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Abstract— Herein, we consider constant envelope precoding in
a multiple-input multiple-output orthogonal frequency division
multiplexing system (CE MIMO-OFDM) for frequency selective
channels. In CE precoding the signals for each transmit antenna
are designed to have constant amplitude regardless of the channel
realization and the information symbols that must be conveyed to
the users. This facilitates the use of power-efficient components,
such as phase shifters (PS) and nonlinear power amplifiers,
which are key for the feasibility of large-scale antenna array
systems because of their low cost and power consumption. The
CE precoding problem is firstly formulated as a least-squares
problem with a unit modulus constraint and solved using an
algorithm based on coordinate descent. The large number of
optimization variables in the case of the MIMO-OFDM system
motivates the search for a more computationally efficient solution.
To tackle this, we reformulate the CE precoding design into an
unconstrained nonlinear least-squares problem, which is solved
efficiently using the Gauss-Newton algorithm. Simulation results
underline the efficiency of the proposed solutions and show that
they outperform state of the art techniques.

Index Terms— Constant-envelope precoding, low-PAR precod-
ing, large MIMO, multi-user, MIMO-OFDM.

I. INTRODUCTION

THE use of large-scale antennas at the base station (BS) is
crucial for the future of wireless communications, as they

have shown to offer much needed improvements in average
spectral as well as energy efficiency, [3]– [5]. In such systems,
antenna arrays with tens or hundreds of elements are used to
communicate with multiple user terminals (UTs) over the same
time and frequency resource block. To mitigate the induced
multiuser interference (MUI), which has a degrading effect on
the performance of the system, precoding techniques have to
be employed.
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There is a large number of works in the literature that
propose various precoding techniques and can be classified
in two main categories depending on the information that
they use in order to construct the precoder [6]. In the first
category of block-level precoding (BLP) we have precoding
techniques that use only the channel state information (CSI),
such as the ones proposed in [13]– [15] and therefore the
precoder needs to be updated only when the channel changes.
The second category includes techniques that utilize both
the CSI as well as the information symbols that should be
conveyed to the users in order to construct the precoder.
Because, these precoders depend on the transmitted symbols,
they need to be updated on a symbol rate. For this reason,
this category of precoding techniques is named symbol level
precoding (SLP), [7]– [12]. The main disadvantage of SLP is
its increased complexity, since the precoder has to be updated
on a symbol rate. For this reason, its use is suggested at the
BS which is usually equipped with capable hardware that can
complete the SLP design on a real-time basis.

Most of the SLP techniques in the literature do not neces-
sarily have the objective to reduce the MUI but rather turn it
into constructive interference by pushing the received symbols
at the UTs further into the decision regions, [10]. These tech-
niques usually require transmitter architectures where the sig-
nal processing is entirely implemented in the baseband domain
and therefore a dedicated digital to analog converter (DAC) is
required for each antenna. Furthermore, after the digital to
analog conversion they require the use of highly linear RF
components such as power amplifiers, which tend to have a
low power-efficiency.

The problem with these power-inefficient components
becomes more noticeable in large-scale antenna arrays where
tens or hundreds of these components have to be used.
Additionally, large arrays are usually equipped with ampli-
fiers that are easier to saturate because the gain is expected
to come from beamforming. For this reason, the feasibility
of these systems depends on the use of more power effi-
cient components and therefore the development of precoding
techniques that produce transmit signals that allow the use
of power-efficient components. In the literature, there are
already, techniques which fall into the SLP category such as
constant envelope (CE) precoding, [26]– [30], or RF domain
SLP, [20], that design the transmit signal to facilitate the use of
power-efficient and low cost components. In CE precoding the
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amplitude of the discrete time signal that is transmitted by
each BS antenna remains constant regardless of the channel
realization or the information symbols that are conveyed to
the users. As a result these transmit signals have low peak-
to-average ratio (PAR) and make possible the use of power
efficient nonlinear power amplifiers. In RF domain SLP [20],
the transmit signal is designed so that the processing occurs
in the RF domain, eliminating the use for DACs.

The CE precoding work was extended in [2] to include CE
single-carrier transmission over frequency selective channels
and later it was shown in [1] that the same algorithm,
presented in [2], can be used for OFDM transmission if
we precode the inverse Fourier transform of the information
symbols rather than the information symbols themselves.
The processing occurs in the time domain and therefore the
iterative solution includes the computation of the convolu-
tion at each iteration which leads to a high computational
complexity.

In this paper we present a novel way to tackle the prob-
lem of CE precoding for MIMO-OFDM transmission over a
frequency selective channel. By rewriting the CE constraint
in the frequency domain, in a similar way to [31], we refor-
mulate the design problem. This enables an efficient solution
by minimizing the Euclidean distance between the Fourier
Transform of the received signal and the desired information
symbols.

• First, we employ a mathematical formulation of the
MIMO-OFDM system, similar to the one proposed
in [31], that enables the development of efficient algorith-
mic solutions. The aim of the formulation is to directly
design in a nonlinear manner the time domain signal of
the OFDM system such that to be of constant amplitude
(CE). The improved efficiency is the result of eliminating
the need for the computation of the convolution of the
multipath channel with the transmit signal during the
search of the solution, as required in current state of
the art solutions.

• We propose the use of power efficient transmitter archi-
tectures for CE MIMO-OFDM precoding, that utilize
analog phase shifters and nonlinear power amplifiers and
we develop an efficient algorithmic framework to solve
the precoding problem when such architectures are used.
Additionally, we derive the power consumption model of
these architectures for the case where CE MIMO-OFDM
precoding is used.

• We propose the use of a post-processing scalar factor
which changes on a per OFDM block basis, and partially
compensates for the lack of amplitude control in the
transmitter because of CE precoding. This scalar factor
facilitates the exploitation of the array gain provided by
the large-scale antenna array by scaling the signal at the
receivers accordingly. We propose a blind estimation of
the scalar that exploits the block structure of OFDM
transmission and does not introduce communication over-
head or delay in the demodulation process, as would
happen in single carrier systems.

• We then formulate the CE precoding problem as a least-
squares problem with a unit modulus constraint and we

solve it using an algorithm based on Coordinate Descent
(CD).

• Finally, we propose a second more efficient solution using
the Gauss-Newton (GN) algorithm by reformulating the
problem into an unconstrained nonlinear least-squares
problem.

The remainder of the paper is structured as follows.
In Section II the system model of a classic MIMO-OFDM
system is presented followed by the description of the system
model of CE MIMO-OFDM and the formulation of the CE
MIMO-OFDM precoding problem. The section ends by a
presentation of power-efficient transmitter architectures for
CE MIMO-OFDM precoding. In Section III, we present two
different solution for the precoding problem, first a solution
based on CD and then a solution using the GN method.
In Section IV we present numerical results of simulations of
the proposed system and we compare it with Zero Forcing
precoding and CE techniques from the literature ( [1], [2]),
showing the advantages that our solutions provide. Finally,
in Section V we discuss the conclusions of this work.

Notations: ı denotes the imaginary unit, || · ||F denotes the
Frobenius norm, || · ||2 denotes the L-2 norm, E[·] denotes
the expectation operator, R denotes the set of real numbers,
� denotes the real part of a complex number, � denotes the
imaginary part of a complex number, [·]T denotes the transpose
of a matrix and [·]H denotes the conjugate transpose of a
matrix.

II. SYSTEM MODEL

Before we describe the system model of the proposed
CE MIMO-OFDM scheme, let us first briefly consider the
downlink of a classic multiuser MIMO-OFDM, using a lin-
ear precoding scheme (i.e. Zero Forcing precoding), system
operating over a frequency selective channel.

A. MIMO-OFDM

In the considered wireless communication system we have
a BS equipped with a large array of M antennas serving K
single-antenna UTs over a bandwidth W using OFDM.

Generally in OFDM, the channel, of bandwidth W , that is
assigned for transmission is divided into N sub-channels with
equal width of Δf = W/N , because it is assumed that a signal
of bandwidth W will suffer from frequency selective fading as
a result of the multipath propagation. The width Δf of the sub-
channels is chosen so that it will be smaller than the coherence
bandwidth of the channel so that the frequency response of the
channel will be flat over each sub-channel. Each sub-carrier
that corresponds to one of the N sub-channels is modulated
forming the M × N OFDM block in the frequency domain

XF = [xF (1), xF (2), . . . , xF (N)] , (1)

where xF (n) is an M ×1 column vector that is loaded on the
nth sub-carrier and which contains the M precoded symbols,
one for each transmit antenna of the BS.

In order to produce the OFDM signal in the time domain
the N -point inverse FFT (IFFT) is applied on each row of the
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frequency domain signal XF and the result is the time domain
signal

XT =
√

N IFFT(XF , 2) =
(

W∗
√

N
XT

F

)T

, (2)

where IFFT(·, 2) denotes the row wise IFFT and WN is the
N × N Discrete Fourier Transform (DFT) matrix.

After the IFFT computation, the Cyclic Prefix is added at the
beginning of the OFDM block XT . The CP has a length, which
must be larger or at least equal to the multipath channel’s
length, of L samples, and is comprised by the last L samples
of XT ,

CP = [xT (N − L + 1), . . . , xT (N − 1), xT (N)] , (3)

where xT (n), is the n-th M×1 column of XT , and represents
the n-th time domain symbol which is transmitted from the
M transmit antennas.

After prepending the cyclic prefix the signal is transmitted
over a channel with ν resolvable multipath components which
is expressed as

hT (m, k) = [h(m, k, 1), h(m, k, 2), . . . . h(m, k, ν)] , (4)

where h(m, k, n) is the n-th path gain from the m-th transmit
antenna of the BS to the k-th UT. Additionally, in the scope of
this paper we assume Rayleigh fading and therefore the chan-
nel coefficients are modelled as circularly symmetric complex

Gaussian random variables with h(m, k, n) ∼ CN (0,
1
ν

). The
received time domain signal at the k-th receiver is denoted by

yT (k, n) =
M∑

m=1

v−1∑
l=0

h(m, k, l)xT (m, n − l) + zT (k, n), (5)

where zT (k, n) is the n-th noise sample which is modelled as a
circularly symmetric complex Gaussian random variable with
distribution zT (k, n) ∼ CN (0, N0), where N0 is the noise
variance. Additionally, in the scope of this paper it is assumed
that the CSI is constant for some interval long enough for the
transmitter to learn and use it until it changes to a new value
and therefore, the proposed scheme should be employed in
applications that this assumption is valid.

The k-th receiver performs an FFT on the received signal
after removing the CP which is equivalent to discarding the
first L samples of yT (k). The output of the N point FFT at
the k-th UT is given by

yF (k, n) =
M∑

m=1

hF (k, m, n)xF (m, n) + zF (k, n), (6)

with n = 1, 2, . . . , N where hF (m, k, n) and zF (k, n) are
the frequency domain channel coefficients and AWGN noise
samples, respectively. Finally, a simple detector, based on
nearest neighbour search, is employed in order to detect the
information symbols that have been transmitted.

B. CE MIMO-OFDM

Now that we have a basic understanding of the MIMO-
OFDM system let us continue with the CE MIMO-OFDM.

Here the transmit signal in the time domain is constrained to
have a per antenna constant amplitude regardless of the trans-
mitted symbols and channel realization, which is expressed
by

|xT (m, n)| =
√

γ

M
(7)

where
γ

M
is the per antenna constant power constraint and

γ is the total transmit power. The problem with (7) is that it
constrains the signal in the time domain and there is not an
easy way to transform the constraint in the frequency domain
where the processing happens in OFDM transmission.

Before we formulate the CE MIMO-OFDM precoding prob-
lem, it is important to show how the frequency domain channel
coefficients are formulated appropriately into a KN × MN
matrix H̃F , the DFT matrix WN into a MN × MN matrix
W̃N that helps us compute the N -point DFT of a MN × 1
vector x̃T , which is comprised not only from symbols of
different time slots but also of different antennas and it is
structured as

x̃T =

⎡
⎢⎢⎢⎣

xT (1)
xT (2)

...
xT (N)

⎤
⎥⎥⎥⎦,

where xT (n), is an M × 1 vector, and represents the n-th
time domain sample which is transmitted from the M transmit
antennas. In other words, x̃T is XT written in a vector form.

Now we will show how to reshape the frequency selective
MIMO channel as a KN × MN block matrix as

H̃F =

⎡
⎢⎢⎢⎣
H̃F1 0 . . . 0

0 H̃F2 . . . 0
...

...
. . .

...
0 0 . . . H̃FN

⎤
⎥⎥⎥⎦,

where H̃Fn is a K × M matrix that denotes the channel
frequency response over the n-th sub-carrier, with n =
1, 2, . . . , N and its elements H̃Fn(k, m) denoting the fading
coefficient from the m-th transmit antenna to the k-th UT.

Finally, we will show how to construct the DFT matrix
W̃N that can be used to compute the N -point DFT by
multiplying it with x̃T . This matrix is the Kronecker product,
W̃N = WN ⊗ IM defined as

W̃N =

⎡
⎢⎢⎢⎣

WN (1, 1)IM WN (1, 2)IM . . . WN (1, N)IM

WN (2, 1)IM WN (2, 2)IM . . . WN (2, N)IM

...
...

. . .
...

WN (N, 1)IM WN (N, 2)IM . . . WN (N, N)IM

⎤
⎥⎥⎥⎦,

where IM is the M × M identity matrix.
The problem of minimizing the MUI across all users in

CE precoding MIMO-OFDM can now be formulated as a
constrained least squares problem,

(P1) : min
x̃T ,β

||̃s − βH̃F W̃N x̃T ||22 (8)

s.t. |x̃T (m)| =
√

γ

M
m = 1, . . . , MN (9)

and β ∈ R, (10)
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where s̃ is an KN × 1 vector containing the information
symbols that must be conveyed to the K UTs over the N
sub-carriers. The N information symbols corresponding to the
k-th UT are drawn from a constellation which is assumed to
have average power equal to the target received power for this
UT. Here we also introduce β, a scalar which is applied at the
receivers, and allows us to exploit the array gain of the multiple
transmit antennas of the BS, and depends on the transmitted
symbols and the channel realization [16]. This factor remains
constant for the whole OFDM block in order to enable its blind
estimation at the UTs. Additionally, it is kept common across
all users in order to decrease the computational complexity
and achieve performance fairness among the UTs.

The problem formulation P1 means that we are looking for
the vector x̃T with elements of constant amplitude equal to√

γ/M , as well as the factor β that minimize the distance
between the vector of information symbols s̃ and the FFT
of the received noiseless signal H̃F W̃x̃T . Additionally, it is
assumed that the UTs rescale the received signal by β before
estimating the conveyed information symbols. The choice to
address the case of the noiseless received signals was made in
order to achieve a solution that is as computationally efficient
as possible since the problem of CE MIMO-OFDM is already
a hard problem to tackle.

Once the optimal vector x̃opt,T is computed, the IFFT does
not have to be computed as in classic OFDM because our
signal is already in the time domain. However we still have
to prepend the cyclic prefix with length of LM samples at
the beginning of x̃opt,T . After that, the signal is transmitted
by loading to the M antennas during the n-th time slot
the symbols [x̃opt,T ((n − 1)M + 1), x̃opt,T ((n − 1)M +
2), . . . , x̃opt,T (nM)].

At each UT, after the removal of the first L samples of
the received signal which correspond to the cyclic prefix,
the N -point FFT of the received signal is computed. If we
concatenate the outputs of the FFT from all the UTs we get

ỹF = H̃F W̃N x̃T + z̃F (11)

where ỹF is a KN×1 vector and z̃F a KN×1 vector formed
by the noise samples in the frequency domain. Each receiver
must estimate the factor β and scale the signal accordingly
before making a decision on the transmitted symbols. The
factor can be estimated blindly or using pilot symbols as it was
proposed in [16]. Here we estimate β̂k blindly at the receiver
according to the equation

β̂k =

√
||Q||2/MQ + N0

||y(k)
F ||2/N

, (12)

where Q is the employed constellation, MQ is the order of the
constellation and y(k)

F is the N × 1 output of the FFT at the
k-th receiver. It should be noted that although β is common
for all UTs, the estimated β̂k may have small variations among
the UTs since each UT uses only y(k)

F to estimate it. Finally,
each UT employs a simple nearest neighbour type detector
on the scaled signal β̂ky

(k)
F to estimate the symbols that have

been sent.

Fig. 1. Block diagram of the CE MIMO-OFDM transmitter with a DAC per
antenna.

C. CE Transmitter Architecture

In a transmitter operating with a conventional precoder, such
as a Zero-Forcing precoder, the large envelope fluctuations of
the signal would lead to significant nonlinear distortions by
the power amplifiers. In order to mitigate the distortion, each
amplifier has to work in its linear region, but this leads to
a low power efficiency, [21]. On the other hand, a system
that uses CE signals such as the one that we propose in this
paper is not affected by the distortions produced by amplitude
nonlinearities when appropriate filtering is used, [33].

In order to quantify the effects of the power amplifier on
the transmitted signal we are going to use the model for a
solid state power amplifier (SSPA) presented in [21]– [22],
in which the time domain envelope response also referred to
as AM/AM characteristic is given by

g(A) = Ao,max
A/Amax

[
1 + (A/Amax)2p

] 1
2p

, (13)

where A is the envelope of the input signal given by

A = |x̃T |, (14)

Ao.max is the maximum amplitude of the output signal given
by

Ao,max = υAmax, (15)

with υ denoting the signal gain of the amplifier and Amax is
the input reference amplitude. Finally, p is a positive parameter
that controls the smoothness of the transition from the linear
region to the limiting region. According to [21] the AM/PM
conversion of an SSPA is assumed to be very small and
therefore can be neglected.

The average power amplifier efficiency of such an amplifier,
according to [22], is given by

η =
π

4
E[A2

o]
Ao,maxE[Ao]

, (16)

where Ao is the envelope of the output signal.
A classic large-scale antenna array BS would require a

dedicated RF chain and DAC for each transmit antenna, as it
is shown in Fig.1, which makes the system very inefficient
as the power consumption greatly increases when a large-
scale antenna with hundreds of elements is used. The proposed
per antenna CE precoding means that we can reduce the
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Fig. 2. Block diagram of the CE MIMO-OFDM transmitter with 1-PS per
antenna.

power consumption of the transmitter because it facilitates the
operation of the PAs in their nonlinear region where they are
more power efficient. However, there can be further gains in
power efficiency if we make alterations to the transmitter’s
architecture that fully exploit the CE nature of the signal.

The proposed system transmits signals from each antenna
that do not change in amplitude but only in phase, since the
CE signal can be written as

x̃T =
√

γ

M
eıθ̃, (17)

where θ̃ is an MN × 1 vector which contains the phase shifts
of the transmit signal for one OFDM block of N sub-carriers
across the M transmit antennas of the BS. Additionally,
contrary to classic OFDM systems where each sub-carrier is
modulated separately before computing the IFFT, here the CE
time domain signal is computed in a digital processing unit so
that the N -point FFT at each UT will be as close as possible to
the information symbols that we want to convey. Therefore,
it is not necessary to use a DAC at each transmit antenna,
which would consume power, to produce the baseband signal.
Motivated by these reasons, we propose to use in place of
the M DACs, M digitally controlled PSs as shown in Fig.2,
which will alter the phase of the sinusoidal carrier wave
according to θ̃ at each antenna in order to produce the transmit
signal x̃T .

To underline the gains from using PSs to modulate the RF
signal instead of DACs we will give the approximation of the
power consumption of a transmitter utilizing DACs and of
one utilizing PSs, using the models developed in [17]– [20].
The consumed power of the fully digital architectures shown
in Fig.1 is given by

PFD =
E[||x̃T ||]22]

η
+ M(PDAC + PLO + Pmix + Pfil),

(18)

where PDAC , PLO, Pmix, Pfil is the power consumed by a
DAC, a local oscillator, a mixer, and a filter of the transmitter
respectively, while the consumed power of the CE transmitter
that uses PSs shown in Fig.2 is given by

PRF−CE =
E[||x̃T ||22]

η
+ M(PPS + PLO + Pmix + Pfil),

(19)

Algorithm 1 CD CE MIMO-OFDM

1: Input: Q̃, s̃
2: Initialize β, x̃T

3: while
∣∣β(n) − β(n−1)

∣∣ ≤ ε1 do

4: while
∣∣∣x̃T (j) − x̃(j−1)

T

∣∣∣ ≤ ε2 do
5: for i = 1 to MN do
6: Update xTi, according to (23)
7: end for
8: end while
9: Update the value of β, according to (25)

10: end while
11: Output: x̃T , β

where PPS is the power consumed by a phase shifter. Since
the consumed power by the PSs is significantly smaller than
the one by the DACs the gains become very significant as the
number of transmit antennas M increase.

III. CE MIMO-OFDM PRECODING DESIGN

In this section we present two iterative algorithms for
solving the precoding problem (P1). The first is an alternating
minimization algorithm based on CD. In the following subsec-
tion we will reformulate the problem (P1) as an unconstrained
nonlinear least-squares problem and solve it using the Gauss-
Newton algorithm.

A. Coordinate Descent

CD is an easily implementable and efficient method where
the cost function is minimized at each iteration over one
coordinate direction [23] and CD based methods have been
successfully used in the past to solve similar type optimization
problems, [20]. This practically means that when we minimize
over the i-th coordinate, x̃Ti, the rest, x̃Tr for r 	= i, are kept
fixed to their previous values. As a result a full iteration of CD
includes as many sub-iterations as the number of coordinates,
in our problem MN . Additionally, apart from minimizing the
cost function of (P1) over x̃T we also have the factor β,
and therefore we have to resort to alternating optimization.
Finally, before we move on with a more detailed explanation
of the iterative solution, let us slightly reformulate (P1) by
replacing the matrix multiplication in the cost function with
an equivalent KN × MN matrix Q̃ = H̃F W̃N we obtain

(P2) : min
x̃T ,β

||̃s − βQ̃x̃T ||22 (20)

s.t. |x̃Tm| =
√

γ

M
m = 1, . . . , MN (21)

and β ∈ R. (22)

Algorithm 1 presents the CD based solution in pseudocode.
The algorithm is initialized by providing as inputs Q̃ and
the vector of information symbols s̃ that must be conveyed
to the UT. The algorithm at the i-th sub-iteration minimizes
the objective function over x̃Ti while keeping all the other
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coordinates, including β, fixed. This results to the update step

x̃Ti = Pr

(
βQ̃i

H
(̃s− βQ̃−ix̃T−i)
βQ̃H

i βQ̃i

)
, (23)

where Q̃i is the i-th column of Q̃, x̃T−i is the vector produced
after removing the i-th element of x̃T , Q̃−i is the matrix
produced after removing the i-th column of Q̃ and Pr(u) is
the projection of u onto the circle with radius

√
γ/M given

by

Pr (u) =

⎧⎨
⎩

u |u| = 0√
γ

M

u

|u| |u| 	= 0.

The convergence criterion for x̃T is∣∣∣x̃(j)
T − x̃(j−1)

T

∣∣∣ ≤ ε2, (24)

where x̃(j)
T is the result of the j-th update and ε2 is a predefined

tolerance. After this criterion is met the algorithm moves to
minimize the objective function over β which results to the
update step

β =
�{s̃HQ̃x̃T }
||Q̃x̃T ||22

. (25)

Following the update of β the CD algorithm repeats the same
update steps until the termination criterion, which is defined
as ∣∣∣β(n) − β(n−1)

∣∣∣ ≤ ε1, (26)

is reached. Then, the algorithm outputs the optimal x̃opt,T

which is of constant amplitude equal to
√

γ/M and β. The
transmitter has no further use for β, since the UTs will blindly
estimate it using (12) before detecting the transmitted symbols.

Finally, x̃T has to be converted from a single MN × 1
column to N parallel M × 1 vectors corresponding to the N
time slots of the OFDM block. As a result at the n-th time
slot the signal ⎡

⎢⎢⎢⎣
x̃T ((n − 1)M + 1)
x̃T ((n − 1)M + 2)

...
x̃T ((n − 1)M + M)

⎤
⎥⎥⎥⎦

is transmitted from the M antennas of the BS. In case the
transmitter uses digitally controlled analog phase shifters,
as in Fig.1 then we need the phase shifts that the PSs will
impose on the RF signal. These angles can be easily extracted
from x̃T by calculating

θ̃ = Arg(x̃T ), (27)

where Arg is the principal value of a complex number.
The problem (P2) that is tackled here is nonconvex and

therefore the solutions are not guaranteed to be optimal.
However, as the numerical results show in section V. the
solution is sufficient for reliable communications as it reduces
sufficiently the average MUI energy, and achieves low SER.

Finally, let us briefly discuss the computational complexity
of the proposed CD based algorithm. In order to estimate the

Algorithm 2 GN CE MIMO-OFDM

1: Input: Q̃, s̃
2: Initialize v
3: while

∣∣v(j) − v(j−1)
∣∣ ≤ ε or j ≤ maxIter do

4: Calculate r(v(j−1)), according to (38)
5: Calculate Jr(v(j−1)), according to (39)
6: Calculate v(j), according to (36)
7: end while
8: Output: v

complexity of the proposed solution, we computed the number
of FLOPS (floating point operations per second) per iteration
of the algorithm as a function of the size of the matrices and
vectors that are involved. The computational complexity in
FLOPS of an iteration which updates one coordinate is given
by

CCE,CDperiter = 4KN2M + 8KN + 6, (28)

or in big O notation, O(KN2 M). However, in order to
update all the coordinates the CD algorithm needs to perform
MN updates. Therefore for a full iteration of the algorithm,
the complexity is given by

CCE,CD = MN(4KN2M + 8KN + 6), (29)

or in big O notation, O(KN3 M2). The computation costs
that we used to calculate the expressions above can be found
in [34]. While we have observed that the algorithm converges
after a few dozens of full iterations, a theoretical analysis of
its convergence is an open problem. Even for cases where the
addressed problem is convex [23] the convergence analysis is
extremely challenging. Therefore, the convergence analysis of
the nonconvex problem that we are tackling here cannot be
addressed within the scope of this work.

B. Gauss-Newton

The proposed CD based method becomes computationally
inefficient as the number of sub-carriers and the number of
antennas increases, as (29) shows. As a reminder, a full
iteration of the algorithm proposed in the previous section
consists of MN , the number of optimization variables, sub-
iterations and therefore an increase in the number of sub-
carriers or antennas by ΔN or ΔM translates to MΔN
and MΔM respectively, increase of sub-iterations in each
full iteration. Here we show how to reformulate the problem
(P2) into an unconstrained nonlinear least squares problem
and solve it using the simple and efficient Gauss-Newton
(GN) method. GN minimizes a sum of squared functions
and does so in a computational efficient way because it does
not require the analytic expression for the Hessian matrix as
other competing iterative methods [24]. Additionally, it has a
quadratic convergence when the initial guess is relatively close
to the optimal value [25].

The CE transmit signal in (17) can also be written as

x̃T =
√

γ

M
(cos θ̃ + ı sin θ̃). (30)
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As a result we can rewrite P3 as

(P3) : min
v

||̃s− βQ̃
√

γ

M
(cos θ̃ + ı sin θ̃)||22, (31)

where v = [θ̃T β]T . Finally, we need to get rid of the
imaginary unit and for that reason we define the residual vector
r(v), 2KN × 1, by separating the real and imaginary parts of
the cost function of (P3) as

r(v) =

⎡
⎢⎢⎣
�{s̃} − β

√
γ

M
(�{Q̃} cos θ̃ −�{Q̃} sin θ̃)

�{s̃} − β

√
γ

M
(�{Q̃} sin θ̃ + �{Q̃} cos θ̃)

⎤
⎥⎥⎦.

Now we can express the CE MIMO-OFDM problem, in a
form that can be solved using the GN method for underdeter-
mined nonlinear least squares [25], as

(P4) : min
v∈RMN+1

f(v) : =
1
2

2KN∑
i=1

ri(v)2 =
1
2
||r(v)||22.

(32)

GN is an alternation of the Newton’s method where we
use an approximation of the Hessian that does not require
information about the second order derivative. In Newton’s
method in order to find the search direction pN we must solve
the system ∇2 f(v)pN = −∇f(x). In GN we approximate
the Hessian as

∇2 f(v) ≈ JT
r Jr, (33)

where Jr is the Jacobian matrix with its (i, j)-element defined
as

Jrij =
∂ri(v)
∂vj

. (34)

We arrive at the approximation (33) if we set D(v) =∑2KN
i=1 ri(v)∇2 ri(v) to zero, since ∇2 f(v) = JT

r Jr+D(v).
The approximation D(v) = 0 is valid either when v is close
to the optimal solution vopt because the residuals r there are
close to affine [24] (therefore ∇2 ri(v) is relatively small)
or v leads to small residuals (ri(v) is relatively small). As a
consequence, in order for the assumption to be valid and for
the algorithm to quickly converge we need to initialize it with
a v that results to a small residual r(v).

As a result, in order to obtain the search direction pGN of
GN we must solve

JT
r JrpGN = −JT

r r(v). (35)

Finally, by solving the system above [25], we derive the update
step for the j + 1-th iteration of the method which is

v(j+1) = v(j) − Jr
T (JrJr

T )−1r(v(j)). (36)

Let us now take a closer look at the details of the imple-
mentation of the proposed algorithm, shown in pseudocode in
Algorithm 2. For the first step of the algorithm, which is to
initialize v(0) = [θ̃(0)T β(0)]T , we compute the Zero Forcing
precoding vector as

x̃TZF = Q̃H(Q̃Q̃H)−1s̃ (37)

and we calculate the initial angles as θ̃(0) = Arg(x̃TZF )
and the initial β(0) as in (25). Next, the j-th, with
j = 1, 2, . . . , maxIter iteration of the algorithm begins by
computing the residuals as

r(v(j−1)) =

⎡
⎢⎢⎣
�{s̃− β(j−1)Q̃

eıθ̃(j−1)

√
M

}

�{s̃− β(j−1)Q̃
eıθ̃(j−1)

√
M

}

⎤
⎥⎥⎦. (38)

After that, we construct the Jacobian Jr(v(j−1)) with the
following way

1) we create a KN × MN matrix Θ by repeating KN
times the vector [θ̃(j−1)]T

2) we compute the element wise multiplication

A =
[
ıβQ̃. ∗ eıΘ

√
M

]

3) we compute the multiplication B = Q̃
eıθ̃(j−1)

√
M

4) Finally, we get Jr as

Jr(v(j−1)) = −
[�{[A B]}
�{[A B]}

]
(39)

Each iteration is completed by updating the value of v
according to (36). The algorithm is terminated either when
the termination criterion,

∣∣v(j) − v(j−1)
∣∣ ≤ ε, is met or when

the number of maximum iterations, maxIter, is reached.
GN method can be improved in order to avoid divergence if

the cost function does not decrease in every update step. Since
pGN is a descent direction it is true that f(v+αpGN ) < f(v)
for a sufficiently small α ∈ (0, 1). The update step is changed
to accordingly to

v(j+1) = v(j) − αJr
T (JrJr

T )−1r(v(j)). (40)

and the value of α can be determined by employing a line
search algorithm such as Armijo-line search. In our numerical
simulations the algorithm always converged without the need
for a step size control and therefore the additional complexity
that it would introduce is omitted from the computation of the
computational complexity of the algorithm.

Finally, the computational complexity of one iteration of the
GN algorithm in FLOPS, using the computation costs found
in [34], is given by

CCE,GN = 8K3N3M + 64K3N3 + 12K2N2 (41)

+ 4KN2M − 2KN − MN, (42)

or in big O notation, O(K3 N3 M). It is observed that
the proposed algorithm reaches convergence in less than
10 iterations.

IV. NUMERICAL RESULTS

In this section we will present various simulation results
of the CE MIMO-OFDM system and we will compare the
performance of the two proposed algorithms in this paper as
well as the algorithm that was proposed in [2] for single
carrier CE precoding in frequency selective channels and
was then proposed again in [1] for CE precoding in OFDM
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Fig. 3. Average MUI of different CE MIMO-OFDM algorithms for N = 64
sub-carriers and K = 10 UTs.

systems. We will also use as a benchmark scheme the ZF
precoder as was described in (37). In the results that follow
we have utilized a multipath MIMO channel with ν = 8
resolvable taps, that follow an i.i.d Circularly Symmetric
Complex Gaussian distribution with zero mean and variance
equal to 1/ν, CN (0, 1/ν). The PAs are assumed to have
unit gain and their input reference amplitude Amax is chosen
so that for a CE signal of a given amplitude they operate
at 1dB backoff. The termination criteria for the algorithms
are chosen to be ε = ε1 = ε2 = 10−15. Additionally,
the QAM constellations that are employed are normalized to
have average unit power. Finally, in the simulations below β is
estimated blindly at the receiver unless it is stated otherwise.

In Fig. 3, we present the average MUI energy, defined as

1
KN

EH̃F ,x̃T
[||̃s− βH̃F W̃x̃T ||22] (43)

of a system with K = 10 UTs, N = 64 sub-carriers
and 16-QAM modulation of the two proposed algorithms for
CE MIMO-OFDM in addition to the algorithm presented in
[1], [2] for CE precoding over frequency selective channels.
The algorithm in the literature rather than transforming the
CE problem in the frequency domain as the algorithms in this
paper, attempts to find the CE precoding vector in the time
domain by calculating the convolution of the channel and the
transmit signal at each iteration of the algorithm thus leading
to a solution with a higher complexity than the ones pro-
posed here. Additionally, in the competing solution a heuristic
splitting of the transmit angles into blocks is performed that
can lead to an increased interference. Indeed, we observe
that the algorithm for CEP in [2] produces an MUI of about
−20 dB when the BS is equipped with 30 transmit antennas
and decreases down to about −45 dB as the number of transmit
antennas reaches 100. On the other hand, the solutions that we
propose here show an excellent performance by reducing the
MUI to less than −250 dB even when the number of transmit
antennas is 30. This is a result of the efficient proposed model
where a heuristic splitting is not necessary, as in [2], and also
of the introduction of β which partially compensates for the
lack of amplitude control at the transmitter. Finally, we observe
that of the two studied algorithms in this paper, the Gauss-
Newton solution yields the best results when it comes to
reducing the average MUI, as it manages to reach solutions
closer to better minima.

Fig. 4. Average runtime of the different CE MIMO-OFDM algorithms and
ZF precoding for N = 64 sub-carriers and K = 10 UTs.

Next, in Fig. 4, we compare the average runtime, on a
system equipped with an intel core i7 − 8750H CPU, 16 GB
RAM and 256 GB SSD, of the GN, CD algorithms as well
as the one proposed in [2] for a system with K = 10 UTs,
N = 64 sub-carriers and 16-QAM modulation. We observe
that our solutions for CE MIMO-OFDM precoding take sig-
nificantly less time to converge than the competing algorithm
in the literature, and as we have seen from Fig. 3 they
also converge to better solutions. The peak in runtime that
is observed for the MU CEP when the number of transmit
antennas is between 30-50 is due to the fact that the maximum
number of iterations is reached without reaching convergence.
This shows us that this solution is not suitable when the ratio of
UTs to transmit antennas K/M is relatively large. On the other
hand, the results show that the most computationally efficient
algorithm is the proposed GN as its runtime is less than
5 seconds when M = 100 while CD needs about 6 seconds
to converge for the same number of transmit antennas. The
gap between the two is much larger for a small number
of transmit antennas and this is because CD needs a few
hundreds of iterations to converge in such scenarios while GN
always converges in less than ten iterations. However, as the
number of antennas increases the number of iterations for CD
decreases almost proportional to 1/(M2) and this justifies the
observed average runtime of the algorithm. Finally, the average
runtime of ZF precoding for MIMO-OFDM is almost ten times
smaller than the runtime of GN ranging from 0.1 seconds when
is M = 30 to 0.36 seconds when M = 150. This gap in
computational complexity is expected as ZF precoding does
not need an iterative algorithm to run but rather a simple matrix
inversion. However, the following results are going to show
that CE MIMO-OFDM makes up for the increased complexity
with gains in SER performance as well as energy efficiency.

In Fig. 5, we present the SER performance of CE and
ZF precoding in MIMO OFDM systems for different output
backoff values of the PA. The output backoff (OBO) of an
amplifier is given by [21]

OBO = 10log
Po

Px
dB, (44)

where Po denotes the maximum output power of the amplifier
and Px is the average output power of the transmitted signal
xT . Additionally the following values have been used for the
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Fig. 5. SER as a function of OBO for a system with K = 10 UTs, M = 50
BS antennas, N = 64 sub-carriers and 16 − QAM .

Fig. 6. Average power amplifier efficiency, given by (16), for a system with
M = 100, N = 64, K = 10 and 16-QAM.

PAs, Amax = υ = Ao,max = 1 and p = 2. We observe that
as the OBO decreases the SER performance of CE precoding
constantly improves, while on the other hand the performance
of ZF precoding reaches its best performance at 4.2dB OBO
and after that it deteriorates significantly. In order to decrease
the OBO of a given PA the average power of the transmit
signal xT has to be increased. By doing so we also increase
the value of the envelope of the signal A. Increasing the
envelope of the signal results to significant nonlinear effects
which are modelled by the denominator in Eq. (13). Therefore
the increase of transmit power which leads to the decrease of
OBO drives the PA into its nonlinear region. This induces
significant harm to the ZF signal but does not affect the CE
signal.

In Fig. 6, we compare the average power amplifier effi-
ciency, given by (16) when CE and ZF precoding is employed.
We observe that when CE precoding is used, η remains
constant and equal to 0.7 regardless of the number of transmit
antennas while when ZF precoding is employed the efficiency
falls from about 0.66 to 0.1 as the number of transmit antennas
increases from M = 30 to M = 100. This is the result of the
high PAR of the ZF MIMO-OFDM signal and it demonstrates
why low PAR techniques such as CE MIMO-OFDM are
necessary for large scale antenna systems.

In Fig. 7 the power consumption difference between the
architectures for CE MIMO-OFDM and the fully digital
architecture for ZF MIMO-OFDM is plotted. The difference
between CE and ZF precoding when it comes to power
consumption is that the power amplifiers have a different

Fig. 7. Power consumption gains of the proposed CE precoding architectures
over a fully-digital architecture for ZF precoding, for a system with M = 100,
N = 64, K = 10 and 16-QAM.

average power efficiency as we discussed in the previous
paragraph. Additionally, as it was mentioned in a previous
section CE precoding can be implemented in a system that
uses power-efficient PSs instead of DACs. We acquire the plots
by assuming the following power consumption values for the
components PDAC = 200mW, PLO = 5mW, Pmix = 19mW,
Pfil = 14mW, PPS = 30mW, [17]– [20] and using the
power consumption approximations given by (18) and (19).
We observe that both architectures for CE precoding have
increasing gains in power consumption over the fully digital
architecture for ZF precoding as the number of transmit
antennas increases. Additionally, we manage to decrease the
power consumption even further by about 30 dBW when using
the analog architecture with phase shifters rather than DACs.
These results show that these architectures, and especially the
analog one, are suitable candidates for large MIMO systems
when the objective is to reduce the power consumption.

We will now present the SER performance of different
configurations of the two proposed algorithms and we will
compare them with the ZF precoder as well as the algorithm
that is proposed for CEP in [2] and is used in [1] for OFDM
transmission, as shown in Fig. 8. All systems have PAs which
operate at the same point in order to have comparable effi-
ciency. The first thing to observe is that the SER performance
of the two algorithms is almost identical and so it becomes
evident that when taking into account their computational
efficiency, as was shown in Fig. 4, the GN algorithm is far
more suitable for the CE MIMO-OFDM system. Furthermore,
we observe that in both cases when M = 15 and M = 30 the
CE precoding shows better performance than ZF precoding.
The bad performance of the ZF precoder and the observed
error floor is a result of the in band distortion that is intro-
duced by the non linear power amplifier. On the other hand
CE MIMO-OFDM does not suffer from this because of its
constant envelope nature. Finally, when compared to prior art
CE precoding for OFDM systems [1], [2], the advantage of
our system model and algorithmic solutions becomes apparent
as it outperforms the prior art scheme by more than 30dB.
This is a result that highlights the importance of the improved
formulation which enables efficient algorithmic solutions as
well as the different system model which scales the signal at
the UTs by β.
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Fig. 8. SER performance of ZF, the two proposed CE MIMO-OFDM
algorithms and the algorithm for CEP in [2] for a system with K = 5 UTs
and N = 32 sub-carriers and 16-QAM modulation.

Fig. 9. SER performance of the GN algorithm CE MIMO-OFDM algorithms
for a system with K = 10 UTs and 16-QAM modulation.

In Fig. 9, we present the SER performance of the GN algo-
rithm for a different number of sub-carriers N and transmit
antennas M and we compare with the ZF precoding scheme.
Firstly, it is observed that the performance of CE MIMO-
OFDM remains identical when we increase the number of
sub-carriers from 32 to 64. This is not true for ZF precoding
as we observe that when M = 100 there is a widening
gap between the SER curves that correspond to N = 64
and N = 32 sub-carriers. The reason for this gap is that a
different number of sub-carriers leads to a different PAR in the
case of ZF precoding, which results to an increased distortion
by non linear amplification. Although, CE MIMO-OFDM
precoding performs significantly better than ZF precoding in
every scenario it is observed that the performance gap becomes
smaller as the number of transmit antennas increases from
50 to 100. However, we should also take into account that
as the number of transmit antennas increases the efficiency
of the power amplifiers decreases as it was shown in Fig. 6.
Therefore, ZF precoding, or any other precoding with high
PAR, forces the designer of the system to choose the best
trade off between power efficiency and error rate performance,
while CE precoding has always high power amplifier efficiency
without impeding the performance of the system.

In the figures above while the superiority in SER per-
formance of the proposed CE MIMO-OFDM precoding is
clearly shown there is not a clear connection with the power
consumption gains of the proposed architecture for CE MIMO-
OFDM precoding. To this end we will use the metric of energy

Fig. 10. Energy efficiency of systems equipped with M = 100 transmit
antennas, K = 10 UTs and N = 32 subcarriers.

Fig. 11. Received noiseless signal points when transmitting 16-QAM symbols
with nonlinear amplification over a MIMO frequency selective channel using
N = 64 subcarriers (a) CE MIMO-OFDM, M = 50, K = 10, (b) ZF
MIMO-OFDM, M = 50, K = 10, (c) CE MIMO-OFDM, M = 100,
K = 10, (d) ZF MIMO-OFDM, M = 100, K = 10.

efficiency as defined in [36],

EE(P e
kn, b, K, N) =

∑N
n=1

∑K
k=1(1 − P e

kn)b
P

, (45)

where P e
kn is the bit error probability per UT and per subcar-

rier, b is the number of bits per constellation symbol and P
denotes the power that is consumed by the transmitter and is
given by (18) or (19). In Fig. 10 it is shown that the power
efficient components that are used by the transmitter of CE
MIMO-OFDM result in a significantly better energy efficiency
when compared to ZF precoding. What is more, it is proved
that CE MIMO-OFDM precoding can employ higher order
modulations such as 64 − QAM that result in a significantly
better rate and overall energy efficiency. On the other hand
ZF precoding, does not only have poorer SER performance
as it was discussed above, but its overall power consumption
drives its energy efficiency down. Finally, the increase of the
modulation order to 64 − QAM does not yield the same
improvement in rate and energy efficiency as it does for
CE precoding because of the harm induced by the nonlinear
distortion which is becomes more damaging as the modulation
order increases.

In order to better showcase the effect of nonlinear ampli-
fication, we illustrate in Fig. 11 the received signal points
without thermal noise of a CE and ZF MIMO-OFDM system.
It is observed that for the CE system the distortion variance
is very small regardless of the number of transmit antennas
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Fig. 12. Accuracy of the estimated β̂k as a function of the SNR for a system
with M = 30 transmit antennas and K = 5 UTs.

Fig. 13. SER performance comparison of the proposed CE MIMO-OFDM
for the cases of perfect knowledge of β and blind estimation of β̂k , in a
system with M = 30 transmit antennas and K = 5 UTs.

and as we have seen in the previous figures it does not affect
negatively the SER performance. On the other hand, when
ZF precoding is employed the distortion variance is very
significant, especially when the number of transmit antennas
is M = 50 which explains why we observed an error floor
in the previous figures. As the number of transmit antennas
increases to M = 100 the distortion variance decreases but so
does the efficiency of the amplifier as we showed in Fig. 6.

In the last two figures, we will see the accuracy of the β̂k

blind estimation at the UTs and the effect that the different
number of sub-carriers and modulation order have on its esti-
mation and the overall performance of the system. In Fig. 12
we show the accuracy of β̂k as a function of the SNR when
4 − QAM and 16 − QAM modulation is employed. The
accuracy is defined as

accuracy = 1 − β̂k − β

β
. (46)

We observe that as expected the accuracy of the estimation
is improved as the SNR increases. The rate of the increase
is dependent on the employed modulation and the length of
the OFDM block. For example when 16-QAM is used in an
OFDM block of 32 sub-carriers the accuracy of the estimation
is 98% for an SNR value of 5dB while the accuracy drops
to 96% for the same SNR when the OFDM block has only
8 sub-carriers. Furthermore, we observe that for the higher
order modulation the accuracy stops increasing with the SNR
after some point, thus creating the need for either using larger
OFDM-blocks or inserting pilots to estimate β. In Fig. 13 we

compare the SER of a system that has perfect knowledge of β
and one that estimates it blindly according to (12). We observe
that when 4-QAM is used the SER of the systems that have
perfect knowledge of β have identical SER performance with
those that estimate it no matter the size of the OFDM block.
However, for 16-QAM if the size of the OFDM block is
relatively small we see that there is a gap between the system
with perfect knowledge and the one with the blind estimate
of β, which increases as the OFDM block size becomes
smaller. This was expected, as we observed from the previous
figure that the estimation accuracy took a hit when 16-QAM
modulation and small OFDM blocks were used. Therefore,
while β is a strong point of the proposed system that makes
our algorithm converge faster to a solution and takes into
account the array gain, it also introduces some trade-offs that
have to be made during the implementation. If large OFDM
blocks are used, as in most practical applications, then we
can use high order modulations without degrading the system
performance. If on the other hand we have to use smaller
OFDM blocks we either have to use lower order modulations
to avoid performance degradation due to estimation error or
introduce pilot symbols in order to improve the estimation
of β.

V. CONCLUSION

In this paper we addressed the per antenna CE precoding in
a MIMO-OFDM system. We employed a system model that
helps us design the time domain CE precoder in the frequency
domain in order to avoid using the computationally complex
convolution. We achieved that by reformulating the channel
matrix and the DFT matrix and we managed to formulate
a least-squares problem with a constant modulus constraint.
Additionally, we introduced the factor β which changes per
OFDM block and is estimated blindly at the UTs where it is
used to rescale the received signal.

First, we solved the problem by using a CD based algorithm.
However, the per iteration complexity of the solution increased
rapidly with the number of transmit antennas.

For this reason, we developed a more efficient solution
based on the GN method. To solve it using GN we had to
reformulate it first into a nonlinear least-squares problem. The
solution proved to be very efficient and achieved improvements
both in runtime and minimizing the MUI, when compared to
similar solutions in the literature and our proposed CD based
algorithm.

We also showed that the SER performance of the two
proposed solutions is identical and outperforms ZF precoding
which was used as a benchmark. Furthermore, because of the
power consumption gains that are derived from the implemen-
tation of the transmitter architecture for CE precoding with
efficient non linear power amplifiers and analog phase shifters
rather than DACs, the proposed CE MIMO-OFDM precoding
scheme and transmitter architecture is an excellent candidate
for large scale antenna systems. Finally, we also discussed the
considerations that have to be made so that the estimation of
β will not affect the system performance and showed that for
systems with a large OFDM block the estimation of β should
not affect the performance.
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