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High-Temperature Superconductor Coatings for
Beam Impedance Reduction in Particle Colliders:

Nonlinear Effects
Sergio Calatroni , Member, IEEE, and Ruggero Vaglio

Abstract—Coating of surfaces facing particle beams with high-
temperature superconductors (HTS) for reducing the beam cou-
pling impedance is being considered for the next generation of
hadron colliders, such as the FCC-hh at CERN, where HTS would
be exposed to the high-frequency wakefields generated by the
particle bunches and to the strong field of the steering magnets.
In this frame, we present a simple model for the calculation of the
microwave response of HTS exposed to a strong external magnetic
field, which takes into account the nonlinearity of the pinning
potential of the vortex lattice. The equation of motion of the vortex
lattice is solved in first-order approximation, and we calculate the
amplitude of the third-harmonic components in the electric field
produced by vortex oscillation. We deduce the time-dependent
surface impedance, which could serve as a boundary condition
in the simulation codes for the calculation of beam-stability phe-
nomena in particle accelerators. Finally, time-integration of the
surface impedance allows exploring the dependence of the surface
impedance on surface currents, useful for analyzing the experimen-
tal results obtained using simple resonators in terms of our model.

Index Terms—Accelerators, high-temperature superconductors
(HTS), impedance, nonlinearities, surface impedance.

I. INTRODUCTION

S EVERAL new applications of high-temperature supercon-
ductors (HTS) have been discussed in the scientific litera-

ture in recent years, requiring operation of HTS at high frequency
and in presence of a strong magnetic field. One notable example
is the case for beam coupling impedance reduction in future
particle colliders, such as the FCC-hh at CERN [1] or CPPC in
China [2], where the high-frequency image currents produced
by the beam would flow on the inner surface of a screen,
coated with HTS, lining the inside of the magnets which steer
the beam. The assessment of the potential performance and of
optimal material parameters [3] and the possible choices for the
most adequate manufacturing technologies for the application of
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Fig. 1. Schematic electromagnetic configuration: The motion of the vortices
created by the external magnetic field is in the plane of the superconductor’s
surface, perpendicular to both the beam image current and the external field.

HTS on the FCC-hh beam screen have been already extensively
discussed [4], [5]. HTS could also play a significant role in
next-generation detectors for the hypothetic axion particles,
where a virtual photon from a strong static magnetic field is
converted by the axion into a real radiofrequency (RF) photon
inside a high-quality factor resonant cavity [6], [7]. The use of
HTS is also considered for the muon capture and cooling cavities
for a possible future muon collider [8]. In all cases, optimization
of the surface impedance in presence of a strong magnetic field
is a key enabler.

HTS have an intrinsic nonlinear behavior in RF as a function
of the intensity of surface currents, a phenomenon which is
extensively discussed in the literature and intimately related to
d-wave pair-breaking [9]–[12]. Extrinsic effects, such as uni-
form heating [13], Josephson-junction-like weak links at grain
boundaries [14], [15] and trapped RF vortices in weak links [16],
all typically related to the HTS quality [17], also play a role in
some circumstances and are source of nonlinearities.

A nonlinear behavior of the surface impedance can also be
expected in the presence of a strong magnetic field, and it is
indeed observed experimentally [18], [19] to dominate the other
contributions mentioned above. Among the possible causes of
this latter effect lies the nonlinearity of the vortex lattice pinning
potential. The aim of this article is to make an explicit model
of nonlinearities suitable for assessing their effect on beam
coupling impedance in particle accelerators, with a focus on the
FCC-hh. An illustration of the electromagnetic configuration in
particle accelerators is given in Fig. 1, to help establishing the
link with the theoretical models described below.

Vortex dissipation under RF drive has been investigated for
many decades. Under the assumptions of a rigid vortex lat-
tice and of uniform RF currents across the thickness of the
superconductor, as in a thin slab, Gittleman and Rosenblum
(GR) described the dissipation of the rigid flux lattice as in a
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forced linear oscillator [20]. The model has been extended by
several authors, including, for example, vortex creep [21], or
the elasticity of the vortex lattice in collective pinning models
[22], [23]. For a large density of pinning centers, the GR model
is equivalent to a summation over individual vortices having
identical pinning potentials. The GR theoretical framework can
then be used for the study of single-vortex dynamics, further
including vortex line tension and Larkin-Ovchinnikov insta-
bilities [24], or the expected exponential decrease of surface
currents inside the superconductor [25]. A different approach to
take into account the penetration depth of surface currents has
been developed in the frame of the classical rigid-vortex-lattice
GR model in [26] and [27] by calculating the complex effec-
tive resistivity ρeff considering the vortex lattice contribution
and then the surface impedance, using the classical formula
Zsf = (1 + i)

√
μ0ω
2 ρeff (where ω is the angular frequency of

the RF field), which holds for a thick slab or for a bulk material
in the case of a local current-field relation E = ρeffJ . The
effective resistivity ρeff can then be extended to include vortex
creep and nonlocal pinning effects [28].

The GR model, in its single-vortex formulation, has been
extended in a rather straightforward way to the case of a non-
linear pinning potential, as discussed in [29] for the case of
low-temperature superconductors at low magnetic field. In this
article, following [29], we develop a simple model based on
the single-vortex GR approach and we introduce a nonlinear
pinning potential for vortices in HTS. Several experiments on
HTS justify this simple approach that neglects vortex creep and
nonlocal pinning effects, valid for REBCO in the presence of a
large density of pinning centers [30], [28], such as modern coated
conductors (CC) with artificial pinning centers [31], which are
the most mature material candidates for lining the FCC-hh beam
screen [5].

We will solve the oscillator equation for the vortex lattice
motion at the first order in the perturbation introduced by the
nonlinearities, both in the simple case of uniform RF current
density across the thickness of the superconductor (thin slab),
and taking into account the decrease of surface currents inside
the superconductor (thick slab or bulk superconductor). The
model predicts the generation of odd harmonics, which could
have an impact on beam stability in the case of the FCC-hh,
and we will write explicit equations for the surface impedance
which could serve as boundary conditions in beam dynamics
simulation codes for evaluating the wakefields generated by
the particle bunches, and their effect on instabilities [32]. The
obtained results are analyzed for frequencies and amplitudes,
which are compatible with the FCC-hh beam parameters and
with the experiments on small HTS samples performed in the
context of the FCC-hh study.

II. VORTEX ARRAY EQUATION OF MOTION IN HTS USING A

REALISTIC, NONQUADRATIC POTENTIAL

The original GR model considers an applied dc field B0 per-
pendicular to a thin superconducting slab, with the vortex lattice
behaving like a rigid array. This is mathematically equivalent
to the equation for single flux lines individually pinned, where

B0 = nφo is the external field, n is the number of fluxons per
unit surface penetrating the sample, and φo is the flux quantum.
The driving RF current, perpendicular to the dc field, is assumed
to be uniform along the slab thickness d. For small displacements
of the flux lines (small applied RF current compared to the
critical current), it is reasonable to assume an harmonic potential,
U(x) = 1

2kx
2, generating a linear force per unit length −kx,

where xis the displacement from the equilibrium position along
the RF current direction. This results in the GR equation of
motion for the flux:

ηẋ(t) + kx(t) = ϕoJrfo cosωt. (1)

Here, η = ϕoBc2/ρn is the flow viscosity per unit length,Bc2

the superconductor upper critical field, and ρn the normal-state
electrical resistivity, Jrf0 is the maximum amplitude of the RF
current of angular frequencyω (ϕoJrfo is the maximum force per
unit length exerted by the RF field on a flux line). The effective
mass per unit length m of the fluxons is small and the acceleration
term mẍ(t) is thus neglected.

In the case of type-II superconductors, a realistic potential
describing the flux motion around the equilibrium position has
been calculated from the Ginzburg–Landau (GL) equations [33],
and is given by

U(x) = − Uo

1 + (x/ξv)
2 (2)

where ξv ranges from ξv ∼= ξ to ξv ∼=
√
2ξ depending on the GL

parameterκ. It has been shown experimentally that this potential
correctly describes the pinning of vortices on dislocations in
HTS [34].

Introducing the form (2) for the potential, the GR equation of
motion (1) becomes

ηẋ(t) + k
x(t)[

1 + (x(t)/ξv)
2
]2 = φoJrfo cosωt (3)

with k = 2Uo/ξ
2
v and the dot indicates the time derivative.

The RF electric field amplitude, neglecting the term due to the
intrinsic HTS superconductor complex resistivity (much smaller
than the Lorentz field generated by the vortex lattice oscillations
in high magnetic fields), is then given by Erf = Boẋ. It is also
easy to show that (3) is functionally very similar to (10) of [29]
when γ = 0.75k/ξv .

Particle bunches in an accelerator induce image currents on
the beam facing surfaces with a time-varying profile, and a
resulting wide-band frequency spectrum [4]. The time-domain
current profile of the bunch Jrfof(t) could in practice replace the
single mode oscillatory driving term Jrfo cosωt in (3). Equation
(3) thus modified could then in principle be inserted in beam
dynamics numerical simulation codes and would be fully suffi-
cient for evaluating the effect of HTS nonlinearities on particle
beam stability [32], through the calculation of Erf and of its
effect back on the beam itself.

It is nevertheless useful for a better physics insight to analyze
the single mode ω behavior, and it is easy to show that the
generated EM field contains a large component at the same
frequency of the forcing RF current, and odd harmonics whose
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amplitude increases for increasing amplitude of the forcing term,
the main contribution given by the third harmonic signal. For this
purpose, it is convenient to rewrite (3) in adimensional units,
introducing the following adimensional parameters: y = x/ξv ,
τ = ωt, arf = φoJrfo/kξv , r = ω/ωo, where ωo = k/η is the
depinning frequency, a key parameter characterizing the RF
behavior of the vortex lattice. Since the superconductor critical
current in the vortex state is proportional to the pinning force
constant per unit length k, it follows that arf is proportional
to the ratio between the maximum RF current and the critical
current.

In these units, (3) becomes

rẏ(τ) +
y(τ)[

1 + y(τ)2
]2 = arf cos τ (4)

where the dot now indicates derivative with respect to τ . Equa-
tion (4) can be easily solved numerically. In these units, Erf =
ωξvBoẏ(τ).

The nonlinear equation (4) can be also solved analytically by
perturbation methods. One can first develop in Taylor series the
adimensional nonlinear term in (4), derived from the potential
described by (2)

y(τ)[
1 + y(τ)2

]2 = y(τ)− 2y3(τ) +O(y5). (5)

This leads to the equation

rẏ(τ) + y(τ) = arf cos τ + 2y3(τ)−O(y5). (6)

Then, we assume y(τ) = yo(τ) + y1(τ)with y1 << yo. By
substitution in (6), neglecting all second-order terms (or higher),
we come to the following set of linear differential equations:

rẏo(τ) + yo(τ) = arf cos τ (7a)

rẏ1(τ) + y1(τ) = 2y3o(τ). (7b)

Equation (7a) represents the linear GR equation in adimen-
sional units and is easily solved giving

yo(τ) =
arf√
1 + r2

cos(τ − φ) (8a)

ẏo(τ) = − arf√
1 + r2

sin(τ − φ) (8b)

with φ = tg−1r (we note that 1√
1+r2

= cosϕ).
The solution of (7a), given by (8a) and (8b), is fully equivalent

to the GR solution, which is given in complex notation in [20].
By substituting the expression for yo(τ) given by (8a) into

(7b), after simple, but tedious, calculations (see Appendix A),
we are led to the following closed form for the perturbative
velocity term ẏ1(τ):

ẏ1(τ) = − 3a3rf

2(1 + r2)2

×
[
sin(τ−2φ)+

√
1+r2

1+9r2
sin(3τ−3φ−tg−13r)

]
.

(9)

Finally, the generated electric field, at the first order, is given
by

Erf (τ) = ωξv Bo [ẏo(τ) + ẏ1(τ)] (10)

with ẏo(τ) and ẏ1(τ)given, respectively, by (8b) and (9). From
the latter, it is clear that Erf presents a significant third order
(3ω) component, whose amplitude scales with a3rf . The main
first order component, given by (8b), scales as arf , so that the ra-
tio between third and first harmonic signal scales approximately
as a2rf . We note that an out-of-phase first order component which
scales with a3rf is also present in ẏ1(τ). To conclude, we note
comparing (8b) and (9) that the relative amplitude of ẏ1(τ)with
respect to ẏo(τ) decreases with increasing r.

In Fig. 2 we compare the value of ẏ1(τ) calculated from (9),
with the equivalent term ẏ(τ)− ẏ0(τ)calculated numerically.
The numerical solution is performed from an initial condition
y(0) = 0, while the results are displayed starting after about five
full cycles, to allow stabilizing any initial out-of-equilibrium
movement. The results are displayed for r = 0.1 and r = 0.5.
These values have been chosen because they correspond re-
spectively to the maximum frequency of the FCC-hh bunch
spectrum (about 1.5 GHz [4]) and to the typical frequency at
which small samples of CC are characterized within the FCC-hh
study (8 GHz [5]), relative to realistic values of the depinning
frequency of HTS (15–25 GHz depending on the CC provider
[35]). The numerical and analytical solutions are practically
superposed, except at higher driving amplitude arf . A detailed
numerical analysis allows us to verify that the necessary condi-
tion for the perturbative solution y1 << yo is always satisfied for
arf < 0.25. The surface current equivalent to this value of arf
is well above the peak surface current expected in the FCC-hh,
estimated at about 250 Am−1 per width of the CC lining the beam
screen [4], to be compared with the critical currents measured
on the HTS CCs foreseen for this application, which span the
range 103–104 Am−1, depending on the CC provider [5].

We note that the fundamental and the third harmonic are
clearly distinguishable in Fig. 2, and the substantial equivalence
between numerical simulation and first-order solution confirm
that the third harmonic component is the dominant high-order
term generated by the assumed nonlinear potential.

III. COMPLEX RESISTIVITY IN THE NONLINEAR CASE

The relation connecting the electric fieldErf (τ) to the driving
currentJrf (τ) can be written in terms of the Ohm law in complex
notation:

Ẽrf (τ) = ρ̃sf (τ)J̃rf (τ) (11)

where ρ̃sf (τ) = ρRsf (τ) + iρIsf (τ) is a time-dependent, com-

plex resistivity, and J̃rf (τ) = Jrfoe
iτ .

The forcing current used in (3) is given by Re[J̃rf (τ)] =

Jrfo cos τ so that Re[Ẽrf (τ)] should reproduce Erf (τ)as given
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Fig. 2. Numeric solution of (4) (red) compared to its analytic first-order solution (9) (blue, dashed) as discussed in the text, for the different values of r and arf
shown in the captions.

by (10), (8b), and (9). This is achieved through

ρRsf (τ) = ρRsfo×{
1 +

3a2rf
2r(1 + r2)

[
2r

1 + r2
−
√

1 + r2

1 + 9r2
sin(4τ−δ)

]}
(12a)

ρIsf (τ) = ρIsfo×{
1 +

3a2rf
2(1 + r2)

[
1− r2

1 + r2
−
√

1 + r2

1 + 9r2
cos(4τ−δ)

]}
(12b)

where δ = 3tg−1r + tg−13r and

ρ̃sfo = ρRsfo + iρIsfo = ρn
Bo

Bc2

(
r2

1 + r2
+ i

r

1 + r2

)

= ρn
Bo

Bc2
(α+ iβ) (13)

is the zero RF field value of the complex resistivity, i.e., the
complex resistivity in the linear GR model [3]. The deduction
of (12) is reported in Appendix B.

The time-dependent surface impedance in the approximation
of uniform RF current along a thin slab of thickness d is simply
given by

Zsf (τ) = Rsf (τ) + iXsf (τ) =
ρRsf (τ)

d
+ i

ρIsf (τ)

d
. (14)

The zero RF field surface impedance is, obviously: Zsfo =

Rsfo + iXsfo =
ρR
sfo

d + i
ρI
sfo

d .
It is possible, for a thin slab, to calculate the RF current

dependence of the surface impedance. The quantities which are
experimentally measured can be derived from (12) and (14) are

R̄sf =
1

2π

∫ 2π

o

Rsf (τ)dτ =Rsfo

[
1 +

3a2rf

(1 + r2)2

]
= Rsfo a

(15a)

X̄sf =
1

2π

∫ 2π

o

Xsf (τ)dτ

= Xsfo

[
1 +

3a2rf
2

(1− r2)

(1 + r2)2

]
= Xsfo b. (15b)

An alternative method to calculate the RF current amplitude-
dependent average surface resistance is through the calculation
of the average dissipated power, using the method reported in
[29]. It can be shown that the two methods give identical results
(at the first order).

It is worth noting that (14) and (15) hold for a “suspended” thin
superconducting film (e.g., deposited on a dielectric substrate)
and would not apply for a thin film deposited on a metallic
substrate, as in the case of the HTS coated beam screen in particle
colliders.
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Fig. 3. Dependence of
R̄sf

Rsfo
on arf following (14) (green, dashed) and (18a) (black), for r = 0.1 (left) and r = 0.5 (right).

IV. SURFACE IMPEDANCE IN A THICK FILM

As discussed in Section I, we can calculate the surface
impedance for a thick film (or for a bulk) considering the current-
field relation given by (11), with the resistivity given by (12) and
(13), and the classical formula for the surface impedance derived
from the Maxwell equations. Writing ρ̃sf (τ) = ρ̃csf + ρ̃vsf (τ)
and since for arf � 1 the time dependent part ρ̃vsf (τ) of ρ̃sf (τ)
is small with respect to the time independent part ρ̃csf we can
consider the following approximations:

Zsf (τ) ∼= (1 + i)

√
μoωρ̃sf (τ)

2
∼= (1 + i)

√
μoωρ̃csf

2

×
(
1 +

ρ̃vsf (τ)

2ρ̃csf

)
= Zcsf

(
1 +

ρ̃vsf (τ)

2ρ̃csf

)
. (16)

It is easy to show that (16) reproduces (14) in the case of a
thin film [36].

After some simple calculation extracting ρ̃vsf (τ) and
ρ̃csf from (12), (16) leads to the real and imaginary parts of the
surface impedance Zsf (τ). This approach, developed in Ap-
pendix C, is particularly relevant for thick films, and reproduces
the square root dependence of the average surface resistance on
the applied magnetic field observed in experiments pertinent to
this study [5], [35], all contained in the time-independent term
Zcsf . The surface resistance deduced from (12) to (14) implies
instead a linear dependence, which is typically observed for thin
films [37], [38].

We can finally write the time-averaged surface impedance in
this approach, noting that 1

2π

∫ 2π

0 ρ̃vsf (τ)dτ = 0 and thus, with
reference to (16) we obtain

Z̄sf =
1

2π

∫ 2π

0

Zsf (τ)dτ ∼= Zcsf = Rcsf + iXcsf . (17)

The expressions for Rcsf and Xcsf are deduced in
Appendix C

Rcsf = Rn

√
Bo

Bc2

√√
(αa)2 + (βb)2 − βb (18a)

Xcsf = Xn

√
Bo

Bc2

√√
(αa)2 + (βb)2 + βb. (18b)

Fig. 4. Dependence of (R̄sf −Rsfo)/(Rn

√
Bo
Bc2

) on r from (18a), for

arf = 0.1 (solid line) and arf = 0.2 (dashed).

Here, Rn = Xn =
√

μ0ρnω
2 are the real and imaginary parts

of the surface impedance in the normal state andα,β, a, b already
defined (13), (15).

The calculated values for the real and imaginary part of the
time-dependent surface impedance could be used in 2-D beam
coupling impedance simulation codes as boundary conditions
for calculating the wakefields generated by the particle bunches,
readily showing the possible impact of any third harmonic
component [32].

In Fig. 3, we compare the dependence of the ratio R̄sf/Rsfo

on the magnitude of the RF currents arf from both (14) (thin
film) and (18a) (thick film - bulk), plotted for r = 0.1 and
r = 0.5. The surface resistance obviously increases with the
magnitude of the RF currents.

The r dependence is illustrated in Fig. 4, where we com-

pare the difference (R̄sf −Rsfo) normalized to Rn

√
Bo

Bc2
from

(18a), for arf = 0.1 and arf = 0.2.
In Fig. 5, we show the dependence of the ratio X̄sf/Xsfo on

the magnitude of the RF current arf from (18b), for r = 0.1 and
r = 0.5 , which of course also increases with the amplitude of
the RF current, at a different rate depending on the normalized
frequency r.

We note that in general the RF field penetration depth is
proportional to the imaginary part of the surface impedance
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Fig. 5. Dependence of
X̄sf

Xsfo
on arf following (18b), for r = 0.1 (left) and r = 0.5 (right).

[21] λs =
Xs

μoω
such that, in the limit r � 1, we obtain the

simple form λsfo =
Xsfo

μoω
= δn

√
r
√

Bo

Bc2
, where δn =

√
2ρn

μ0ω

is the normal state penetration depth. It is worth observing
that to quantitatively compare the experimental data with our
theoretical formulas in the case of thick films the condition
d ≥ λsfomust be satisfied.

Finally, we note that in the practical case of a future HTS
coated beam screen, the thickness of the coating might not be
enough to guarantee the validity of the bulk approximation. In
that case, a more complex modeling, taking into account the
presence of the metallic substrate beneath the HTS, should be
developed.

V. CONCLUSION

In this article we have discussed a model, which provides
a closed formula for the first-order analytic solution of the
equation of motion of the rigid vortex lattice of HTS under
microwave excitation in a strong magnetic field. The solution
allows calculating analytical formulas for the time-dependent
nonlinear surface impedance and the amplitude of the third
harmonic signal generated by the nonlinearities. The results
are successfully compared with numerical solutions, showing
generally a good equivalence. We discuss also different approx-
imations for the time-averaged surface resistance and reactance,
as a function of the RF amplitude.

The model results have been specifically formulated in order
to allow their use in beam-dynamics stability codes. The calcu-
lated values for the real and imaginary part of the time-dependent
surface impedance could in fact be used as boundary conditions
for the wakefields generated by the particle bunches, in order to
allow proper simulation of the effects of the harmonics, in the
case of the HTS coated beam screen as foreseen by the FCC-hh
study at CERN.

The model predictions can in principle be verified by ad hoc
experiments, analyzing the effect of the harmonics in terms of
their global effect on the surface resistance of small samples. In
particular, the simultaneous measure of the depinning frequency,
using techniques such as the Corbino disk [36], [39], and of the

RF current dependence of the surface resistance could allow a
self-consistent estimation of the amplitude of the generated third
harmonic signal, which is more difficult to measure directly.

APPENDIX A

We start from (7b), with yo given by (8a)

rẏ1(τ) + y1(τ) =
2a3rf

(1 + r2)3/2
cos3(τ − φ). (A1)

Given the equivalence cos3(τ − φ) = 3
4 cos(τ − φ) +

1
4 cos 3(τ − φ), (A1) can be split in two equivalent equations:

rẏ11(τ) + y11(τ) =
3a3rf

2(1 + r2)3/2
cos(τ − φ) (A2a)

rẏ13(τ) + y13(τ) =
a3rf

2(1 + r2)3/2
cos 3(τ − φ) (A2b)

with

y1(τ) = y11(τ) + y13(τ). (A3)

We look for solutions of the form

y11(τ) = Y11 cos [(τ − φ)− ϕ11] (A4a)

y13(τ) = Y13 cos [3(τ − φ)− ϕ13] . (A4b)

After substitution in (A2), it is straightforward to obtain

φ11 = tg−1r = ϕ, Y11 =
3a3rf

2(1 + r2)2
(A5a)

φ13 = tg−13r, Y13 =
a3rf

2(1 + r2)3/2
√
1 + 9r2

. (A5b)

Further substitution of (A5) in (A4) and then in (A3) and
finally taking the time derivative leads to (9).

APPENDIX B

Using the already introduced relations:arf = ϕoJrfo/kξv ,
r = ω/ωo, ωo = k/η and η = ϕoBc2/ρn it is Jrfoρn

Bo

Bc2
r =

ωξvBoarf .



CALATRONI AND VAGLIO: HIGH-TEMPERATURE SUPERCONDUCTOR COATINGS FOR BEAM IMPEDANCE REDUCTION IN PARTICLE COLLIDERS 3500208

We can then rewrite (10), (8b), and (9) in the form:

ER
rf (τ) = −Jrfoρn

Bo

Bc2
r

{
sin(τ − φ)√

1 + r2
+

3a2rf

2(1 + r2)2

×
[
sin(τ − 2φ) +

√
1 + r2

1 + 9r2
sin(3τ − 3φ− tg−13r)

]}
.

(B1a)

This represents the real part of the complex electric field
function defined by (11).

The imaginary part can be obtained by using in (4) a forcing
term given by arf sin τ , following the same route that lead to
(10). This leads to

EI
rf (τ) = Jrfoρn

Bo

Bc2
r

{
cos(τ − φ)√

1 + r2
+

3a2rf

2(1 + r2)2

×
[
cos(τ − 2φ)−

√
1 + r2

1 + 9r2
cos(3τ − 3φ− tg−13r)

]}
.

(B1b)

Using (B1), the electric field in complex notation is given by

Ẽrf (τ) = iJrfoρn
Bo

Bc2
r

{
ei(τ−φ)

√
1 + r2

+
3a2rf

2(1 + r2)2

×
[
ei(τ−2φ) −

√
1 + r2

1 + 9r2
e−i(3τ−3φ−tg−13r)

]}
.

(B2)

Inserting (B2) in (11), considering that J̃rf (τ) = Jrfoe
iτwe

can deduce the complex resistivity

ρ̃sf (τ) = iρn
Bo

Bc2
r

{
e−iφ

√
1 + r2

+
3a2rf

2(1 + r2)2

×
[
e−i2φ −

√
1 + r2

1 + 9r2
e−i(4τ−3φ−tg−13r)

]}
. (B3)

Using (13), remembering that φ = tg−1r and using trivial
trigonometrical relations we obtain

ρRsf (τ) = ρRsfo

{
1 +

3a2rf
2r(1 + r2)

×
[
sin 2φ−

√
1 + r2

1 + 9r2
sin(4τ − 3φ− tg−13r)

]}
(B4a)

ρIsf (τ) = ρIsfo

{
1 +

3a2rf
2(1 + r2)

×
[
cos 2φ−

√
1 + r2

1 + 9r2
cos(4τ − 3φ− tg−13r)

]}
.

(B4b)

Defining δ = 3tg−1r + tg−13r and considering that sin 2ϕ =
2r

1+r2 and cos 2ϕ = 1−r2

1+r2 we are easily led to (12).

APPENDIX C

Using (13) and recalling that ρ̃sf (τ) = ρRsf (τ) + iρIsf (τ),
from (12) we can write ρ̃sf (τ) = ρ̃csf + ρ̃vsf (τ) with ρ̃csf =
ρRcsf + iρIcsf :

ρRcsf = ρn
Bo

Bc2
αa (C1a)

ρIcsf = ρn
Bo

Bc2
βb. (C1b)

And with ρ̃vsf (τ) = ρRvsf (τ) + iρIvsf (τ):

ρRvsf (τ) = −ρn
Bo

Bc2

α

r

3a2rf
2

1

(1 + r2)

√
1 + r2

1 + 9r2
sin(4τ − δ)

(C2a)

ρIvsf (τ) = −ρn
Bo

Bc2
β
3a2rf
2

1

(1 + r2)

√
1 + r2

1 + 9r2
cos(4τ − δ).

(C2b)

Recalling (16) and (17) and following (11) from [3] we can

now write Zcsf = (1 + i)
√

μoωρ̃csf

2 = Rcsf + iXcsf with

Rcsf =

√
μoω

2

√√
ρRcsf

2
+ ρIcsf

2 − ρIcsf (C3a)

Xcsf =

√
μoω

2

√√
ρRcsf

2
+ ρIcsf

2
+ ρIcsf . (C3b)

From (C1) and (C3), we easily obtain the real and imaginary
part of the time-independent surface impedance reported in the
text (18). From (12), (16) and (C1)–(C3), it would also be
straightforward to calculate the real and imaginary parts of the
time-dependent surface impedance.

It is also immediately apparent inspecting (C1) and (C2) that

the term
(
1 +

ρ̃vsf (τ)
2ρ̃csf

)
of (16) does not depend on Bo/Bc2
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