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Interference Exploitation Precoding Made Practical:

Optimal Closed-Form Solutions
for PSK Modulations

Ang Li

Abstract—1In this paper, we propose closed-form pre-
coding schemes with optimal performance for constructive
interference (CI) exploitation in the multiuser multiple-input
single-output downlink, where the cases of both strict and non-
strict phase rotation are considered. For optimization with strict
phase rotation, we mathematically derive the optimal precoding
structure with Lagrangian and Karush—-Kuhn-Tucker conditions.
By formulating its dual problem, the optimization problem is
further shown to be equivalent to a quadratic programming
over a simplex, which can be solved more efficiently. We then
extend our analysis to the case of non-strict phase rotation, where
it is mathematically shown that a K -dimensional optimization
for non-strict phase rotation is equivalent to a 2K -dimensional
optimization for strict phase rotation in terms of the problem
formulation. The connection with the conventional zero-forcing
precoding is also discussed. Based on the above-mentioned
analysis, we further propose an iterative closed-form scheme to
obtain the optimal precoding matrix, where within each iteration
a closed-form solution can be obtained. Numerical results validate
our analysis and the optimality of the proposed iterative closed-
form algorithm, and further show that the proposed iterative
closed-form scheme offers a flexible performance-complexity
tradeoff by limiting the maximum number of iterations, which
motivates the use of CI precoding in practical wireless systems.

Index Terms—MIMO, precoding, constructive interference,
optimization, Lagrangian, closed-form solutions.

I. INTRODUCTION
ULTIPLE-input multiple-output (MIMO) systems have
been widely acknowledged as a promising technology
in the field of wireless communications, due to the significant
gains over single-antenna systems [1]. When the channel
knowledge is known at the base station (BS), the capacity-
achieving dirty-paper coding (DPC) scheme is proposed in [2]
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by pre-subtracting the interference prior to transmission. How-
ever, DPC is difficult to implement in practical systems due
to the impractical assumption of infinite alphabet and its
high computational cost. To achieve a compromise between
performance and complexity, its non-linear counterparts in
the form of Tomlinson-Harashima precoding (THP) [3] and
vector perturbation (VP) [4] have been proposed, which
however are still too complicated for practice due to the
inclusion of the sophisticated sphere-search algorithms. There-
fore, low-complexity linear precoding schemes based on zero-
forcing (ZF) have received increasing research attention [5],
and a regularized ZF (RZF) scheme is proposed in [6]
to further improve the performance of ZF. On the other
hand, downlink precoding schemes based on optimization
have also been a popular research topic [7]-[13]. Among
the optimization-based schemes, one form of the optimiza-
tion known as signal-to-interference-plus-noise ratio (SINR)
balancing is to maximize the minimum SINR subject to a
total power constraint [7], [8] or a per-antenna power con-
straint [9]. An alternative downlink precoding strategy targets
at minimizing the total transmit power at the BS subject to
a minimum SINR requirement [10]-[12]. It has been shown
that the power minimization problems can be formulated
either as a virtual uplink problem with power control or as a
semi-definite programming (SDP) and solved via semi-definite
relaxation (SDR) [11]. As for the SINR balancing problem,
it is proven to be an inverse problem to the power minimization
optimization, based on which schemes via bisection search [7]
and iterative algorithms [10] have been proposed.
Nevertheless, both the closed-form and optimization-based
precoding designs mentioned above have ignored the fact
that interference can be beneficial and further exploited on
on a symbol level [14], [15]. The concept of constructive
interference (CI) was firstly introduced in [16], where it is
shown that the instantaneous interference can be categorized
into constructive and destructive. A modified ZF precoding
scheme is then proposed in [17], where the constructive
interference is exploited while the destructive interference
is cancelled. A correlation rotation scheme has been further
proposed in [18], where it is shown that the destructive
interference can be manipulated and rotated such that all
the interference becomes constructive. Subsequently, symbol-
level precoding schemes based on convex optimization for
CI has been proposed in [19] and [20], where the concept
of constructive region is introduced to relax the strict phase
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rotation constraint in [18] and achieve an improved perfor-
mance. Further studies on the optimization-based CI precoding
methods can be found in [20]-[23]. Due to the performance
benefits over conventional schemes, the concept of CI has been
extended to many wireless application scenarios, including
cognitive radio [24]-[26], relay [27], vector perturbation [28],
radar and cellular coexistence [29], wireless information and
power transfer [30], mutual coupling exploitation [31], non-
linear channel [32] and directional modulation [33]-[35].
Moreover, for massive MIMO regime which has become
a hot research topic recently, while the ZF precoding is
shown to be optimal for ideal fully-digital massive MIMO
systems, the CI-based formulation is still useful for practical
hardware-constrained massive MIMO systems, for example
the constant envelope precoding in [36] and the 1-bit massive
MIMO in [37] and [38]. The above studies show that MIMO
systems can benefit from the CI with a symbol-level precoding.
Nevertheless, while the performance of Cl-based precoding
approaches is superior, they need to solve a convex opti-
mization problem, which can be computationally inefficient,
especially when executed on a symbol-by-symbol basis.

In this paper, we design low-complexity optimal and sub-
optimal solutions for CI precoding, culminating in closed-
form iterative precoders. We focus on CI exploitation for
PSK modulations, as PSK modulations lead to a generic CI
constraint formulation, which will be shown in the following.
We consider an optimization problem where we maximize
the distance between the constructive region and the detection
thresholds such that the effect of CI is maximized. We firstly
consider the optimization for strict phase rotation, where the
phases of the interfering signals are rotated such that they
are strictly aligned to the symbol of interest. By analyzing
the formulated second-order cone programming (SOCP) opti-
mization with Lagrangian and KKT conditions, we derive the
structure of the optimal precoding matrix, which leads to an
equivalent optimization and further simplifies the precoding
design. By formulating the dual problem of the equivalent
optimization problem, it is mathematically shown that the
optimization for CI precoding is equivalent to a quadratic
programming (QP) optimization over a simplex, which finally
leads to a closed-form expression. We extend our analysis
to the case of non-strict phase rotation, where the phases
of the interfering signals are rotated such that the resulting
interfered signal is located within the constructive region.
By following a similar approach for the case of strict phase
rotation, we analytically show that the optimal precoding
matrix for theses two scenarios shares a similar closed-form
expression, and a K-dimensional optimization for non-strict
phase rotation is equivalent to a 2K -dimensional optimization
for strict phase rotation in terms of the problem formulation.
Our above analysis also provides some insights on the connec-
tion between the CI precoding and the generic ZF precoding.

Moreover, our efforts to facilitate the symbol-level CI
precoding in practice culminate in an iterative closed-form
scheme to efficiently obtain the optimal precoding matrix,
where a closed-form solution is obtained within each iteration.
Numerical results validate our above analysis and the opti-
mality of the proposed iterative closed-form method for both
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strict and non-strict phase rotation. Moreover, it is numerically
shown that with only in a few iterations, the iterative closed-
form algorithm obtains optimal performance. By constrain-
ing the maximum number of iterations, we further obtain
a flexible performance-complexity tradeoff for the proposed
iterative method, based on its connection with conventional
ZF precoding. Both of the above motivate the use of CI-based
precoding in practical wireless systems.

For reasons of clarity, we summarize the contributions of
this paper as:

1) We formulate the optimization problem for CI-based
precoding, where we maximize the distance between
the constructive region and the detection thresholds.
We derive the optimal precoding matrix for strict phase
rotation and further formulate an equivalent and simpli-
fied optimization problem.

2) The optimization for strict phase rotation is transformed
and further shown to be equivalent to a QP problem over
a simplex, which can be more efficiently solved than the
originally formulated problem.

3) We extend our analysis to the case of non-strict phase
rotation, where the expression of the optimal precoding
structure is similar to the case of strict phase rotation. It is
further shown that a K -dimensional optimization for non-
strict phase rotation is equivalent to a 2K -dimensional
optimization for strict phase rotation in terms of the
problem formulation.

4) We analytically study the connection between the
CI-based and the generic ZF precoding, where it is shown
that ZF precoding can be regarded as a special case of
ClI-based precoding with all the dual variables being zero.

5) We further propose an iterative closed-form algorithm to
obtain the optimal precoding matrix for both the strict
and non-strict phase rotation cases, where within each
iteration a closed-form solution can be derived. We show
that the closed-form precoder obtains the optimal perfor-
mance in only a few iterations.

The remainder of this paper is organized as follows.
Section II introduces the system model and briefly reviews CI.
Section III includes the analysis for the optimization problems
with both strict and non-strict phase rotation constraints.
The connection between the CI precoding and conventional
ZF precoding is discussed in Section IV, and the proposed
iterative closed-form scheme is introduced in Section V. The
computational costs of the optimization-based approach and
the iterative algorithm are both discussed in Section VI. The
numerical results are shown in Section VII, and Section VIII
concludes the paper.

Notations: a, a, and A denote scalar, vector and matrix,
respectively. ()*, ()7, (-)# and ¢r{-} denote conjugate,
transposition, conjugate transposition and trace of a matrix,
respectively. j denotes the imaginary unit, and vec (-) denotes
the vectorization operation. A (k,4) denotes the entry in the
k-row and i-th column of A. |-| denotes the absolute value
of a real number or the modulus of a complex number, and
[I-]|, denotes the 12-norm. C™*™ represents an n X n matrix in
the complex set, and I denotes the identity matrix. R(-) and
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() denote the real and imaginary part of a complex number,
respectively. card (-) denotes the cardinality of a set.

II. SYSTEM MODEL AND CONSTRUCTIVE INTERFERENCE

In this section, the system model that we consider is
firstly introduced, followed by a brief review of CI and the
constructive region.

A. System Model

We consider a multiuser MISO system in the downlink,
where the BS structure with a symbol-level precoding is
depicted in Fig. 1. The iterative closed-form algorithm will be
introduced in Section V. The BS with N; transmit antennas is
simultaneously communicating with K single-antenna users in
the same time-frequency resource, where K < ;. We focus
on the downlink precoding designs and perfect CSI is assumed
throughout the paper. The data symbol vector is assumed to be
from a normalized PSK modulation constellation [19], denoted
as s € CK*1. Then, the received signal at the k-th user can
be expressed as

r. = hpy Ws + ng, (1)

where h;, € C'*N¢ denotes the flat-fading Rayleigh channel
vector from user k to the BS, and each entry in hy follows a
standard complex Gaussian distribution. W € CN¢*K s the
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A block diagram for the proposed symbol-level precoding based on CI.

precoding matrix and ny, is the additive Gaussian noise with
zero mean and variance o2 at the receiver.

B. Constructive Interference

CI is defined as the interference that pushes the received
signals away from the detection thresholds [14]-[18]. CI for
strict phase rotation refers to the cases where the phases
of the interfering signals are controlled and rotated, such
that they are strictly aligned to those of the data symbols
of interest [18]. The constructive region has been further
introduced in [19], where it is shown that the phases of
the interfering signals may not be necessarily strictly aligned
to that of the data symbols of interest, known as the non-
strict phase rotation. It is demonstrated that, as long as the
resulting interfered signals are located in the constructive
region, this increases the distance to the detection thresholds
and returns an improved performance. To show this intuitively,
in Fig. 2 and Fig. 3 we depict the case for strict phase
rotation and non-strict phase rotation respectively, where the
constellation point (% + % -7 ) from a normalized QPSK
constellation is employed as the example to illustrate these two
cases. We can observe that for both strict phase rotation and
non-strict phase rotation, the distance of the received signals
to the detection thresholds is increased, which will improve
the detection performance.



7664

Strict Phase
Rotation

5 » Real

Fig. 2. Constructive interference, QPSK, strict phase rotation.
Imag
A

Non-Strict Phase
Rotation

5 » Real

Fig. 3. Constructive region, QPSK, non-strict phase rotation.

III. CONSTRUCTIVE INTERFERENCE PRECODING

In this section, we firstly focus on the CI precoding for strict
phase rotation, and we further extend our analysis to the case
of non-strict phase rotation.

A. Strict Phase Rotation

Before formulating the optimization problem, based on the
geometry of the modulation constellation we firstly construct
the conditions that the precoder should satisfy to achieve the
strict phase rotation. In Fig. 2, without loss of generality we
denote OA = t-s; and t = |OA| is the object to be maximized.
We further assume that the node ‘B’ denotes the noiseless
received signal for user k that is co-linear to OA for strict
phase rotation, which leads to

OB = h, Ws. )
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Then, by introducing a real-valued scaling factor Ak, we fur-
ther express OB as

O_B = thS = )\ksk, (3)

where based on the geometry we can obtain that )\ is a real
number, and the condition on A to achieve CI for strict phase
rotation is given by

A >t, Vkek, 4)

where X = {1,2,---,K}. With the above formulation,
we can construct the optimization problem for strict phase
rotation as

Py . maxt
Wt

S.t.thS = )\ksk,
e >t, VekeK
W[5 < po ©)

Vk e K

where pg denotes the total available transmit power. A symbol-
level power constraint is employed, as the exploitation of CI
is related to the transmit symbol vector, which will also be
shown mathematically in the following. P; belongs to the
SOCP and can be solved with convex optimization tools such
as CVX [19]. We decompose the precoding matrix into vectors

W:[W1;W27"'7WK]; (6)

and based on the virtual multicast formulation in [19] we

obtain that each w;s; is identical. Accordingly, we obtain
K

2 2 2

[Wsll; = K2 - [[wisi|l; and 3 siw{'wis; = K - |wisill5,

i=
which leads to the equivalent transformation of the power
constraint, given by

K
* D
HWSH? < py = Zsiwqu;si < ?0' 7
i=1

We further transform P; in (5) into a standard minimization
problem, expressed as

Po : min —t
Wi,t

K
s.t. hy Zwisi — s =0, VEeK
i=1
t— A <0, VEeK

K
* b
Zsiwflwisi—% <0 (8)
i=1
In the following we analyze P, with Lagrangian and KKT
conditions. The Lagrangian of Py is expressed as [39]

’C(Wivtaékvukauo)

K K
=—t+ > b (h;c > wisi— /\k5k>
k=1 =1

K K
% Po
+Zuk (t— M) + po (Z&;Wf{wié’i - E)v 9)

k=1 i=1
where &y, pp and g are the dual variables, and we have
1o > 0 and py > 0, Vk € K. Each §;, may be complex as it is
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the dual variable with respect to the equality constraint. Based
on the Lagrangian in (9), the KKT conditions for optimality
can be obtained as

oL =
Ef—ljuk;ukfo

(10a)
. Zék-hk si+po-sis;w; =0, Vie K (10b)
v =1

K
hy > wisi — Aesp =0, VEeK  (10c)

i=1
pr (t—Xg) =0, Vke K (10d)

K

140 (; sfwzHWisi — %) =0 (10e)

Based on (10b), it is firstly obtained that o # 0, and with
the fact that pp > 0 we can further obtain g > 0. Then, wfl
in (10b) can be expressed as

) 1
wf——(Z—k'hk>-—*, Vi € K. (1n
=1 Mo S;
By introducing
e
vy = ———, Vk ek, (12)
Ho
the expression of w; is obtained as
X 1
L= . H - —_
w; (ka hk,> 7 Vi € K. (13)
k=1
Based on (13), we further obtain that
K
W;S; = <Z Vi th> , Vi€ IC, (14)
k=1

which is a constant for any 7. This mathematically verifies that
the precoding vector for one symbol is a phase-rotated version
of the precoding vector for another symbol. Then, with each
w; obtained, the precoding matrix W can be obtained and
further expressed in a matrix form as

W:[W17W25"'5WK]
K
—(Svent) [ o]
=1 1 52 SK
1 1 1]
—[hH he ... hi A P
[ 119 B K} [U1;U27 7UK] 81,827 ,SK_
=H"s. (15)

introduced a column vector Y =

where we have
& |1 1 1
and a row vector § = |, —, --- B

T
[U17U2a"';UK] s10 820
Subsequently, we further express (3) in a compact form as -

HWs = diag (A) s, (16)

where H = [b] b7, .- ,hIT<]T is the channel matrix and
A = A1, Ao, ,)\K]T. By substituting (15) into (16) and

7665
noting that §s = K, we can further obtain
HH”Y3s = diag (A)s
1 _
=Y = — - (HH") 'diag (A)s. (17

K

With (17), we can obtain the structure of the optimal precoding
matrix as a function of scaling vector A as

W = % HY (HH") ™ diag (A) ss. (18)

It is easy to observe from (18) that the CI precoding is a
symbol-level precoding scheme since the precoding matrix
includes the expression of the symbol vector s. Moreover,
with (18) the original optimization problem on W is trans-
formed into an optimization on the real-valued scaling vector
A. With the fact that 9 > 0, based on (10e) we can obtain
that the power constraint is strictly active, which leads to

IWsll3 = po
= tr {Wss" W} = p,
= sHWHWs = p,
- % sHsHsH diag (A) (HHH)_ldiag(A) s8s=py
= s"diag (A) (HH") ' diag (A)s = po
= ATdiag (s") (HH") ™ diag (s) A = po

= ATTA = p,, (19)

where we note that )\kH = M\, as each )\, is real, and T is
defined as

T = diag (s") (HH?) ™ diag (s). (20)

It is easy to obtain that T is Hermitian and positive semi-
definite, which further leads to

ATTA = ATR(T)A = ATVA = po, 2

where V. = R (T) is a symmetric and positive semi-definite
matrix. With (21) obtained, we can formulate a new convex
optimization problem on A that is equivalent to the original
optimization P;, expressed as
P3: min —t
At
st. ATVA —py =0

t— A, <0, Vk e K (22)

The optimal precoding matrix for the original problem P
in (5) can be obtained with (18) based on the obtained A
by solving P3. In the following, we analyze the convex
optimization P3 with the Lagrangian approach, where the
Lagrangian of P3 is formulated as

K
—t+ ap (ATVA - po) =+ Zﬂk (t =)
k=1
= (lTu — 1) t+ag- ATVA — uTA—aopo,
(23)

L (A7ta Oé(),/l/k)

where ag and p, are the dual variables and py, > 0, Vk € K.
u = [p1, 2, ,uK]T is a column vector that consists of
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the dual variables and the vector 1 = [1,1,--- ,1]T. Based
on (23), the KKT conditions of P3 for optimality are expressed
as

oc

5 = 1Tu—-1=0 (24a)
g—izao(V+VT)A—u=0 (24b)
ATVA —py =0 (24¢)
ur (t—Xg) =0, Vkek (244)

Based on (24b), firstly we have «g # 0, and we can further
obtain the expression of A, given by

A= —V Lu, (25)
2040

where we note that V is symmetric. By substituting the

expression of A in (25) into (24c), we can express g as a

function of the dual vector u, given by

1 r 1
— vV~ lu) V|{—V1tu) =p
2040 2040
1
= 2uTV 'WVTlu = po
dog
ulv-1lu

= 0p = 4p0

(26)

For the convex optimization P3 in (22), it is easy to verify

that the Slater’s condition is satisfied [39], which means that

the dual gap is zero. Therefore, we can solve Ps by solving

its corresponding dual problem, which is given by
U = maxmin L (A, t, ap,u).

uw,ap At

27)
For the dual problem U/, the inner minimization is achieved

with (24a) and the obtained A in (25), and therefore the dual
problem can be further transformed into

1 T 1
U =maxag| —V'u) V[—V~lu
u,ag 2 20

1
—u” <—V_1u> — agPo
20[0

_ _ 1 _
=max —u' VIVVlu— —u'Viu-— aoPo
u,xq 40[0 2040
1
= max ——uTV u — aopo
u,xp
TV 1

= maX—

uTV 1u
ul’v-lu
T dpo

= max —y/pp - uZV-1lu.
u

Due to the fact that y = \/z is a monotonic function, therefore
the dual problem I/ is equivalent to the following optimization
problem

(28)

Py: minu’V'lu
u

st.1Tu=1

pe >0, Ve K (29)

where the first constraint comes from (24a).
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Based on our analysis and transformations above, we have
transformed and simplified the original problem, and shown
that the original optimization can be solved by solving Pj.
To be more specific, through (26), (25) and (18), we arrive at
a final closed-form expression of the optimal precoding matrix
as a function of u, given by

Po

u?VvV-1u

Moreover, it is observed that Py is a typical QP optimization
problem over a simplex, and it has already been shown in the
existing literature that this optimization can be more efficiently
solved than SOCP with a similar problem size using the
simplex or interior-point methods [40]-[42]. This validates that
the complexity of CI-based precoding will be reduced with our
derivations by transforming the original SOCP optimization
into a QP optimization with an equal or smaller variable size,
where we note that the size of the variable w; in the original
optimization is Ny x 1, while the variable size in our QP
formulation is u € RE>1, with K < N,.

1 _
W = —H' (HH") 1dz’ag{ V—lu} s5. (30)

B. Non-Strict Phase Rotation

We extend our analysis to the case of non-strict phase rota-
tion. Similarly, before formulating the optimization problem,
we firstly construct the condition that the precoding designs
should satisfy such that the received signals are located in the
constructive region. Based on Fig. 3, for consistency we denote
OA =t-s;, and t = |OA] is the objective to be maximized.
Following (2), we denote the received signal for user & as OB,
which is expressed as

O_B thWSZ)\kSk. (31)

In the case of non-strict phase rotation, each A\; can be a
complex value, which mathematically represents that a phase
rotation is included for the received signal OB compared to
the data symbol s, as shown in Fig. 3. This is different from
the case of strict phase rotation where each Ay is strictly real.
Then, based on the fact that OC and CB are perpendicular,
we can obtain the expression of OC and OB, given by

OC =R (M) s = \isk, CB = j - S (A) sk = j - A s,

(32)
where based on Fig. 3 the imaginary unit ‘j’ denotes a phase
rotation of 90° geometrically. For simplicity of denotation,
we denote A} = R (\) and A\ = I (\g), respectively. Due
to the fact that the nodes ‘O’, ‘A’ aild ‘C’ are co-linear, we can
further obtain the expression of AC as

A_C = ()\f - t) Sk-
In Fig. 3, we can observe that to have the received signal OB

located in the constructive region is equivalent to the following
condition:

(33)

Oap < 6;
= tanfsp < tanb,
|CB| IAD skl
— = < tané
AT [ —0s]

= (AF —t)tan, > [A}]. (34)
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In the case of )\f =0, Vk € K, (34) is identical to (4), and the
non-strict phase rotation reduces to the strict phase rotation.
For M-PSK modulation, it is observed from the modulation
constellation that the threshold angle ; can be expressed as

915:—.

v (35)

With the above formulation, we can construct the optimization
problem of CI for non-strict phase rotation as

Ps . maxt
Wt

s.t. hy Ws = A\psg, VkeK
(AR —t)tan, > [\7|, VkeK
IWsl3 < po

(36)

To further analyze the optimization problem for non-strict
phase rotation, we first transform P5 in (36) into a standard
minimization form, given by

Pg : min —t
Wi

st. hyWs — A\gsp, =0, Vke K
XS] — (AF —t) tan6, <0, VkeK

K

*__H Po
ZSiWi W;S; — — S 0
i=1 K

(37
Then, by following a similar step in (9)-(17) with the
Lagrangian approach, we can obtain that the optimal precoding
structure for non-strict phase rotation is the same as that for
strict phase rotation, which is given in (18). With the power
constraint strictly active, we can further obtain that

W3 = po
= sfWHWs = p,
= s"diag (A™) (HHH)_ldiag (A)s = po
= Adiag (sH) (HHH)ildiag (s) A =po

= ATTA = py, (38)

where T is given by (20). However, we note that, different
from the case of strict phase rotation, for the case of non-

strict phase rotation (38) is not in a quadratic form since each
A, can be complex. By decomposing

A — 3 Tog_ [R(T) —3(T)
A=[R(AT).3(AT)], T= 3 (T) %(T)], (39)

we can expand (38) with its real and imaginary components
and further transform the power constraint into a quadratic
form, given by

2
IWslly = po

= ATTA —py=0. (40)

Similar to the optimization Ps in (22) for strict phase rotation,
we can formulate an optimization problem on A for non-strict
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phase rotation, expressed as

Pr: min—t

At
sit. ATTA —po=20
e »
t— A <0, VkeK
tan6‘t+ k=" <
k R
- t— A <0, VkeK 41
tan9t+ k= “1)

where we have transformed the CI constraint with the absolute
value on )\;f into two separate constraints. We then analyze Pr
with Lagrangian and KKT conditions, where the Lagrangian
of P7 is constructed as

c ([X,t,do,/}k,,f/k)

t+ doATTA — &opo

1
K K )\g
S5 V3R no_ o k
= (e + ) A +Z(uk_yk)taTet’

k=1

(42)

b
=

where &g, fir and 7 are the dual variables, and 5 > 0,
U, > 0, Vk. By introducing
- L O LT
u = [//[/17//[/27"' 7/'[/K7l/171/2).'. 7VK]
1

I I
S — talnﬂt 7

?

(43)

tan 6; '
where 1t € C2(*1 and S € C?K*2K the Lagrangian for P;
can be further simplified into
c (A,t, ao, ﬁ) = (170 1) t+apATTA — aTSA — Gopo.
(44)

Based on (44), we express the KKT conditions for optimality
of P7 in the following:

oL

—=1Ta-1= 4
5 a 0 (45a)
% = 260TA —STa=0 (45b)
oA
ATTA —py =0 (45c¢)
(N R\ _
uk(tanetﬂ—xk)o, Vk e K (45d)
U, (— Al +t—/\f) =0, Vkek (45¢)
tan 0,

Based on (45b) we can obtain &g # 0 and the expression of

~

A, given by
(46)
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where we note that T is symmetric. Moreover, similar to the
case of strict phase rotation, by substituting the expression of
A in (46) into (45c), we can further obtain the expression of

Qp, given by
) = Do

1 - T 1.
— a)] T(—TS"a
20&0 2@0

X al’ST-18Tq alV-1i
= Qo = = ,
4po 4po

where for simplicity and consistency we introduce

“l=8T's”.

(47)

(48)

Similar to the case for strict phase rotation, it is easy to observe
that the Slater’s condition is satisfied for P, and therefore by
following a similar approach in (27) and (28), the dual problem
for P7 can be formulated into

Y ATAilA
L{fm{r:mx—\/pmu V-iq,

which further leads to the following equivalent optimization
for non-strict phase rotation

(49)

Ps : minﬁTV*Iﬁ
st.1Ta=1

@, >0, Vke{1,2,-- 2K} (50)

where we denote uj, as the k-th entry in @, and we obtain
V1 e C2K%2K paged on (48). Pg is also a QP optimization
over a simplex, which can be efficiently solved. The final
optimal precoding matrix for non-strict phase rotation can be
similarly obtained in a closed form as a function of i, given
by

_ - H\~1,. / Po S 1aT
ngH (HH ) dzag{ mUT S‘a SS,

D

where U = [I J- I} is a transformation matrix that transform
the real-valued vector A into its complex equivalence.

Based on the formulated equivalent optimization problems
P4 in (29) and Ps in (50), we note the similarity of the
optimization problem for strict phase rotation and non-strict
phase rotation. We observe that the objective function of Py
for strict phase rotation and Pg for non-strict phase rotation is
identical, and both optimization problems share the same con-
straints. It is further observed that the only difference between
P4 and Pg is the problem size. It is then concluded that a
K-dimensional optimization problem for non-strict phase
rotation and a 2K -dimensional optimization for strict phase
rotation share the same problem formulation, and therefore
they can be solved in a similar way.

IV. CI AS A GENERALIZATION OF ZF PRECODING

In this section, we discuss the connection between the CI
precoding for strict phase rotation and the conventional ZF
precoding. For the CI precoding with non-strict phase rotation,
the connection can be obtained in a similar way. To compare
the CI precoding and the conventional ZF precoding, as a
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reference we first present the precoded signal vector of ZF,
given by

1

1 —
xzp = Wzps = — - HY (HHY) s, (52)

S
where f is the scaling factor to meet the transmit power
constraint. For fairness of comparison, we employ a symbol-
level normalization for Wz such that ||[W Fs||§ = po as for
the considered CI precoding, which leads to the expression of

f as

(HHT) ™

\/ [Wzrsll? _ \/sH
Po

By denoting C = (HHH )
further transformed into

(53)

the expression of f can be

K K
>3 C(myn) s, sn

_ m=1n=1
f Po
K K
ZZ (m,n) 8550 = f*po. (54)

Subsequently, we perform the mathematical analysis on the
optimization problem P, on u for strict phase rotation.
By applying the Lagrangian approach, we can obtain the
Lagrangian of P4, given by

L (u 'V u+ g (1Tu—1)

Z Thehk

= uTVflu—i—qo 1Tu - q u — qo,

, 40, q) =
(55)

where the vector q = [q1,q2, - - 7(]K]T consists of each non-
negative dual variable g, of Ps. Based on (55), we express
the KKT conditions of P4 as

g—ﬁ:2V71u+qO-1—q:0 (56a)
1Tu-1=0 (56b)
qrie =0, VkekK (56¢)

Based on (56a) we can obtain the expression of u as a function
of the dual variables, given by

u=%V(q—qo-1), (57)

and each py, as
P = % (vid — qoax), Yk €K, (58)
where we have decomposed V into V = [v{,v3, -+ vk] T

a = [a1,as2, - ,ax]T denotes the column vector obtained
from the sum of V by column, with each entry given by

K
ar = ZV (k,l)
i=1

(59)
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By substituting the expression of u into (56b), we further
obtain that

(60)

where b is a row vector obtained from the sum of V by row
and ¢ denotes the sum of all the entries in V. b and ¢ are
given by

lon

I
] =
~

Ve =a ,

x>
Il
—

K
> Vi, a’l,

i=1

h
Mw

(61)

ol
Il
—

where b = a” is based on the fact that V is symmet-
ric. By substituting the expression of ¢p in (60) into (58),
the expression of each p can be further transformed into

1 aipalq—2
= =V _—_——
He = 5Ved = -
1
= (vk - %aT) + 2k (62)
which further leads to the expression of u as
“lv_e)q+? (63)
2 1T

where ® = By substituting the expression of u into the
expression of A in (25), we can further obtain that

1 1 a
A= — —(V-® —
2050 2 ( )q+ C
= ! V*Ia—l—L(I—V*l(I))q
200¢ 4o
1 1
= — (I-V''® 64
2aocm+ 4oy ( )q 64)
where we have defined
m=V la (65)
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In (65), m € CX*1 and m = [my, ma, - ,mK]T. Based on
the expression of a, each my, is obtained as
K
mg = ZV71
n=1
K K
:ZVfl n)ZV(n,z)
n=1 i=1
K K
=y v Vink)+> Y V! V (n,i)
n=1 i#k n=1
=1+) 0
ik
=1, (66)

which also means that m = V~!a = 1. With this fact,
the expression of A is further transformed into
1 1

- _v-—1
1+ oo (I-V'®)q

A:

67

2ac 67)
based on which we shall discuss the connection between the
CI precoding and the conventional ZF scheme. In (67), if we
set

qr =0, VkeK, (68)

based on (63) we can obtain that
u=2 (69)

c

and based on (26) we further obtain that

aTV-1la a1 c 1
ap = = = = . (70)
4¢c?po 4c2po 4c?po  2,/cpo

Then, the expression of A is simplified into

A 1 21/cp |Po
N 2aoc

Based on the expression of T in (20), we can obtain the
expression of T (m,n) as

(71)

T (m,n) = C(m,n) s;,5n, (72)

and with the fact that T is Hermitian, we further obtain that

K K K K
CZZZan :ZZT(m,n)
m=1n=1 m=1n=1

I
M=
M=

C (m,n) sy,Sn
1n=1

0- (73)

k.bg
=S

By substituting (73) into (71), we obtain
P _ 1
0 f

In this case, with all dual variables equal to zero, each ) is

real and identical, which further leads to the expression of the

(74)
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precoded signal vector for CI as

xcr = Ws = % . HH(HHH)_l%sés
- %HH(HHH)’IS
= XzF, (75)

which is identical to the precoded signal vector based on ZF,
where we denote x¢; as the transmit signal vector for the CI
precoding.

The above results show that the conventional ZF precoding
can be regarded as a special case of the CI precoding with
all the dual variables being zero, as demonstrated in (68). The
performance of ZF method is therefore the lower-bound of the
CI precoding. We shall discuss under what conditions the CI
precoding is equivalent to the ZF approach in the following
section. It can be further observed that the performance of the
CI precoding will be superior to the ZF scheme if not all the
dual variables are zero, as shown in (67) where the existence
of non-zero dual variables will increase the minimum value
in A. We further note that when the optimality is achieved,
the minimum value in A is guaranteed to be not smaller
than (74), for otherwise the ZF precoding will generate a larger
minimum value in A, which means that ZF should be the
optimal and this causes contradiction.

V. PROPOSED ITERATIVE CLOSED-FORM SCHEME

In this section, our proposed iterative close-form scheme
is introduced. Throughout this section, we consider the case
of strict phase rotation, while the extension to the non-
strict phase rotation is trivial and briefly included, as both
optimization problems share the same problem formulation,
discussed in Section IV. To introduce the proposed scheme,
we first transform the expression of u in (63) into

1
u=-Gq+ >, (76)
2 c

where G is defined as
G=V-o. (77)

Then, based on the optimality conditions in (56), as long as
we find a u and the corresponding dual vector q that satisfy
(56), the obtained u is the optimal solution for Py. This further
leads to the following optimization problem

Py : findu
q

1
st.u=-Gq+ a
2 c
1Tu-1=0
wieqe = 0,1, > 0,9, >0, YVEe K (78)
For clarity of description, we define a set S as
S = {klar < 0,Vk € K}. (79)

In the following based on S we discuss the solution of Py and
propose the iterative closed-form scheme.
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A S=10

When S = (), this means aj, > 0, Yk € K. Then, based on
the fact that 17a = ¢ in (61), it is obvious that

u=2 ¢, =0, Vkek (80)
c

satisfies all the conditions in (78). Therefore, when S = 0,
the optimal u* and q* can be obtained as

a

u = —,

¢

In this case, based on our analysis in Section IV the CI pre-

coding is identical to the ZF approach, where no performance

gains can be obtained.

q=0. 81)

B. card(S) # 0

When card (S) # (), this means that there is at least one
entry in a that is smaller than zero. It is then obvious that the
optimal u* # 2 due to the requirement that z;, > 0. In this
case, we can obtain that not all the dual variables are zero,
and we need to introduce at least one positive ¢; such that
each g > 0. We firstly set

u=—,
¢

q=0. (82)

Subsequently, we sort the entries in u following an ascending
order, expressed as

d = sort (u), (83)
where d is the sorted vector and d = [dy,do,- - 17
sort (+) denotes the sort function, and without loss of gen-
erality we denote k£ as the minimum value in u, which leads

to

'adK

pr = min (u) = dy. (84)

With (84) we can also obtain a; < 0 and d; < 0. Let us firstly
introduce only one positive dual variable g that corresponds
to uj while keeping other dual variables zero. Based on the
complementary slackness condition, when ¢ # 0, we obtain
pr = 0, and this further leads to

K
1 . ag
Mk = 5;_1(;(]“72)%’4‘?:0

1 Q.
=G (k, k =+ =
:>2 (7 )Qk+c 0

- - Qak
= "G ke
where based on the definition of G we can verify that
G (k, k) > 0. Based on the fact that a;, < 0 it is then obtained

that ¢ > 0. We further define a vector i
i:[k]v qu?'éov

and a set Z that consists of all the entries in i, where we denote
i=[i1,i2 - ,im] and card (Z) = M. By updating q with
the updated g;, based on (85), the updated u can be expressed
as

(85)

(86)

1 a
U=y gkt (87)

kel
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where we have decomposed G = [g1, 82, - ,&k], and (87)
satisfies u, = 0. We verify whether the minimum value in the
updated u satisfies the non-negative condition, and the updated
u is the optimal solution of Py if min (u) is non-negative.
If this condition is not satisfied, this means that one dual
variable is not enough and we need to introduce an additional
dual variable. In this case, we first sort the updated u based
on (83) and then find the minimum value in the updated d,
where without loss of generality we denote

122 :dlaql 7é 0)

where we note that d; in (88) is different from d; in (84) as
u has been updated. With the existence of two non-zero dual
variables, we obtain i = [k,{] and Z = {k,l}. We can then
formulate a matrix Z € Ccord(S)xcard(S) g

(88)

_ |Gk k) G(kI)
Z=lgukr Gunl (89)
By defining
q = [qka QZ]T7 a= [a‘k’7 a‘l]T7 a= [:U’ka /J’l]T (90)

that consists of the entries that correspond to the numbers of
non-zero dual variables, we obtain

i =0, 1)

which is due to the complementary slackness condition.
With (87) and (91), we can further obtain q as

(28] 20810) -

92)

If each entry in the obtained q satisfies the non-negative
condition, we update u based on (87) with the updated Z,
and further check whether the minimum value in the updated
u satisfies the non-negative condition.

Nevertheless, when card (S) > 1, it cannot be guaranteed
that each entry in the obtained q in (92) satisfies the non-
negative condition. In this case, a retraction approach is
required. To be more specific, if there is one entry in the
obtained q that is negative, we firstly find the corresponding
number of the negative dual variable, given by

k = find (¢ <0), (93)

where the ‘find’ function returns the index of the negative
entry in q. We further obtain the corresponding column index
of k in i, expressed as

im = k. (94)

We then reset

i: [i1)i27"' ;i7r1,—1]7 (95)
which means that there are currently (m — 1) positive dual
variables and we set all the obtained dual variables obtained
after (m—1) to 0. With (95), we reformulate the corresponding

7 and u. Then, for the m-th dual variable, instead of selecting
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the number that corresponds to the minimum value in d as
in (84), we select i, that corresponds to the second minimum
value in d. Based on (83) we obtain

P = d2, (96)

and we update i and Z. With the updated Z, we calculate q
based on (92), and we repeat the above process (83)-(96) by
increasing the number of non-zero dual variables one at a time
until all the entries in the updated u are non-negative, on the
condition that in each step the entries in the obtained q are
non-negative.

C. The Iterative Algorithm

Based on the above description, we summarize the proposed
scheme for strict phase rotation in Algorithm 1. Since the
algorithm will find the u and q that satisfy the KKT conditions
for optimality, the obtained u is therefore the optimal solution
to the optimization problem P, for strict phase rotation,
and the optimal precoding matrix can be obtained with (29)

Algorithm 1 Proposed Iterative Closed-Form Scheme for
Strict Phase Rotation
input : s, H
output : W*
Initialize i=[,Z=0, N=[1],t =1, and n = 0;
Calculate T based on (20); Obtain V. = R (T);
Calculate a based on (5T9) and c based on (61);
Calculate G =V — %; Calculate u = %;
Obtain S based on (79);
if card (S) = 0 then
Obtain u* = u;
else
while min (u) < 0 and n < nNyax do
d = sort (u);
find & such that py = dy;
Stack N = [N 1];
Update i and 7; Formulate Z based on Z and G;
Calculate q based on Z and Z with (92);
if min (q) > 0 then
Update u based on (87);
t=1;
else
find k such that ¢, = min (q);
find m such that i,, = k;
Set i based on (95); Update Z;
Formulate Z based on Z and G;
Update q with (92); Update u with (86);
Reformulate N = N (1 : m);
Update N (m) <« N (m) + 1;
Update t = N (m);

end if
n+«—n-+1;
end while
Obtain u* = u;
end if

Calculate W* based on the obtained u* with (30).




7672

Cpyy = (K +2)"° (N, +1) [2N? + 2N, + K + 2]

(Nt + K+ 1)(Ne +2) +4N; + 3K +8+ > >
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K N

Si i Do 2
Shy (i) + VFE +e
k=1i=1

- In

(105)
g

accordingly. While the algorithm is for the case of the strict
phase rotation, it is trivial to extend to the case of non-strict
phase rotation by substituting V with V in (48) to obtain the
optimal G*. Subsequently, the optimal precoding matrix for
non-strict phase rotation is obtained with (50).

We note that, while the above algorithm includes an iter-
ative design, within each iteration a closed-form solution is
indeed obtained and the algorithm only includes linear matrix
manipulations, which is computationally efficient. Moreover,
it will be shown that the number of iterations required is small,
especially when the number of users is small. We further note
that, while the KKT optimality conditions are not satisfied
before the final iteration, the solution obtained within each
iteration is indeed a feasible solution that satisfies the power
constraint for the precoding and achieves an improved perfor-
mance over ZF but a sub-optimal performance compared to the
optimal CI precoding. Indeed, the obtained precoder in each
iteration approaches the optimal precoding strategy with the
increasing iteration number. Therefore, the proposed iterative
scheme can also achieve a flexible performance-complexity
tradeoff by limiting the maximum number of iterations 7 ax
in Algorithm 1.

VI. COMPUTATIONAL COMPLEXITY ANALYSIS

In this section, we study the computational costs of the
optimization-based CI precoding and the proposed iterative
closed-form algorithm. For the optimization-based approaches,
the computational cost is evaluated based on the arithmetic
time complexity bound [43], and the complexity of the pro-
posed algorithm is evaluated in terms of the required number
of real multiplications and additions [44].

A. Optimization-Based CI Precoding

Without loss of generality, we focus on the CI precoding
for strict phase rotation for the optimization-based approaches,
while the extension to the case of non-strict phase rotation is
trivial, as they share a similar problem formulation.

For the optimization-based CI precoding in the case of strict
phase rotation, the complexity is dominated by solving the
convex optimization problem P, via the interior-point method.
For P,, based on the fact each w;s; is identical, we can
transform P, into an optimization on w; only, and we express
it in a standard SOCP form as

Pio: mine’x
st.cix <0, VkeK
Po
[Ax[|, < el 7

) T
where we introduce x = [w],t]" € CcWVetDxl ¢ =

T T
[0,--,0,—1)7 € cWe+Dx1 ¢ = [(—K— b, ,1} €

Sk
CNe+ X1 and A = [s; - 1,0] € CNox(NetD)  Compared to
P2, we note that the constraints on A, has been included
in each cj implicitly. Subsequently, based on [43] we can
obtain the arithmetic time complexity bound of the above

optimization via the interior-point methods, given by
Cpyy = (M +1)"°N (N?+ M+ L?)-D(p,e), (98)

where ¢ is the target accuracy of the solution, /V is the dimen-
sion of the variable x, M is the total number of constraints,
and L is the dimension of Ax in the SOC constraint. Based
on the construction of P;g, we obtain

M=K+1, N=N,+1, L=N,, 99)

which further leads to the expression of Cp,, as
Cpyo = (K +2)°5 (N, +1) {(Nt Y24 K414 Ng}
‘D (p,e)
= (K +2)%% (N, + 1) [2N2 + 2N, + K + 2]
‘D (p,e).

D (p, €) is the number of digits of accuracy for a solution with
the target accuracy ¢, and is given by

D (p.2) =t (2Lt Il +e?) |

€
where the column vector p represents a permutation vector that
contains the parameters in both the objective function and the
constraints. For the constructed problem Pjq, p is given as

T

| D
P= (K+1)ﬂ(Nt+1)7Nta_1ac,{a"' ,C,ZI;,S,L-]_T, K_OQ:| .
(102)

(100)

(101)

In (101), Dim (p) denotes the dimension of the permutation
vector p, and is accordingly obtained as

Dim(p)=(M+L)(N+1)+ M+ N+3
= (N,+K+1) (N, +2)+ N, + K +5.

Based on the expression of p, we further obtain ||p||; as

(103)

K N
S' .
Ipll, = 3N, +2K +3+ K>3 ih’“(z)‘”L B
k=1 1i=1

(104)

Given the expression of Dim (p) and ||p||,, we arrive at
the final expression of the arithmetic complexity of P,
which is given by (105), shown at the top of this page.
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The analytical time complexity bound of P4 can be similarly
obtained by transforming the QP formulation of P, into a
SOCP formulation, and is omitted for brevity.

B. Iterative Closed-Form Algorithm

For the proposed iterative closed-form algorithm in
Section V, the complexity is evaluated by the required number
of real multiplications and additions in matrix operation.
Specifically, we observe that its complexity is dominated by
the matrix calculation in (92), and the size of Z~! and a is
dependent on the current number of iteration ‘n’, ie., Z7! €
RADX(n+1) and 3 € R(*+1)X1, Following [44], we obtain
that the calculation of Z~'a requires (n + 1)* multiplications
and n (n+ 1) additions. Accordingly, by assuming a maxi-
mum number of iteration n,,,x, the complexity of the proposed
iterative closed-form algorithm is approximately obtained in
terms of the required number of real operations as

Calg1 = Z [(n—i— 1)° +n(n+ 1)} = Z [2n% + 3n-+1].
n=0 n=0

(106)

Nevertheless, we note that the above two expressions for
the evaluation of complexity may not be directly comparable,
as the complexity of the optimization problem is evaluated
based on the time complexity bound, while the complexity
of the proposed algorithm is evaluated based on the required
number of real operations.

VII. NUMERICAL RESULTS

In this section, the numerical results of the proposed
schemes are presented and compared with the traditional CI
precoding based on the Monte Carlo simulations. In each plot,
we assume the total transmit power available as pp = 1, and
the transmit SNR per antenna as p = 1 / o%. We compare
our proposed iterative schemes with the traditional closed-
form ZF-based methods, optimization-based SINR balancing
approaches [7], [10], and CI precoding approaches P; and Ps
for both strict and non-strict phase rotation. Both the uncoded
and coded BER results are presented.
For clarity the following abbreviations are used throughout
this section:
1) ‘ZF’: traditional ZF scheme with symbol-level power
normalization in (52) and (53);

2) ‘RZF’: traditional RZF scheme with symbol-level power
normalization, where the precoded signal vector is given
by

1 K \7'
XRZF:WRZFS:?-HH(HHH—I—;-I) S
(107)
with the symbol-level scaling factor f given by
\\%

vPo o
3) ‘SINR Balancing’: the SINR balancing approach based
on bisection search method [7];
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Fig. 4. Uncoded BER v.s. transmit SNR, QPSK, N; = K = 8.
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Fig. 5. Coded BER v.s. transmit SNR, QPSK, N = K = 8, LDPC with
code rate 5/6.

4) ‘Cl-opt, Strict/Non-Strict’: traditional CI precoding, P
for strict phase rotation and Ps; for non-strict phase
rotation;

5) ‘CI-CF, Strict/Non-Strict’: the proposed iterative closed-
form scheme for strict/non-strict phase rotation based on
Algorithm 1.

In Fig. 4, we compare the bit error rate (BER) performance
of different schemes with QPSK modulation, and N, = K =
8. As can be observed, the CI precoding approaches for both
strict phase rotation and non-strict phase rotation achieve an
improved performance over the ZF approach, and the gain
for non-strict phase rotation is more significant. For the CI
precoding for non-strict phase rotation at high SNR regime,
we observe a SNR gain of more than 10dB over ZF and
8dB SNR gain over RZF. Moreover, we observe that the
proposed iterative closed-form algorithm achieves exactly the
same performance as the optimization-based CI precoding,
which validates the effectiveness of the proposed method in
Section V. In Fig. 5, we further present the coded BER result
for the same system setup, where we employ the low-density
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Fig. 6. Uncoded BER v.s. transmit SNR, 8PSK, N; = K = 8.

- ZF

—&-RZF

¢ |—%— SINR Balancing

Cl-opt, Strict

| |— Cl-opt, Non-strict

¢ CI-CF, Strict
CI-CF, Non-strict

0 5 10 15 20 25 30
SNR (dB)

Fig. 7. Uncoded BER v.s. transmit SNR, QPSK, N; = K = 12.
parity-check (LDPC) coding with the code rate 5/6. With
channel coding, all precoding methods achieve a significantly
improved performance compared to the case without channel
coding, and the performance gains of the Cl-based symbol-
level precoding method persist in the presence of channel
coding.

In Fig. 6, we show the BER performance with respect to the
increasing transmit SNR when 8PSK modulation is employed,
where N; = K = 8. Similarly, both transmit precoding
approaches based on the CI achieve an improved performance
over the ZF method, and the proposed iterative closed-form
schemes achieve the same performance as the optimization-
based schemes. At high SNR (p > 20dB), both CI-based
approaches outperform the ZF-based schemes. For CI with
non-strict phase rotation, we observe a SNR gain of over 7dB
compared to ZF, and a SNR gain of 5dB compared to RZF
precoding.

Fig. 7 shows the BER performance of different schemes
for QPSK with N, = K = 12, where a similar BER trend
can be observed, where the ClI-based precoding with non-
strict phase rotation achieves a significant better performance
than other precoding approaches. Particularly, comparing
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Fig. 4 and Fig. 7, we observe that the performance gains of the
Cl-based approaches over the conventional ZF precoding are
more significant with the increase in the number of antennas
and users.

In Fig. 8, the average number of iterations required for
the proposed iterative scheme is numerically studied with the
increasing number of users, where we include two cases of
N; = K and N; = 16. Generally, we observe that the average
number of iterations increases with the increase in the number
of users, as a larger number of users means a high possibility
that more entries in a can be negative. Moreover, we observe
that the number of required iterations is smaller when the
number of users is smaller than that of transmit antennas. The
non-strict phase rotation requires more iterations than the strict
phase rotation because the problem size is doubled. We also
observe that when the number of users K is small, the average
number of iterations can be smaller than 1 because the number
of iterations is zero when S = ).

To show the flexible performance-complexity tradeoff
for the proposed algorithm, in Fig. 9 we depict the
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BER performance of the proposed iterative approach with
respect to the maximum iteration number ny,.x, Where Ny =
K = 4. As expected, we observe that the performance of the
iterative approach is identical to the conventional ZF approach
when 1. = 0. With n,.x increases, the performance of the
iterative method approaches the optimal CI-based precoding,
which validates our statement in Section V-C.

In Fig. 10, we further compare the uncoded BER result
for the case of N; > K, where we consider a total number
of K = 8 users served by a BS with N; = 10 transmit
antennas. We observe a similar result compared to the case
of Ny = K, where both Cl-based precoding methods achieve
an improved performance over the ZF precoding, while the
Cl-based precoding with non-strict phase rotation achieves the
best BER result, and the performance gain is more prominent
in the high SNR regime.

As it is difficult to provide a generic framework to evaluate
the analytical complexity for both the optimization-based
CI precoding and the iterative closed-form CI precoding,
in Fig. 11 we compare the execution time required for each
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scheme as an indication to show the potential complexity
benefits of the proposed iterative closed-form scheme, where
‘CI-QP, Strict/Non-Strict’ refers to the QP optimizations Py
and Pg, and ‘CI-SOCP, Strict/Non-Strict’ refers to the SOCP
optimizations P; and Ps. It is observed that the optimization
for non-strict phase rotation requires more time to obtain the
optimal solution that the strict-phase rotation because of the
larger problem size, which is also clearly demonstrated in the
literature [42]. It is also observed that solving the equivalent
QP optimization is much faster than solving the original SOCP
optimization. More importantly, our proposed iterative scheme
is more time-efficient than the QP algorithms, which motivates
the use of the symbol-level CI beamforming in practice.

VIII. CONCLUSION

In this paper, we study the symbol-level downlink precod-
ing schemes based on CI, where both the strict and non-
strict phase rotation cases are considered. By analyzing the
optimization problems with Lagrangian and KKT conditions,
we firstly obtain the optimal structure of the precoding matrix,
and further transform the optimization into a QP over a
simplex by formulating the dual problem. We show that
the optimizations for strict and non-strict phase rotation are
equivalent in terms of the problem formulation. We further
illustrate that ZF precoding is a special case and lower-
bound of the CI precoding. The proposed iterative closed-
form scheme is shown to achieve an identical performance to
the optimization-based schemes with a reduced computational
cost, which enables the use of symbol-level CI precoding in
practical wireless systems. Our future work is to consider the
possibility of closed-form CI precoding methods for QAM
modulations.

REFERENCES

[1] L. Zheng and D. N. C. Tse, “Diversity and multiplexing: A fundamental
tradeoff in multiple-antenna channels,” IEEE Trans. Inf. Theory, vol. 49,
no. 5, pp. 1073-1096, May 2003.

[2] M. Costa, “Writing on dirty paper,” IEEE Trans. Inf. Theory, vol. IT-29,
no. 3, pp. 439441, May 1983.

[3] L. Sun and M. Lei, “Quantized CSI-based Tomlinson—Harashima pre-
coding in multiuser MIMO systems,” IEEE Trans. Wireless Commun.,
vol. 12, no. 3, pp. 1118-1126, Mar. 2013.

[4] B. M. Hochwald, C. B. Peel, and A. L. Swindlehurst,
“A vector-perturbation technique for near-capacity multiantenna
multiuser communication—Part II: Perturbation,” I[EEE Trans.

Commun., vol. 53, no. 3, pp. 537-544, Mar. 2005.

[5] T. Haustein, C. von Helmolt, E. Jorswieck, V. Jungnickel, and V. Pohl,
“Performance of MIMO systems with channel inversion,” in Proc. [EEE
55th Veh. Technol. Conf. (VIC Spring), vol. 1, May 2002, pp. 35-39.

[6] C. B. Peel, B. M. Hochwald, and A. L. Swindlehurst,
“A vector-perturbation technique for near-capacity multiantenna
multiuser communication—Part I: Channel inversion and regularization,”
IEEE Trans. Commun., vol. 53, no. 1, pp. 195-202, Jan. 2005.

[71 A. Wiesel, Y. C. Eldar, and S. Shamai (Shitz), “Linear precoding via
conic optimization for fixed MIMO receivers,” IEEE Trans. Signal
Process., vol. 54, no. 1, pp. 161-176, Jan. 2006.

[8] M. F. Hanif, L.-N. Tran, A. Tolli, and M. Juntti, “Computationally
efficient robust beamforming for SINR balancing in multicell downlink
with applications to large antenna array systems,” IEEE Trans. Commun.,
vol. 62, no. 6, pp. 1908-1920, Jun. 2014.

[9]1 F. Wang, X. Wang, and Y. Zhu, “Transmit beamforming for multiuser
downlink with per-antenna power constraints,” in Proc. IEEE Int. Conf.
Commun. (ICC), Sydney, NSW, Australia, Jun. 2014, pp. 4692—4697.



7676

[10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

(31]

[32]

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 17, NO. 11, NOVEMBER 2018

M. Schubert and H. Boche, “Solution of the multiuser downlink beam-
forming problem with individual SINR constraints,” IEEE Trans. Veh.
Technol., vol. 53, no. 1, pp. 18-28, Jan. 2004.

M. Bengtsson and B. Ottersten, “Optimal and suboptimal transmit
beamforming,” in Handbook of Antennas in Wireless Communications.
Boca Raton, FL, USA: CRC Press, Jan. 2001.

N. D. Sidiropoulos, T. N. Davidson, and Z.-Q. Luo, “Transmit beam-
forming for physical-layer multicasting,” IEEE Trans. Signal Process.,
vol. 54, no. 6, pp. 2239-2251, Jun. 2006.

E. Karipidis, N. Sidiropoulos, and Z.-Q. Luo, “Quality of service and
max-min fair transmit beamforming to multiple cochannel multicast
groups,” IEEE Trans. Signal Process., vol. 56, no. 3, pp. 1268-1279,
Mar. 2008.

C. Masouros, T. Ratnarajah, M. Sellathurai, C. Papadias, and A. Shukla,
“Known interference in the cellular downlink: A performance limiting
factor or a source of green signal power?” IEEE Commun. Mag., vol. 51,
no. 10, pp. 162-171, Oct. 2013.

G. Zheng, I. Krikidis, C. Masouros, S. Timotheou, D.-A. Toumpakaris,
and Z. Ding, “Rethinking the role of interference in wireless networks,”
IEEE Commun. Mag., vol. 52, no. 11, pp. 152-158, Nov. 2014.

C. Masouros and E. Alsusa, “A novel transmitter-based selective-
precoding technique for DS/CDMA systems,” IEEE Signal Process.
Lett., vol. 14, no. 9, pp. 637-640, Sep. 2007.

C. Masouros and E. Alsusa, “Dynamic linear precoding for the exploita-
tion of known interference in MIMO broadcast systems,” IEEE Trans.
Wireless Commun., vol. 8, no. 3, pp. 1396-1401, Mar. 2009.

C. Masouros, “Correlation rotation linear precoding for MIMO broad-
cast communications,” /EEE Trans. Signal Process., vol. 59, no. 1,
pp. 252-262, Jan. 2011.

C. Masouros and G. Zheng, “Exploiting known interference as green
signal power for downlink beamforming optimization,” IEEE Trans.
Signal Process., vol. 63, no. 14, pp. 3628-3640, Jul. 2015.

M. Alodeh, S. Chatzinotas, and B. Ottersten, “Constructive multiuser
interference in symbol level precoding for the MISO downlink channel,”
IEEE Trans. Signal Process., vol. 63, no. 9, pp. 2239-2252, May 2015.
M. Alodeh, S. Chatzinotas, and B. Ottersten, “Energy-efficient symbol-
level precoding in multiuser MISO based on relaxed detection region,”
IEEE Trans. Wireless Commun., vol. 15, no. 5, pp. 3755-3767,
May 2016.

C. Masouros, M. Sellathurai, and T. Ratnarajah, “Vector perturbation
based on symbol scaling for limited feedback MISO downlinks,” /IEEE
Trans. Signal Process., vol. 62, no. 3, pp. 562-571, Feb. 2014.

M. Alodeh, S. Chatzinotas, and B. Ottersten, “Symbol-level multiuser
MISO precoding for multi-level adaptive modulation,” IEEE Trans.
Signal Process., vol. 16, no. 8, pp. 5511-5524, Aug. 2017.

C. Masouros and T. Ratnarajah, “Interference as a source of green
signal power in cognitive relay assisted co-existing MIMO wireless
transmissions,” IEEE Trans. Commun., vol. 60, no. 2, pp. 525-536,
Feb. 2012.

K. L. Law, C. Masouros, and M. Pesavento, “Transmit precoding for
interference exploitation in the underlay cognitive radio Z-channel,”
IEEE Trans. Signal Process., vol. 65, no. 14, pp. 3617-3631, Jul. 2017.
A. Li and C. Masouros, “Hybrid massive MIMO unlicensed
transmission with 1-bit quantization,” in Proc. IEEE Globecom
Workshops (GC Wkshps), Singapore, Dec. 2017, pp. 1-6.

A. Li and C. Masouros, “Constructive interference beamforming for
cooperative dual-hop MIMO relay systems,” in Proc. IEEE 87th Veh.
Technol. Conf. (VTC-Spring), Porto, Portugal, Jun. 2018, pp. 1-5.

A. Li and C. Masouros, “A two-stage vector perturbation scheme
for adaptive modulation in downlink MU-MIMO,” IEEE Trans. Veh.
Technol., vol. 65, no. 9, pp. 7785-7791, Sep. 2016.

F. Liu, C. Masouros, A. Li, T. Ratnarajah, and J. Zhou, “Interference
exploitation for radar and cellular coexistence: The power-efficient
approach,” IEEE Trans. Signal Process., vol. 66, no. 14, pp. 3681-3695,
Jul. 2018.

S. Timotheou, G. Zheng, C. Masouros, and I. Krikidis, “Exploiting
constructive interference for simultaneous wireless information and
power transfer in multiuser downlink systems,” IEEE J. Sel. Areas
Commun., vol. 34, no. 5, pp. 1772-1784, May 2016.

A. Li and C. Masouros, “Exploiting constructive mutual coupling in
P2P MIMO by analog-digital phase alignment,” I[EEE Trans. Wireless
Commun., vol. 16, no. 3, pp. 1948-1962, Mar. 2017.

D. Spano, M. Alodeh, S. Chatzinotas, and B. Ottersten, “Symbol-level
precoding for the nonlinear multiuser MISO downlink channel,” /EEE
Trans. Signal Process., vol. 66, no. 5, pp. 1331-1345, Mar. 2018.

[33]

[34]

[35]

[36]

[37]

(38]

[39]
[40]
[41]
[42]

[43]

[44]

M. Alodeh et al. (2018). “Symbol-level and multicast precoding for
multiuser multiantenna downlink: A survey, classification and chal-
lenges.” [Online]. Available: https://arxiv.org/abs/1703.03617

A. Kalantari, C. Tsinos, M. Soltanalian, S. Chatzinotas, W.-K. Ma,
and B. Ottersten, “MIMO directional modulation M-QAM precoding
for transceivers performance enhancement,” in Proc. IEEE [8th Int.
Workshop Signal Process. Adv. Wireless Commun. (SPAWC), Sapporo,
Japan, Jul. 2017, pp. 1-5.

A. Kalantari, C. Tsinos, M. Soltanalian, S. Chatzinotas, W.-K. Ma,
and B. Ottersten, “Spatial peak power minimization for relaxed phase
M-PSK MIMO directional modulation transmitter,” in Proc. 25th Eur.
Signal Process. Conf. (EUSIPCO), Kos, Greece, 2017, pp. 2011-2015.
P. V. Amadori and C. Masouros, “Constant envelope precoding
by interference exploitation in phase shift keying-modulated multi-
user transmission,” IEEE Trans. Wireless Commun., vol. 16, no. 1,
pp- 538-550, Jan. 2017.

A. Li, C. Masouros, F. Liu, and A. L. Swindlehurst. (2018). “Massive
MIMO 1-bit DAC transmission: A low-complexity symbol scaling
approach.” [Online]. Available: https://arxiv.org/abs/1709.08278

A. Li, C. Masouros, and F. Liu, “Hybrid analog-digital precoding for
interference exploitation,” in Proc. 26th Eur. Signal Process. Conf.
(EUSIPCO), Rome, Italy, pp. 1-5.

L. Vandenberghe and S. Boyd, Convex Optimization. Cambridge, U.K.:
Cambridge Univ. Press, 2004.

P. Wolfe, “The simplex method for quadratic programming,” Economet-
rica, vol. 27, no. 3, pp. 382-398, Jul. 1959.

G. Cornuejols and R. Tiitiincii, Optimization Methods Finance.
Cambridge, U.K.: Cambridge Univ. Press, Dec. 2006.

F. Alizadeh and D. Goldfarb, “Second-order cone programming,” Math.
Program., vol. 95, no. 1, pp. 3-51, 2003.

A. Ben-Tal and A. Nemirovski, Lectures on Modern Convex Optimiza-
tion: Analysis, Algorithms, and Engineering Applications. Philadelphia,
PA, USA: SIAM, 2001.

R. Hunger, “Floating point operations in matrix-vector calculus,” Munich
Univ. Technol., Inst. Circuit Theory Signal Process., Tech. Rep., 2005.
[Online]. Available: https://mediatum.ub.tum.de/doc/625604

Ang Li (S’14-M’18) received the Ph.D. degree
from the Communications and Information Sys-
tems Research Group, Department of Electrical and
Electronic Engineering, University College London,
in 2018. He is currently a Post-Doctoral Research
Associate with the School of Electrical and Infor-
mation Engineering, The University of Sydney. His
research interests lie in the field of beamforming and
signal processing techniques for MIMO systems.

Christos Masouros (M’06-SM’14) received the
Diploma degree in electrical and computer engineer-
ing from the University of Patras, Greece, in 2004,
and the M.Sc. by research and PhD degrees in
electrical and electronic engineering from The Uni-
versity of Manchester, U.K., in 2006 and 2009,
respectively. In 2008, he was a Research Intern at
Philips Research Labs, U.K. He was a Research
Associate with The University of Manchester from
2009 to 2010 and a Research Fellow with Queen’s
University Belfast from 2010 to 2012. He held the

Royal Academy of Engineering Research Fellowship from 2011 to 2016.
He is currently a Senior Lecturer with the Communications and Information
Systems Research Group, Department of Electrical and Electronic Engineer-
ing, University College London. His research interests lie in the field of
wireless communications and signal processing with particular focus on green
communications, large scale antenna systems, cognitive radio, interference
mitigation techniques for MIMO, and multicarrier communications. He was
a recipient of the Best Paper Award at the IEEE GLOBECOM Conference
in 2015. He has been recognized as an Exemplary Editor for the IEEE
COMMUNICATIONS LETTERS and as an Exemplary Reviewer for the IEEE
TRANSACTIONS ON COMMUNICATIONS. He is an Associate Editor of the
IEEE COMMUNICATIONS LETTERS and a Guest Editor of the IEEE JOURNAL
ON SELECTED TOPICS IN SIGNAL PROCESSING Special Issue on Exploiting
Interference Towards Energy Efficient and Secure Wireless Communications.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


