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On the Performance Gain of Harnessing
Non-Line-of-Sight Propagation for Visible
Light-Based Positioning
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Abstract—In practice, visible light signals undergo non-line-
of-sight (NLOS) propagation, and in visible light-based posi-
tioning (VLP) methods, the NLOS links are usually treated as
disturbance sources to simplify the associated signal processing.
However, the impact of NLOS propagation on VLP performance
is not fully understood. In this paper, we aim to reveal the
performance limits of VLP systems in an NLOS propagation
environment via Fisher information analysis. Firstly, the closed-
form Cramer-Rao lower bound (CRLB) on the estimation error
of user detector (UD) location and orientation is established
to shed light on the NLOS-based VLP performance limits.
Secondly, the information contribution from the NLOS channel
is quantified to gain insights into the effect of the NLOS
propagation on the VLP performance. It is shown that VLP can
gain additional UD location information from the NLOS channel
via leveraging the NLOS propagation knowledge. In other words,
the NLOS channel can be exploited to improve VLP performance
in addition to the line-of-sight (LOS) channel. The obtained
closed-form VLP performance limits can not only provide theo-
retical foundations for the VLP algorithm design under NLOS
propagation, but also provide a performance benchmark for
various VLP algorithms.

Index Terms— Visible light-based positioning, visible light
communication, NLOS effect, localization performance.

I. INTRODUCTION

ISIBLE light-based positioning (VLP) is envisioned to

be an important technique to improve the performance
of indoor localization, with the widespread use of light
emitting diodes (LEDs) for illumination. The position and
orientation angle of a user detector (UD) are critical knowl-
edge for location-based services, such as robotic navigation,
autonomous parcel sorting [1], [2] and automatic parking [3].
Hence, VLP has attracted increasing attention in industry and
academia [4]. A number of VLP methods using various mea-
surement signals, such as the received signal strength (RSS)
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of visible light [S]-[18] and the combination of RSS with the
angle of arrival (AOA) [19], have been studied. A detailed
survey of VLP methods can be found in [20].

A. Research Motivation

In practice, visible light signals undergo non-line-of-sight
(NLOS) propagation, and there are two strategies to handle
the NLOS propagation for VLP. The first is the “NLOS-based
VLP method”. In addition to the line-of-sight (LOS) channel,
the NLOS channel is exploited by this method to hopefully
extract more UD location knowledge. Unfortunately, it is
established in [21] that the NLOS channel gain is dependent
on unknown reflection coefficients and scatterer locations,
in addition to the unknown UD location. This will extend the
uncertainty set of the VLP problem and hence degrade the
VLP performance. Thus, it is theoretically unclear whether
or not it is helpful for VLP to exploit NLOS links, and how
much performance could be gained from harnessing the NLOS
links if it is actually helpful. Hence, it is desired to establish
the performance limits of the NLOS-based VLP method.
The second is the “LOS-based VLP method”. [5]-[18], for
example, treat the complex NLOS links as disturbance sources
without any information contribution to the VLP. Since the
uncertain parameters of the NLOS channel will complicate
VLP algorithm design, only the LOS channel is exploited by
this method to simplify its signal processing. This LOS-based
VLP solution is simple, yet its performance is usually limited,
especially in a high SNR environment, in which the NLOS
propagation will become a principal error source [22]. Hence,
it is non-trivial to establish the effect of the NLOS propagation
on the LOS-based VLP performance.

A number of papers have studied the performance analysis
of VLP methods, e.g., [22]-[26]. In [14], the Cramer-Rao
lower bound (CRLB) is studied for visible light-based ranging,
where the LEDs are assumed to radiate downward. Similarly,
in [24], the CRLB on ranging errors with a known UD height
is derived. In addition to RSS, the performance limit of time-
of-arrival-based VLP is studied in [23] and [25]. However, the
required assumptions in the above works restrict their applica-
tion for general cases. In addition, the above works only focus
on the LOS-based UD localization error. Hence, the effect
of NLOS propagation on the VLP performance is unknown.
In [22], the performance limits of LOS channel-based
VLP methods under NLOS propagation are studied. The
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phenomenon of the unknown NLOS link-caused VLP error
floor in high SNR environments is studied using numerical
results. However, the associated closed-form analysis is not
provided in [22]. In addition, the performance limits of NLOS
channel-based VLP methods are fully unknown, and the per-
formance gain from handling the NLOS propagation is not yet
understood. A geometry-based stochastic channel modeling for
visible light communications is established in [21], which can
be employed to quantitatively analyze the effect of the NLOS
propagation on the VLP performance.

B. Contributions of This Paper

Motivated by the above research efforts, in this paper,
we aim to establish the error performance limits of RSS-based
VLP methods under NLOS propagation. Specifically, we aim
to answer the following open questions:

o Can the NLOS links contribute to the VLP performance?

o If so, how much performance can be gained from harness-
ing the NLOS links, and how do the NLOS propagation
and system parameters (e.g., transmission distance, SNR
and the number of LEDs) affect the VLP performance?

o What is the overall performance limit of RSS-based VLP
systems under NLOS propagation?

These questions will be answered via closed-form Fisher
information matrix (FIM) analysis, which is challenging due
to the complex NLOS modeling. To address this challenge,
we extract the structured information in the UD location
model. The contributions of this paper are summarized as
follows.

o Performance Analysis of LOS-Based VLP: We establish
the performance limit of the LOS-based VLP method in
NLOS propagation environments. Unlike [23]- [25], we
obtain the closed-form CRLBs on the UD location and
orientation estimate errors, and the effect of the NLOS
propagation on the LOS-based VLP performance is also
revealed. It is shown that the LOS-based VLP error is
affected by the measurement noise and the unknown
NLOS links-caused measurement bias. As a result, as the
SNR increases, the LOS-based VLP performance will
hit an error floor caused by the unknown NLOS links.
It should be clarified that, unlike [22], we quantita-
tively analyze the LOS-based VLP performance limit
with closed-form results in this paper, and the NLOS
propagation-caused VLP error floor of the LOS-based
VLP method in the high SNR region is quantified for
the first time.

o Performance Analysis of NLOS-Based VLP: We conduct
closed-form performance limit analysis of the NLOS-
based VLP method. It should be clarified that only the
LOS-based VLP method is investigated in [22]. Dif-
ferently, this paper also studies the NLOS-based VLP
method, which exploits both LOS and NLOS channels.
It is shown that the NLOS-based VLP performance
is totally affected by the measurement noise. Hence,
unlike the LOS-based VLP method, the NLOS-based
VLP method has no error floor in a high SNR region.
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Particularly, the information contribution of the NLOS-
based VLP method from the NLOS channel is quantified
for the first time in this paper. In addition, the effect of
system parameters on the NLOS-based VLP performance
is also analyzed.

o Performance Gain of Harnessing NLOS Links: We obtain
the closed-form performance gain of the NLOS-based
VLP method (from harnessing the NLOS links) over the
LOS-based VLP method. It is shown that the NLOS-
based VLP performance gain consists of the information
gain from the NLOS channel and the NLOS link-caused
information loss in the LOS-based VLP. Our performance
analysis result implies that harnessing NLOS links can
significantly improve the VLP performance, particularly
in a high SNR environment.

The obtained VLP performance limits give a performance
benchmark for existing VLP methods and form a foundation
for the optimization of VLP systems (e.g., resource allocation).

The remainder of this paper is organized as follows.
Section II presents the system model. CRLBs are derived in
Section III. The performance gain is analysed in Section IV.
Asymptotic performance is revealed in Section V. Numerical
results are given in Section VI. Section VII concludes the

paper.

II. SYSTEM MODEL

In this section, we shall elaborate the VLP system setup, its
channel model and the VLP problem we considered.

A. System Setup

We consider a VLP system with M LED transmitters and
one UD equipped with photodiodes, as illustrated in Fig. 1.
Each LED transmitter is equipped with My emitters' with
diverse orientation angles and different locations within a
small area of the LED, where Mg > 1. Let py,, € R3
and vy, € R3 be the known location and the orientation
vector, respectively, of the kth emitter of the mth LED,? for
k=1: Mg and m = 1 : M. These emitters will act as
anchors for the UD localization. Let x € R? and u € R? be
the unknown UD position and orientation vector, respectively.
We assume ||u|ls = 1 without loss of generality, where || o ||2
is the /5-norm on a vector. Let Opoy and ¢roy be the FOV
of the UD and LED emitters, respectively.

B. Diffuse-Scattering Model

We consider a diffuse-scattering model with single-bounce
reflection since the signal power of multiple-bounce reflections
is very small [21]. We assume that there are L + 1 paths
between each LED emitter and the UD (I = 0 for the LOS
paths and [ = 1,--- , L for NLOS paths). Each single-bounce

"An LED array with multiple emitters will be widely adopted in visible
light communications for high-rate data transmission [26]-[29]. Hence, an
LED array will be commonplace and can be easily achieved in VLP. The
case of a single emitter can be covered by our model when Mp = 1.

2In the following, we use “the (k,m)th emitter” to refer to “the kth emitter
of the mth LED transmitter”, for brevity.
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Fig. 1. Tllustration of the VLP system.

NLOS link corresponds to one scatterer,® as shown in Fig. 2.
In addition, we assume the Mg emitters of the same LED
are sufficiently close in locations such that they share the
same scatterer set. This emitter array will provide diverse
location information for alleviating the uncertainties of the
NLOS channel. Let s; ,,, € R3, for { = 1 : L, be the unknown
scatterer location at the /th path from the mth LED.

Visible light RSS depends on the propagation parameters
between the UD and LEDs. Let e 1, € R? be the irradiation
vector of the LOS path from the (k, m)th LED emitter to the
UD, and let e; ., € R? be the irradiation vector of the NLOS
path from the (k, m)th LED emitter to the scatterer s; ,,,, which
are given by

X — Pk,

€0 kym = T, (D

HX - pk,mHQ

— P,
el = e TP =1 L. @)

Hsl,m - pk,m”Q

Lete),, € R? be the reflection vector from the [th scatterer
to the UD, ie., €, = M for | = 1: L3It

H m 2

should be noted that, for the LOS llnk the irradiation vector
eok,m 1s identical to the incidence vector of the UD. In
addition, let po k. be the transmission distance of the LOS
path associated with the (k, m)th LED emitter, and let p; k.

3We consider a discrete reflection model to make a good balance between
the model complexity and efficiency, considering the high computational cost
of a continuous model [29]- [31]. The continuous reflection from a surface
can be treated as the limiting case of our model when L — oo. Although the
number of reflections will be infinite, its power is limited and the reflection
coefficient is a finite number, leading to a well-posed VLP problem. Hence,
our performance analysis holds for this limiting case.

4This is reasonable since the small difference of emitter locations means a
similar geometry of emitters with scatterers and the UD, and hence means
their similar reflection paths [32]- [38]. The case of different scatterers for
emitters can be viewed as a special case of our model, where those emitters
associated with different scatterers are treated as different LEDs.

5The index k is omitted in el for brevity, since the emitters of the same
LED share the same scatterer set and thus the reflection vectors from the same
scatter of different emitters are the same.
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Fig. 2. TIllustration of the geometric parameters of diffuse paths.

be the transmission distance associated with the [th path of
the (k, m)th LED emitter, for [ = 1 : L, namely,

=[x = Pr,mll2; (3)
Sl,mH2+ Hpk,m _sl,mHQ- 4)

Let ¢o,x,m be the angle between the (k,m)th LED emitter’s
orientation vector vy, ,,, and the irradiance vector eg i, i.€.,
the LOS-path irradiance angle of the (k,m)th LED emitter,
as shown in Fig. 2. Let ¢; ., be the angle between the
(k,m)th LED emitter’s orientation vector vy, ,,, and the irradi-
ance vector ey i, i.e., the [th NLOS-path irradiance angle of
the (k, m)th LED emitter. In addition, let 6 j ,, be the LOS-
path incidence angle between the UD orientation vector u and
the incidence vector eq j ,,, and let 91 m [ =1: L, be the lth
NLOS-path incidence angle between the UD orientation vector
u and the reflection vector e; .. In a summary, we have

P0,k,m
PLkm = |Ix =

-
G1k,m = arccos (€, ,, Vkm), forl=0:L, 5)

arccos (—(€o km) ' 1), (6)
)Tu)7 forl=1:0L. 7

00,k,m

01,m

For the (k, m)th LED emitter, the UD will be able to detect
the LOS signal from this LED emitter if the UD is within
the FOV angle ¢roy of this LED emitter and the LOS-path
incidence angle 00,k,m is within the FOV angle Orov of the
UD, i.e ‘<1and‘9°’“’"|<1 where | o | denotes
absolute Value Let QR be the set of visible LEDs, and let
s € R3L19xl be the collection of scatterer locations, given by

arccos (— (e,

QR:{ | Lockem 1&‘ ’“m‘<1k~71 ME} (8)
PFOV Oro
s = vec[s; |Vl =1: L ,¥Ym € Qg], )

where vec|e] yields a vector by stacking all elements.

C. Visible Light RSS Model

The visible light RSS is fundamentally determined by the
transmitter steering gain and the receiver response gain as well
as the reflection coefficients (for NLOS links only), which are
also related to the above geometric location parameters.

1) Steering Gain of LED Emitter: The LED emitter steering
gain depends on the emitting power and irradiation angle.
We assume all LED emitters have the same emission-power
Wr. The radiation of LED emitters is usually described by a
Lambertian pattern [39] characterized by a Lambertian order

r= lncéI;W’ where A% is the semi-angle at half power

of LED emitters [40]. Then, for the lth path associated with
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the irradiance angle @; k., the steering gain of the (k, m)th
LED emitter is given by Wr(r + 1)(cos (d1,x,m))" for the
unit emission power, where [ =0 : L.

2) Response Gain of UD: The UD response gain depends
on the incidence angle and the transmission distance. For the
UD photodiode, we assume its aperture, optical filter gain and
optical concentrator gain is Pr, Gr and I'g, respectively,
where I'r = W@T in which (g is the refractive index

. FOV .
of UD optical concentrator. Hence, the UD response gain
associated with the [th incidence angle 6] and the (k,m)th

l,m
. .. TrGRr®R cos(6,;

emitter is given by %(“"), forl=1:L.

l,k,m

3) RSS Model: Based on the above scattering model, the
visible light RSS of each path is determined by both the
LED steering gain and the UD response gain associated with
the transmission distance. Hence, the visible light RSS zj
associated with the (k,m)th LED emitter is given by [21]

(10)

where ¢y, ,, is the measurement noise. To facilitate the analysis,
we assume €, ,, follows a zero-mean Gaussian distribution,
ie., egm ~ N(€km|0,w), Vk =1 : Mg, Ym € Qg, with
precision w (inverse variance). In addition, hy ,,(x,u,s) =

>~ hygm is the measurement function, where by j ,,, is the
iié)SLin the {th NLOS path, given by [21], [30], [42]

(r+1) (cos(¢o k.m))" cos(6o k.m)
% = Pr.mll3
cos(01,m)

Zkm = hk’,m (X7 u, S) + €k,m

:\IIR

; (1)

hO,k’,m,

W km = YR OLmMk (S1m) ” I=1:L, (12)

X —simll3’

for k =1: Mg and m € Qp, where @; ,,, € [0, 1) represents
the reflection coefficient of the [th scatterer associated with
the (k,m)th LED emitter, which is an unknown scalar; ¥
is a known constant dependent on the aperture, optical filter

gain and optical concentrator gain of the UD, given by

Wrlr GrPr

p= ———* =

steering gain associated with the transmission distance from
the (k, m)th LED emitter to the [th scatterer, given by

(7’ + 1)2 ( COS (¢l,k,m))r
277Hpk,m - sl,m”%
where ¢ ,,, is given by (5).

For ease of notation, let o € RXI9rl = vec[p; ,,|VI=1: L,
Vm € Qg), let Byp € RS = [x;ul, let Bg € Rl = [s; ],
and let o € R*I2rIH6 — [31,- B4] be the joint vector.

As per the relationship between {0, ,,, ¢1.m|VI = 0 : L}
and {x,u,s} described in (5)—(7), zj,, is rewritten as

n T
Zim = (815 (%) + ghon (%, Bg)) () + €m,

; and i (s;m) € R is the (unknown)

M (St,m) = , forl=1:L, (13)

(14)

los

u .

where p(u) = Tall’ gl°s, (x) and gl'° (x, Bg) (both in R?)
ul|o FLLL FLLL

is the coefficient vector of p(u) associated with the LOS link
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and NLOS link, respectively, given by (15) and (16), as shown
at the bottom of this page.

(r+1) (x=Pprm) Vim)

1% = Prom 5

Let z € RMeI9rl = vec[zy ,, |VE = 1 : Mp,¥m € Qg] be
the collection of RSS measurements. Then, z is given by

z = G(x,Bs) p(u) + €,

where € € RMEeIQr| ig the noise vector, and the coefficient
matrix G(x, 3g) € RMeIrIX3 s given by

g, (x)=Tg (Prm—x). (15)

A7)

G = mat[(g',;in—i—gzlﬁz)T|Vk =1:Mg,Vm € QR], (18)

where mat[e] yields a matrix by stacking all given row vectors.

Let Gios and Gpios € RMEIQRIX3 be the coefficient matrix
associated with the LOS and NLOS channel, respectively,
Gios = mat[(gﬁ%(x))WVk:: 1:Mg,VmeQg],

Glos = mat[(g,':,'ﬁ; (x, ,BS))T Vk=1: Mg, YmeQg].

19)
(20)

D. Problem Formulation of VLP

VLP is to estimate the UD location parameters (x, u) from
{Zk,;m|Vk = 1: Mg, Vm € Qgr}, under NLOS propagation
with unknown parameters {s;,|Vl = 1: L, Vm € Qr} and
{@LmWZ =1:L, VmEQR}.

There are two typical methods, based on different assump-
tions, to solve this VLP problem. The first is the LOS-based
VLP method, in which only the LOS channel is exploited and
the NLOS channel is assumed to be unknown, as formulated
by the following optimization problem,

PLoS-VLP : (Kios, Uios) = arg I)I(Hlllﬂ [z — Gios(x)p(0)|]3.

The second is the NLOS-based VLP method exploiting both
LOS and NLOS channels, which can be formulated as
PnLOS-VLP

(Rnios nis) = arg min min{]|— G (x, B) ()3 : Y85},

Cost function 9 (x,u)

where it should be noted that ¥(x,u) only depends on the
UD location parameters (x, u) but is independent of scattering
parameters g, since 9(x,u) has been minimized over Bg.
The goal of this paper is to reveal the performance limits of
these two VLP methods, i.e., E{||Xios — X||3}, E{||10s — 1|3},
E{||Xnios — x||3} and E{|[{tn0s — 1|3}, where E{e} is the
expectation over z. We also aim to establish the impact of
the NLOS propagation, SNR, transmission distance, reflection
coefficient and the number of LEDs on the VLP performance.
Challenge: However, it is challenging to analyze the LOS-
based and NLOS-based VLP error performance limits, since
there is no closed-form expression of the mean squared VLP

gin(x.8s) =Tr Y _ @

(’I“ + 1)2 ((pk’,m - Sl,m)—rvk’,m)r

(

l=1:L

27 [Pk — S 1572 (1% — st 13

3\sl}m—x). (16)
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errors (e.g., E{|[Xi0s — x||3}) due to the nonlinear system
function with respected to (w.r.t.) (x, u). U

To address this challenge, we use the inverse matrix lemma
[43], [44] for complex FIM functions and the first-order Taylor
expansion for nonlinear system models to gain a closed-form
CRLB analysis for the VLP error performance.®

III. PERFORMANCE LIMITS OF VLP

To achieve our goal, we first establish the closed-form error
bounds (i.e., CRLBs) for the UD location parameter estimates
(%, 1) of the typical VLP methods P os-vip and PnLos-vLp,
in turn. Then, we analyze the localization performance gain
from harnessing the NLOS links.

A. LOS-Based VLP Performance Limits

We consider the LOS-based VLP method P os-vip, Where
only the LOS channel is exploited. Let vy and v, be the NLOS
channel-caused estimate bias of X|,s and 1ies, respectively,

Ux = ||E{Xios} — x||2, (21)
vy = [[E{los} — ulf2. (22)
In addition, let 2B!%°(x, u) and 2B'%(x,u) € S? denote the
CRLBs on the covariance of Xjos and 1es, respectively. Then,
we have the following theorem to bound the VLP errors.
Theorem 1 (LOS-Based VLP Error Bound): The LOS-based
UD location and orientation estimate errors will be bounded
from below, respectively, as follows,

E{ s — X3} > trace(BI(x, w)) + 12,
E{||{ios — ul|3} > trace(%'li’s(x, u)) + vy,

(23)
(24)

where trace(e) is the matrix trace, and the closed-form CRLB
expressions are given, respectively, by
B = (wHios(x)U(u)Fios(x)U (W) H (%)), (25)
B = (WR(W)GL (%) Vies (x, 1) Grox ()R (W), (26)

in which His(x) € R33MelQrl R(u) € S5, Fis(x) €
SMelQrl and U(u) € R3MeIQrIXMeIQr] are given by

Hlos(x) = [I_]:O,k’,m|ij = 1:ME;vm€QR]; (27)
U(u) = L0, ® p(u), (28)
Fios = IME\QR\ - G|OS(X) (Gl—gs(x)Gbs(X))_lG—I:)s(X)’

(29)

2 T
[ufl313 — uu

R(u) = 1428 T8 (30)

[[ull

SCRLB quantifies the minimum mean squared error that an unbiased

estimator can achieve [45]. Hence, we adopt it as the performance metric

to study the VLP performance, as widely adopted in signal processing.
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in which Is is a 3 x 3 identity matrix, and ® is the Kronecker
product, and Ho ., € R3*3 and Vies(x,u) € SMel@zl jg
given by (31) and (32), as shown at the bottom of this page,
respectively.

Proof: See the proof in APPENDIX A. [ ]

In [22], a CRLB is also obtained, which considers the LOS
environment and the UD location estimate. Unlike [22], we
consider the NLOS prorogation and the unknown UD orien-
tation and its effect on the UD location estimate performance,
leading to a tighter location CRLB %',?s. In addition, the
closed-form UD orientation CRLB 93! is obtained in this
paper. It is difficult to derive an exact closed-form expression
for the LOS-based estimate bias vy and wv,, due to the
nonlinear system model (17). In the following, we shall
approximately characterize the NLOS-link-caused estimate
bias vy and vy,.

For convenience, let Guios = Gilos(x)pt(u) be the unknown
NLOS component of the LOS-based VLP method, let gpias be
its measurement bias due to G,jos, and let Gresi be its residual
measurement error (all in RM=12rl) which is given by

Sresi = Z — Glos(ﬁlos)ﬂ(ﬁlos)a (33)

where Xos is given in PLos-vip, and Gios(Xios )t (Uos) is its
measurement estimation. We know from the system model that
z = Glos(x)ﬂ(u) + Cnlos + € = Glos(klos)/—l’(ﬁlos) + Sresi- We
can observe that there is a measurement bias in the LOS-based
VLP method, i.e., Gios(Xios) 4 (Ttios) — Gios(x)pt(u1), denoted
by Spias € RMEI2R] where Gios(x)p(u) represents the true
measurement without noises. We can also observe that Gpas
mainly stems from ¢jos and Grsi since we have assumed the
measurement noise € is zero-mean, which is given by

Sbias = Snlos — Sresi- (34)

In the following, we show that the NLOS-caused location
estimation bias vx and v, are entirely determined by Gpias.

Theorem 2 (LOS-Based VLP Bias): The estimate biases vy
and vy in LOS-based VLP are approximately given by

U | Sbias| |2 Hlios (x) U ()13
Va & | Sbias]|2l| R (w) Gigs (%) 12

(35)
(36)

and the approximation error is a second-order infinitesimal
O([[%10s—%[|3 + || ttis—u1||3), which can be safely ignored.”
Proof: See APPENDIX B. [ |
We have the following Corollary to establish the scaling
rule of LOS-based estimation bias w.r.t. the measurement bias,
which sheds lights on the impact of the unknown NLOS
component on the LOS-based VLP error performance.

7f(z) ~ O(g(x)) as  — oo means there exists a positive number Cy
and a number X such that |f(z)| < Ci|g(z)| holds for all x > Xj.

Hokom = Yapg 4 (1 +3)(r + 1) (€0 1 mVim) €0.km€0 k.m — VR Pg g (7 + 1) (€0 4 mVim) I3

— g p(;,i,mr(r + 1) (e(—)r,k7mvk,7rz,)r_

Vies(x,1) = Iz, 0, — U (w)HL (%) <H|OS(X)U(u)UT(u)HT (x))_lHk,s(x)U(u).

los

1 T
VkﬂneO,k’,m, )

(€19
(32)

los
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Corollary 1 (Scaling Rule of LOS-Based VLP Bias): The
LOS-based VLP bias scales with ||Spias||2 as

Ux

lim o~ [[Hies(x)U (w5, 37
lsviasll2—0 || Sbias||2 [Hios(x)U (w)]|; (37)
Vu B

~ [|R(W) G (%)l (38)

lim
[ISbias|[2—0 ||§bias”2

with an approximation error O (||Xios —x||3 + [|tios —u|3).
Proof: 1t directly follows from Theorem 2. [ ]

We draw the following Remark on the NLOS effect on the
performance of the LOS-based VLP method.

Remark 1: This means that the LOS-based VLP bias reduces
with the NLOS signal strength, and the reducing rate depends
on the LOS channel gain. For a large VLP area, NLOS signals
will fade fast due to the long transmission distance. Hence,
the NLOS-caused VLP bias will be alleviated in this case. [

Considering that there is no exact closed-form expression of
the LOS-based VLP error, we have the following Theorem to
establish an approximate mean squared error (AMSE) for the
LOS-based VLP, which helps us gain insights into the overall
error performance of LOS-based VLP.

Theorem 3 (LOS-Based VLP Error): The LOS-based UD
location and orientation errors are approximately character-
ized, respectively, as follows,

E{[[%10s =13} 2 (IISbiasl|3 +E{|l€l|3}) | Hios(x) U (w) [,
E{|ltwes —ull3} & (llsbias]l3+E{[[€]3}) | Gos ()R "(w)ll3 >,

with an approximation error of O(||Xios—x||3 + [|tios—ul[3).
Proof: See the proof in APPENDIX C. [ ]

It is shown that the LOS-based VLP error stems from the
measurement noise € and the NLOS link-caused measurement
bias Gpias, and the above Theorem 3 quantifies how these two
error sources affect the LOS-based VLP error.

In the following, we reveal how the LOS-based VLP error is
quantified. An illustration of the LOS-based VLP error source
using the signal projection onto LOS channel-associated mea-
surement space is presented in Fig. 3, where (Xtrue, Utrue)
denotes the true value of (x,u), while Xpi,s and x,np denotes
the biased error and unbiased error of LOS-based location
estimate Xjos, given by Xunb = Xios — E{Xios} and Xpias =
E{Xios } —Xtrue, respectively, and Ziye = Gios(Xtrue ) 14 (Utrue)
denotes the true measurement of the LOS channel. We can
see that the LOS-based estimate (Xjos, Uios) corresponds to
the sample image Zios = Gios(Xios) 14 (os) in the range space,
which is an orthogonal projection (with the least squared error
from z as formulated in P os-vLp) of z onto the LOS channel-
associated range space Zios = { Gios(X) (1) : Vx, Yu}.

Remark 2 (Measurement Error — LOS-Based Range Error):
Firstly, the measurement error € + Gnios Will lead to a sample
image error Zjs — Ztue in the LOS-based range space Zjos.
Specifically, the sample image error Zjs — Zirue Stems from
the projection of the zero-mean measurement noise € and the
bias measurement error Gpiass, 1.€., the projection of Gpias + €,
where Spias = Snlos — Sresi. Hence, the LOS-based location
estimation error Xjos — Xtrue Can be cast as the summation of
the unbiased error X,np = Xijos — E{Xos} and the biased error
Xbias = E{Xilos} — Xtrue, Which stems from the projection of
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p Received sample z

resi (Orthogonal projection
i ontorange space)

True sample
Ztrue (xtruey utrue)
Zios = {Gios(x) p(u) : Vx, Vu}
(LOS-based range space)

= =

(LOS-based signal space)
Xios = {(x,0) : Vx, Yu}

True signal
(Xtries Utrue)

Fig. 3. Tlustration of LOS-based VLP error source projection.

the zero-mean measurement error € and the bias measurement
eITor Gpias, respectively, as shown in Fig. 3 and described
in Theorem 3. In addition, since € is zero-mean, the overall
measurement error Gpias + € of the LOS channel follows
E{ I sbias + €13} = E{l<oiasllZ} + E{] €lIZ}- O

Remark 3 (LOS-Based Range Error — LOS-Based Estimate
Error): Secondly, the LOS-based image error zjos — Ztrye leads
to the LOS-based VLP error ||Xjos — X||2. The scaling rate
associated with the projection from the LOS-based range space
Zjos to the LOS-based estimator space Xos = {(x, u)|Vx, Vu}
is dominated by the first-order Taylor component of the LOS
channel function Gios(x)p(u) w.rt. (x,u) around (x,u) =
(Xtruevutrue)a ie., Vx (G(Xtrue)ﬂtrue) = Hlos(xtrue)U(utrue)
and V(G (Xtrue)ire) = R(Utrue) Glog(Xerue). Therefore,
the projection of measurement error E{||Spias|2} + E{||€]|3}
in the range space onto the signal space should be tuned down
by this scaling rate, as described in Theorem 3. 0

It is implied by Theorem 3 that, as the SNR increases,
the unknown NLOS component will become the dominant
localization error source, and hence the LOS-based VLP
performance will hit an error floor due to the bias from the
non-ignorable NLOS links. We have the following Corollary to
characterize this error floor of the LOS-based VLP method.

Corollary 2 (NLOS Link-Caused Error Floor in LOS-Based
VLP): As the SNR increases infinitely, the LOS-based VLP
error will tend to the following asymptotic limit:

i E{[Rios—x[[3} ~ E{|Sbias||3} [ Hlios (x) U(w)] %,
—00

i B} ~ Bl I3} Gros (xR T2,

with an approximation error of O(||Xis—x||3 + [|tios—u||3).
Proof: As SNR — oo, |||l — 0, and hence we can
obtain the above Corollary 2 as per Theorem 3. |
This means, the LOS-based VLP error floor is determined
by the NLOS links-caused measurement bias Gpjas. Unlike
LOS-based VLP, NLOS-based VLP will harness NLOS propa-
gation to mitigate its negative effect on the VLP performance.
The following performance analysis will show that the NLOS
propagation-caused VLP error floor will vanish, by exploit-
ing NLOS propagation knowledge in the UD location
estimate.
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B. NLOS-Based VLP Performance Limits

In the following, we focus on the performance limit analysis
of the NLOS-based VLP exploiting LOS and NLOS channels,
which is challenging due to the complex system model.

Theorem 4 (NLOS-Based VLP Error Bound): The NLOS-
based UD location and orientation estimate errors will be
bounded from below as follows,

E{[%nios — |3 : Bs} > trace(BL(x, u; Bg)), (39)
E{[fios — w3 : Bs} > trace(BL™(x, w5 B)),  (40)
where B (x, u; Bg) and BN (x,u; Bg) € S* denote the

NLOS-based location CRLB and orientation CRLB (condi-
tioned on [Bg), respectively, given by®

B = (wH(x)U(u)F(x)U" (u)H' (x) - LL(x, 1)) -
B = (WRWG (X)V (x,1)G(x)R(w) - L3 (x,u)) ",

where £7°°(x,u) and £"°*(x,u) € S denotes the uncertain
NLOS channel state-caused information reduction in the UD
location and orientation, respectively, which are given later.
Proof: See the proof in APPENDIX D. [ ]
In addition, F(x) € SM=19&l is given by

F(x) = Lugjon — Gx)(GT(x)G(x) 'G'(x), (1)

where G(x) is given in (18), and V (x,u) € SMel%zrl jg
given by (42), as shown at the bottom of this page. In addition,
H(x) € R3*3Mel2xrl i5 given by

H(x) = [Hym|Vk = 1: Mg, ¥meQg),

Hk’,m = HO,k’,m + E Hl,k’,m;
1=1:L

(43)
(44)

where Hy ., is given by (31), and H; 5., € R3*3, for | =
1: L, is given by

(r4+1)2 01.m @ik m (St,m)

H;pm=3Vr (x—Stm) (X—S1,m)

2r  |x—simll3
(7“ + 1)2 @l,mwl,k,m(skm)
— \I/R 3 135
2 x—sumll3
(45)
in which ¢ 1 (s;,m) € R is given by
(Shm - pk,m)Tvk,m "

Ot k,m(Stm) = ( e ) (46)

I81,m — Pr,mll5

In addition, £"°%(x,u) and £7°5(x,u) € S are given by
LN = P.WIP] — wH(x)U(u)F+ (x)U (u)H' (x),

LN =P WP - wR(W)GT(x)VE(x,u)G(x)R (),

8For ease of notation, we drop By in the following notations.

4869

Visible light RSS measurement z

| LOS information 7%* | | NLOS information 75/°*

| Overall location information Q7 (x, u)
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Fig. 4. An illustration of LOS- and NLOS-based VLP information sources.

where Py, Py € R3*XALIQRIH3) and W, , W, € SELICRI+3)
are given by (105), (109), (106) and (110), respectively, while
Ft(x) and V *(x,u) € SM=|%zl are given by

FL(X) = IME\QR\ - F(X)a
VJ'(X, u) = Iy, — V (x,0).

(47)
(48)

We remark on the NLOS-based VLP performance as below.

Remark 4 (Vanished Error Floor of NLOS-Based VLP): 1t
should be noted that the information reduction £7'°% and £
are proportional to w. Therefore, when SNR — oo, the NLOS-
based VLP error bound B2 and B"° will approach zero
due to the exploitation of the NLOS propagation knowledge in
the UD localization, as implied by Theorem 4. Hence, as SNR
increases, there is no error floor in the VLP method after
exploiting NLOS propagation knowledge. This implies a huge
VLP performance gain from harnessing NLOS links. 0

In the following, we shall quantify the achieved performance
gain of the NLOS-based VLP method (from exploiting the
NLOS links) over the LOS-based VLP method.

IV. NLOS-BASED VLP PERFORMANCE GAIN FROM
HARNESSING NLOS PROPAGATION

Let us start with the analysis of LOS-based VLP information
sources. Then, we will elaborate NLOS-based VLP informa-
tion sources to reveal the performance gain from harnessing
NLOS propagation. An illustration of LOS-based and NLOS-
based VLP information sources is provided in Fig. 4.

A. Information Elements of LOS-Based VLP
For convenience, we define the following information nota-
tions associated with the LOS-based VLP method P_os-viLp.

e (LOS Link-Contributed FIM): Let J'(x,u) € S® be
the UD location information from the LOS link, i.e.,
the inverse of LOS-based CRLB 2B!°(x, u), given by

Jl;c)s = WHIOS(X)U(H)FIOS(X)UT(U) H—Iros(x)’ (49)

A% (x, u) = Iy j00 — UT(u)HT(x) (H(X)U(u)UT(u)HT(x))le(x)U(u).

(42)
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where F\os(x) is given by (29). This FIM quantifies the
theoretically maximum information that the LOS-based
VLP method can gain from the LOS channel of a clean
environment without diffuse scattering (i.e., Spias = 0).

o (Equivalent FIM of LOS-Based VLP): Let Ql,(:s(x, u) €
S? denote the equivalent location FIM (i.e., the accuracy)
of the LOS-based VLP method, which is defined as the
inverse of the associated error coverable matrix, i.e.,

los = los

9 (x,u) = (By (x,u)) ", (50)

- 3 . . .
where %;:s(x, u) € S? is the covariance matrix of the
LOS-based UD location estimate error, i.e.,

los

B (x, 1) = E{ (Kios— %) (Kios—%) ' }. (51)
The FIM Ql,?s (x,u) quantifies the actual net-information
gained (from the LOS channel) by the LOS-based VLP
method in a diffuse-scattering environment.

o (Measurement Bias-Caused Equivalent Location FIM):
Let J%*(x,u) € S® be the equivalent location FIM
associated with the LOS-based location estimation bias
caused by the measurement bias Gpias, given by

Jiias — Hgbias||52H|°5(X)U(U)UT(U) H—Il;s(x)7 (52)

where Gpias 1S given by (34). This FIM stands for “virtual”
information associated with the unknown NLOS links.

Then, we have the following lemma to establish the equiv-
alent information ©/%(x,u) of the LOS-based VLP method.
Lemma 1 (LOS-Based VLP’s Equivalent FIM): The equiv-
alent information matrix of the LOS-based VLP method is
approximately given by
-1

Qr(x,u)~ (T (e w) T+ (T xw) ) L 63)

QL (x,u)

with an approximation error of O(||Xis—x|[3 + [|tes—u[3),
where J ',fs and J iias is given by (49) and (52), respectively.
Proof: See the proof in APPENDIX E. [ ]
Implied by Lemma 1, the LOS-based VLP error follows
E{ (R10s—%) (R10s—%) T} & (T%(x, 1)) 7 (T2 (x,m))
which is consistent with Theorem 3 and complies with the
localization information evolution rule established in [43] and
[44]. LOS channel-contributed information J ',fs is affected by
the measurement accuracy w as shown in (49), whereas the
bias information J E(ias is determined by the measurement bias
strength ||Gpias||2 as shown in (52). Hence, the LOS-based VLP
error stems from both measurement noise € and NLOS-caused
measurement bias Gpiss, as described in (53) and Theorem 3.
The equivalent information Q' (x,u) describes the LOS-
based UD localization accuracy performance limit, i.e., the
overall net information under NLOS propagation. It is implied
by (53) that the NLOS propogation will lead to an information
reduction and hence a performance loss in the LOS-based VLP
method, i.e., Q',fs = J',fs. Let W',fs €S = .7',‘25 — Q',fs be
such NLOS-caused information reduction.
Corollary 3 (Closed-Form Location Information Reduction
in LOS-Based VLP): For the LOS-based VLP method, the UD
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location estimation information reduction due to the unknown
NLOS links is given by

. _ 1\ 1
W) = (7)) '73(a2) +(a2) ") . o

where J ',fs and J iias is given by (49) and (52), respectively.
Proof: See the proof in APPENDIX F. [ |
Remark 5 (NLOS-Caused Performance Loss of LOS-Based
VLP): We can see from (54) that the information reduction
matrix W',fs = 0, i.e., there must be an information loss in
LOS-based VLP due to the NLOS propagation. This is because
the unknown NLOS links in RSS measurements behave as
disturbance sources for the LOS-based VLP method and hence
degrade the achieved VLP performance. Therefore, the LOS
channel-based location estimation information will be diluted
by the bias information J ?cias from J ',fs to Q',fs, in a manner
described in (53). This complies with our intuition. Ideally, for
a clean environment without diffuse scattering, the LOS-based
VLP information will be exactly the LOS channel information
J'°%(x,u) without discount. O

B. Information Sources of NLOS-Based VLP

For the NLOS-based VLP method, since the NLOS prop-
agation knowledge is exploited, there will be information
gain from NLOS links. Let J2°(x,u) € S* be the UD
location information from the NLOS links (established later).
Then, the overall CRLB 27°°(x, u) on the NLOS-based UD
location estimate error (in Theorem 4) follows

BY*ecw) = (T80 + TP xu)) L 69
Q5% (x,u)

as illustrated in Fig. 4, where the net information J'%(x, u)
from the LOS channel is given by (49), and Q1% (x,u) € S?
is the overall information of the NLOS-based VLP, from LOS
and NLOS channels. The net information J7°(x,u) from
the NLOS channel is given by the following Corollary.

Corollary 4 (Location Information From NLOS Links):

In the NLOS-based VLP method, the UD location informa-
tion associated with the NLOS links is given by

T1%(x,u) = DY (x,u) — 7% (x, u), (56)

where D% (x,u) € S? is the raw cross information from the
LOS link and NLOS links, given by (57), as shown at the
bottom of the next page, where Hpjos(x) € R3*3Mrl2rl jg
given by
Hojos(x) = [ Y Hypm|Vk = 1:Mp,VmeQg], (58)
l=1:L

and 87 (x,u) € S? is the unknown NLOS channel state-
caused information reduction, given by

S?JOS = wa;1PI - WHIOS(X)U(U)Fés (X)UT(u)H—Il;s(X)v
in which P« and Wy is given by (105) and (106), respectively,
while Fii_(x) is given by

Fis (%) = Gios (%) (Gys (%) Gios (%)) Gl ().

Proof: See the proof in APPENDIX G. [ ]

(59)
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Corollary 4 quantifies the location information J 75 (x, u)

of the NLOS-based VLP from the NLOS channel. We can
observe that the NLOS channel with a well-defined NLOS
propagation model can be exploited to extract additional UD
location knowledge if J "los(x, u) = 0 is satisfied.

X

C. Performance Gain of NLOS-Based VLP

We shall establish the performance gain of NLOS-based
VLP over LOS-based VLP. Let the approximate error ZVS',?S =
(Q',fs) ! (with ©'° given by (53)) represent the error perfor-
mance limit of the LOS-based VLP method.

Compared with the NLOS-based and the LOS-based VLP
information formation in (55) and (53), respectively, we can
observe that the NLOS links impose a negative effect on the
LOS-based VLP (leading to an information reduction W',fs)
while a positive effect on the NLOS-based VLP (leading to an
information gain J"°). Hence, the overall performance gain
of the NLOS-based VLP over the LOS-based VLP includes
two parts: the NLOS link-contributed information gain J"°°
and the NLOS link-caused information reduction W' in the
LOS-based VLP method, as elaborated below.

Corollary 5 (NLOS-Based VLP Information Gain Over
LOS-Based VLP): The performance gain of NLOS-based VLP
over LOS-based VLP, from harnessing NLOS links, is given

by
08" (x,u) = W (x,u) + T2 (x, u),

where W' and J7°* is given by (54) and (56), respectively.
Proof: This Corollary directly follows from the associated
definition that Q%"(x,u) = Q"%(x,u) — Q(x,u) =

nlos los los) —1 bias) —1)—1
Jx +Jx_((‘7X) +(Jx) ) : u

los

Then, the following theorem establishes that harnessing the
NLOS links will contribute to VLP, if the NLOS-associated
information gain J7° satisfies a certain condition.

Theorem 5 (Lower Error of NLOS-Based VLP): The NLOS-
based VLP error bound is lower than the approximate LOS-
based VLP error, i.e., %;‘!c’s =< f?',?s if the following non-
negative-gain condition is satisfied,

Q%" (x,u) = 0353.

Proof: 1t can be easily verified from (60) that, if (61) is
satisfied, we have Qiai" = 03x3. Then, based on (55) and (53)
in Lemma 1, we finally arrive at %;‘Jos =< B',‘:S [ |

It should be noted that condition (61) is satisfied almost
surely. This is because the NLOS link with a well-defined
propagation model indeed has useful UD location information,
and meanwhile the unknown NLOS link-caused information
reduction in the LOS-based VLP method is non-ignorable,
ie., W',fs > 0. Hence, it is possible to improve the VLP
performance via exploiting UD location knowledge from the
NLOS links, given the NLOS propagation model. Yet, this

(60)

(61)
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is challenging due to the non-convex nature of NLOS-based
VLP, and hence it calls for an efficient algorithm design.

V. ASYMPTOTIC PERFORMANCE ANALYSIS

We can see from Theorem 4 that the NLOS-based VLP error
is affected by several system parameters, e.g., the transmission
distance, SNR and the number of visible LED emitters. In this
section, we shall reveal the effect of these critical parameters
on the performance of the NLOS-based VLP method.

Firstly, regarding the scaling rule of the NLOS-based CRLB
w.r.t. SNR, we have the following Corollary.

Corollary 6 (The Effect of SNR): The NLOS-based VLP
error bounds B7°°(x, u) and B"°(x, u) scale with the SNR
in the following manner, as SNR — 00,’

trace(%;'c'c’s(x,u)) ~ O(SNR™1),
trace(%'&'”(x,u)) ~ O(SNR™1).

(62)
(63)

Proof: Tt directly follows from Theorem 4. It should be
noted that £7°%(x, u) and £7°(x,u) are O(SNR™'), which
can be easily verified by their closed-form expressions. [ ]

This Corollary implies that the NLOS-based VLP error is
totally affected by measurement noise strength, and it reduces
with the SNR. Hence, unlike the LOS-based VLP method,
the NLOS-based VLP method will no longer have a NLOS-
caused error floor in a high-SNR region due to the harnessing
of NLOS links. This complies with Remark 4.

For ease of notation, let pyin = min{pg;m|vl = 0 : L,
Vk = 1: Mg, Ym € Qr} be the minimum transmission
distance between the LEDs and the UD.

Secondly, for the scaling rule of the NLOS-based VLP error
CRLB w.r.t. the transmission distance between the LED and
UD, we have the following conclusion.

Corollary 7 (The Effect of Transmission Distance): The
NLOS-based VLP error bounds scale with the transmission
distance between the LED and UD as follows,'? as Pmin — 00:

trace (B (x, 1)) ~ ), (64)
trace(%ﬂ'os(x,u)) ~ Qpk. ). (65)
Proof: See APPENDIX H. [ |

This indicates that the NLOS-based location estimate error
is increasing with the transmission distance in the sixth power,
while the orientation estimate error is increasing with the trans-
mission distance in the fourth power, which is fundamentally
determined by the physical propagation model of visible light
signals. This means that a larger area needs more LEDs to
preserve a satisfactory VLP performance.

Thirdly, for the scaling of the NLOS-based VLP error CRLB
w.r.t. the number of LEDs, we have the following conclusion.

9f(z) ~ O(g(x)) as © — oo means there exists C1, Co > 0 and a
constant Xg such that C1 |g(z)| < |f(z)] < Ca2|g(x)]| holds for all z > Xo.

10f(x) ~ Q(g(x)) as & — oo means there exists a positive number Cs
and a number X such that |f(z)| > C2|g(z)| holds for all x > Xj.

D?clos(xa u) = WHnIos(X)U(u)UT(u)H—Il;s(X) + WHIOS(X)U(U)UT(u)H:Ios(X) + WHnIos(X)U(u)UT(u)H:Ios(X)'

(57)



4872

Corollary 8 (The Effect of LED Set Size): We assume that
the LEDs are uniformly distributed within the room. Then,
as |Q2r| — oo, the NLOS-based error bounds follows

trace(%;'os(x, u)) ~ O(|Qgr|1), (66)
trace(BL(x,u)) ~ O(|Qx| ). (67)
Proof: See APPENDIX I. [ |

This means that the NLOS-based VLP error reduces with
the number of independent sources, at the rate of O(|Qg|™1).
Corollaries 7 and 8 can be used to assess how many LED
sources are needed to achieve the desired VLP performance.

Fourthly, for the impact of scatterer reflection coefficients on
the NLOS-based and LOS-based VLP performance, separately,
we have the following Corollaries.

Corollary 9 (The Effect of Reflection Coefficient on NLOS-
Based VLP Performance): The NLOS-based VLP error bounds
BN (x, u) and B"°%(x, u) scale with the NLOS-path reflec-
tion coefficient as follows, as |||z — oo:!!

trace(BL(x, u)) ~ O(lplz?), (68)
trace(%ﬂ'os(x, u)) ~ O(|lpl5?). (69)

Corollary 10 (The Effect of Reflection Coefficient on LOS-
Based VLP Performance): The LOS-based VLP error bounds

B (x, u) and B°°(x, u) scale with the reflection coefficient
strength ||g||2 in the following manner, as |/g||2 — oo:

trace(Bi*(x, u)) ~ O([pl3), (70)
trace(B3*(x, u)) ~ O([pl3). (71)
Proof: See APPENDIX J. [ |

We can observe that, when the reflection coefficient
increases, the LOS-based VLP error increases accordingly,
while the NLOS-based VLP error reduces, both at a second-
order rate (considering squared errors), which are totally oppo-
site behaviors. This is because of the different mechanisms for
handling the NLOS channel and hence different information
structures of these two VLP methods.

The scatterer reflection coefficient will affect the strength
of NLOS signals ||$nios||2, which will further affect the NLOS
propagation-caused equivalent information J2°%(x,u) of the
LOS-based VLP method (see (52)) and the NLOS channel-
contributed information J° ;_‘clos (x,u) of the NLOS-based VLP
method (see (56)). Yet, J ;’c'as(x, u) leads to an effect of infor-
mation reduction to the LOS-based VLP method (see (53)),
while J7°(x, u) leads to an effect of information increase to
the NLOS-based VLP method (see (55)). Hence, the reflection
coefficient has an entirely different impact on these two VLP
methods. Specifically, for the LOS-based VLP method, a small
reflection coefficient leads to a small interference and hence a
small NLOS-caused error floor and finally a small VLP error.
On the contrary, for the NLOS-based VLP method, a small
reflection coefficient leads to a small information contribution

from the NLOS channel, thus leading to a large VLP error.

"Despite ||go||2 € (0, 1), the following asymptotic limits over |[gl|l2 —
oo are useful for understanding the scaling rule of VLP performance. For
[[g|l2 — 0, the LOS-based VLP performance can be directly implied by
Theorem 2 and 3. In addition, NLOS-based VLP will reduce to LOS-based
VLP in such a case, which means identical performance limits of them.
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VI. NUMERICAL RESULTS

We shall use numeric simulations to examine our theoretical
results of LOS- and NLOS-based VLP performance limits.

A. Simulation Settings

We consider M = 15 LED transmitters uniformly installed
on the ceiling of a room with the size of 9[m] x 9[m] x 4[m)].
In addition, we assume there are Mg = 25 emitters associated
with each LED transmitter, which are uniformly distributed
within a circle area of 1[cm?2] around the LED transmitter
centre. The orientation of all LED emitters is assumed to be
with a downwards direction with an arbitrary azimuth direction
and a random polar angle. The UD appears in the room at a
random location and with a random orientation. In addition,
we assume ®p = 0.5[cm?], r = 1, Ggp = 1, ' = 2.25,
and fpoy = ¢roy = 7/2. These parameter settings follow
from a typical LED setup that is widely adopted in papers
such as [5], [12], [46], [47]. Furthermore, we consider the
measurement noise strength to be 10~® such that the SNR
is around 30[dB], and we set L = 4 diffuse paths between
each LED emitter and the UD [41], unless specified otherwise.
The four scatterers between each LED transmitter and UD
are randomly distributed within the room since we assume
that there is no prior knowledge of scatterer locations. This
assumption is general and reasonable in practice. Moreover,
we set @, in (0, 0.8) at random, for each diffuse link.

B. Result Analysis

1) The Effect of SNR: The performance of the LOS- and
NLOS-based VLP methods v.s. SNR is shown in Fig. 5, where
the measurement noise power reduces such that the SNR varies
from -20[dB] to 80[dB]. It is shown that, as SNR increases,
the LOS-based VLP error reduces and finally hits an error
floor in the high SNR region, due to NLOS propagation,
which complies with Corollary 2. This means that the NLOS
links will become the dominant error of the LOS-based VLP
method in high SNR conditions, and hence an advanced VLP
algorithm to harness the NLOS links is desired. In contrast, the
NLOS-based VLP error reduces as the SNR increases, due to
the exploitation of NLOS propagation knowledge, as revealed
in Theorem 4 and Corollary 6.

We consider two UD paths, as shown in Fig. 6, to evaluate
the associated NLOS-based VLP performance. We can see
from Fig. 7 that the VLP will achieve better performance when
the UD height is lower than 3[m] for a 4[m]-high room, due to
the better sight. In addition, the VLP has a larger error when
the UD is closer to the wall.

2) Gain From Harnessing the NLOS Links: The achieved
localization performance gain from exploiting NLOS propaga-
tion knowledge is shown in Fig. 8, where the associated perfor-
mance gain of the UD location estimate is defined as the ratio
between the LOS-based approximate VLP error trace(Bl°)
and the NLOS-based VLP error bound trace(B5). It is
shown that this performance gain increases with SNR. In the
high SNR region, the NLOS interference will become the
dominant error source. Hence, the VLP method will achieve a
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large performance gain from harnessing the NLOS links. This
numerical result complies with Corollary 5 and Theorem 5.
3) The Effect of NLOS Propagation: The LOS- and NLOS-
based VLP error performances v.s. the number of NLOS links
are given in Fig. 9. It is shown that a larger number of the
NLOS links leads to a larger localization error for the LOS-
based VLP method, which complies with Corollary 10. In
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contrast, for the NLOS-based VLP method, the localization
error will slightly reduce with the number of NLOS links
since more NLOS links bring more UD location information
to VLP, which complies with Corollary 9. This means that the
NLOS-based VLP method can be expected to achieve a reli-
able solution in diffuse scattering environments via exploiting
NLOS propagation knowledge.

4) The Impact of Reflection Coefficients: The localization
performances of LOS- and NLOS-based VLP methods v.s. the
reflection coefficients {(; ., } of NLOS channels are presented
in Fig. 10, where we set g; ,, ranges within [0.1,1) for all
NLOS paths. It is shown that the LOS-based VLP error
increases (almost linearly) with the reflection coefficient of
the NLOS links. This is because a large refection coefficient
leads to a large unknown NLOS component, as revealed in
Theorem 2, 3 and Corollary 10. In contrast, the NLOS-based
VLP error will not increase with an increasing reflection
coefficient, due to the exploitation of NLOS propagation
knowledge, which complies with Corollary 9.

5) The Effect of the Room Size: The VLP error performance
v.s. the room size is presented in Fig. 11, where we consider
a cubic room with a length ranging from 5[m] to 100[m] and
the LEDs are uniformly distributed on the room ceiling. The
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number of LEDs is fixed at 15. It is shown in Fig. 11 that the
NLOS-based VLP error increases with the room size, which
complies with Corollary 7. In contrast, the LOS-based VLP
error first reduces and then increases with the room size. This
is because a small NLOS path length will lead to a large
NLOS interference, thus rendering a large VLP error, when
the room size is small (e.g., less than 10[m]).'?> As the room
size increases, the NLOS path length increases, and hence
the NLOS interference will rapidly reduce, so does the gap
between the LOS-based VLP error with its CRLB. Then, when
the room size is sufficiently large, the LOS-based VLP error
will tend to its CRLB, and both are increasing with the room
size. In this case, the scaling rate of the NLOS-based VLP
error and LOS-based VLP error become the same.

6) The Impact of the Number of LEDs: The impact of |© g|
on the VLP performance is shown in Fig. 12, where |Op|
varies from 1 to 40 while the measurement noise strength is
fixed at 10~® (equivalent to an SNR around 30dB for the case
of 15 LEDs). We can see that the LOS-based VLP error will
reduce and then tend to be saturated as |© | increases. This is
due to the NLOS propagation-caused VLP error, which cannot
be mitigated by deploying more LEDs. In contrast, the NLOS-

121t should be noted that the strength of the NLOS component increases
with the reduction of the NLOS path length, as shown in (16).
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based VLP error reduces with |© | at a rate of approximately
O(|®r|~2) (for root mean squared error), which complies
with Corollary 8. In addition, 10 LED arrays are sufficient for
achieving satisfactory VLP performance. When |Og| > 10,
the NLOS-based VLP performance gain from the increased
LEDs will gradually become marginal due to the limited
deployment area (room ceiling) of the LEDs.

VII. CONCLUSION

In this paper, the performance limits of VLP methods in
diffuse scattering environments are studied, where two typical
VLP methods, i.e., the LOS-based and the NLOS-based VLP
methods, are investigated.

Firstly, the closed-form error bounds of these two typical
VLP methods are quantified to gain insights into the VLP
performance limits under diffuse scattering effects. It is shown
that the LOS-based VLP error is affected by both the noise
and the NLOS component in RSS measurements, while the
NLOS-based VLP error is determined by the measurement
noise only. Hence, there will be an error floor in the LOS-based
VLP method as the SNR increases, and the error floor depends
on the NLOS signal strength, which has been quantified in
the paper. In contrast, the NLOS-based VLP method has no
such error floor as the SNR increases, since the propagation
knowledge of NLOS signals is exploited in its UD localization.

Secondly, the effect of the NLOS propagation on the VLP
performance limits is analyzed. To be specific, the performance
gain of the NLOS-based VLP method (from harnessing the
NLOS links) over the LOS-based VLP method is quantified.
It is established that exploiting the NLOS propagation knowl-
edge in UD localization can significantly improve the VLP
performance, particularly in a high-SNR condition.

APPENDIX A
PROOF OF THEOREM 1

_ We shall first derive the CRLB for the LOS-based estimate
o for the joint vector 3%, and then we will derive the
CRLBs for x and u, separately. Let v be the bias of 335, due

to the NLOS effect, i.e., v = IE{B'{}S]'D} — Byp- Thus, the mean
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squared error of ,8'°S can be formulated as

E{[188 — Bupll3} = vl + E{IBSH — E{BEL} 133,

COV(BIOS

where it should be noted that E{||v||3} = [|v|3 and cov(B'%,)
is the covariance of estimate error, which follows [45],

cov(B6h) > trace(Bg (ﬁUD))v
Bg (Bup) = (Z5, (Bup))

where B'°SD(,BUD) € S° is the CRLB of joint variable By,
and I|°S (,BUD) is the Fisher information matrix (FIM) [45],

BZD (BUD) ]EZ‘IBUD{ V,23uD lnplos (z|/6UD) }a (74)

where V2 _(e) is the second-order derivative w.r.t. Byp, and
plos( |/8UD) ( |G|os( ) ( )+§nIOS7WIME|QR|) as per the

u
system model, where p(u) = W and Gulos = Glos(x)t(u)
2

(72)
(73)

is the NLOS component.
Then, the FIM Z g los °(Bup) will be eventually given by

T (xu) T,(xu)
75 (xow) 2,00

where each 3 x 3 information element matrix is given by

g (Bup) = (75)

I (5, u) = wHis(x)U(w)UT(w)Hjiy(x),  (76)

'°s w(x,u) = wH|os( U (u)qus(x)’l'\’,—r(u)7 (77)
I'°S (x,u) = I, (x, ), (78)
I'ffu(x,U) = wR( )Gios (%) Gios(x)R ' (w), (79

and Hyos(x), U(u), R(u) and Ges(x) is given by (27), (28),
(30) and (19), respectively. Then, based on the structure of the
joint variable B;p’s CRLB and using Schur complement [43],
the CRLB of x and u is eventually given by (25) and (26),
respectively. Hence, Theorem 1 is proved.
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Sbias = Snlos — Sresi- Since we know z = Glos(xtrue)u(utrue) +
Snlos + € as per the system model, we have

vl

Then, taking the expectation of both sides of (80) over e,

vx(G"Ios(xtlrue)lll('-ltrue)) i IE{)A(Ios}_xtlrue —

we have |:vu (Glos(xtrue)U(utrue))] |:E{ﬁlos}_utrue:| ~ Sbiss:
where we have assumed E{e} = 0. As a result, we arrive
at (81), as shown at the bottom of this page. It should
be noted that V (Gbs(xt,ue)u(ut,ue)) = Hjos(x)U(u) and
Ux = ||E{Xios} — Xtrue||2. Hence, taking the trace of the
3 x 3 left-top submatrix and the 3 x 3 right-bottom submatrix
of the correlation matrix cb;ascgas in (81) and using the
singular-value-decomposition of the left coefficient matrix,

Theorem 2 is proved.

X} ~ Shiss+ €. (80)

Utrue

APPENDIX C
PROOF OF THEOREM 3

Let €overall = Sbias+ €. Then, as per (80), we have (82), as
shown at the bottom of the next page, and further have (83),
as shown at the bottom of the next page. Hence, taking the
trace of the 3 x 3 left-top submatrix and the 3 x 3 right-bottom
submatrix of the left-hand-side correlation matrix in (83), the
equations in Theorem 3 are obtained. An approximation with
an error of O(||Xios — X¢rue||3 + ||Tios — Uerue||3) is employed
in (80), and hence the LOS-based VLP performance approxi-
mation error is O(||§<|os—xt,ue||§ + ||ﬁ|os—ut,ue||§).

APPENDIX D
PROOF OF THEOREM 4

The derivation of the NLOS-based CRLBs follows from a
similar idea to the LOS-based CRLBs in (25) and (26), where
we only need to replay Gios(x) by G(x). Hence, all FIMs
should relate to the NLOS-based information. As per (74),
the NLOS-based FIM Z (8 ) of joint variable a follows

APPENDIX B Tew Teuw Tes In
PROOF OF THEOREM 2 T T T ’ T ®
For the LOS-based VLP method, only the LOS channel Zo(Byp) = Iu,x Iu’u Ir?loss I;lfo{;' , (84)
is exploited. Hence, its system model is recast as z = Is7x Is’u Inios Iﬁo‘?
Glos(x)u(u) ~+ Snlos + €, Where Gpios = Gnlos(x)u(u) is the o o
NLOS component but is unknown for the LOS-based VLP. Let  where each information element is given by
7z = Gios(Xios)pt(los) be the measurement guess of the 3 T .
LOS-based VLP method. Applying the first-order approx- Txx € S3;BWH(X)U( WU (WH (x), (85)
imation around X = Xgue, Where Xiue 1s the true Ixuw€R =wH((x)U(u)G(x)R ( )s (86)
value of x, we obtain_r z =~ Gios(Xtrue) (Utrie) + I s € R3X3LINR] — wH(x)U(u)U' (u) Los(x), (87)
|:§xEglosgitruegugﬁtrue;ﬂ |:?llos : i(ltrue:| where the hlgh- Ix7p S R3><L|QR\ = wH( ) (u) nlos(x 11) (88)
Srder inhntesimal enor of Ol I3 + e —ulg)  Tom € 5 =wRWGE KGR (w) 9)
s~ X[ + s — ) oo o .
is ignored. In addition, let G.si = z — Z be the resid- IuseR =wR(u)G (x)U ( JHios(%),  (90)
ual measurement error of the LOS-based VLP, and let Ty € R3¥LIOR| :wR(u)GT(x)Kmos(x,u), 91)
. . T
i CT- ~ {VI (GIOS(Xtrue)u’(utrue)) ] {E{Xlos} - Xtrue:| |:E{X|os} - Xtrue:| {Vx (G|05(Xtrue)p,(ut,ue)) (81)
as>bias VI (Glos(xtrue)u(utrue)) E{ﬁlos} — Utrue E{ﬁlos} — Utrue vu(G"Ios(xtlrue)lll(]-ltrue))
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Igtgs € s3Llenl = WHnlos(X)U(u)UT(u)H—nrlos(X)a (92)

1—2!?05 S R3L|QR|XL|QR‘ = anIOS(X)U(u)KMOS(Xv 11),

93)
I;'?;, e SHerl — KT (%, u)Knos(x, 1), (94)
where Hjos(x) € R3LICRIX3MBIQR] j5 gjven by
Hoios(X) = [Him|Vk =1: Mg, Vm € Qg],  (95)
Him = mat [ Hy mom [V’ € Qr, (96)
in which Hy, m.m: € C3%3 is given by
/ e
e e
H).,, = mat[H], ,|VI=1: L], (98)

in which Hj ., € R3%3 is given by (99), as shown at the

bottom of this page and ¢; 1, € R is given by (46). In
addition, Kpjos(x, u) € RMeIQrIXLIOR] g

Knlos(xa u) = diag[Km(Xa u)|vm € QR]; (100)

K, (x,u) = mat[q;m(x, u)|Vk =1: Mg|, (101)

qr,m (X, 1) = vec|q km |Vl =1: L], (102)

where ¢ ... € R is given by

(7’ + 1)2 ((Sl,m_ pk,m)TVk,m)T(shm - X)Tu

27|81, — Prmll5 7]

qi.k;m = YR

X = Slm”%
Based on the structure of Z o (Byp), applying Schur com-
plement, the UD location-based FIM is given by
QL (Bup) = Txx — PxW ' Py, (103)
= wH(x)U(u)U" (0)H(x) — Px W P],
(104)
with Py € R3*ULIQRIT3) and W, € SULIRRI+3) given by

Pu = [Tun Tus Tupl, (105)
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Iu,u Iu,s Iu,p

Wy = |Zsu I;‘;‘;S Iglf?g , (106)
nlos nlos
Ip,u Iﬂs IP7$’~'

and each element Z, , has been given by (85)—(94).

Rearranging Z,(Byp) and applying the Schur com-
plement, the UD orientation-based FIM QM5(8Bp) is
given by

Q" (Byp) = Zum — PuW Py, (107)
= Ru)G (x)G(x)R (u) - P W, Py,
(108)

with P, € R¥*XULIQRI+3) and W, € SULI2RI+3) given by

Pu = [Iu,x Iu,s Iu,go}; (109)
Ix,x Ix,s Ix,p

Wo = |Tex I0¥ I0% (110)
Tox Ip: T

As per (104) and (108), we have B = (Q;‘Jos(,@UD))fl

and B = (Q':ll”(ﬁUD))fl. As per the estimation theory,
the UD location and orientation errors will be bounded by the
respective CRLB, as shown in (39) and (40).

APPENDIX E
PROOF OF LEMMA 1

As per (83) in APPENDIX C, the LOS-based localization
error covariance matrix follows that

(111)

E{ (Ri0s — ) (105 —) | } & B + B,
H| -t

where %i)(ias = ||§bia5|‘%(HIOS(X)U(U)UT(U) Ios(x))
Then, given J 5’('35 defined in (52) and taking the inverse of

~
both sides of (111), the LOS-based VLP information Q. can
be approximated by the equivalent FIM Q';’S given in (53).

VI (Glos (Xtrue)u(utrUE))
VI (G|os (Xtrue)u(utrue))

I

E{eoveralle;zerall} ~ E{ |:

Xlos — Xtrue
Ujos —

Vx (Glos (Xtrue)lft(utrue))
Vau (Glos (Xtrue)ﬂl(utrue))

Xlos — Xtrue

Utrye Ujos — Utrye

|zl | [f o

~ ~ T +
E Xlos — Xtrue Xlos — Xtrue ~ U’ (utrue)H;gs(Xtrue) TE{Cb' CT } Hlos(xtrue)U(utrue)
Ujos — Utrye Ujos — Utrye 7-\’I(utrue)(;'I—ol—s (Xtrue) as>bias Gios (Xtrue)RT (utrue)
T
|: U’ (utrue)H;(gF(xtrue) :| E{GGT} |:H|os(xtrue)9(utrue) :| f (83)
Gios (Xtrue)R (utrue) R(utrue)Gbs (Xtrue)
LOS-based CRLB
r—1
7“(7’ + 1)2 $1,m ((Sl m — Pk m)Tvk m)
H; k = \I/R : } r’ . Vk,m(sl,m - X)T
o 21 istm — Prmlls 2 lIstm — %13
(7’+2)(7“+1)2 QU mPLEm T
— \I/R s 3Ry Slﬂr/ -p Sl7 _x
2 Tsvm = PrlBllse —xqg o~ P Gim =)
(T+1)2 ©1,mPlk,m 3(7’+1)2 ©1,mPlk,m T
+ Ur —=1s — g ———— (Si,m — X)(S1,m — X) . (99)
xSt T2 sl o =)
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T x(Bup) = wHies(x)U(u)U" (u)Hgy(x) — wHios (%) U () Fig, (x) U' (1) Hjs(x)
T (x,u)
+ wHios (%) U(0)U" () Hyj5(x) + wHiios(x)U(u) U' (0) (Hjg(x) + Hyjos (%))
Dy (x,u)
- (PxWxPI_WHIos(X)U( )Flos( )UT( )Hlos( )) (112)
Spes(x,u)
APPENDIX F APPENDIX J
PROOF OF COROLLARY 3 PROOF OF COROLLARIES 9 AND 10

Based on the deﬁmtlon we have Wes = glos _ glos — Firstly, we give the proof of Corollary 9. For the
T — ((J',fs) + (T%%)” ) . Then, applymg for the NLOS-based VLP method, as ||gl||2 — oo, based on (57) we

inverse matrix lemma [43], [44], we finally arrive at (54).
Thus, Corollary 3 is proved.

APPENDIX G
PROOF OF COROLLARY 4

We know H(x) = Hios(x) 4+ Hpjos(x), where Hpjos(x) is
gvien by (58), and hence Z x in (85) can also be cast as

Ix,x:W(Hlos(X)+Hnlos(X))U(u)UT(u)(Hlos( )+Hn|os( ))

Therefore, J x(Byp) follows (112), as shown at the top of
this page. Hence, combining (112) with (55), the NLOS-
based information J7°%(x,u) in (56) is obtained. Hence,
Corollary 4 is proved.

APPENDIX H
PROOF OF COROLLARY 7

Based on (85), (43), (44), (45) and (31), we know that

Txx is (’)(pmm) as pmin — 00. We can observe from (105),
(106) and (86)—(94) that ’PXW;LP;(r is O(p;?n). Hence,
based on (103), we know QU is O(p;l?n). Thus, (64) is
obtained. In the same way, based on (89), (18), (19), (20), (15)
and (16), we have Z, y ~ O(pfn?n). Based on (109), (110) and
(85)-(94), we know P,W P is O(p t). Hence,
as per (107), we know Q" follows (’)(p;l‘iln). Thus, (65) is
obtained.

APPENDIX I
PROOF OF COROLLARY 8

Let us first consider the error bound 2B (Byp) of the joint
variable @ = [x,u,s, p], whose FIM Z,(Byp) is given
in (84)—(94). It can be easily verified that all information
elements in Zo(Byp) are ©(|Qg|). For instance, as shown
in (85) and (43), the FIM element Ix,x follows that

H(x)U(u )UT( Z H,, (x )UT(U)H—;(X%
meEQNRr

where H,,(x) is the mth component of H(x). Hence,

if the LEDs are uniformly distributed, we have

Zo(Bup) ~ O(Qr|), and thus B4 (Byp) ~ O(1Qr[71)

as Bo(Byp) = (ZalByp)) . Since %;‘Jc’s(x,u) and

B"°%(x, u) is the top-left and right-bottom 3 x 3 submatrix,
respectively, of B, (Byp), both are O(|Qg|~!). Thus,
Corollary 8 is proved.

have DI*(x,u) ~ O((|gll3). Similatly, S2° ~ O(]|g).
Hence, based on (56), we know J2%(x,u) ~ O(|pl3).
Thus, (68) is obtained, and so is (69).

Secondly, we give the proof of Corollary 10. For the
LOS-based VLP method, as [|plla — 00, [Snis/? ~
O(|lell3), and hence based on (52) we have J2°%(x,u) ~
O(|lgll3 ). Thus, (70) is obtained, and so is (71).
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