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Quasi-Cyclic Symbol Extensions for
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Abstract—N -continuous orthogonal frequency division
multiplexing (OFDM) is a promising solution to the out-of-
band (OOB) emission issue in OFDM systems where the N th-
order continuity between OFDM symbols leads to lower OOB
emission than the plain OFDM; however, high self-interference in
such systems is an obstacle. In this paper, we propose a new class
of quasi-cyclic symbol extensions, which makes the OFDM system
N -continuous. The new extension leads to low OOB emission
while the additive interference is less than other N -continuous
OFDM systems. Moreover, we propose a general analysis of
the spectrum and interference that occurs in a linear precoded
OFDM system. The framework is applicable to many
N -continuous OFDM systems including our proposed
method.

Index Terms— OFDM, spectral precoding, out-of-band
emission, interference, PAPR.

I. INTRODUCTION

W ITH the heavily growing number of wireless devices,
the sub-6 GHz spectrum is becoming increasingly

congested. Most of the radio spectrum is already occu-
pied or licensed; therefore, there is an increasing need for
efficient use of the spectrum. Cognitive radio is a solution
for the spectrum crowding problem allowing unlicensed users
use the temporary unused gaps of the spectrum. Orthogonal
frequency-division multiplexing (OFDM) is the waveform
which has been used in fourth generation (4G) systems. On
the process to choose a waveform for fifth generation (5G)
communication systems, completely new waveforms were pro-
posed, for example, Filter Bank Multicarrier (FBMC) [1], Uni-
versal Filtered MultiCarrier (UFMC) [2] and Generalised Fre-
quency Division Multiplexing (GFDM) [3]. A comprehensive
overview of candidate waveforms for 5G networks is presented
in [4]. However, recentely, 3GPP decided to continue with
OFDM in 5G communication technologies [5]. OFDM pro-
vides a suitable scheme for cognitive radio scenarios because it
embodies a straightforward flexible way to shape the spectrum
by deactivating unused subcarriers. However, OFDM systems
suffer from high out-of-band (OOB) emission potentially lead-
ing to severe radiation to adjacent bands. Therefore, in coming
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communications systems and cognitive radio scenarios where
many different radio-systems co-exist, residual OOB emissions
need special attention. Several methods have been proposed
in the literature to suppress the OOB emission includ-
ing filtering [6], time domain transmit-windowing [7]–[11]
and, more recently, N -continuous OFDM [12]–[17].

Since the OFDM symbol is a multiplex of rectangularly
windowed sinusoids, its signal trajectory is discontinuous.
The sharp edges of adjacent OFDM symbols are a reason
for high OOB emissions. A classical means to suppress the
OOB emission is smoothing the signal by low-pass filtering
of the baseband OFDM signal [6]. Time domain transmit-
windowing is another classical approach that suppresses the
OOB emission by shaping the sharp boundaries of the two
consecutive OFDM symbols by applying a smooth window to
the OFDM symbol. This method is used for long in digital
subscriber line (DSL) systems [19]. This technique is also
allowed in vendor-proprietary implementations of the current
LTE standard [20].

Another method to suppress the OOB emission which
shapes OFDM symbols is N -continuous OFDM. N -continuity
is a signal property in which symbols are forced continuous
up to N th-order derivatives. There are many ways to construct
N -continuity, see for example [12]–[17].

The N th-order continuity between OFDM symbols leads
to lower OOB emission compared to plain, uncoded OFDM,
shown in Figure 1a [18]. The very first idea of N -continuous
OFDM was introduced in [12] and extended in [13] where
a precoder manipulates the OFDM data symbol in order
to make the signal N -continuous, see Figures 1b and 1c.
N -continuous OFDM in [12] and [13] modify the whole
OFDM symbol by slightly changing the whole data symbol
through a pre-FFT symbol precoder. In [12] a precoder with
memory was developed where the precoder forces the current
symbol to be connected to the previous symbol, up to N th-
order derivatives, knowing the previous data symbol. In [13] an
associated memoryless precoder was presented. The scheme
in [13] solves the memory issue by forcing the end and
beginning of each symbol to zero, up to N th-order derivatives;
therefore, the consecutive symbols become N -continuous.
The N -continuous precoders in [12] and [13] have the same
performance [13]. We will denote the precoding systems which
change the whole data symbol, including the method in [13]
and Figure 1c, as symbol precoding. Symbol precoding causes
the OFDM subcarriers to lose their orthogonality, and therefore
self-interference appears in the receiver. Moreover, as in plain
OFDM, a long multipath channel, longer than cyclic prefix,
causes leakage from a previous symbol into the current symbol
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Fig. 1. The transmitters’ block diagrams of a) plain, b) symbol precoding in [12], c) symbol precoding in [13], d) prefix precoding in [14] e) prefix/suffix
precoding and f) general linear precoding OFDM systems. The precoder G̃, Ĝ and Ǧ are different for each system.

known as intersymbol interference (ISI). In case of a short
dispersive channel, the presence of a cyclic prefix preserves the
orthogonality between subcarriers by making the effective part
of the symbol be a circular convolution of transmitted signal
by the channel impulse response. A long dispersive channel
also causes loss of orthogonality between subcarriers known
as intercarrier interference (ICI).

In contrast, recently a new idea has emerged in [14] which
inserts N -continuous OFDM correction symbols only into the
guard interval, see Figure 1d. Therefore, no self-interference
occurs, at the price of an increased sensitivity to channel-
induced ISI and ICI. However, a proper analysis of the price
paid in terms of ISI and ICI is missing in [14]. Moreover,
precoder in [14] needs the information of the previous symbol
to construct the continuity which means extra memory con-
sumption. We refer to the precoding approach which changes
the symbol just in prefix part, including the precoding method
in [14] and Figure 1d, as prefix precoding.

This paper has three contributions: first, inspired by
the ideas in [14], we propose a precoder which results in
a new class of symbol extensions that makes the signal
N -continuous in a memoryless fashion. In a sense our paper
now repeats the development made from [12] to [13]. Because
we explicitly introduce both a prefix and a suffix, and the
new precoder changes the data symbol only in the extension
parts, we refer to this approach as prefix/suffix precoding, see
Figure 1e. Although the proposed precoder changes prefix and
suffix, the changes are small and therefore, prefix and suffix

are almost cyclic. We will see that our system provides good
OOB emission suppression with less amount of interference
than symbol precoding in [12] and [13] and prefix precoding
in [14].

Secondly, we develop a general analysis framework both
at the transmitter and receiver side Figure 1f shows a general
linear precoding model that we analyse in this paper. We show
that the systems in Figures 1a,c-d are special cases of
Figure 1f. Using the developed framework we give expressions
for both interference and power spectrum in a general linearly
precoded system. In the literatures [12]–[14] there is lack of
the interference analysis of the precoded systems. We evalu-
ate the interference for precoders in [13] and [14] and compare
the results with interference in the new prefix/suffix precoded
system. We also show that the rate-loss due to precoding in
the prefix/suffix precoded system is very small compared with
rate-loss in the plain OFDM system.

Thirdly, we discuss the similarities and differences between
N -continuous OFDM and transmit-windowing. While [9]
presents analysis of interference that occurs in a transmit-
windowed OFDM system, we here look at the symbol
shaping strategy of each method. Moreover, we look at the
Peak-to-Average Power Ratio (PAPR) of an N -continuous
OFDM. We also show that for both prefix precoding and
prefix/suffix precoding methods the complexity increases
linearly with the number of subcarriers.

In Section II we present a system model for a general linear
precoded OFDM system. Section III introduces special cases
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Fig. 2. Transmit precoded OFDM signal.

of the general precoded OFDM systems In Subsection III-B,
we introduce a new memoryless prefix/suffix precoder which
makes the system N -continuous and suppresses the OOB
emission with less amount of overall interference than pre-
coding in [13] and [14]. We analyse the transmitted power
spectrum of the general precoded OFDM system in Section IV
and in Section V we analyse the interference that occurs in
such systems in case of a dispersive channel. In Section VI,
we evaluate the spectrum properties of the proposed prefix/
suffix precoder and the interference in our system. We also
compare our results of prefix/suffix precoding with results
of symbol precoding in [13] and prefix precoding in [14].
We evaluate the achievable rate in a prefix/suffix precoded
OFDM system in Section VII and finally, time domain
transmit-windowing and its similarities and differences with an
N -continuous OFDM, PAPR in N -continuous OFDM systems
and complexity of the proposed method are discussed in
Section VIII.

II. SYSTEM MODEL

We first write the transmitted signal as

s(t) =
∑

i

si(t − i(Ts + Tg)), (1)

where si(t) is the ith OFDM symbol, Ts is the useful part
of the OFDM symbol and Tg is a fixed-length guard interval
between consecutive symbols. The OFDM symbol in (1) is
extended by a fixed-length prefix with a duration of Tpre and
a fixed-length suffix with a duration of Tsuf. Symbol extension
by the suffix was introduced for the first time in [21]. We
consider two scenarios of extending the OFDM symbols in the
guard intervals. The first scenario is that the prefix of current
symbol and suffix of the previous symbol share the guard
interval without overlapping, Tg = Tpre+Tsuf, see Figure 2a.
In the second scenario the prefix of the current symbol and the
suffix of the previous symbol overlap in the guard interval, see
Figure 2b, usually in such a case Tpre = Tg. In what follows
we will explicitly refer whatever scenario is being discussed.

We write si(t) as a sum of three signal components, these
components represent the signal in the useful, prefix and suffix
parts,

si(t)=ũi(t)I[0,Ts)(t)+ûi(t)I[−Tpre,0)(t) + ǔi(t)I[Ts,Ts+Tsuf)(t)
(2)

where IX(t) is the indicator function: IX(t) = 1 for t ∈ X
and zero otherwise, and

ũi(t) =
∑

k∈K
d̃i,kej2π k

Ts
t, ûi(t) =

∑

k∈K
d̂i,kej2π k

Ts
t,

and

ǔi(t) =
∑

k∈K
ďi,kej2π k

Ts
t. (3)

Data symbols d̃i,k, d̂i,k and ďi,k are the results of a precoding
step. The purpose of the precoding is to reduce the OOB
emission. Therefore, in vector notation,

d̃i = G̃di, d̂i = Ĝdi and ďi = Ǧdi. (4)

Here K={k1, k2, . . . , kK} is the set of subcarrier indices, di =
[di,1, di,2, . . . , di,K ]T represents information data taken from a
symbol constellation. The vectors d̃i = [d̃i,1, d̃i,2, . . . , d̃i,K ]T ,
d̂i = [d̂i,1, d̂i,2, . . . , d̂i,K ]T and ďi = [ďi,1, ďi,2, . . . , ďi,K ]T

contain the precoded data symbols using size-K×K matrices
G̃, Ĝ and Ǧ which represent precoders for the useful part
of the symbol, the prefix and the suffix part of the symbol,
respectively. This model generalizes earlier models in the
literature, [12]–[14], by explicitly separating the precoding of
the useful signal part (through G̃) and its prefix and suffix
(through Ĝ and Ǧ). Various known models appear as special
cases.

III. THREE SPECIAL CASES AND ONE NEW PRECODER

A. Special Cases

In general G̃, Ĝ and Ǧ are not equal and unique for
each system. In this Section we will show that systems
in Figures 1a, c-d have a system model of in Section II;
therefore all are special cases of the system in Figure 1f.

1) Plain OFDM: In case of plain OFDM in Figure 1a [18],
usually symbols are extended only by a fixed-length prefix,
Tg = Tpre and Tsuf = 0. In plain OFDM, all precoders are
identity matrices, G̃ = Ĝ = Ǧ = I. Note that in plain OFDM
the prefix is a cyclic extension of the useful symbol.

2) Symbol Precoding [13]: The symbol is extended using
a fixed-length prefix, Tg = Tpre and Tsuf = 0. Moreover,
the useful part of the symbol and prefix are precoded by the
same precoder and the prefix remains cyclic, the precoded
prefix is cyclic to the precoded OFDM symbol. As Tsuf = 0,
there is no need to define any Ǧ. Symbol precoding
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in Figure 1c [13], uses a precoder Ḡ to force the beginning
and end of each symbol to zero up to Nc

th-order derivatives,

d̄i = Ḡdi, Ḡ = I − ĀH(ĀĀH)−1Ā,

where Ā =
[
AΦpre

A

]
. (5)

Here Φpre = diag(ejφprek1 , . . . , ejφprekK ), φpre = −2πTpre/
Ts and A is a (Nc + 1)×K matrix,

A =

⎡

⎢⎢⎢⎣

1 1 . . . 1
k1 k2 . . . kK

...
...

...
kNc
1 kNc

2 . . . kNc

K

⎤

⎥⎥⎥⎦. (6)

The precoder Ḡ changes the whole data symbol including the
prefix and useful part of the symbol, see Figure 1c.

Symbol precoding is a special case of Figure 1f with the
transmitted signal as (1) with G̃ = Ĝ = Ḡ.

3) Prefix Precoding: In prefix precoding in [14] the useful
part of the symbol is unchanged while the current data, di,
and previous data, di−1, are combined to construct the data
symbol in prefix part as

dpre
i = (I − P)di + PΦHdi−1, (7)

where dpre
i = [dpre

i,1, d
pre
i,2, . . . , d

pre
i,K ]T is the data in prefix part

and

P =
[
AΦpre

A

]† [
AΦpre

0(N+1)×K

]
(8)

and Φpre = diag(ejφprek1 , . . . , ejφprekK ), φpre = −2πTpre/Ts.
Here, [.]† represents the Moore-Penrose pseudo inverse and
A is a (Nc + 1)×K matrix in (6). In prefix precoding the
whole guard interval is used as a prefix, Tg = Tpre. Changing
the prefix using (7) makes the consecutive OFDM symbols
continuous up to Nc

th-order derivatives.
Lemma 1: The prefix precoder in Figure 1d [14] is identical

to a linear prefix/suffix precoder with the transmitted signal
as (1) with

G̃ = I, Ĝ = I− P, and Ǧ = PΦH
pre, (9)

where prefix of a current symbol and suffix of previous symbol
have the same length and overlap over the whole guard
interval, Tg = Tpre = Tsuf.

The proof is given in the appendix. The prefix precoder
in Figure 1d uses two precoders to construct the data for the
prefix part, dpre

i = Ĝdi + Ǧdi−1, where dpre
i is the data in

prefix part. One of the precoders, Ĝ, is applied to the current
data symbol and the other one, Ǧ, is applied to the previous
data symbol. In order to make the prefix precoding system
compatible with our model in Section II, instead of precoding
a prefix as a combination of current and previous data symbols,
we extend each symbol by a prefix and a suffix and precode
each part independently, see Figure 1f. Here, the prefix of the
current symbol and the suffix of the previous symbol have
the same length and overlap over the whole guard interval,
Tg = Tpre = Tsuf. Simulations in Section VI show the identical
results. Note that in prefix precoding the useful part of the
symbol is not precoded, therefore, G̃ = I.

B. A New Precoder: Prefix/Suffix Precoding

In this section we propose a new precoder which makes
the signal N -continuous by changing the data symbol only
in prefix and suffix part. Here, because we want to keep
the useful part of the symbol unchanged, d̃i=di, we choose
G̃=I. We consider that the prefix and the suffix are precoded
using the same precoder Ḡ, Ĝ = Ǧ = Ḡ, and d̄i = Ḡdi

where d̄i = [d̄i,1, d̄i,2, . . . , d̄i,K ]T contain the precoded data
symbols, see Figure 1e. This is the first difference between
the new precoder and the prefix precoder in [14] which uses
two different precoders for the prefix, Ĝ, and the suffix
part, Ǧ. Even though the new precoder is the same for the
prefix and suffix part, but the prefix and the suffix will be
different because the indicator functions in (2), I[−Tpre,0)(t)
and I[Ts,Ts+Tsuf)(t), are not the same. Note that here, Ḡ is
different from the precoder in (5). Precoder Ḡ is calculated
under the following constraints

dn

dtn
ûi(t)

∣∣∣∣
t=−Tpre

= 0 (10)

dn

dtn
ûi(t)

∣∣∣∣
t=0

=
dn

dtn
ũi(t)

∣∣∣∣
t=0

(11)

dn

dtn
ǔi(t)

∣∣∣∣
t=Ts

=
dn

dtn
ũi(t)

∣∣∣∣
t=Ts

(12)

dn

dtn
ǔi(t)

∣∣∣∣
t=Ts+Tsuf

= 0 (13)

for each n ∈ {0, 1, . . . , Nc}, Nc is the order of the continuity.
These constraints make the signal continuous by forcing the
signal at edges of the prefix and the suffix to be continuous.
The idea is to design a memoryless precoder. Constraints (10)
and (13) form the new precoder as a memoryless precoder as
opposed to prefix precoder in [14] which needs the information
of the previous symbol to construct the continuity. After some
computation similar to [12], (11) and (12) reduce to a same
constraint. The three remaining constraints can be expressed
in matrix form as

Ād̄i = B̄di, (14)

where

Ā =

⎡

⎣
AΦpre

A
AΦsuf

⎤

⎦ and B̄ =

⎡

⎣
0(Nc+1)×K

A
0(Nc+1)×K

⎤

⎦. (15)

Here Φpre = diag(ejφprek1 , . . . , ejφprekK ), φpre = −2πTpre/Ts

and Φsuf = diag(ejφsufk1 , . . . , ejφsufkK ), φsuf = 2πTsuf/Ts and
A is a (Nc + 1)×K matrix in (6).

We are interested only in a solution of equation (14) where
d̄i is nearest to the information data vector di in a Euclidean
sense. The solution to (14) is

d̄i = Ḡdi, Ḡ = I − ĀH(ĀĀH)−1(Ā − B̄). (16)

where Ḡ is the new K×K prefix/suffix precoding matrix.
The precoder Ḡ changes the symbol only in the prefix

and suffix part of the symbol and makes the whole sig-
nal continuous with unchanged data symbol in the useful
part, d̃i=di.
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IV. TRANSMISSION: POWER SPECTRUM

In this section we derive an analytical expression of the
power spectrum of the linear precoded OFDM system (1)–(4).
In Section VI we will evaluate the spectrum for symbol
precoding in [13], prefix precoding in [14] and our proposed
prefix/suffix precoding OFDM systems. We start with writing
the Fourier transform of (2) as

Si(f) =
∑

k

d̃i,k ãk(f) +
∑

k

d̂i,kâk(f) +
∑

k

ďi,kǎk(f)

= ãT (f)d̃i + âT (f)d̂i + ǎT (f)ďi = aT (f)di, (17)

where, with (4),

a(f) = G̃T ã(f) + ĜT â(f) + ǦT ǎ(f), (18)

and ã(f) = (ãk1(f), ãk2(f), . . . , ãkK (f))T , â(f) = (âk1(f),
âk2(f), . . . , âkK (f))T and ǎ(f) = (ǎk1(f), ǎk2(f), . . . ,
ǎkK (f))T , ãk(f), âk(f) and ǎk(f) are the Fourier transforms
of ej2π k

Ts
tI[0,Ts), ej2π k

Ts
tI[−Tpre,0) and ej2π k

Ts
tI[Ts,Ts+Tsuf)

respectively.
The power spectrum P (f) of (1) is then [22]

P (f) =
1
T

E{|Si(f)|}2 =
1
T
‖a(f)‖2

2, (19)

where the expectation E{·} is over all possible transmitted
OFDM symbols. In the second quality, we assume that the
data are uncorrelated, E{didH

i }=IK and E{didH
j }=0K

if i �=j.
As we expect the power spectrum (19) depends on all

precoders G̃, Ĝ and Ǧ. Later in Section VI we evaluate (19)
for prefix/suffix precoded system and we will see that (19)
has low OOB emission similar to symbol precoding OFDM
in [13] and prefix precoding OFDM in [14].

V. RECEPTION: INTERFERENCE ANALYSIS

For the sake of the receiver interference analysis, we now
adopt a discrete-time model at the receiver where s[n] is
the discrete-time transmitted signal. We transmit s[n] over a
dispersive channel with impulse response h[n] of length H ,
h=[h1 . . . hH , 0, 0, . . . , 0]. We are interested in the interfer-
ence in precoded OFDM systems that occurs when the length
of h[n] exceeds the length of the prefix, which is likely to be
the dominant scenario in for instance low-latency 5G systems
where short symbol-extensions are likely to be used for the
sake of low latency. Our analysis is based on the interference
resulting from one particular channel impulse response. Later,
in our simulations, we evaluate the average interference in the
OFDM signal (1).

The discrete-time equivalent of the ith transmitted sym-
bol (2) can be presented in matrix form,

si = T1ũi + T2ûi + T3ǔi, (20)

where ũi=FH d̃i (FH is the inverse DFT matrix), ûi=FH d̂i

and ǔi=FH ďi,

T1 =

⎡

⎣
0Lpre×N

IN×N

0Lsuf×N

⎤

⎦, T2=
[
0Lpre×(N−Lpre) ILpre

0(N+Lsuf)×N

]

and T3 =
[

0(N+Lpre)×N

ILsuf 0Lsuf×(N−Lsuf)

]
. (21)

Equation (20) is the discrete equivalent of (2) where ũi, ûi and
ǔi represents ũi(t), ûi(t) and ǔi(t) in matrix form respectively
and T1, T2 and T3 are matrix form of rectangular pulses of
I[0,Ts)(t), I[−Tpre,0)(t) and I[Ts,Ts+Tsuf)(t) respectively.

We assume that the channel length in shorter than one
complete OFDM symbol, therefore, at the receiver, there is
only leakage from the previous symbol to the current symbol.
Ignoring receiver noise, we write the received symbol vector
after the receiver FFT in a general precoded OFDM system as

ri = F(H1si + H2si−1) (22)

where ri=[ri,1 . . . ri,K ]T is a size-K×1 vector and F is the
K×K DFT-matrix with entries [F]xy = 1√

K
e−2jπ xy

K . Here, H1

is the size N × (N + Lpre + Lsuf) matrix

H1=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

hLpre+1 · · · h2

...
...

hH

. . .
hH

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

h1

...
. . .

hH

. . .
hH · · · h1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0N×Lsuf

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(23)

where N is the number of samples in one OFDM symbol
and Lpre = TpreN/Ts and Lsuf = TsufN/Ts are the number of
samples in the prefix and the suffix.

Similar to H1, H2 is the size N × (N + Lpre + Lsuf) matrix
that captures the prefix and suffix residual. If the prefix and
suffix share the guard interval, as in Figure 2a, H2 becomes

H2 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 hH · · · hLpre−Lsuf+2

...
. . .

...
. . . hH

0
...

0 · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (24)

while in case of overlapped prefix and suffix, as in Figure 2b,
H2 is

H2 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 hH · · · hLpre+2

...
. . .

...
. . . hH

0
...

0 · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (25)

The received data (22) then becomes

ri = FH1(T1ũi+T2ûi+T3ǔi)
+FH2(T1ũi−1+T2ûi−1+T3ǔi−1)

= FH1T1FH d̃i+FH1T2FH d̂i+FH1T3FH ďi

+FH2T1FH d̃i−1+FH2T2FH d̂i−1

+FH2T3FH ďi−1. (26)
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By substituting d̃i, d̂i and ďi using (4) and extracting the
desired part of the signal we obtain

ri = FHFHdi+(FH1T1FHG̃+FH1T2FHĜ−FHFH)di

+ (FH2T1FHG̃+FH2T3FHǦ)di−1,

where H is the circular channel convolution matrix. Here,
the first term is the desired signal, the second term includes
the channel-induced ICI and the transmitter-induced ISI by
precoder G̃. By extracting the transmitter-induced ICI, which
we will refer to as self-ICI, ri becomes

ri = FHFHdi + FHFH(G̃ − I)di

+ (F(H1T1 − H)FHG̃ + FH1T2FHĜ)di

+ (FH2T1FHG̃ + FH2T3FHǦ)di−1. (27)

Therefore, finally, the received signal in (27) becomes

ri = Ddi + Gself-ICIdi + GICIdi + GISIdi−1, (28)

where

D = diag(Fh) = FHFH ,

Gself-ICI = −D(I − G̃),
GICI = −(FΛ0FHG̃ − FΛ12FHĜ),
GISI = FΛ21FHG̃ + FΛ23FHǦ. (29)

Here Λij = HiTj , for i, j = 1, 2, 3 and Λ0 = H− Λ11.
The first term in (28) is the desired signal, the second term

is the additive interference caused by the precoder and the
third and fourth terms represent the ICI and ISI due to the
channel, respectively.

We assume that the data is uncorrelated, E{didH
i }=IK and

E{didH
j }=0K if i �=j. The covariance matrix of the self-ICI-

term in (28), Gself-ICIdi, becomes

Cself-ICI
def= E{Gself-ICIdidH

i Gself-ICI
H}

= E{Gself-ICIGself-ICI
H}. (30)

Similarly, the covariance matrix of the channel-induced ISI
and ICI-term in (28), are

CISI = E{GISIGISI
H} and CICI = E{GICIGICI

H}, (31)

respectively. The diagonal elements of these covariance matri-
ces contain the interference power of the respective subcarrier,
Pself-ICI,k= [Cself-ICI]kk,PICI,k= [CICI]kk and PISI,k= [CISI]kk.

The total self-ICI power is the trace of Cself-ICI,
Pself-ICI,total = Tr {Cself-ICI}, and similarly, the total ISI and
ICI power are PISI,total = Tr {CISI} and PICI,total = Tr {CICI},
respectively.

Furthermore, ISI is always uncorrelated with ICI and self-
ICI as E{didH

i−1}=0K , albeit in general ICI and self-ICI are
correlated. We can show that in case of symbol precoding
in [13] (G̃ = Ḡ) ICI and self-ICI are also uncorrelated.

Note that, importantly, in case of prefix and prefix/suffix
precoding (G̃ = I) self-ICI becomes zero, see (29) and (30).
Therefore, the total interference power in these systems
becomes

Ptotal = PISI,total + PICI,total + Pself-ICI,total. (32)

Fig. 3. The power spectrum of the plain OFDM, symbol precoding in [13],
prefix precoding in [14] and prefix/suffix precoding for Nc = 0 to 3 and
Tpre=Tsuf=2.35μs. For all evaluated Nc the results of conventional symbol
precoding in [13], prefix precoding in [14] and prefix/suffix precoding are
indistinguishable.

Equation (32) shows that in a case of non-dispersive
channel, the interference is zero because the precoder does
not change the data symbol in the useful part. This is a valu-
able and key improvement over [13] where self-interference
induced by the precoder regardless of the channel exists. The
amount of interference in case of dispersive channels depends
on the channel and also the precoder, G̃. In the next section we
evaluate the interference in the proposed system and design the
system in order to have good OOB emission with minimum
amount of interference.

VI. SIMULATION RESULTS

In this section we investigate the design of the prefix/suffix
precoding system. We evaluate the OOB emission and
the interference that occur in our system and compare
them with symbol precoding in [13] and prefix precoding
in [14]. We consider LTE parameters for 10MHz channel
bandwidth with 600 subcarriers, a sampling frequency
of 15.36 MHz, 1024 samples of the symbol with the length
of Ts = 66.7μs and 72 samples of the cyclic prefix with the
length of Tg = 4.7μs [23]. Prefix/suffix precoding uses the
scheme in Figure 2a where Tsuf=βTg and Tpre=(1 − β)Tg ,
0<β<1. Prefix precoding uses the scheme in Figure 2b with
Tpre=Tsuf=Tg and in symbol precoding Tsuf=0 and Tpre=Tg.

Figure 3 shows the power spectrum (19) of the plain
OFDM, symbol precoding in [13], prefix precoding in [14]
and prefix/suffix precoding for Nc = 0, 1, 2, 3. Although for
all evaluated values of Nc the results of symbol precoding
in [13], prefix precoding in [14] and proposed method are
indistinguishable, we have not been able to formally prove
their equality. Moreover, the spectrum does hardly change for
different lengths Tpre and Tsuf. Based on results not shown in
the Figure, only in case of extremely short Tpre and Tsuf where
not enough space remains to construct continuity between
symbols, OOB emission is higher.

Figure 4 shows the average normalized interference
power, (32), in several multipath fading channels represented
in Figure 5 for suffix length of 0 to full size, 4.7μs. Since,
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Fig. 4. Average normalized interference power in multipath channel with
an exponentially decaying power delay profile of e−αt, 0 < t < 4.7μs,
as in Figure 5. Tpre=Tg − Tsuf and Tg=4.7μs

the spectrum does not depend on the the size of prefix or
suffix, we share the guard interval between the prefix and
suffix in a way to cause as minimum interference as possible.
In other words, we are looking for a particular fraction β,
Tsuf=βTg and Tpre=(1 − β)Tg , that minimizes Ptotal in (32)
for a given channel decay characteristic α. Figure 4 shows
that in case of channels with more dispersion (smaller α),
minimum interference occurs for a shorter suffix. This short
length of the suffix depends on the continuity order Nc and

Fig. 5. Power delay profile of h(t) = e−αt, 0 < t < 4.7μs and zero
otherwise for α = 0, 1, 3 and 5.

on the channel decay characteristic α. Moreover, for a very
short suffix not only the interference level increases but also
the OOB emission increases. Therefore, we conclude that the
most proper suffix length to provide N -continuity is one that
leads to the minimum interference level.

When the channel approaches a one-tap channel (large α),
for instance α = 5 in Figure 5, there is no need for a prefix to
prevent ISI and ICI. In such case, the only purpose of having
prefix and suffix is to force the signal’s continuity. Therefore,
the optimal lengths of suffix and prefix are equal and occur in
the middle of the guard interval, see Figure 4c.

On the other hand, in practice, in a case that the interference
is approximately less than −20dB, the electronic/RF noise
is dominating the interference. In such a case, there is no
practical need to decrease the interference. All the curves
in Figure 4 suggest that having a suffix with the length of
at most 0.5μs is enough to have a good performance even
in case of more dispersive channels (smaller α). This is the
optimal choice in case of not having any knowledge about
how dispersive the channel is.

Figure 6 shows the interference power (32) that occurs
in symbol precoding in [13], prefix precoding in [14] and
prefix/suffix precoding system with Tsuf=0.3μs for different
dispersive channels (different αs) and for Nc = 1, 3 and 5.
For all channels, prefix precoding and the proposed method
cause less interference than symbol precoding as in these
systems the useful part of the symbol remains unchanged and
therefore the self-interference, which exists in symbol pre-
coding, is eliminated in prefix precoding and in the proposed
prefix/suffix precoding method. Furthermore, for small α or a
more dispersive channel, the proposed method causes less
interference than prefix precoding. Even though in case of
large α, the interference power for prefix precoding is less than
for our method, the range of the interference power suggests no
practical difference between prefix precoding and the proposed
method.

Figure 7 shows MSE in symbol’s extension part by the
proposed method,

e(t) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∣∣∣splain
i−1 (t) − sprecoded

i−1 (t)
∣∣∣
2

‖splain
i−1 (t)‖2

2

−Tg ≤ t < −Tpre

∣∣∣splain
i (t) − sprecoded

i (t)
∣∣∣
2

‖splain
i (t)‖2

2

−Tpre ≤ t < 0,

(33)

for Tpre = 3.25μs, Tsuf = 1.45μs, where splain
i (t) represents

the ith transmitted signal, si(t) in (2), with G̃ = Ḡ = I
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Fig. 6. Average normalized interference power for a) Nc = 1, b) Nc = 3,
c) Nc = 5 where Tsuf=0.3μs.

and sprecoded
i (t) is the ith transmitted signal in the suffix/prefix

precoded system with Nc = 3. The result is averaged over a
large number of symbols (10000 symbols). The error power,
e(t), in the useful part of the symbol (from 0 to 66.7μs) is
zero and any changes compared to the plain OFDM symbol
are constrained in the extension part, mostly in the region
where the suffix and prefix join, t = −3.25μs in Figure 7.
It is what we expected as our goal in designing the pre-
coder in Section III-B was to change the symbol just in the

Fig. 7. MSE in a symbol by prefix/suffix precoder.

extension part. We see that the averaged relative error power is
extremely low and therefore, the prefix and suffix are almost
cyclic. This motivates the use of the notion of quasi-cyclic
prefix and suffix.

VII. SUM-RATE

In this section we evaluate the achievable rate of prefix/
suffix precoding on a frequency selective channel. In our
evaluations, channel is a frequency selective channel with
power delay profile of h(t) = e−αt, 0 < t < 2.7μs and
zero otherwise, thermal noise is Gaussian distributed with zero
mean and variance σ2 and signal-to-noise ratio is SNR= 1

σ2 .
The result is averaged over 1000 channel realizations. We
define

R
Δ= E{log2[det(I + SINR)]}, (34)

where R is an achievable rate of the system, expectation, E{·},
is over all channel realizations and SINR is the signal-to-
interference-plus-noise ratio,

SINR=
[
DDH

]
(σ2I + [Cself-ICI] + [CICI] + [CISI])−1. (35)

where matrices D, Cself-ICI, CICI and CISI are calculated
using (29)–(31).

Figure 8 shows the evaluated rate for plain OFDM, symbol
precoding with Nc = 4, prefix/suffix precoding with Nc = 4
and β = 1/3 and root-raised cosine (RRC) windowing where
the whole guard interval is used to apply the window [9].
The interference analysis of the windowed OFDM is explain
in [9]. Note that, in windowing, as long as the useful part of
the symbol is untouched there is no self-ICI.

In practical systems, receivers apply per-subcarrier process-
ing. With this restriction sum-rate becomes

R
Δ=

K∑

k=1

E{log2(1 + SINRk)}, (36)

where expectation, E{·}, is over all channel realizations and
SINRk is the signal-to-interference-plus-noise ratio on kth

subcarrier,

SINRk=

[
DDH

]
kk

σ2 + [Cself-ICI]kk + [CICI]kk + [CISI]kk

. (37)
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Fig. 8. Sum-rate of plain OFDM, symbol precoding with Nc = 4, prefix/
suffix precoding with Nc = 4 and β = 1/3 and RRC windowing, considering
correlated subcarriers.

Fig. 9. Sum-rate of plain OFDM, symbol precoding with Nc = 4, prefix/
suffix precoding with Nc = 4 and β = 1/3 and RRC windowing, ignoring
the correlation between subcarriers.

In (37) we just account for the diagonal elements of the
matrices which contain the information on each subcarriers
reflecting a transmitter/receiver unaware of any interchannel
correlations.

Figure 9 shows the rate evaluation of (36). We see that in
symbol precoding the sum-rate is degraded, specially at high
SNR scenarios while in the suffix/prefix precoded system the
rate-loss is very small. This is because of no self-interference
in prefix/suffix precoding technique. Moreover, RRC window-
ing also degrades the capacity because the data in windowed
part changes relatively a lot. Prefix/suffix precoder finds the
optimal modification to the prefix and suffix parts and does not
change the useful part of the symbol. This is the key factor to
maintain the rate.

VIII. DISCUSSION

A. N-Continuous OFDM Versus Transmit-Windowed OFDM

Windowing is a classical means to suppress the OOB
emission by simply applying a smooth window to the OFDM
symbol in order to make the smooth transition between OFDM
symbols which causes fast decaying sinc-shaped subcarriers.

Windowing in order to suppress the OOB emission comes
with a price. The price is either losing the spectral efficiency by
extending the required transition gap between the consecutive

symbols, see Figure 10a, or additional ISI due to overlapping
the current symbol in prefix part with the previous symbol’s
suffix part and the ICI due to changing the data in prefix part
of the symbol, see Figure 10b, [9]. The concept of overlapping
a shaped prefix and suffix is introduced in 90s for VDSL [24]
and recently, suggested for the 5G [25]. Here, we assume that
the transition occurs in prefix and suffix part of the symbol as
illustrated in Figure 10b.

Some studies have been done on the window shape to
reduce the price that may occur. For instance, in [9] and [10]
asymmetric window shape is suggested to reduce the intro-
duced ISI and ICI by the window. A thorough analysis
on ISI and ICI in a windowed OFDM system is presented
in [9]. In [26] an enhanced variant of windowing is proposed
where different windows with different lengths are applied to
different groups of subcarriers.

N -continous OFDM and windowing have some similarities.
In windowing method, OFDM symbols typically become
N -continous. The window modifies the data symbol to
construct the smooth transition at its discontinuous edges.
Smoothing the data symbol makes it continuous. the order
of continuity depends on the particular window shape. For
instance, for the well-known raised cosine window (RC) the
signal’s continuity order is Nc = 1 since, at all edges:

dn

dtn
sRC

i (t)
∣∣∣∣
t=−Tpre

= 0,

dn

dtn
sRC

i (t)
∣∣∣∣
t=Ts+Tsuf

= 0,

dn

dtn
sRC

i (t)
∣∣∣∣
t=Ts

=
dn

dtn
s

plain
i (t)

∣∣∣∣
t=Ts

dn

dtn
sRC

i (t)
∣∣∣∣
t=0

=
dn

dtn
splain

i (t)
∣∣∣∣
t=0

, (38)

for n ∈ {0, 1}, where sRC
i (t) = splain

i (t)wRC(t) and wRC(t) is
the raised cosine window shape [9],

wRC(t)

=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

cos2
(

π(t+Tpre−Tw)
2Tw

)
, −Tpre�t<−Tpre+Tw

1, −Tpre+Tw�t<Ts+Tsuf−Tw

cos2
(

π(t−Ts−Tsuf+Tw)
2Tw

)
, Ts+Tsuf−Tw�t<Ts+Tsuf

0, Otherwise.

(39)

For the root-raised cosine window (RRC) the signal’s
continuity order is Nc = 0 since,

dn

dtn
sRRC

i (t)
∣∣∣∣
t=−Tpre

= 0,

dn

dtn
sRRC

i (t)
∣∣∣∣
t=Ts+Tsuf

= 0,

dn

dtn
sRRC

i (t)
∣∣∣∣
t=Ts

=
dn

dtn
splain

i (t)
∣∣∣∣
t=Ts

dn

dtn
sRRC

i (t)
∣∣∣∣
t=0

=
dn

dtn
splain

i (t)
∣∣∣∣
t=0

, (40)
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Fig. 10. Consecutive windowed OFDM symbols in the time domain. The head and the tail part of OFDM symbol are shaped by a window. Tw is the
window length.

for n = 0. where, sRRC
i (t) = splain

i (t)wRRC(t) and wRRC(t) is
the root-raised cosine window shape [9], wRRC(t)=

√
wRC(t).

While the precoder finds the optimal modification a window
usually changes the data in windowed part relatively a lot.
For instance, precoders in (5), (7) and (16) are found subject
to minimum manipulation to the data in Euclidean sense.
The precoder is particularly designed to make the minimum
changes to the data while providing the required smooth-
ness or continuity. Therefore, the increased channel-induced
interference in precoding system is less than the increased
channel-induced interference caused by windowing [9].

Moreover, windowing uses the whole prefix and suffix
to construct the continuity while in precoding most of the
changes occur at the boundaries of consecutive symbols, see
Figure 7, and the data which are more close to the edges
tolerate more error or modification which are basically just
a few sample close to each edge. So shortening the prefix
and suffix in a precoding system does not restrict making the
signal continuous as far as a few samples exist to construct
the continuity. While in windowing the whole prefix and suffix
parts are used to make the smooth transition, shortening the
prefix and suffix sharpen the transition and increases the OOB
emission [9]. Figure 11 shows the power spectrum of plain
OFDM, N -continuous precoded OFDM with Nc = 4 and
RRC windowed OFDM where the whole guard interval is
used for windowing, Tw = Tg. By shortening the guard
interval OOB emission increases in the windowed OFDM,
while, shortening the guard interval does not affect the OOB
emission suppression in the N -continuous precoded system,
as long as a few samples exist to construct the continuity.
Note that the power spectrum of the symbol, prefix and
prefix/suffix precoders, for the same order of continuity, Nc,
are indistinguishable, see Figure 3. So, in comparison with
precoding, in windowing technique more samples are required
to make the signal continuous. Therefore, in windowing the
OOB emission strongly depends on the prefix and suffix
lengths [9] while in N -continuous OFDM, OOB emission
does not depend on the prefix and suffix lengths. As a result,

Fig. 11. The power spectrum of the RRC windowed OFDM with Tw = Tg ,
prefix/suffix precoding with Nc = 4 and β = 1/3 for Tg = 4.7, 2.35 and
1.17μs. For all evaluated Tg the results of prefix/suffix are indistinguishable.

unlike in windowing, in precoding shortening the prefix and
suffix overhead is relatively easy. This is a key improvement
for low-latency systems.

B. PAPR

Besides high OOB, high Peak-to-Average Power
Ratio (PAPR) is another main shortcomings of OFDM
signals for cognitive radios. High peaks of OFDM occur
when sinusoidal signals of the OFDM subcarriers are added
constructively. The constructive addition of the subcarriers
which happen irregularly result in high PAPR. These high
peaks limits the operation of linear power amplifiers due to
amplifier saturation leading to non-linearity and distortion.
Therefore, larger and expensive power amplifiers are needed
to deal with the high PAPR.

We define the PAPR of the transmitted signal in (1) as

PAPR =
max|s(t)|2

1
T

∫ Ts

t=−Tg
|s(t)|2

. (41)
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Fig. 12. CCDFs of PAPR of plain OFDM and various precoding techniques
with Nc = 4.

Fig. 13. CCDFs of PAPR of plain OFDM and various precoding techniques
with Nc = 4 in SC-FDMA.

Usually, complementary cumulative density function (CCDF)
is considered to evaluate the PAPR of the system defined as

CCDF = Pr(PAPR > PAPR0), (42)

which is the probability that PAPR is larger than some
threshold level (PAPR0).

Figure 12 shows the CCDF plots of plain, symbol precoded,
prefix precoded and prefix/suffix precoded OFDM signals over
1000 random OFDM symbols. The figure shows that the PAPR
characteristics of precoded systems are very similar to the
PAPR characteristic of the plain OFDM. The curves do not
change with changing the order of continuity, Nc.

In the literature there are various precoding methods to
deal with PAPR issue. A joint precoder can be designed to
suppress the OOB emission as well as reduce the PAPR, for
instance in [27] an optimized PAPR precoder is designed for
the symbol precoded system in [28]. The result, which is a
cascade of the spectral precoder and the PAPR precoder, is a
joint precoder that can be computed off-line. Another well-
known solution to PAPR problem is single carrier frequency
division multiple access (SC-FDMA) [29] where PAPR is
reduced by introducing an FFT block just before the IFFT
block in an OFDM system. This FFT block is an example

TABLE I

ADDITIONAL COMPLEXITY OF VARIOUS PRECODING
TECHNIQUES IN COMPARED TO PALIN OFDM

of PAPR precoder. Figure 13 shows the PAPR in SC-FDMA
along with symbol, prefix and prefix/suffix precoding. We see
that even in SC-FDMA using spectral precoders does not
affect PAPR.

C. Complexity

The complexity of the prefix precoder in [13] is mistakenly
reported in the literature as K2, while the complexity can be
reduced to 4(Nc + 1)K by decomposition of precoder matrix
fully explained in [30].

Using the matrix decomposition leads to huge complexity
reduction where K is large. The comparison of additional
complexity of symbol precoding [13], prefix precoding [14]
and prefix/suffix precoding to plain OFDM system is presented
in Table I. We have shown that both prefix precoding and
prefix/suffix precoding methods can be implemented in the
order of K instead of K2.

IX. CONCLUSION

In this paper we propose a new prefix/suffix OFDM pre-
coder. The new precoder makes the system N -continuous
without changing the useful part of the symbol which leads
to low OOB emission while additive interference is less than
other symbol precoding and prefix precoding OFDM systems.
We also give a general analysis framework of the signal at the
transmitter and receiver side which is applicable

to many OFDM systems which are linearly precoded.

APPENDIX

Proof of Lemma 1: The transmitted prefix precoded signal
in [14] is

s(t) =
∑

i

sp
i (t − i(Ts + Tg)) = . . . + sp

i−1(τ + Ts + Tg)

+ sp
i (τ) + sp

i+1(τ − Ts − Tg) + . . . (43)

where τ = t− i(Ts +Tg), Tg = Tpre and sp
i (t) is the ith prefix

precoded OFDM symbol,

sp
i (t) =

∑

k∈κ

di,kej2π k
Ts

tI[0,Ts)(t) +
∑

k∈κ

dpre
i,kej2πI[−Tg ,0)(t).

(44)

For brevity, we use the short notation of F−1{di} def=∑
k∈κ di,kej2π k

Ts
t. Therefore,

sp
i (t) = F−1{di}I[0,Ts)(t) + F−1{dpre

i }I[−Tg,0)(t)

= F−1{di}I[0,Ts)(t) + F−1{(I− P)di

+PΦHdi−1}I[−Tg,0)(t). (45)
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Fig. 14. Transmit prefix precoded OFDM signal in [14].

By substituting (7) in (45) and using the linear characteristic
of the operation F−1{.}, the transmitted signal becomes,
see Figure 14,

s(t) = . . . +F−1{di−1}I[−Ts−Tg,−Tg)(τ)

+ F−1{(I− P)di−1}I[−Ts−2Tg,−Ts−Tg)(τ)

+ F−1{PΦHdi−2}I[−Ts−2Tg,−Ts−Tg)(τ)

+ F−1{di}I[0,Ts)(τ)+F−1{(I− P)di}I[−Tg,0)(τ)

+ F−1{PΦHdi−1,k}I[−Tg,0)(τ)

+ F−1{di+1}I[Ts+Tg,2Ts+Tg)(τ)+ . . .

= . . . + si−1(τ) + si(τ) + si+1(τ) + . . .

=
∑

i

si(t − i(Ts + Tg)), (46)

where,

si(t)=F−1{di}I[0,Ts)(τ)+F−1{(I − P)di}I[−Tg,0)(τ)

+ F−1{PΦHdi}I[Ts,Ts+Tg)(τ).

This is identical to a ith transmitted prefix suffix precoded
signal with the form of

si(t) = F−1{G̃di}I[0,Ts)(τ) + F−1{Ĝdi}I[−Tpre,0)(τ)

+ F−1{Ǧdi}I[Ts,Ts+Tsuf)(τ). (47)
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