposes a manifold alternating direction
method of multipliers-based method to yield phase-only beampat-
tern with mainlobe gain maximization and sidelobe level control,
in which the subproblem with phase-only constraint is solved by
the Riemannian gradient descent algorithm. Numerical results
illustrate that the proposed method can obtain desired beampattern
with high mainlobe gain and suppressed sidelobe level. Compared
with other representative methods, the proposed method has lower
computational time when the antenna number increases.

Index Terms—Alternating optimization, beam synthesis, linear
antenna array, phase-only constraint, Riemannian optimization.

I. INTRODUCTION

PHASE-ONLY beampattern synthesis manipulates only the
phases of array antenna weights to yield the expected

beampattern and keep the excitation magnitudes at a constant.
The transmit weights with constant amplitude can maximize the
transmit energy efficiency, simplify system reconfiguration, and
reduce the system cost [1]. Thus, it is extensively harnessed in
radar, wireless communication, and other fields.

The phase-only constraint restricts the feasible region of
each transmit weight to a complex unit circle, thus turning the
corresponding beampattern synthesis into a nonconvex problem.
Several researches have been done to solve it. One of the methods
is relaxing the phase-only constraint and turning the problem
into a convex problem, which can be solved by readily available
solvers such as CVX [2], [3], [4], [5]. In [2], [3], and [4], semidef-
inite relaxation is adopted but the matrix inverse calculation in
literation leads to high computational complexity. In [5], the
constant modulus constraint is relaxed to less or equal to 1.
However, the method cannot ensure the transmit weight vector
always satisfies the phase-only constraint. To address this issue,
Zhong et al. [6] proposed a method based on the Riemannian
manifold optimization, which interprets the constant modulus
constraints as the complex circle manifold. However, it has
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poor performance in sidelobe suppression and is not applica-
ble to generate shaped beam. In contrast, Khalaj-Amirhosseini
[7] provided a method using autocorrelation matching, which
can generate beampattern with desired shape, but solving the
nonlinear equations needs huge complexity. Due to the decom-
posability and superior convergence of the alternate direction
method of multipliers (ADMM) [11], ADMM-based methods
are developed in [8], [9], and [10], which split the original
problem into several easy-to-solve subproblems and solve them,
respectively. However, the way to solve subproblem such as
Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm in [8]
results in high computational cost when the number of antennas
increases. Recently, the neural network is introduced to solve
the phase-only beampattern synthesis problem [12], [13], which
needs sufficient training data to guarantee the performance.

To obtain good shaped beampattern performance with re-
duced computational cost, this letter proposes a method based on
manifold ADMM (MADMM) [14] for phase-only beampattern
synthesis. We aim to maximize the mainlobe gain and to control
the sidelobe level (SLL) simultaneously. To achieve this goal,
we adopt the ADMM scheme to decompose the original problem
into several tractable subproblems. Specifically, we deal with the
phase-only constrained subproblems through using Riemannian
manifold optimization algorithm. Numerical result shows that
the proposed method provides almost the best shaped beampat-
tern performance and consumes the lowest computational cost,
especially when the number of antennas grows.

II. PROBLEM FORMULATION

Consider a uniform linear array with N elements. Its steering
vector at the transmit direction θ ∈ [−π/2, π/2] is

a(θ)

=
[
A1(θ), A2(θ)e

−j2πd2 sin θ/λ, . . . , AN (θ)e−j2πdN sin θ/λ
]T
(1)

where dn denotes the distance between the nth element and
the reference element and λ denotes the signal wavelength.
An(θ) is the individual pattern for the nth element. Let w =

[w1, w2, . . . , wN ]T denote the transmit weight vector. The
beampattern can be represented as

P (θ) =
∣∣aH(θ)w

∣∣2. (2)

To obtain a desired beampattern with maximum transmit
power by phase-only transmit weights, we formulate the original
optimization problem as follows:

max
w,ε

ε

s.t. ε ≤ ∣∣aH(θm)w
∣∣ 2 ≤ αε, m = 1, . . . ,M
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∣∣aH(ϑs)w
∣∣ 2 ≤ βsε, s = 1, . . . , S

|wn| = 1, n = 1, 2, . . . , N (3)

where {θm}Mm=1 and {ϑs}Ss=1 denotes the discretized angular
sets of the mainlobe and sidelobe regions, ε denotes the obtained
mainlobe gain, α and β = {βs}Ss=1 is used to control the main-
lobe ripple and the sidelobe level. It is notable that the problem
(3) is much complicated since all the constraints are nonconvex.
In the following, we will provide an effective solution algorithm
based on the manifold ADMM.

III. PROPOSED METHOD

To simplify the problem (3), we introduce two auxiliary vari-
ables h = {hm}Mm=1, g = {gs}Ss=1 to decouple the constraints
and define hm = aH(θm)w, gs = aH(ϑs)w. Then, (3) can be
equivalently expressed as

min
w,ε

− ε

s.t. hm = aH(θm)w

gs = aH(ϑs)w

ε ≤ |hm|2 ≤ αε, m = 1, . . . ,M

|gs|2 ≤ βsε, s = 1, . . . , S

|wn| = 1, n = 1, . . . , N. (4)
To solve the problem (4), we adopt the ADMM scheme. The

augmented Lagrangian of (4) is formed as
L(w, ε,h,g, δ,λ)

= −ε+
ρ

2

M∑
m=1

(∣∣hm − aH(θm)w + δm
∣∣2 − |δm|2

)

+
ρ

2

S∑
s=1

(∣∣gs − aH(ϑs)w + λs

∣∣2 − |λs|2
)

(5)

where ρ > 0 is the penalty parameter, δ = {δm}Mm=1 and λ =
{λs}Ss=1 are both the scaled dual variables. Based on the prin-
ciple of ADMM, we resolve the problem (4) by solving the
following iterative subproblems:

wt+1 = argmin
w

L
(
w, εt,ht,gt, δt,λt

)
s.t. |wn| = 1, n = 1, 2, . . . , N (6a){

εt+1,ht+1,gt+1
}
= argmin

ε,h,g
L
(
wt+1, ε,h,g, δt,λt

)
s.t. ε ≤ |hm|2 ≤ αε, m = 1, 2, . . . ,M

|gs|2 ≤ βsε, s = 1, 2, . . . , S (6b)

δt+1
m = δtm + ht+1

m − aH(θm)wt+1, m = 1, . . . ,M (6c)

λt+1
s = λt

s + gt+1
s − aH(ϑs)w

t+1, s = 1, . . . , S. (6d)

A. Solution to (6a)

Define A = [a(ϑ1), . . . ,a(ϑS),a(θ1), . . . ,a(θM )]H

and u1,s = gts + λt
s, u2,m = ht

m + δtm, u =

[u1,1, . . . , u1,S, u2,1, . . . , u2,M]T . Subproblem (6a) can be
expressed as the following unit-modulus quadratic programming
(UQP) problem

min
w

‖u−Aw‖22 s.t. |wn| = 1, n = 1, . . . , N. (7)

To guarantee the optimal w strictly satisfy unit-modules con-
straints, we solve the problem (7) by adopting the Riemannian

Algorithm 1: Riemannian Gradient Descent to Solve (6a).

Input: w0, J , ιw
While j < J and ‖wj −wj−1‖ > ιw do
1: Determine step size ζ by Armijo;
2: Calculate ∇Rf(w) by (11);
3: Calculate wj+1 by (12);
Loop calculation j = j + 1
Output: w∗ = wj+1

manifold optimization. Consider the phase-only constraint as a
manifold

Mcc =
{
w ∈ CN : w∗(n)w(n) = 1, ∀n} . (8)

The problem (7) is rewritten as

min
w∈Mcc

f(w) (9)

where f(w) = ‖u−Aw‖22 denotes the objective function. The
Euclidean gradient of f(w) is given by

∇f(w) = AHAw −AHu. (10)

By projecting ∇f(w) onto the tangent space of the manifold
Mcc at the point w, the Riemannian gradient of the objective
function is obtained as

∇Rf(w) = ∇f(w)−R{∇f(w)�w∗} �w (11)

where R{�} denotes the real parts of the vector and � denotes
the elementwise multiplication. To minimize f(w) by iteration,
the search direction is set to the negative Riemannian gradient,
denoted by φ = −∇Rf(w). The w of the jth iteration is ex-
pressed as

wj+1 =
(
wj + ζjφj

)
/
∣∣wj + ζjφj

∣∣ . (12)

The step size ζ can be determined according to the Armijo
backtracking line search [15].

The solution to (6a) is summarized in Algorithm 1, where J
is the maximum iterative number and ιw is the stop tolerance.

B. Solution to (6b)

Ignoring the constant term in (6b), the problem is equal to

min
h,g,ε

− ε+
ρ

2

S∑
s=1

|gs − ĝs|2 + ρ

2

M∑
m=1

∣∣∣hm − ĥm

∣∣∣2

s.t. |gs|2 ≤ βsε, s = 1, . . . , S

ε ≤ |hm|2 ≤ αε, m = 1, . . . ,M (13)

where ĥm = aH(θm)wt+1 − δtm, ĝs = aH(ϑs)w
t+1 − λt

s.
Apparently, there exists coupling between gs, hm, and ε. How-
ever, once ε is fixed, we can get the optimal gs, hm by solving
the following problem:

min
h,g,ε

S∑
s=1

|gs − ĝs|2 +
M∑

m=1

∣∣∣hm − ĥm

∣∣∣2
s.t. |gs|2 ≤ βsε, s = 1, . . . , S

ε ≤ |hm|2 ≤ αε, m = 1, . . . ,M.

(14)

Obviously, the solution to (14) is

hm =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ĥm, if

√
ε ≤

∣∣∣ĥm

∣∣∣ ≤ √
αε

√
εĥm

/∣∣∣ĥm

∣∣∣, if
∣∣∣ĥm

∣∣∣ < √
ε

√
αεĥm

/∣∣∣ĥm

∣∣∣, if
∣∣∣ĥm

∣∣∣ > √
αε

(15)
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gs =

{
ĝs, if |ĝs| ≤

√
βsε√

βsεĝs/|ĝs|, otherwise.
(16)

Inserting (15) and (16) into (13) and let ς =
√
ε, we have

an equivalent problem of (13) only related to the variable ς as
follows:

min
ς

f(ς) = −ς2 +
ρ

2

S∑
s=1

ωs

(√
βsς − |ĝs|

)2

+
ρ

2

M∑
m=1

ω′
m

(
ς −

∣∣∣ĥm

∣∣∣)2 + ρ

2

M∑
m=1

ω′′
m

(√
ας −

∣∣∣ĥm

∣∣∣)2
(17)

where ωs = 0 if |ĝs| ≤
√
βs � ς , otherwise, ωs = 1; ω′

m = 0

if |ĥm| ≥ ς , otherwise, ω′
m = 1; ω′′

m = 0 if |ĥm| ≤ √
α � ς ,

otherwise, ω′′
m = 1. Define [v1 . . . , vK ], [u1, . . . , uL], and

[u′
1, . . . , u

′
L] as the ascending order sets of {|ĝs|/

√
βs}Ss=1,

{|ĥm|}Mm=1 and {|ĥm|/√α}Mm=1 with duplicates removed and
let v0 = u0 = u′

0 = 0, vK+1 = uL+1 = u′
L+1 = ∞. By sort-

ing the set [v1, . . . , vK , u1, . . . , uL, u
′
1, . . . , u

′
L] in ascend-

ing order and discarding the duplicates, we have the set
[r1, r2, . . . , rP ]. Let r0 = 0 and rP+1 = ∞, f(ς) can be trans-
formed into a piecewise function

f(ς) = {fp(ς)|rp−1 ≤ ς ≤ rp, p = 1, . . . , P + 1} . (18)

The pth segment of (18) is expressed as

fp(ς) = apς
2 + bpς + cp (19)

where

ap =
ρ

2

(
K∑

i=k′
βi +

l′∑
i=1

1 +

L∑
i=l′′

α

)
− 1

bp = −ρ

(
K∑

i=k′

√
βivi +

l′∑
i=1

ui +
L∑

i=l′′

√
αui

)

cp =
ρ

2

(
K∑

i=k′
v2i+

l′∑
i=1

u2
i +

L∑
i=l′′

u2
i

)
(20)

in which k′, l′ and l′′ satisfy [rp−1, rp] ⊆ [vk′−1, vk′ ],
[rp−1, rp] ⊆ [ul′ , ul′+1], and [rp−1, rp] ⊆ [u′

l′′−1, u
′
l′′ ]. Obvi-

ously, fp(ς) is a quadratic function. By choosing appropriate ρ
to ensure ap > 0 always holds, the minimal value fp(ς̂p) is ob-
tained when ς̂p = argminς{fp(rp−1), fp(rp), fp(−bp/2ap)}.

Sorting the minimum values of P + 1 segments, we can get
the optimal εt+1 represented by

εt+1 =

{
argmin

ς̂p
{f1(ς̂1), . . . , fP+1(ς̂P+1)}

}2

. (21)

Then, the optimal gt+1 = {gt+1
s }Ss=1 and ht+1 =

{ht+1
m }Mm=1 is calculated by inserting εt+1 into (15) and

(16).
The complete algorithm to solve (3) is summarized in Algo-

rithm 2.

C. Convergence Analysis

The Riemannian gradient descent method exhibits linear con-
vergence in [16]. The ADMM-based method in Algorithm 2 is
proved to converge to a stationary point in [17] if limt→∞δt+1 −
δt = 0 and limt→∞λt+1 − λt = 0 hold. Therefore, the pro-
posed method is convergent under the same conditions.

Algorithm 2: Manifold ADMM to Solve (3).

Initialization: w0, h0, g0, δ0, λ0

While t < T do
1: Calculate wt+1 by Algorithm 1;
2: Calculate εt+1, gt+1 and ht+1 by (21), (15) and (16);
3: Update δt+1 = {δt+1

m }Mm=1, λt+1 = {λt+1
s }Ss=1 by

(6c) and (6d);
Loop calculation t = t+ 1
Output: w∗ = wt+1

D. Complexity Analysis

Solution to (6a) requires O{J(S +M)N2} multiplications.
Solution to (6b) and the update of the dual variables requires
O{(S +M)N} multiplications/divisions separately. The total
complexity in each iteration is dominated by Algorithm 1
and thus is about O{J(S +M)N2}. The complexity of the
methods in [5] and [8] are denoted as O{J ′(S +M)N2} and
O{max {S +M,N}4N0.5 log(1/εsolver)}, where J ′ denotes
the max iteration time of BFGS and εsolver denotes the solver
tolerance of the CVX toolbox [18]. The specific computation
time of each method is provided in the following experiment.

IV. NUMERICAL RESULTS

In this section, we evaluate the performance of the proposed
method by several numerical experiments. Consider a uniform
line array with 64 antenna elements with half-wavelength ele-
ment spacing. The antenna elements are isotropic and An(θ) =
1. We set ρ = 1, T = 500 and ιw = 10−4. The value of h0,
g0, δ0, λ0 is generated randomly. The value of w0 has a fixed
amplitude equal to 1 and 64 random phases in the interval [0, 2π].

A. Case I and II: Focused Beam With Sidelobe Level Control

In case I, focused beam is synthesized by the proposed
method and methods in [4], [8], and [9]. First, 0◦ is set as
the mainlobe direction and [−90◦,−3◦] and [3◦, 90◦] are set as
the sidelobe region with −20 dB sidelobe level constraints. All
synthesized beampatterns are shown in Fig. 1(a), from which
we can see that both the proposed method and [8] can obtain
focused beam with sidelobe level control while [5] and [6]
cannot control the sidelobe level in the entire sidelobe region.
The mainlobe gain obtained by the proposed method is 0.1 dB
higher than that obtained by [8]. The minimum SLL of the
focused beampattern can achieve −20.01 dB. In case II, we
consider the situation when radar detects a low altitude weak
target. To reduce the ground clutter interference, the sidelobe
pointing to the ground should be suppressed sufficiently. Let the
mainlobe point at 0◦. The sidelobe region [−90◦,−3◦] pointing
to the ground is controlled below −35 dB, while the sidelobe
region [3◦, 90◦] pointing to the airspace is controlled below −10
dB. The beampatterns synthesized by the proposed method and
methods in [5], [6], and [8] are shown in Fig. 1(b). It is seen from
Fig. 1(b) that the proposed method and that in [5] and [8] can
provide expected beampattern, while the method in [6] provides
considerably lower mainlobe gain, which leads to a remarkable
loss of detection range.
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(a)

(b)

Fig. 1. (a) Focused beampattern in case I. (b) Focused beampattern in case II.

(a)

(b)

Fig. 2. (a) Shaped beampattern in case III. (b) Required amplitude and phase
in case III.

B. Case III: Shaped Beam With a Wide Mainlobe

Fig. 2(a) displays the shaped beam with a wide mainlobe
synthesized by the proposed method and the methods in [5] and
[8]. The mainlobe region is set as [−15◦,−15◦] with a ripple
constrain of 1.2 dB. The sidelobe region is set as [−90◦,−16◦]
and [16◦, 90◦] with a −14 dB sidelobe level constraint. We
find that the proposed method can generate the wide mainlobe
with lower sidelobe level and flatter mainlobe than that in [5]
and provide the mainlobe gain 0.1 dB higher than that in [8].
The minimum SLL of the shaped beampattern can achieve
−14.11 dB. Fig. 2(b) shows that the amplitude dynamic range
(ADR) generated by the proposed method and that in [8] strictly

Fig. 3. Shaped beampattern in case IV.

Fig. 4. Computational time analysis.

equals to 1. ADR equals to 3.41 in [5], which means the unit-
modules constraint is not satisfied.

C. Case IV: Shaped Beam With Multiple Mainlobes

Fig. 3 illustrates the shaped beam with multiple mainlobes
synthesized by the proposed method and the methods in [5] and
[8]. Two mainlobe regions are set as [−30◦,−15◦] and [30◦, 15◦]
with 1.4 dB ripple. The sidelobe region are set as [−90◦,−31◦],
[−14◦, 14◦], and [31◦, 90◦] with -14 dB sidelobe level. In Fig. 3,
we observe that the method in [5] completely lost the ability to
control the sidelobe level. In contrast, the proposed method and
that in [8] still yield expected multiple mainlobes and sidelobe
successfully.

D. Computational Cost

To validate the computational cost of three methods, Fig. 4
shows the CPU time (Intel i9-12900KF CPU, 64 bit, RAM 64
GB) versus the number of antennas for synthesizing shaped
beam with the same constraint in case III. The proposed method
is much faster than that in [5] and [8].

V. CONCLUSION

In this letter, we proposed a MADMM-based phase-only
beampattern synthesis method for maximizing the mainlobe gain
and controlling the sidelobe level simultaneously. Based on the
principle of MADMM, we translated the original problem into
an iterative update containing a UQP problem and a least-squares
with variable-coupled box constraints. We then solve the UQP
problem by using the Riemannian gradient descent and derive
the optimal solution of the proposed least-squares. Numerical
results verified that the proposed method yields desired beam-
patterns with high mainlobe gain and controlled sidelobe level
in several cases and it consumes less computational time than
other representative methods.
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