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First-Order Algorithm for Content-Centric Sparse
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Abstract—In multimedia-rich communication scenarios, pop-
ular contents are requested by many users. This calls for
the communication system design perspective transferring from
user-centric to content-centric. To realize the content-centric
paradigm, one of the dominant approaches is the multi-group
multicast transmission. However, different content groups may
cause interference with each other, and the quality of service
is difficult to be guaranteed without coordination. Fortunately,
a cloud radio access network (C-RAN) perfectly fills this gap
as all the computations in the network are off-loaded to the
computation center, making the central coordination possible.
But a major challenge that C-RAN faces is that the resul-
tant problem size could be extremely large, invalidating many
existing second-order algorithms. In this paper, content-centric
sparse multicast beamforming in a large-scale C-RAN is studied.
In addition to the large-scale nature, this problem is further
complicated by the discontinuity and non-convexity of the cost
function and constraints. Despite the challenges, a first-order
algorithm is proposed. Not only is the proposed algorithm
guaranteed to converge to a critical point, but its complexity
order is only linear with respect to the problem size. This is in
sharp contrast to the cubic order of an existing solution, making
the proposed algorithm indispensable for large-scale C-RAN with
hundreds or thousands of users.

Index Terms—Firsr-order algorithm, large-scale cloud radio
access network (C-RAN), content-centric, sparse multicast beam-
forming, caching.

I. INTRODUCTION

HILE modern wireless data traffic is dominated by
W videos and other multimedia data, a prominent feature
is that many users may be requesting the same content.
To fully exploit the broadcast nature of the wireless medium,
content-centric multicast transmission [1]—[3], in which users
requesting the same content are served in the same multicast
group, is a viable solution. On the other hand, to effectively
manage the interference among different multicast groups,
cloud radio access network (C-RAN) [4], where all the base
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stations (BSs) are connected to a computation center via
high speed backhaul links and multi-BS cooperative beam-
forming design [S]-[11] is performed on the computation
center, is a promising architecture for next-generation wireless
systems.

However, putting multicast transmission and C-RAN
together requires the joint design of BS clustering and mul-
ticast beamforming (also known as sparse multicast beam-
forming [12]). By BS clustering [13]-[17], each user is
assigned to a subset of BSs instead of all the BSs to alleviate
the backhaul burden of the network [18]-[21]. By multicast
beamforming [22]-[27], a single beamformer is designed to
serve each group of users requesting the same content. While
BS clustering involves combinatorial optimization and is chal-
lenging by itself, adding multicast beamforming design further
complicates the problem as it may involve nonconvex quality
of service (QoS) constraints. Worse still, the optimization
problem to be solved is usually in very large scale, making
the task even more formidable.

For small/medium-scale C-RAN with no more than dozens
of users, a classical flow for solving this problem [12], [24],
[26] is to approximate and transform the original problem
to a sequence of second-order cone programming (SOCP)
subproblems, and then solve each subproblem by the interior-
point method. Nevertheless, since the complexity order of
the interior-point method is O(N?) where N is the problem
size [28], such a paradigm is not scalable as N is larger
than 10%. For instance, for a large-scale C-RAN with 50
multicast groups and 100 four-antenna BSs, the dimension
of beamforming variables is N = 2 X 10%, and hence the
complexity of the interior-point method to such a problem is
about 8 x 10'2.

To solve a large-scale optimization problem, a basic princi-
ple is to decompose the problem by recognizing its structures
and then build first-order algorithms for parallel implementa-
tions [29], [30]. Drawing on this principle, algorithms based on
alternating direction method of multipliers (ADMM) [31] have
been developed for different applications in large-scale net-
works [32]-[34]. While ADMM has been frequently applied
and its convergence guarantee only depends on mild conditions
for convex optimization problems [35], [36], it is not directly
applicable to the problem of joint BS clustering and multi-
cast beamforming design in C-RAN, since the combinatorial
backhaul cost is discontinuous and nonconvex, and the QoS
constraints are nonconvex [12]. To tackle the non-convexity,
a recent trend is to first relax or approximate the problem

1536-1276 © 2018 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted,
but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


https://orcid.org/0000-0003-1112-057X

5960

into a convex form, and then apply ADMM by exploiting the
structures in the transformed problem [37]-[39].

Instead, in this paper, we directly tackle the joint design
of BS clustering and multicast beamforming in large-scale
C-RAN without relaxing the problem into a convex form.
In particular, we observe that each component of the discon-
tinuous nonconvex term is only determined by an individual
beamforming vector, thus the discontinuous nonconvex term
is block fully separable. Moreover, each component of the
discontinuous nonconvex term is discontinuous only at a single
point. Based on these two structures, we first decouple the
discontinuous nonconvex cost function and the nonconvex
constraints by introducing auxiliary variables. Then based
on alternating minimization (AM), the nonconvex constraints
and the discontinuous nonconvex cost function are handled
separately. For the subproblem involving the non-convex con-
straints, the strong duality is exploited to obtain the closed-
form optimal solution. On the other hand, for the subprob-
lem involving the discontinuous nonconvex cost function, by
exploiting the block separability and single-point discontinuity
property, a majorization-minimization (MM) [40] based algo-
rithm is proposed. Due to the judicious decomposition based
on the problem structures, the overall algorithm only involves
first-order differentiation, making its complexity order linear
with respect to the problem size. Furthermore, it is proved that
the overall algorithm is guaranteed to converge to a critical
point,! which is important for the considered discontinuous
nonconvex problem, since without such theoretical guarantee,
AM based algorithms may find some point of no interest.
Finally, simulation results are presented to show that in
medium-scale networks, the proposed algorithm achieves the
same performance as an existing second-order based approach,
but with much shorter computation time. As the network
size increases, the proposed algorithm becomes indispensable,
as second-order algorithms (with cubic complexity order) are
too complicated to run on a computer, while the proposed
algorithm still returns a solution within reasonable time.

The rest of the paper is organized as follows. In Section II,
we introduce the system model and the problem formulation.
In Section III, a first-order algorithm is proposed to solve the
large-scale discontinuous nonconvex problem. In Section 1V,
the proposed algorithm is proved to converge to a critical
point. Simulation results are presented in Section V. Finally,
Section VI concludes the paper.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider a C-RAN, where K single-antenna users are
served by N L-antenna BSs, each with a local cache of limited
size. Through backhaul links, the N BSs are connected to
a computation center, which also has access to a database
containing all the contents potentially required by the users.
To effectively utilize the broadcast nature of the wireless
medium, we consider multi-group multicast services in which

For general nonconvex nonsmooth functions, the points with limiting
subdifferential (see Appendix C) containing zero are called critical points [41].
If the function is differentiable, critical point is the same as stationary
point whose gradient equals to zero, since the limiting subdifferential of a
differentiable function is just its gradient.
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users desiring the same content are served in the same multi-
cast group [1]-[3].

In particular, let M = {1,2,..., M} be the set of multicast
groups, with each group requesting the same content from
the content set 7 = {1,2,..., F'}. Moreover, it is assumed
that each user requests one content at a time and hence
belongs to at most one group at any time [12], [26], i.e., there
exists a many-to-one mapping from user k € {1,2,...,K}
to group my € M. Denoting the aggregate network-wide
multicast beamforming vector from all the BSs to the m-th
group as wp, = [w/ |, . ,wﬁAN}H € CNEXL where
Win,n € CE*1 s the beamforming vector from the n-th BS to
the m-th group, the received signal at user k can be expressed
as

H
Win,2, - -

ey

where h;, € CVE*1 is the network-wide channel vector from
all the BSs to user k, z,,, € C is the data symbol sent to
the group my, with E [|z,,,[?] = 1, and nj, ~ CN (0,0%)
is the additive white Gaussian noise. In (1), the first term
is the desired signal and the second term is the inter-group
interference due to the multi-group multicast transmission.
Consequently, the received signal-to-interference-plus-noise
ratio (SINR) of user k is

by Wi, |2

Zm;ﬁmk |thWm|2 + 0—13 7

SINR), = VE=1,2,...,K.

)

In C-RAN, a central issue is to alleviate the backhaul burden
by clustering the BSs to serve different multicast groups so
that each group is only served by a subset of BSs. In this
way, the computation center only distributes the required data
of each group to its serving BSs instead of all the BSs. Such a
BS clustering can be achieved by imposing a sparse structure
to the aggregate network-wide beamformer w,,,. Furthermore,
in modern content-centric communications, highly popular
contents are cached in the BSs to further reduce the traffic
in the backhaul links. If the content requested by the m-th
group fp, € F is cached in BS n, we define a caching status
¢f,,.n = 1 (otherwise cy, . , = 0). Consequently, the amount of
traffic on a particular backhaul link can be categorized into the
following three cases. If BS n does not serve group m, the cor-
responding backhaul traffic is 0. If BS n serves group m and
has stored the required content f,,, on its local cache, the cor-
responding backhaul traffic is also 0. Only when BS n serves
group m but has not stored the required f,,, it is necessary to
fetch f,, from the database to BS n at a required transmission
rate R,,. Combining the three cases yields the total back-

haul cost Eﬁle Egzl HmeanHO (1 —c¢f,.,n) Rm, where

H me,nH;H takes either 1 or O depending on whether BS n
serves groulg) m (W, n 7 0) or not.

In multicast transmission, to decode the message suc-
cessfully for the wusers in the group my, we need
SINRr > m,, where 7,,, is the target SINR such that



LI et al.: FIRST-ORDER ALGORITHM FOR CONTENT-CENTRIC SPARSE MULTICAST BEAMFORMING IN LARGE-SCALE C-RAN

R, = Blogy (1 4+ 7)) and B is the available bandwidth.
With the SINR requirement satisfied, we should minimize
both the backhaul cost and the transmit power, giving the
optimization problem as

mmZ Z w3 (1

m=1n=1

= Cfpn) Bm

backhaul cost

M N
+n Z Z meﬂlH;v

m=1n=1

(3a)

transmit power cost
H 2
By Wi, |

S.t.
Zm;émk |thWm,|2 + 0']%

Vk=1,2,... K,

Z Y

(3b)

where W = {wp, n/m e M,n=1,2,...,N} is the set of
all the beamformers and 7 is a positive weighting parameter
reflecting the trade-off between the backhaul cost and the
transmit power cost. Since the caching status cy,, ,, depends
on a specific caching placement that happens in a much
larger timescale than scheduling and transmission [42]-[45],
we assume that the caching status cy, , is given and
fixed during the design of BS clustering and multicast
beamforming [12], [26]. The channel state information and
user requests are also assumed to be available at the com-
putation center.

The challenges in solving problem (3) lie in the
discontinuity/non-convexity of the cost function and the non-
convexity of the constraints. Worse still, the challenges in the
cost function and the K constraints are coupled as they all
depend on the same variable set VV. A partial solution [12] is
to approximate the discontinuous cost function by a smooth
function and then apply convex-concave procedure (CCP) [46]
to solve a sequence of non-trivial SOCP subproblems with
the interior-point method. However, such an approach does
not decouple the cost function and the constraints, making its
complexity order cubic with respect to the problem size. For
a large-scale C-RAN with huge variable dimension, such a
method would incur prohibitive computational burden to the
computation center.

To overcome the challenges mentioned above,
we strive to decouple the cost function and the
K  constraints by introducing auxiliary  variables
y = {vkym|vk,m:thWm,mEM,kzlﬂ,...,K}

such that problem (3) becomes

mln ZZHHWMHH H amn"‘nZZ”WMHHQ

m=1n=1
2
030 ok~ bl (4a)
m=1 k=1
S.L. Yim,, Z |'Uk’,m|2 + U]?; - |Uk,mk|2 <0,
m#my,
Vk=1,2,...,K, (4b)
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where a2 (1 — ¢4, n) Ry and p is a penalty parameter to
control the degree of matching between the original variables
and the auxiliary variables. When p tends to infinity, the solu-
tion of problem (4) converges to that of problem (3) [47].
For practical implementation, p is usually either set as a large
value or increased with continuation.

With the constraints decoupled in (4), it is tempting to
introduce a set of dual variables to make problem (4) resemble
the ADMM formulation. However, even if we take the trouble
to introduce the dual variables, ADMM cannot guarantee its
convergence due to the discontinuity/non-convexity of the cost
function and the non-convexity of the constraints. In contrast,
we develop a novel first-order algorithm in Section III, with its
guarantee to converge to a critical point proved in Section IV.

Remark 1: While the general formulation of the problem
provides flexibility of all BSs serving a single group, due to
path loss, the channels from far-away BSs would be much
weaker than those of nearby BSs. Correspondingly, the solu-
tion of the optimization problem would automatically down-
play the importance of the beamforming vectors corresponding
to weak channels, meaning that we can treat the channels of
those far-away BSs as zero without sacrificing the performance
of the system. This results in a network with channel spatial
sparsity, and hence compressed sensing based methods can be
used to achieve good CSI estimation performance with limited
training resources [48]-[50]. Similarly, efficient synchroniza-
tion can be achieved by exploiting the sparse connection of
the large-scale wireless network [51].

III. PROPOSED FIRST-ORDER ALGORITHM

Since the cost function and the constraints in (4) are
decoupled when either W or V is fixed, AM is a suitable
framework in solving (4). However, each subproblem under
the AM framework is still challenging. In particular, when W
is fixed, the subproblem over V is a nonconvex quadratically
constrained quadratic programming (QCQP) problem. Preva-
lent techniques for solving nonconvex QCQP problems include
semi-definite relaxation [22] and CCP [46], which however
lead to squaring the number of variables or iteratively solving a
sequence of non-trivial convex optimization problems. On the
other hand, when V is fixed, the subproblem over W is
combinatorial due to the discontinuous nonconvex term, which
requires exhaustively enumerating all 2 M possibilities and
solving a convex optimization problem with dimension N L in
each possible configuration. Below, we will propose a closed-
form solution for updating ¥V when W is fixed, and a first-
order algorithm for updating ¥V when V is fixed, rendering
the overall algorithm first-order under the AM framework.

A. Updating V: Tackling the Nonconvex Constraints

When W is fixed, problem (4) becomes a nonconvex QCQP
problem, which can be decomposed into K subproblems, with
the k-th subproblem written as

m
Z |v;C —hi wm ,

m=1m=1

mln
{vi,m }

(5a)
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TABLE I
ALGORITHM 1 - COMPUTING CLOSED-FORM OPTIMAL SOLUTION OF (5)

if Yo, (mek IhH w,, |2 +a§> — hf w2 <0,

vm € M;

vkm—h Wm,
else 1fh ka =0,

hi w
Vg, = 1";;’77117”’ VYm # mg, m € M,
_ 2 2.
Vk,my — \/’Ymk (Zm#mk |vk,m| + 0k>’
else
hfw
_ _bhywnm
Vk,m = T ipvmy, VYm # my, m € M,
_ hgwmk
Vk,my, = T—pg °

where py, € (0,1) satisfying

TYmy an#mk ‘h£W7n|2 |h£wmk|2
(1+uk7mk)2 T (@ a)?

is found by the bisection method.

+ka0§ =0

- |'Uk’,mk |2 <0.

Z |UkJn|2 + UI%

m#my

St Yimy (5b)

Since the resulting subproblem (5) has only one constraint,
it is a QCQP-1 (QCQP with only one constraint) problem.
Consequently, the strong duality of (5) holds despite the
non-convexity of the constraint and hence it can be solved
optimally [52], [53]. Further coupled with the fact that the
dual variable of a QCQP-1 is a scalar, the optimal solution
of (5) can be efficiently found by analyzing its Karush-
Kuhn-Tucker (KKT) conditions. As shown in Appendix A,
by working with the dual variable in the KKT conditions,
the closed-form optimal solution of (5) can be obtained, and
the resultant algorithm is shown in Table I.

B. Updating W: Tackling the Discontinuous Nonconvex
Cost Function

When V is fixed, and due to the fact that all terms in the
cost function (4a) contain a summation on m, problem (4)
reduces to M subproblems, with each subproblem given by

mln Z HHWm nH H Qm.n + 772 me an
+pz "Uk’,m -
k=1

Inherited from (4), the challenges in solving (6) is the discon-
tinuity and the non-convexity of the first term. In the sequel,
we strive to solve such a discontinuous nonconvex problem (6)
by exploiting two partlcular structures. Firstly, notice that

2
hw,|” . (6)

each component ||| W, n |5 H Qi 18 only determined by an
individual beamforming vector w,, ,, thus the discontinuous
nonconvex term in (6) is block fully separable. Secondly,

2 L .
each component HmenH2 Qm.n 18 discontinuous only at
o &

a single point w,, , = 0. These two structures imply that if
we can further decompose the problem (6) into N smaller-
scale subproblems, with each subproblem only depending on
a single w,, ,, exhaustive combinatorial enumeration can be
avoided when dealing with the first term of (6).
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To achieve further decomposition to problem (6), we con-
struct a separable upper bound of the cost function in (6),
where each component of the upper bound depends on a single
Won.n. To be specific, given any w,, € CNLX1 the second
order Taylor expansion of the last term in (6) around w,, is

K

Z |vk,m — thwm‘2

k=1
at 2
Z‘Ukm_ Wm|
k=1

H
+2% <Z hy, (thWm - Uk’,m)) (Wm - V~Vm)

k=1

K

+ (Wi — W > bihy | (Wi — W), @
where higher order terms are zero since (7) is a quadratic
function over w,,. Let Hpax denote the maximum eigenvalue
of the matrix H £ Y°% _ hyh in (7) and define H = Hipay +
0 for any § > 0. Then we have H < H Iy, = Hlyp,
which means that Hy.Inr, — H and HInp — Huya Iy are
positive semi-definite. This implies

(Wm — Wm)H H (Wm - V~Vm) < Hipax ||Wm - Wm”g

< H W —Wila,  (8)

with the equalities holding at w,, = W,,. Substituting (8)
into (7), we can obtain the following inequalities:

K 2
Z |'Uk’,m - thjIWm‘
k=1
i 2
< o~ Wl
k=1
K H
F2R D hy (W W = vkm) | (Wi — W)
k=1
+H |[ Wi — W5 ©)
= H W — 3+ C, (10)
where C 2 Zk ) |Uk . thWm‘Q -
H HZk 1 hy, (hk Wi — Ukm H a constant and

U & Wy — 4 k L he (Wi w, — Uk,m) is also independent
of w,,. Based on (10), an upper bound of the cost function
in (6) can be constructed as

N
S {1 3] o+ 1l

n=1
2 pC
U nlly + W}v

which can be split into NV parts, with each component only
depending on a single w,, ,, as shown inside the brace in (11)

and u,, , € CL*! being the n-th segment of u,,, i.e., u;, =
] H

+pH [[Win,p — Y

H H H
[um,h Wn2-- s Uy N
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With the constructed separable upper bound (11), we can
minimize (6) in the MM framework [40], in which a sequence
of upper bounds expanded around the solution in the last
iteration is successively minimized. In this way, a sequence of
solutions decreasing the cost function in (6) can be obtained.
Specifically, in the ¢-th (¢ > 1) iteration, we need to solve N
smaller-scale subproblems in parallel, with each written as

(t+1) _
Wm,,n -

arg min

2 2
Won,n ”Wmm’HQ HO Qm,n + 1 ”Wm,nH2

2
; 12)

71,2

+pH me,n — qu}

where ugf,)n is the corresponding u,,, with the expansion
point being the solution in the last iteration w,, = wﬁ,?.
Note that each subproblem (12) involves only one discon-

. 2 .
tinuous term ||||Wi, nl/5|| @m,n, Which only takes the value

either 0 or vy, , depending on whether the variable w,, ,, =
0 or not. Therefore, we consider two cases:

1) If w,,, = 0, the corresponding cost function value
2
of (12) is pHHuﬁf,?,nH
2
2) If wy, ., # 0, the first term of the cost function in (12)

is a constant a, , and hence subproblem (12) can be
rewritten as

2
a1 (13)

m,n
2

min 7 ||Wm7n||§ + pH mem _
Won,n

which is a convex quadratic programming problem
whose optimal solution can be found by differentiat-
ing the cost function in (13) and setting it to zero:

(t)

MW + pH (wm - um) — 0, which gives the

optimal closed-form solution as Wy, n = - ﬁfH u'(rfl)n By

substituting it into (12), we can obtain the corresponding

npH u(t)
n+pH || TRy

By comparing the resultant cost function values in the above
two cases, the closed-form optimal solution to subprob-
lem (12) can be obtained as

cost function value as oy, , +

Qo (n+ pH)

0, if {|ulfla | < ,
(t+1) _ |t 2 pH
m,n H . H
P, it [l > VO )
n+pH "2 pH

(14)

To sum up, the above MM procedure for solving prob-
lem (6) is given in Table II. Since in each iteration, only
the first-order differentiation is involved, Algorithm 2 belongs
to the class of first-order algorithms. Notice that when the
cost function is continuous, the convergence property of MM
based algorithms has been analyzed in [54]. However, the cost
function in (6) is discontinuous and hence it requires further
analysis to establish its convergence property, which is shown
in the following theorem.

Theorem 1: Using Algorithm 2, the cost function of prob-
lem (6) is monotonic decreasing as the iteration number ¢
increases. In particular, as ¢ tends to infinity, it can be guaran-
teed to converge to at least a local minimum of problem (6).

Proof: See Appendix B. [ ]
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TABLE 11
ALGORITHM 2 - FINDING LOCAL OPTIMAL SOLUTION OF (6)

Initialization of w,.
for t=1,2,---,T
D ul) = wl — & S by (B o).

2)Vn e N
m,n
if Hu%)n‘ 5 < MAmn TP ’pl(j-'—pH), wgﬁfnl) =0;
i
else, wﬁflﬁl) = ni;[H uﬁ?n
end
TABLE III

ALGORITHM 3 - THE OVERALL AM BASED FIRST-ORDER ALGORITHM

Initialization of V and W.

repeat

1) Update V: Compute the closed-form solution of {Uk,m}i\,le
using Algorithm 1 Vk =1,2,..., K.

2) Update W: Update w,, using Algorithm 2 Vm € M.

until convergence

C. Overall Algorithm and Parallel Implementation

With the updates of V and VW given by Algorithms 1 and
2 respectively, the overall algorithm for solving problem (4)
is to alternatively execute the two algorithms under the AM
framework (see Algorithm 3 in Table III). The computation
of the overall Algorithm 3 is dominated by the calculation of
Zszl h;, (thwﬁf) — Uk,m) ,¥Ym € M, thus its complexity
order is O(KMNL). Since both Algorithms 1 and 2 only
involve first-order differentiation, the overall Algorithm 3 is
a first-order algorithm. Furthermore, since each update of
V or W leads to a monotonic decrease in the cost function (4a)
which is also bounded below by 0, Algorithm 3 can guarantee
the convergence of the cost function values of problem (4).
Notice that due to Theorem 1, when updating YV, any number
of iterations 7" in Algorithm 2 induces a monotonic decrease
in the cost function in (6) as well as in (4a), therefore 1" can
be chosen as any positive integer in the implementation.

A closer look at Algorithm 3 reveals that updating V
consists of K parallel subproblems, with each in the form
of (5). On the other hand, updating W consists of M parallel
subproblems, and each subproblem can be further decomposed
into N smaller-scale subproblems in the form of (12). This
revelation suggests that the overall Algorithm 3 can be imple-
mented in a parallel manner as in Fig. 1. In particular, the
k-th node on the left computes {vg, , } 1:1 (corresponding to
Algorithm 1) after receiving {th wm}m=1 from the M nodes
in the middle. The result of vy, ,, will be sent to the m-th node
in the middle. On the other hand, after receiving {vkm}kf,(:l,
the m-th node in the middle computes uﬁ,l,? (corresponding to
step 1 of Algorithm 2). Then unll) is split into N segments
and its n-th segment uS}L?n is sent to the (m,n)-th node
on the right. Once uS,Pn is received at the (m,n)-th node
on the right, wg)n is computed (corresponding to step 2 of
Algorithm 2). Then wﬁ?n will be returned to the nodes in

the middle to construct wg). Algorithm 2 will be executed
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AM based Algorithm 3
Fig. 1. Parallel architecture of Algorithm 3.

for T iterations before returning to Algorithm 1. The whole
procedure is repeated until the AM converges. Notice that
the computations in the K nodes on the left can be carried
out in parallel, while the computations in the M nodes in
the middle can also be carried out in parallel. Furthermore,
within Algorithm 2, the step 2 can also be executed in parallel
for the N subproblems on the right. Therefore, the proposed
algorithm has the potential of leveraging the modern multi-
thread and multi-core computing architecture for speeding up
the computation.

IV. CONVERGENCE GUARANTEE TO CRITICAL POINT

As shown in Section III-C, the cost function values of
problem (4) can be guaranteed to converge using Algorithm 3.
If the cost function is continuously differentiable and under
certain additional assumptions, we can further conclude that
the resulting sequence of solutions has limit points and every
limit point is a critical point [55]-[57]. Recently, the conver-
gence analysis is extended to a more general setting, where the
cost function is a sum of a differentiable part and a nonsmooth
convex part [58]. However, all the above analyses cannot be
applied to problem (4), since the nonsmooth term in the cost
function (4a) is neither convex nor continuous. Consequently,
it is necessary to answer the question of whether the sequence
of solutions would converge, and if so where it converges?
In this section, we prove that, despite the discontinuity and
non-convexity of problem (4), the sequence of solutions can
still be guaranteed to converge to a critical point.

To begin with, we define (V;,V;) as the solution generated
by Algorithm 3 at the i-th iteration, with the corresponding
cost function value (4a) denoted as g(V;, W;). First, we show
that the sequence of solutions {V;, W;},.y generated by
Algorithm 3 has convergent subsequences {Vij Wi, }j N with
the index sequence {i; }jEN C N satisfying ¢; < i,41,7j € N.
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Theorem 2: (Existence of Convergent Subsequences) The
sequence of solutions {V;, W;}, .y generated by Algo-
rithm 3 has convergent subsequences, i.e., there must exist
a subsequence {ViJ,Wij }j N converging to a limit point
(V*,W*) as j tends to infinity.

Proof: Since the cost function in (4a) monotonically
decreases as iteration number increases, we have

g Vica,Wic1) =g (Vi, Wiz1) > g (Vi, Ws) , Vi € {1,2,...}.
(15)

It follows that

g(vlawl) Sg(VmWO)v Vi € {1a27~'~}7 (16)

where g (Vo, W) is any finite initial value of the cost function.
Now we prove the boundedness of {V;, W;},.y by contradic-
tion. Suppose that there exists an unbounded (V;, W;). Due
to the quadratic terms with respect to V and W in (4a),
this hypothesis will lead to an infinite g (V;,W;), which
is contradictory to (16). Thus, the sequence {Vi7wi}ieN is
bounded.

With the boundedness of {Vi, Wi}, .y, we can directly
establish the existence of convergent subsequences [59]. Con-
sequently, there must exist a subsequence {ViJ,Wij}j N
converging to a limit point (V*,W*) as j tends to
infinity. [ ]

Up to now, we have shown that {V;, W}, has convergent
subsequences. To investigate the property of the corresponding
limit point (V*,W*), we need two more properties given
below. To facilitate the discussion, we define Wi(tH) as the W
after the ¢-th iteration of Algorithm 2 within the i-th iteration
of Algorithm 3. Furthermore, since Algorithm 2 is executed
T iterations within each iteration of Algorithm 3, we have
WD S0 gy,

Lemma 1: (Sufficient Decrease) Using Algorithm 3,
the cost function g (V, W) has a sufficient decrease property:

T
gViet, Wiz1) —g(Vi, Wi) > Zp5 HWi(t) N Wi(tH)Hz’
=1
Vie{l,2,...}, (17)

where p is defined in (4a) and 0 = H — Hpay is defined
before (8).
Proof. Define

9p (Va Wi W)
M N M N
=> > Hme}nH;H A +1 Y [ Wonnl |3
m=1n=1 0 m=1n=1
M K )
+P Z Z |vk,m - thWm‘
m=1 k=1
M K H
+2p Z R <Z hy, (bW, — Ukm)> (Wi — W)
m=1 k=1

M
+08 > Wi — W3 (18)

m=1
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with (3 being a parameter. Applying (8) to gg (Vi, W, Wi(t)),
we have

gV, W) <gm. (Vz,w W )<gH (Vi,W;Wi(t)), YW,

(19)
with the equalities holding at W = W) It follows that
g (Vo) =g (V)
> g (Vi) = ga. (Vi W)
= g (Vo W WD) = g, (Vs WD)
> g (VWD) = g (Vi WD)

. Hwi‘“ . (20)

where the second last step is due to the fact that with V
fixed at V;, the component of W; (t+1) is the minimizer of
subproblem (12) or equivalently V\/(Wr1 is the minimizer of
g | Vi, W; Wi(f)) , and the last equality is due to the definition
in (18). Consequently,

gV, Wis1) —g (Vi Wi) =g 2,W<1>) (%,Wf“”)

i ot - i
) ) 2 :

0y
2.
B @1

Applying (15) to the left hand side of (21) yields (17). [ |
Lemma 1 reveals how much the cost function g (V, W)
decreases as iteration number increases. Based on this, we can
further establish the square summability of {V;, W}, with
the following lemma.
Lemma 2: (Square Summability) Using Algorithm 3,

the sequence {Wi(t) } satisfies

1€N

ii“wm W<f+1>Hz o

(22)
i=1 t=1
which implies
i (W =W = tim s = Wil
= hm ||V7;—Vi+1||2 :0, YVt = 1,2,...,T. (23)

Proof: According to the sufficient decrease property of
Lemma 1, we have

IT
) _ §t+1)"2
g Vo, Wo) —g (Vr,Wr) > ZZMHV\Q 4% ,

=1 t=1

(24)

where [ is any positive integer. Letting I — oo, we have

oo T
NN

i=1 t=1

. 1
< Ili>nolo E (g (VO; WO)

—g9(Vr,Wr))
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1

59 (Vo, Wo) < o0, (25)

where the second inequality follows from the fact that
g (V, W) is bounded below by 0.

Furthermore, due to the square summablhty (25),
we have lim; o Zt ) HW(f) W(t+1)H 0 and hence
lim; oo (W = WD = 0Vt = 1,2,...,T [59]. On
the other hand, notice that
1 T+1
Wi = Wigall, = HWi(-i-)l Wz(+1 )H
T
t+1)
= Z (Werl Wz(Jrl )
t=1 2
T
t+1
<> [wh-wid], eo
thus we have limy oo [|[Wi — Witall, =
11m7,~>ooHW(f) W(t+1) 0, le W — Wz+1 as

1 — oco. Notice that the closed-form solution of V is
continuous over ¥/, thus we have V;y; — i+ as
W, — W41 and hence (23) holds. [ |
Lemma 2 reveals that the difference between W, and W,
(also V; and V41 ) goes to zero as the iteration number goes to
infinity. Based on this lemma, we can investigate the property
of the limit points of {V;, W;},.y in the following theorem.
Theorem 3: (Subsequence Converges to Critical
Point) Using Algorithm 3, any convergent subsequence
{ViJ,WiJ}j N is guaranteed to converge to a critical point
of (4), i.e., the limit point (V*,W*) satisfies the first-order
optimality condition of (4).
Proof: To begin with, we show that the limit point
(V*, W*) satisfies the first-order optimality condition of (4)

over YW. As shown after (20), Wi(tﬂ) is the minimizer of
gu (Vi, W; Wi(t)), thus we have

gir (Vi W) = g (Vi W) v
27)

W;, — W*, and from (23)
— Y

Notice that as j — oo, W(T+1)

of Lemma 2 we also have W( ) , therefore

W1(7T) — W* and hence (27) leads to
i (V5 W W) = liminf gy (vij W; WZST))
J—oo !
> liminf g (Vij WD, W;T))
j—00 J J
> gy (VS WS W) YW, (28)

where the first and third steps are due to the fact that
gn (V, W; W
continuous over Y. From (28), it follows that W* is the min-
imizer of gz (V*, W; W*). Thus, the limiting subdifferential®
of gy (V*, W;W*) satisfies

) is continuous over V and W, and lower semi-

(29)

2The limiting subdifferential of a nonsmooth nonconvex function is defined
in Appendix C.
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On the other hand, by substituting (7) into (4a), it can be
proved that

gV, W) =gn (V,W;W)

M
+p Z (Wm, - wnl,)H
m=1

Notice that the gradient of the last term in (30) over W
is zero at W = W. Therefore, applying the limiting sub-
differentiation over ¥V on both sides of (30) and putting
W =W = W*, we have

owg (VaW)|W:W* = Owgn (VaW;W*)ll/V:W* .

Putting V = V* in (31) and comparing with (29) yield the
first-order optimality condition of (4) over W:

(H — HINL) (Wm, - wm,) . (30)

€19

0€ dwg (V') o - (32)

Next we show that (V*,)V*) satisfies the first-order
optimality condition of (4) over V. To deal with the

constraints in (4b), we define an indicator function
as
0, if V satisfies (4b),
(V)= { (33)
oo, else,

which is lower semi-continuous over V since (4b) represents
a closed constraint set. With (33), the constrained problem (4)
can be equivalently written as an unconstrained form, with the
cost function expressed as

gV W)+ ¢ (V) =g (W) +

W) = S0 S0 Wil amn s the
nonsmooth part of g(V,W) in (4a) and ¢5(V,W) =
gV, W) — g (W) is the smooth part. With W fixed at
Wi, -1, the component of V;; is the minimizer of subprob-
lem (5) and equivalently V;; is the minimizer of problem (4),
thus we have

g (Wiﬁl) +¢° (V Wifl) +o(V)
2 gNS (WiJ_l) (V%’W _1) + (b(

Notice that as j — oo, W;; — W*, and from (23) of Lemma 2
we also have W, 1 — W;,, therefore W;, 1 — W* and
hence (35) leads to

P VW) +6(V) = li;gg}fgs YV Wi,—1) + o (V)
(V% ) W _1) + (b (Vh))
> (VW) +o(V), YV, (36)

where the first and third steps are due to the fact
that g5 (V,W) is continuous over both V and W, and
¢ (V) is lower semi-continuous over V. From (36), it fol-
lows that V* is the minimizer of ¢S (V W) + o (V).
Therefore, we can obtain 0 € Vyg5(V, W*)| e T
Ovd (V)|y,_y.. Together with the fact that g° (W) does
not depend on ) and hence VygNs W) is zero,

FYW)+o(V), (34

where ¢N®

Vi), VY. (35

> liminf (
j—00

vy
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we finally obtain the first-order optimality condition of (4)
over V:

0€ Vyg™ W] ,_p. + Vvg® VW] _,.

+ o (V)lyoy - (37)
Combining (32) and (37), the proof is completed. |

Theorem 3 establishes the convergence property of the
subsequence {sz, } jen However, it is still not suffi-
cient to guarantee the convergence of the whole sequence
{Vi, Wi},cn- For example, if there exist two different sub-
sequences that converge to different critical points of prob-
lem (4), the whole sequence {V;, W}, would still diverge.
In the following, by further examining the critical points
of (4), we can establish the convergence property of the whole
sequence {V;, Wi}, n.

Theorem 4: (Whole Sequence Converges to Critical Point)
Using Algorithm 3, the whole sequence {V;, W}, can be
guaranteed to converge to a critical point (V*, W*). Moreover,
the sequence of the cost function values {g (V;,W;)}
converges to g (V*, W*).

Proof: We begin by showing that the number of limit
points of {V;, W;},.y is finite. From the optimality con-
dition (32), any limit point satisfies 0 € g™ (W) +
Vwg® (V, W), or equivalently

€N

0¢c 8w7n,,ngNS (W) + vW'm,,ngS (V7 W) s
VmeM, Yn=1,2,....N. (38)
By noticing g™ (W) = Ef\le 7]:7:1 HHWmnH;H Qs 1t

is proved in Appendix C that the limiting subdifferential of
g™ (W) over wyy, 4, is

(CL><1
aw, 3 gNS (W) = ’ 1
{0}, ifwy, #0o0r =0,

vmeM, Vn=1,2,...,N.

if Wy, =0 and o, > 0,

(39)

For the first case of (39), since the limiting subdifferential
O n IS (W)‘w is the set of all vectors in CE*1,
Wi = 0 always 'makes (38) hold regardless of gradient
Vs (V, )/V)‘Wm __g- For the second case of (39), since
v,y NS (W) = {0}, (38) reduces to Vemnds (VW) =
Combining the two cases, it follows that the component of any
limit point satisfies either wy,, , = 0 or Vi, . ¢° (V, W) =0
For the M N components in W, there are no more than 2™~
configurations depending on each w,, , = O or not. Putting
a particular configuration into (38), the optimality condition
reduces to

VwmmgS (V, W) =0 for those (m,n)

with Wy, , # 0 Or Q= 0. (40)

Since ¢5 (V, W) is in a positive definite quadratic form over
W as shown in (4a), there is at most one W satisfying (40).
Therefore, considering all the configurations, the number of
limit points of {W;},y is finite. On the other hand, since
Algorithm 1 generates a unique V; given W;_;, for any limit
point of {W;},  there is a unique corresponding limit point
of {Vi},cn. Thus, we can conclude that the number of limit
points of {V;, W;},y is finite.
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Then we show the convergence of the whole sequence
{Vi,Wi},cny by contradiction. Suppose that the whole
sequence {V;, W;}, .y does not converge. From Theorem 3,
we know that there exists a subsequence {Vij,WiJ }j N
converging to a critical point (V*,W*). Together with the
boundedness of {V;, W;},.\ (proved below (16)), there must
exist another subsequence {Vij+AJ Wiitn, }j N converging
to another critical point other than (V*, W*), where A; is a
finite positive integer satisfying i; + A; <41 +Ajy1,V) €
N. Since there are a finite number of limit points, we can
define the minimum distance between any two limit points as
3¢ > 0. Then there exists a J; > 0 such that

2 .
5 > 2¢, Vj = Ji.
41)

VIVosa, = V|24 [Wira, -

From (41), if we choose a particular A;,Vj > J; as

Aj= min{ l: \/||vij+l — V|2 Wiy = W2 > 26,

1—1,2,...},

it is proved in Appendix D that the subsequence
{ViﬁAj—le?ﬁAJ—l}jgN must converge to (V*, W*) and
hence there exists a Jy > 0 such that

(42)

VIVoraa =V o+ Wi - Wi E <, W52
(43)

Subtracting (43) from (41), and applying the reverse triangle
inequality, we have

\/||Vij+AJ - Vi]"‘AJ_lH; + HWij"‘Aj - Wi]"’_AJ_le > €
Vi > max {J1, J2}, (44)

which is contradictory to Lemma 2. Thus, the whole sequence
{Vi, Wi}, e converges to a critical point (V*, W*).

Finally, we show that the limit value of ¢ (V;,W;) is
g (V*, W*). Notice that if g (V,V) is continuous, it imme-
diately holds that g (V;, W;) — g (V*,W*) as (V;, W;) —
(V*,W*). However, g (V,)V) in (4a) is discontinuous, thus
the limit value of the cost function needs to be further
investigated. Since g™ (W) is lower semi-continuous over W,
we have

lim inf g™ (W;) > g™ (W) (45)

11— 00

On the other hand, as shown after (20), Wi(tﬂ) is
the minimizer of gg (Vi, W; Wi(t) , thus we have
g (VW) < g (Vo WD), Letting
1 — oo yields
lim sup gg (Vi, Wi(T—H); Wi(T))
i—00

< limsup gg (Vi, W*; Wi(T)) . (46)
Notice that (V;, W;) — (V*,W*) as i — oo, thus the contin-
uous parts of both sides of (46) are equal. After subtracting

5967

the continuous parts from both sides of (46), it reduces to

limsup g™ (W;) < g™ (W*). (47)
Combining (45) and (47) yields lim; ... g™ (W;) =
g™ (W*), and hence
lim g (Vi, W;) = lim g™ OW;) + lim ¢5 (V;, W)
_ gNS (W*) 4 gS (V*,W*)
=g (V"W). (48)
|

V. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
first-order algorithm through simulations. For comparison,
the simulation results of G-CCP [12] and G-CCP-1 which per-
forms G-CCP for one iteration only, are provided as baselines.
All simulations are performed on MATLAB R2014a running
on a Windows x64 machine with 2.4 GHz CPU and 8 GB
RAM.

The simulation set-up is as follows. The large-scale C-RAN
consists N = 20 BSs [36], [60] each with L = 8 antennas, and
K =40 to 200 users. The BSs and the users are independently
and uniformly distributed in the region [—1,1] x [—1,1] in
km [36]. The path loss at distance d km follows PL =
148.1 + 37.6log,4(d) in dB [12], [14], [26]. The log-normal
shadowing is 8 dB and the small-scale channel is subject to
Rayleigh fading. The transmit antenna power gain at each BS
is 10 dBi. The bandwidth is 10 MHz and the noise power
spectral density is —172 dBm/Hz. Each user requests a content
independently from a database of F' = 100 contents [12], [26],
where the most popular content is requested with probability
0.5 and the rest 99 contents follows a Zipf distribution with
parameter 1 [12]. Each BS stores 10 most popular contents.
The target SINR for each multicast group is set as 10 dB.
All the simulation results are obtained by averaging over 100
simulation trials, with independent BSs’ and users’ locations,
channel and noise realizations, and content requests in each
trial. Unless otherwise specified, this set-up will be used for
the following simulations.

The parameters regarding to the proposed algorithm are set
as follows. Since the convergence of the overall algorithm
is valid for any inner iteration number 7" when updating W
(Algorithm 2), without loss of generality, we set T' = 1. The
iteration of the overall algorithm terminates when the relative
change of the cost function in (4a) is less than 107%. In
principle, p should be chosen as a very large number to make
problems (3) and (4) to be equivalent. To retain a relatively
large p regardless of the variation of 7, we set p = nvK. In
the case that p = nv/K is not large enough to obtain a feasible
solution of (3), inspired by the continuation method [47],
we can increase p by a factor of 10.

Notice that when the SINR requirement is too strin-
gent or the channels of users in different multicast groups
are highly correlated, problem (3) can be infeasible [61].
In this paper, we focus on solving the problem when it is
feasible [12]. If the problem is infeasible, admission control
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Fig. 2. Convergence behavior of the proposed algorithm with n = 1.

can be considered [24], [62], [63], but this is not the focus
of this paper. For fair comparison, all the approaches in the
simulations are initialized with the same feasible point of (3)
obtained by [53].

First, we show the convergence behavior of the proposed
algorithm under a single simulation trial in Fig. 2. For illus-
tration purpose, the weighting parameter 7 is fixed as 1 and the
user number is set as 40, 80, and 120, respectively. It can be
seen that the total network cost is monotonic decreasing and
convergent as the iteration number increases under different
numbers of users. Notice that in Fig. 2, the convergence
behavior is observed under a single simulation trial. Due to the
randomness of BSs’ and users’ locations, channel and noise
realizations, and content requests, the cost with K = 80 may
saturate to a lower level than that of K = 40. However, if
the result is averaged over 100 simulation trials, the cost with
K = 80 would be higher than that of K = 40 (e.g., see
Fig. 3(a) below).

Next, the performance in terms of the total network cost
and the simulation time of different approaches versus user
number are shown in Fig. 3(a) and Fig. 3(b), respectively.
From Fig. 3(a) we can see that the proposed algorithm and
G-CCP achieve nearly the same performance in terms of the
total network cost, and they are much better than G-CCP-1.
However, it can be seen from Fig. 3(b) that the simulation time
of the proposed algorithm is about 30 times shorter than that
of G-CCP and 2 times shorter than that of G-CCP-1 when
the user number K = 160. Furthermore, it is obvious that
the larger the number of users, the larger the gap between
the simulation time of the proposed algorithm and that of
G-CCP/G-CCP-1. In fact, due to the extremely long running
time, the simulation results of G-CCP for K > 160 are
not obtained in reasonable time, thus they are omitted in the
figures. This demonstrates that the proposed algorithm is more
suitable to large-scale C-RAN with hundreds or thousands of
users. Notice that the simulation time is measured based on
MATLAB implementation. This is for fair comparison in com-
putational complexity with existing algorithms. In commer-
cial/industrial implementation, more efficient programming
languages such as C/C++ or Python would be adopted and the
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Fig. 3. (a) Total network cost (b) simulation running time (c) active number
of backhaul links versus user number with n = 1.

codes would also be optimized to achieve even more efficient
execution. Furthermore, thanks to the parallel architecture of
the proposed algorithm as shown in Fig. 1, its running time
can be further reduced by leveraging the modern multi-core
computing architecture.
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In addition to the superiority of the simulation time,
the solution obtained from the proposed algorithm is also more
sparse compared to that obtained from G-CCP. This is evi-
denced from Fig. 3(c). Moreover, as the user number increases,
the sparsity gap between the two approaches increases, which
means that the proposed algorithm can better preserve the
sparsity of the solutions especially when the number of users
is large.
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Fig. 5. (a) Total network cost and (b) simulation running time versus cache
size under different target SINRs, with n = 10—3 and K = 100.

Fig. 4 shows the corresponding simulation results versus the
parameter 7). From Fig. 4(a), it can be seen that no matter how
we set the weighting of the transmit power term with respect
to that of the backhaul cost term, the resulting total network
cost of the proposed algorithm is close to that of G-CCP, and
lower than that of G-CCP-1. On the other hand, as shown
in Fig. 4(b) and Fig. 4(c), compared to G-CCP, the proposed
algorithm is much faster and the resulting solution is more
sparse.

Finally, to demonstrate the impacts of different cache sizes
and target SINRs, the total network cost and simulation
time with = 1072 and K = 100 are shown in Fig. 5.
As shown in Fig. 5(a), as the cache size increases, the resulting
total network cost becomes lower. This is because caching
a larger number of contents at BSs would help to reduce
the backhaul cost on content delivery from the computation
center. Moreover, the total network cost becomes higher as
the target SINR increases. This increase is due to two reasons:
1) higher transmit power is needed to satisfy the higher SINR
requirement, 2) higher target SINR means higher target rate
which in turn requires more backhaul resource. On the other
hand, as shown in Fig. 5(b), the simulation times do not change
much since the complexity order depends on the problem



5970

size, which remains unchanged under different cache sizes and
target SINRs.

VI. CONCLUSIONS

A first-order algorithm for content-centric sparse multicast
beamforming in large-scale C-RAN was proposed in this
paper. The proposed algorithm has linear complexity order
with respect to the problem size, and was proved to con-
verge to a critical point. Simulation results were presented to
demonstrate that the proposed algorithm performs identically
to an existing second-order based approach in terms of the
total network cost, but requires much shorter running time,
making the proposed algorithm indispensable in truly large-
scale networks.

APPENDIX A
Subproblem (5) is strictly feasible, since the strict inequality

in (5b) holds when vg,,, = 0,Ym # my, and vg ., =
VImx Ok + €k, Ve > 0. Together with the fact that (5) is
a QCQP-1 problem, its strong duality holds [52], [53]. Then
we can find its optimal solution by analyzing the following
KKT conditions:

Vk,m —
Uk,mk

thWm + Lk Ymy Vk,m = 07 Vm # Mg, M € Ma

- thka — BEVE,my, = 0)
(A.1)
Ymy, Z |U}€’m|2 + O']% - |vk7mk |2 <0, (A.2)
pe =0, (A3)
i e | Y oemlP 407 | = ok | =0, (A4
m#my,

where p is the dual variable. By working with the dual
variable in (A.3), we divide the discussion into px = 0 or py >
0.

If ur = 0, (A.3) and (A.4) always hold. Putting pux = 0
into (A.1), we have vy ,, = thWm,Vm € M. Furthermore,
putting vgm = hffw,, into (A.2), we obtain a simplified
m#my, |thWm/|2 + O-I%) <0
for checking whether vy ,,, = hffw,, is the optimal solution
of (5). If this condition is satisfied, it means that vy, =
th W, Vm € M is the optimal solution. Otherwise, it cannot
be the optimal solution, and we need to consider the other case
that p, > 0.

If > 0, it can be proved that there exists one and only
one pg with Ag + uipAq = 0 satisfied, where Ay and A are
the matrices of the quadratic terms in the cost function and
the constraint of (5), respectively [52]. From (5), Ay = I
and A is a diagonal matrix whose m-th diagonal element is
—1, thus we can derive that 1 — 3 > 0 and hence (A.2)-(A.4)
reduce to the following two conditions:

> lvkml® + 0

m#my,

condition 7,,, (E — b Wi, |?

Y - |Uk,mk|2 = 07 (AS)

0<pur <1. (A6)
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Below, we further divide the discussion into two subcases:
1) If hffw,, = 0, the second line of (A.1) leads to
e = 1 and hence (A.6) is satisfied. Substituting p, = 1
into (A.1) and (A.5), we can obtain

H
h; w,,

— VYm #my, meM
1+’Ym,k7 # ks )

Vk,m =

(A7)

— 2 jo
Ohme = Yo (Sontone [0 ? + 0F) %,

where 6, € [0, 27] is arbitrary. Without loss of general-
ity, we set 6, = 0.

2) On the other hand, if th W, 7 0, the second line
of (A.1) leads to puy # 1, and hence from (A.1) we

have
hHW
Vpon = —E—"— VYm #my, meM,
. (A.8)
_ h ka
T T

Substituting (A.8) into (A.5), we obtain a condition that
g needs to satisfy:

(hx) = 5 3 T Vm Tk
(1 + peymy) (1 —Mk)
o (A9)

For finding f, notice that

’ _ _2772nk Zm;ﬁmk |thW7n|2 2|thWm,k |2
f (:uk) - 3 - 3
(1 + pkYoms) (1= puk)
(A.10)

Combining uir # 1 with (A.6) yields 0 < up < 1.
Putting this into (A.10), we have f’(ur) < 0 and
hence f(ux) is monotonic decreasing in the region
0 < pg < 1. Thus, pi can be found by the bisection
method [52].

APPENDIX B

We begin by showing that the cost function of problem (6)
is monotonic decreasing as iteration number ¢ increases. For
notational simplicity, we denote Fy,, (Wy,) and Uy, (W3 Wiy,
as the functions in (6) and (11), respectively, i.e.,

N
A 2
23 Il
n=1 0

G'm(wm)

+772||Wmn||2+/’2}vkm_hk Wm|

n=1 =

Frn(Wim)

(B.1)
U (Win; W)

2 3" vl e

G (Wm)
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N N
0> (Wil + PH Y [ Wi — Wl + 2,

n=1 n=1

Ui (Won ;Wi )

(B.2)

where G, (W) is the discontinuous part, and F, (W)
and U,, (Wyn; Wyy, ) are the continuous parts of F),, (w,,) and
U (W Wiy, ), Tespectively. Applying (9) to (B.1) and putting
the definition of C' (defined below (10)) into (B.2), we can
establish that F, (w,,) < Uy, (wm,wm) VYW,,, with the

equality holding at w,,, = wﬁ,ﬁ . It follows that
. (wﬁffl)) < Upn (wﬁffl);wg))

<f>) F, (wg,ﬁ?), (B.3)

(t+1) -

< U (wip

is the
From (B.3), we can conclude

where the second step is due to the fact that wy,
(t)

minimizer of U,, (wm T W )
t . . . .
that F),, (wﬁ,,,)) is monotonic decreasing as t increases.

Next we show that {Fm (wg))}
teN

Fon(wh) as t — oo, where w},

converges to

is any limit point

of {wgﬁ)} . Notice that, by using a similar argument
teN

under (16), it can be proved that the sequence {wﬁ,t,,)} N
te

is bounded, thus there exists a subsequence {w%j)} con-

JEN
verging to wy, [59], where t; € N satisfies ¢, > t;,Vj € N.
From (B.1) and (B.2), it can be noticed that G, (w,,,) is lower
semi-continuous over w,,,, therefore

liminf G, (ng)) > G (Wy,).

j—o0
On the other hand, noticing that ¢; € N satisfies ;11 >
t;,Vj € N, we have t;1; > t; + 1. Combining with (B.3)
yields

Upn (Wsrtljﬂ);wgﬁl)) =F, (ngﬁrl))
< Fp, (W%JH))
<Upn (ng.ﬁl);wgln)

<Un (wm, W), Yw,,, (B.5)

(B.4)

where the second step is due to the monotonic decreasing
of F,, (WS;)), and the last step follows from the fact that

WS;’+ ) is the minimizer of U,, (wm, (& )) Putting w,,, =

w. into (B.5) and focusing on the left-most and the right-most
terms yield
lim sup U, ( (t J“) wit J“)) < limsup U,, (W:‘n;wgﬂ)) .

(B.6)

Notice that w'y) — w,, as j — oo, thus the continuous
parts of both sides of (B.6) are equal to U, (w},,; w;, ). After
subtracting U,,, (wZ,; wr,) from both sides of (B.6), it reduces
to

lim sup G,, (Wg,tf“)) < G (W)

Jj—00

B.7)
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Combining (B.4) and (B.7) yields
lim Gy, (wgﬂ) = G (W5). (B.8)
J—00

Consequently, (B.1) yields lim; . Fy, (wg,tf)) _

limj o0 G, (Wffl )) +  limjee F, (W%J)) =

Gm (W) + F, (W) = Fp, (W), which means F,, (w3,)

is the limit point of < F}, w(f ) ) } N Together with the fact
j€

that F;, (wﬁ,t,,)) is monotonic decreasing and bounded below

by 0, we can conclude that F,,, (w},) is the unique limit point

of {F (w%))} , e, limy oo By (w(t)) = Fp, (wW5,).
teN’
Then we prove that F,,, (w},) is at least a local minimum of

F,, (w.,). For this purpose, we first establish that w;;, is the
minimizer of Uy, (W,,; w},). From (B.2), it can be noticed that

WS;‘7+1);WS;7+1))—>U (Wi, wh)

the continuous part Uy, m

(t5)

as wy,”” — w,. Adding this result to (B.8), we obtain

lim U, (stlj“);wsflj“)) =Up (W) ;wr).

J—0o0

(B.9)

mo

On the other hand, from (B.5) we have

(w%jﬁ-l); WS‘;JH))

lim U,

J—00

< lim U, (w wg,tj))
j—o0

=Un (Wm§ W:n) , Vwo,

(B.10)

where the last equality follows from (B.9). Compar-
ing (B.9) with (B.10), we obtain U, (w};w’) <
U (Wi W}, ), VW, which means that w;, is the minimizer
of Upy (Win; W)

With w};, being the minimizer of Uy, (W,,; W}, ), we need to
further establish the local optimality of w7}, in its neighbour-
hood. Specifically, for any €,, — 0 and &,, # 0, using (B.2)
we have

U (Wi, + €m3 Wiy ) = Un (W, W7,)

N
DR ([ N [
n=

(I + Emanlly = 1w5.al15)

Mz

_|_

Ui

n=1

Mz

4ot Y (lemalld+ 20 { (w0 = w7)" e}

n=1

E Pm,n,
n=1

where €,,, is the n-th segment of e,, ie., &, =
(el el ... .,eg’N}H. When €,, , = 0, from (B.11) we
have ¢, , = 0. On the other hand, when &,,,, # 0, since
w, is the minimizer of Uy, (W.,; W}, ), or equivalently wy,
is the minimizer of (12), by using (14) we can divide the
discussion into two cases:

\V ¥m,n (77+pH)
H

consequently Hwann + Em’”HzHo_ HHW:’L”HEHQ =1.

(>

(B.11)

=0, and

*
, we have wy,
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Thus, from (B.11) we have

Pm,n = Omn + (77 + pH) HEWM"”;
H

—2pH%{( mn) Em,n}

Qm,n + (77 =+ pH) HEYVM"H;

Y

—2¢/ammn ("7 + pH) HEWM"HQ
2
(n+ pH) llemnlls

Y

(B.12)

where the second step is due to ||u

V ¥m,n (n+pH)

i , and the last inequality holds as long
as Qmpmon — 2\/ Qm n, 77+pH ||€mnH2 > 0, which
obviously holds when ||€, ||, is small enough.

DI sl > Vo (riel)

niI:H m.n 7 0. Putting this into (B.11), and noticing
1wzl

that HHWMHMHQH
long as ||em, an is small enough, we have Omn =
(n+ pH) ||€m.nll5.

Therefore, no matter €, ,, # 0 or &, , = 0, we have

<

m"HQ

we have wy, , =

= 1 as

(n+ pH) [lemll3-
(B.13)

Un, (W:n + Emiwin) —Un (W:rz7W:n) >

On the other hand, by substituting (7) into (B.1) and comparing
with (B.2), it can be proved that

Un (W:n + Em; W:n)

:Fm(wfn—i—sm)—l—ps (HIn, —H)e,. (B.14)

Finally, putting (B.14) into the first term of (B.13) and noticing

Un, (Wrm W:n) =Fn (W:n) yield

V>0 llemls + pellHe,, >0,
(B.15)

Fnl,(W:n+5m)_Fm(W

which means that F,,, (w},) is at least a local minimum of
Fo (Wi).

APPENDIX C

For 2 € domf, the Fréchet subdifferential of f(x) is defined

as [41]
éf(x) = {u : liminf fy) = @) = fwy =) > 0} ,
Yy ly — xll2
and the limiting subdifferential is Jf(z) =

{u :Jab -z, f(2*) — f(z) and uF € Of (zF) — u}

Rewriting gN5 (W) = Z%:l nN:1 HHWmnH;HO Qpp A8

Em’;ﬁm Zn/;ﬁn

(R s

if Wy, =0,

NS
9> W)=
Em’;ﬁm Zn’;én

(R

if Wi # 0,
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we can obtain its Fréchet subdifferential as

éwm’”gNS W)
W — R{pHe
—{p: liminf mn — R{p"emn} >0b (@
€m.n—0,Em,n#0 llem,nll2
where
_— a ) Qmn, if Wy, = 0 and oy, > 0, €2)

0, if Wy, 7001 ap,, =0.

Notice that for the first case of (C.2), the inequality in (C.1)
holds Vp € CZ*'. Furthermore, for the second case of (C.2),
only p = 0 makes the inequality in (C.1) hold. Thus we have

aw"ngNS W) = CLXl; if Wy =0 and o, > 0,

{0},

if Wy #0 01 ap = 0.

(C.3)
Taking the limit, we have Oy, , g™ (W) = 5‘Wm,”gNS (W) as
shown in (C.3).
APPENDIX D
With A chosen as (42), suppose that

{Vi].!,—A —1, Wi+, _1}jeN does not converge to (V*, W*).
As the sequence {V;,W;},.y is bounded, there exists a
subsequence of {V”JFA —1,Wiana, 1}3 N converging
to a limit point other than (V*, W*) [59]. Thus, there
must exist a j > Ji with A; — 1 > 0 such that

VIVisao =V 2+ Woia,o -we2 > 2e
Therefore, we find an l which is smaller than A but makes the
inequality in (42) satisfied. This contradicts Wlth the definition
of Aj, and by contradiction, {Vi a1, Wi.7+Aj—1}jeN
converges to (V*, W*).
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