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An Orthogonal Beamforming Network Synthesis
Method Based on Complex Givens

Rotation Matrix
Li Sun , Member, IEEE, Xu-dong Bai , Member, IEEE, and Shi-gang Zhou

Abstract—This letter studies the possibility of synthesizing an
orthogonal beamforming network (BFN) with an arbitrary number
of inputs and outputs and beam-shaping functions. The proposed
synthesis approach is based on complex Givens rotation matrices
and is realized through the optimized program. First, it is derived
that a complex Givens rotation matrix can represent a directional
coupler with corresponding power ratio and phase difference.
Then, this letter presents a computer-aided program to synthesize
BFN that combines matrix cascading techniques and optimization
algorithms, achieving beam shaping function. For validating the
proposed synthesis approach, an example of an orthogonal 2 × 6
BFN with flat-topped radiation patterns for diversity application
is presented. The accuracy and efficiency make the proposed syn-
thesis method beneficial in antenna array systems.

Index Terms—Beam shaping, beamforming network, directional
coupler, Givens rotation matrix.

I. INTRODUCTION

B EAMFORMING networks (BFNs) are widely used in the
multibeam antenna array systems. They have the ability to

provide specific amplitude and phase excitations to the antennas,
achieving applications including diversified beam coverage and
beam mutual interference reduction [1], [2], etc. BFNs can be
synthesized by lens techniques or BFN matrix [3], [4]. But the
high machining accuracy and costs of the former limit their
applications.

Among numerous types of BFN matrices, the Butler matrix
is the most widely used passive orthogonal BFN that is based on
a fast Fourier transform [5]. But its input and output (I/O) port
numbers are restricted to 2N, where N is an arbitrary integer.
To break the restriction of the Butler matrix, many efforts
have been made [6], [7], [8], [9], [10], [11]. In addition, other
matrix BFNs include the Blass matrix [12] and the Nolen matrix
[13], [14], [15], [16]. The former is based on Gram–Schmidt
orthogonalization, but it is the lossy network. The Nolen matrix
is an orthogonal BFN but has the disadvantage of large circuit
patch differences between I/O ports, which block its application
in some areas.
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From the above analysis, the authors have concluded that each
kind of BFN employs a unique matrix decomposition theory.
Essentially, the BFN synthesis is equated to decomposing the
BFN’s matrix into a series of device matrices. Therefore, the
synthesis BFN problem is equivalent to decomposing the orthog-
onal network mathematically. In 2012, Sodin [17] introduced
a new method to decompose a square orthogonal symmetrical
transmission matrix, which can extend the I/O ports of the
BFN to N, where N is an arbitrary integer. Based on this, our
team optimized the synthesis method [18], and proposed a new
synthesis BFN method based on QR decomposition in the real
domain [19]. However, few synthesis methods have taken both
beamforming freedom such as beam steering and BFN synthesis
into account.

To expand synthesis capabilities of the BFN, this letter pro-
vides a new synthesis method based on the complex Givens
rotation matrix. The corresponding relationships between the
complex Givens rotation matrix and the directional coupler
with an arbitrary power ratio and phase difference are first an-
alyzed and established. Then, a more flexible synthesis method
combined with the optimization algorithm is proposed. As a
result, the proposed method can synthesize the orthogonal BFN
with arbitrary I/O ports and beam shaping characteristics using
directional couplers, which is theoretically lossless. To verify
the correctness of the synthesis method, an orthogonal 2 × 6
BFN working at 3.5 GHz with flat-topped radiation patterns is
synthesized. The results show that the simulated and fabricated
results are consistent with the optimization results.

II. THEORETICAL ANALYSIS

A. Relationship Between Complex Givens Rotation Matrix
and Simplified T-Matrix of the Directional Coupler

A complex Givens rotation matrix is expressed as

G (m,n) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 · · · 0 · · · 0 · · · 0
...

. . .
...

...
...

0 · · · c · · · sejφ · · · 0
...

...
. . .

...
...

0 · · · −se−jφ · · · c · · · 0
...

...
...

. . .
...

0 · · · 0 · · · 0 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1
...

(m)
...

(n)
...
X

.

1 · · · (m) · · · (n) · · · X
(1)

where j =
√−1, c and s represent the magnitudes, φ present

the phase angle of the matrix entries. Parameters of m and n
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Fig. 1. Correspondence between a directional coupler and its simplified
T-matrix: (a) General situation, (b) 90° coupler, (c) 180° coupler.

are positions of rotation elements. X is the order of the Givens
matrix. The c and s satisfy the relationship of

c2 + s2 = 1. (2)

Removing elements 0 and 1, a complex Givens rotation matrix
is abbreviated as

Gmn =

(
c sejφ

−se−jφ c

)
. (3)

On the other hand, the directional coupler is a reciprocal,
orthogonal, and matched four-port network. φ is the phase
difference constants between the coupled port and the through
port. It’s through coefficient α2 and coupling factor β2 satisfy
the following relationships of [20]

α2 + β2 = 1. (4)

Therefore, the simplified T-matrix of an ideal directional
coupler can be expressed as a 2 × 2 matrix:

Tcoupler =

(
α βejφ

βej(π−φ) α

)
=

(
α βejφ

−βe−jφ α

)
. (5)

The correspondence between a directional coupler and its
simplified T-matrix is shown in Fig. 1. In particular, the 90° and
180° couplers with equal power ratios are shown in Fig. 1(b)
and (c). As can be seen, Gmn in (3) has the same mathematical
form and parameter ranges as (5). Therefore, a Givens rotation
matrix can be used to characterize a directional coupler. The
position parameters of m and n indicate the cascading position
relationship of the directional coupler in a BFN.

B. New Synthesis Method for the Orthogonal BFN With
Arbitrary I/O Ports and Beam Shaping Function

After generating the relationship of complex Givens rotation
matrix and the directional coupler, the orthogonal BFN topology
can be determined by multiplying the Givens matrices in a
specific order. The output excitations of the BFN can be calcu-
lated if given the Givens matrix parameters. Based on the above
considerations, a new synthesis method combining the Givens
matrices cascading method and optimization algorithm for the
orthogonal BFN is proposed. The synthesis method flowchart is
shown in Fig. 2. The detailed synthesis method is as follows:

Fig. 2. Design flowchart of the synthesis method for the lossless BFN.

Fig. 3. Cascade schematic diagram of the proposed BFN.

Step 1: Based on the antenna array form and the target radi-
ation patterns, a suitable cascading sequence of the directional
couplers can be proposed for the BFN to be synthesized. The
BFN consists of directional couplers with unknown power ratios
and phase differences. The proposed cascading form needs to
guarantee the I/O ports number. Besides, the signal from the
input port should be able to travel to all output ports with the
proposed BFN. “Parallel” type and fewer devices should be
taken into consideration as well.

Step 2: Based on the cascading sequence of the directional
coupler proposed in Step 1, the Givens rotation matrices cor-
responding with each directional coupler multiply in sequence,
initializing the key parameters. Then the initialized excitation of
the BFN based on the proposed cascading form is calculated and
expressed as the simplified T-matrix. The initialized radiation
pattern can be obtained with the known antenna array by pattern
multiplication.

Step 3: Since the initialized radiation pattern does not satisfy
the index requirements, the computer-aided optimization pro-
gram is introduced. Set the Givens rotation matrix parameters
as optimized variables, set the absolute value of the difference
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between target radiation patterns and calculated radiation pattern
from the proposed BFN as the optimization objective, set ap-
propriate optimization algorithm and optimization termination
conditions, and the optimization program ends when the optimal
solution is obtained.

Step 4: If the optimization objective is satisfied, the best-
optimized variables of Givens rotation matrices can be obtained.
Then the directional couplers with optimized power ratios and
phase differences can be designed. Finally, the proposed BFN
can be synthesized by layout the directional couplers in the
cascading sequence. It should be noted that if the optimized ra-
diation patterns still do not meet the index requirements through
the optimization, the cascade sequence in Step 1 should be
adjusted for changing the BFN topology, which is not shown
in Fig. 2.

As a result, the orthogonal BFN is synthesized with arbitrary
I/O ports and patterns index requirements using directional
couplers, with the characteristic of being theoretically lossless.

III. SYNTHESIS EXAMPLE OF AN ORTHOGONAL 2 × 6 BFN

To illuminate and verify the proposed synthesis method, an
orthogonal 2 × 6 BFN working at 3.5 GHz for pattern diversity
application is synthesized. The antenna array is six uniform
patches with an element distance of 0.7λ at an operating fre-
quency of 3.5 GHz. It is printed on a substrate of Rogers RO4350
with a thickness of 30 mil. The patch length is 21 mm, with two
U-slots etched. The array distance is chosen to be 42 mm. The
whole size of antenna array is 42 × 337 mm. The reflection
coefficient and isolation of the antenna array are both less than
−20 dB at an operating frequency of 3.5 GHz, which are not
shown here due to the limited space. Considering the radiation
capacity of the presented array antenna, the target beams are
selected as two symmetrical flat-topped radiation patterns with
the beam angle at ±25°, the beamwidth of 20°, and the sidelobe
level of −5 dB. Considering the symmetry of the radiation
pattern and the principle of reducing the device number, one
cascading form of the proposed BFN is shown in Fig. 3. The
corresponding simplified T-matrix is expressed as follows:

TH = GH
12G

1
34

H
GH

56G
H
23G

H
45G

2
34

H
R. (6)

The related matrix R is

R =

(
0 0 1 0 0 0

0 0 0 1 0 0

)T

. (7)

In this example, Python is used as the commercial program-
ming software, and differential evolution as the optimization
algorithm. The cost function is defined as the absolute differ-
ence between the calculated and the desired radiation patterns
among the whole E-plane. The optimization objective is to find
the global minimum of the cost function. The optimization
procedure is repeated until the error function converges to the
acceptable value. Finally, the optimal values for the optimization
variables are displayed as follows:

G12 =

(
0.696 0.718ej44.2

◦

−0.718e−j44.2◦ 0.696

)
(8)

G1
34 =

(
1 0
0 1

)
(9)

Fig. 4. Proposed 2 × 6 BFN topology: (a) simulated model, (b) fabricated
picture.

G56 =

(
0.75 0.66ej139.5

◦

−0.66e−j139.5◦ 0.75

)
(10)

G23 =

(
0.581 0.814ej67.3

◦

−0.814e−j67.3◦ 0.581

)
(11)

G45 =

(
0.581 0.814ej117

◦

−0.814e−j117◦ 0.581

)
(12)

G2
34 =

(
0.25 0.97ej84.4

◦

−0.97e−j84.4◦ 0.25

)
. (13)

The best optimization variables show that matrix G1
34 is a

unity matrix. Therefore, its engineering implementation is two
independent transmission lines with the same electrical length.
Matrices G12, G56, G23, G45, and G2

34 correspond to direc-
tional couplers with the power ratios and phase differences of
0.97/44.2°, 1.13/139.5°, 0.71/67.3°, 0.71/67.3°, and 0.26/84.4°,
respectively, which are determined by (8) and (10)–(13).

Then, the simplified T-matrix of the BFN is calculated by (6)
and expressed as follows:

TH =

⎛
⎜⎜⎜⎜⎜⎝

0.146ej111.4
◦

0.566ej15.8
◦

0.142e−j112.7◦ 0.548ej151.6
◦

0.145 0.563e−j95.6◦

0.563e−j84.4◦ 0.145
0.591ej158.6

◦
0.153e−j117◦

0.521ej19.1
◦

0.135ej103.5
◦

⎞
⎟⎟⎟⎟⎟⎠

. (14)

The proposed 2 × 6 BFN is designed using the commercial
ANSYS HFSS simulator software. Each directional coupler can
be designed based on [21], in which the power ratio and the
phase difference are obtained by manipulating the branches’
characteristic impedance and electric length. The BFN is printed
on a substrate of RO4350 with a dielectric constant of 3.66, a
loss tangent of 0.004, and a thickness of 10 mil. The whole
BFN topology is shown in Fig. 4. The simulated and measured
S-parameter results of the proposed BFN are shown in Figs. 5–7,
which are in good agreement. The reflection coefficient of each
port is less than −20 dB at 3.5 GHz. The signal amplitude from
inputs to the outputs is in the acceptable range with the ideal
value shown in (14).

For testing the beam-shaping characteristic, the BFN is inte-
grated with the presented antenna array, as shown in Fig. 8. The
simulated and measured S-parameters of the multibeam antenna
array are shown in Fig. 9. The reflection coefficient of each
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Fig. 5. Reflection coefficients of the proposed 2×6 BFN: (a) simulated results,
(b) measured results.

Fig. 6. Insert loss of the proposed 2 × 6 BFN: (a) Port 1, (b) Port 2.

Fig. 7. Phase difference of the proposed 2 × 6 BFN: (a) Port 1, (b) Port 2.

Fig. 8. Multibeam antenna array. (a) Side view. (b) Fabricated picture of the
top view. (c) Fabricated picture of the bottom view.

Fig. 9. Measured and simulated S-parameter results of the fabricated multi-
beam antenna array.

Fig. 10. Simulated and measured normalized gain of the proposed multibeam
antenna array in the yOz plane at 3.5 GHz: (a) Port 1 excited, (b) Port 2 excited.

TABLE I
COMPARISON WITH REPRESENTATIVE BFN MATRIX

port is less than −15 dB from 3.47 to 3.53 GHz, while the
port isolation is less than −20 dB. The simulated and measured
radiation patterns at the yOz plane are shown in Fig. 10. Two
symmetrical flat-topped radiation patterns are obtained with the
beam angle at ±25°, and gain ripples less than 1 dB cover the
beamwidth of 20 ± 2°. The measured cross-polarization values
are less than 25 dB in the beam direction for both ports, which
is regarded as acceptable.

To illustrate the innovation of this study, Table I shows the
comparisons of the proposed BFN synthesis method with several
representatives. As can be seen, the proposed synthesis method
has more flexibility in I/O port number, orthogonality, beam
steering, beam shaping, and less directional couplers.

IV. CONCLUSION

A new synthesis method for orthogonal BFNs is presented in
this letter. The method is based on the complex Givens rotation
matrices and is achieved with the computer-aided optimiza-
tion procedure. The design example shows that this method
can synthesize an orthogonal 2 × 6 BFN with flat-topped ra-
diation patterns, which proves its wide applicability in wireless
communications.
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