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Dirty MIMO Transmitters: Does It Matter?
Peter Händel , Senior Member, IEEE, and Daniel Rönnow, Member, IEEE

Abstract— The radio frequency transmitter is a key compo-
nent in contemporary multiple-input multiple-output (MIMO)
orthogonal frequency-division multiplexing systems. A detailed
study of a 2 × 2 MIMO transmitter subjected to correlated
input data streams, nonlinear distortion, thermal noise, and
crosstalk is provided by stochastic modeling. The effects of
correlated input streams, crosstalk, and nonlinearities are studied
in detail and exemplified both by approximate expressions and
numerical simulations. Key results include exact and approximate
expressions for the normalized mean-squared error (NMSE)
for systems with or without digital predistortion; the relation-
ship between NMSE and the signal-to-noise-and-distortion ratio,
the properties of the distortion noise, and a novel design for power
amplifier back-off for MIMO transmitters subject to crosstalk.
The theoretical derivations are illustrated by numerical examples
and simulation results, and their relationships to the state-of-the-
art research are discussed.

Index Terms— Orthogonal frequency division multiplexing
(OFDM), input back-off, power amplifier, optimization, Bussgang
theory.

I. INTRODUCTION

STOCHASTIC baseband modeling is a powerful tool for
modeling the behavior and performance of a radio fre-

quency transmitter subject to impairments or so called dirty
radio effects [1]. Early work describing single-input-single-
output (SISO) transmitters include [2] and [3], where different
soft and hard nonlinearities subject to Gaussian excitation
are considered. More recent work on SISO systems, which
explicitly consider orthogonal frequency domain multiplex-
ing (OFDM), include e.g. [4] which discusses the spectral
characteristics of the transmitted signal, and [5] considering
optimal power amplifier back-off.

Early work on multiple-input-multiple-output (MIMO)
systems includes [6], where uncorrelated input streams and
decoupled transmitter chains were considered. The case of
correlated input streams was considered in [7], where the
correlation of the distortion noise of a crosstalk-free 2 × 2
MIMO radio frequency system was considered, both theoreti-
cally and experimentally. It was shown that for correlated input
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Fig. 1. The baseband model describing possible correlated input OFDM
modulated streams exciting a dirty 2 × 2 MIMO transmitter.

streams, the phase of the correlation coefficient is preserved
for the distortion noise, but that the magnitude decays. The
theoretical predictions on the spatial direction of the distortion
noise were complemented by radio frequency test-bed mea-
surements based on the set-up in [8]. A favorable agreement
between theoretical predictions and measurement results was
presented in [7], and provided support for the applicability
of the theoretical framework. For MIMO systems analysis,
the work [7] has gained recognition to support simplified
transmission models, e.g. as presented in the text book [9]. The
work [7] has recently also gained the attention of the massive
MIMO community. For example, in the seminal work [10],
the authors assume that the distortion noise and useful signal
have different spatial signatures, based on the observation
in [7] that the magnitude of the correlation coefficient decays
by the power of three. Accordingly, this assumption is now
well established in the research community, e.g. referred to in
the massive MIMO survey [11], and text book [12]. However,
the assumption that hardware impairments and transmitted
streams are uncorrelated is also questioned, by independent
research groups, e.g. in [13] and [14], and thus a deeper
understanding of the behavior of dirty MIMO transmitters is
required.

In the current work, a deeper understanding of the behav-
ior of dirty MIMO transmitters (see, Fig. 1) is envisaged,
motivated by trends such as allocating the radio frequency
branches on the same chip [15], and MIMO crosstalk mod-
eling, calibration, and cancelation [16]–[19]. Employing a
classical and powerful approach within a stochastic and static
framework, a 2 × 2 OFDM-modulated MIMO transmitter is
considered and studied in detail, and is subjected to cor-
related input streams, crosstalk, and nonlinear compression.
The analysis complements previous analyses such as [20]
and [21] which use a stochastic framework and take the
temporal dimension into account. The employed approach
provides insights into the problem at hand in a compact way.
In addition, it complements the work on characterization and
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the modeling of hardware impairments in MIMO transmitters
that use tailored signals, dedicated measurement set-ups, and
elaborate identification techniques, such as the measurement
of the Volterra kernels [22] or behaviorial modeling based on
measured input/output signals [16].

The paper is motivated by the plurality of results
and insights that are derived for the considered nonlinear
MIMO transmitter model subjected to crosstalk and correlated
input streams. In short, by the adopted methodology, it is
shown that:

• Transmitter performance: Crosstalk degrades the perfor-
mance of a 2 × 2 MIMO transmitter. This claim is
quantified by describing the 2 × 2 MIMO transmitter as
two decoupled SISO transmitters with degraded signal-to-
noise-ratio. This observation relates to the question given
in the title of this paper, i.e. if the performance of an
‘equivalent system’ with two decoupled (no crosstalk)
SISO transmitters is fulfilling our requirements, then the
‘dirty MIMO-effect’ does not matter. More details on this
subject are provided at the end of the paper.

• Transmitter operation: SISO-based methodologies for
power amplifier back-off determination are valid for a
2 × 2 MIMO transmitter subject to crosstalk. However,
schemes taking the crosstalk into account may be favor-
able, because they typically allow for the operation of the
transmitter with increased energy efficiency.

• Effects by data streams: On average, the transmitter
performance is degraded equally by crosstalk for both
correlated and uncorrelated data streams. Because of
the crosstalk, data streams with a specific correlation
between the two channels may degrade or improve the
performance of the transmitter.

• Effects on spatial direction: Thermal noise decorrelates
the spatial direction of the distortions relative to the
desired signal. Crosstalk steers the spatial direction of
the data streams and nonlinear distortion induced by
the power amplifiers somewhat towards zero degrees.
Accordingly, the work provides additional support to the
simplified transmission model that have been popularized
in work such as [9], [11], and [12].

The above results are discussed in detail in the paper, which is
organized as follows. In Sec. II, the stochastic model in Fig. 1,
which describes a dirty 2 × 2 MIMO transmitter for OFDM
transmission, is introduced. Sec. III presents the considered
figures of merit and their general properties. In Sec. IV,
a third order polynomial nonlinear system is studied in detail.
In Sec. V, performance optimization by input power back-off
and the effects of digital predistortion (DPD) are considered.
Numerical examples which provide additional insights are
considered in Sec. VI. Conclusions are drawn in Sec.VII.

II. SYSTEM MODEL

The model set-up is shown in Fig. 1. It is divided into three
stages. The model contains the main hardware impairments
in a MIMO transmitter [23], but imperfections in the signal
generation are not included. The first stage models the OFDM
modulated communication streams, which are possibly corre-
lated. Accordingly, the first stage is built up by the zero mean

complex Gaussian uncorrelated sources {x̃�, x̃k}, mixed via
the correlation coefficient ξ. Details concerning the modeling
of OFDM signals as Gaussian sources can be found in [24].
The second stage, displayed in Fig. 1, includes a scalar
attenuation β∗ on the k:th channel, where ∗ denotes the
complex conjugate. The second stage is introduced to handle,
e.g. beamforming, or a laboratory use case where only one
of the channels is excited. In addition, the second stage can
be replaced by a module for DPD, to combat the crosstalk
and nonlinear distortion of the third stage. DPD will briefly
be discussed in this paper. The third stage describes a 2 × 2
transmitter, which is subject to both input and output crosstalk,
gain variations, nonlinear distortion, and thermal noise, and is
explained in detail in the following sections.

A. Signal Model

By Fig. 1, the �:th transmitter output is given by

y� = r� + w� + μk (rk + wk), (1)

where r� is the in-channel amplifier output, rk is the adjacent
channel amplifier output that is leaking into the channel, and
{w�, wk} are the thermal noises. It should be noted that the
model (1) is static, and thus the time index is not explicitly
shown.

To a large extent, the model in Fig. 1 is symmetrical with
respect to � and k, that is k = 1 + mod2(�), or k = 2 for
� = 1, and vice versa. Accordingly, only the equations for
the �:th channel are presented. For the few asymmetries in the
model, the corresponding equations are explicitly given and
separate equations are presented for the �:th and k:th channel.
The scalars {μ�, μk} ∈ C are the parameters which determine
the output crosstalk. The thermal noise sources w� and wk are
assumed to be jointly independent zero-mean Gaussian with a
common variance σ2

w.
The model of the power amplifier in each branch is divided

into a gain γ� and a static nonlinearity f�(·), that is

r� = f�(u�), (2)

where f�(·) is the characteristic function of a static nonlinear-
ity, with a 0 dB small signal gain or f�(u)/u → 1 as |u| → 0,
with u ∈ C. Furthermore,

u� = γ� p�. (3)

In the current discussion, no specific form of f�(·) in (2) is
yet considered, besides its unity small signal gain. Further,
u� is the baseband excitation to the nonlinearity f�(·). The
gain γ� is excited by a signal which is affected by an input
cross talk, that is

p� = x� + δk xk, (4)

where {δ�, δk} ∈ C are the parameters of the input crosstalk.
The crosstalk is typically caused by coupling between the
transmission lines on the circuit board. Hence, it is modeled
by a linear reciprocal network (see, e.g. [25]), i.e. δ� = δk

and μ� = μk. The channel indices k, � are kept, to make the
interpretation of the result easier. Energy conservation gives
that |δ�| < 1 and |μ�| < 1. Notice that the gains γ� and
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γk contain not only the gain of the amplifiers, but also the
attenuation of x� and xk due to crosstalk and losses. The latter
effects are in most cases negligible, and not explicitly modeled.
The noise of the amplifier is modeled as it was added after
the nonlinearity [25].

The inputs {x�, xk} model the possible correlated OFDM
modulated streams. Since the power levels of {x�, xk} deter-
mine the power amplifier back-offs, their average power is set
as reference, that is E[x� x∗

� ] = σ2
x and E[xk x∗

k] = |β|2 σ2
x,

which are fixed independently of the actual correlation ξ. Here,
E[·] denotes statistical expectation.

Finally, with reference to Fig. 1, the correlation of the
transmitted OFDM streams is described by

x� = x̃� + ξ x̃k, (5)

xk = β∗(x̃k + ξ∗ x̃�). (6)

With {x�} and its average power σ2
x set as reference, it is a

straightforward exercise (see, Appendix A) to show that the
covariance E[x� x∗

k] reads E[x� x∗
k] = 2 ξ β σ2

x/(1 + |ξ|2).

B. Resolving the Nonlinearity f�(·)
In order to perform the analysis, the expression of the

amplifier output r� in (2) is the sum of an attenuated replica
s� of the input u�, and of the zero mean distortion noise v�,
where v� and s� are jointly uncorrelated. Thus,

r� = s� + v�, (7)

where,

s� = α� u�. (8)

In (8), α� ∈ C is an attenuation to be determined by the Buss-
gang theory [26]. Starting with (7) and (8) and considering
the covariance E[r� u∗

� ], then

E[r� u∗
� ] = α� E[u� u∗

� ] + E[v� u∗
� ]. (9)

For the distortion noise v� to be uncorrelated with the amplifier
input u�, it is, by construction, required that the second term
in (9) equals zero, that is E[v� u∗

� ] ≡ 0. Reordering the terms
in (9) provides the Bussgang attenuation

α� =
E[r� u∗

� ]
E[u� u∗

� ]
. (10)

In other words, the particular choice of α� in (10) divides the
output r� = f�(u�) into a sum of an attenuated version of the
input stream and an uncorrelated distortion noise [26].

Inserting the linearized description (7)-(8) of r� into (1),
using (3)-(4), a straightforward calculation yields

y� = (α� γ� + αk γk μk δ�)x�
︸ ︷︷ ︸

attenuated source

+ (α� γ� δk + αk γk μk)xk
︸ ︷︷ ︸

channel leakage
+ v� + μk vk

︸ ︷︷ ︸

distortion: d�

+ w� + μk wk
︸ ︷︷ ︸

thermal noise: n�

. (11)

In order to make the notation more compact, the augmented
distortion noise d� = v� + μk vk, and the augmented thermal
noise n� = w� + μk wk were introduced in (11).

Finally, by defining the error signal as e� as e� = y�−γ� x�,
then resolving the input streams {x�, xk} into the uncorrelated
{x̃�, x̃k} via (5)-(6), the error e� reads

e� = θ� x̃� + θk x̃k + d� + n�, (12)

where

θ� = γ�(α� − 1) + αk γk μk δ� + (α� γ� δk + αk γk μk)β∗ξ∗,
(13)

θk = (γ�(α� − 1) + αk γk μk δ�)ξ + (α� γ� δk + αk γk μk)β∗.
(14)

The θ’s are functions of the gains, crosstalk, input correlation,
and system nonlinearities.

III. FIGURES OF MERIT

The normalized mean squared error (NMSE) is taken
as a primary figure of merit to measure the performance,
by describing the quality of the service of the transmitted
streams at the level of the transmitter. In addition, the prop-
erties of the cross-channel distortion noise are studied via the
normalized error covariance (NEC).

A. NMSE

The NMSE is defined by

NMSE�
�
=

E[e� e∗� ]
|γ�|2 σ2

x

. (15)

In (15), the error e� in (12) consists of four jointly uncorrelated
terms. Accordingly, the NMSE (15) follows directly:

NMSE� =
|θ�|2 + |θk|2

|γ�|2 (1 + |ξ|2) +
E[d� d∗� ]
|γ�|2 σ2

x

+
(1 + |μk|2)σ2

w

|γ�|2 σ2
x

,

(16)

where the first term utilizes that E[x̃� x̃∗
� ] = E[x̃k x̃∗

k] =
σ2

x/(1+ |ξ|2) (see Appendix A), and the third the definition of
the augmented noise (11). The second term E[d� d∗� ] in (16) is
the variance of the augmented distortion noise in (11), which
is expressed in terms of the distortion noise as

E[d� d∗� ] = E[v� v∗� ] + 2�[ μ∗
k E[v� v∗k] ] + |μk|2 E[vk v∗k],

(17)

where z + z∗ = 2�[z] for z ∈ C, and �[z] denotes the real
part of the complex-valued z. The results (16)-(17) are generic.
For specific results, the nonlinearities have to be modeled and
specified. However, some generic expressions can be obtained
under a weak nonlinearity assumption and a small amount of
crosstalk, as discussed below.

B. NMSE for Almost Ideal Systems

Consider a 2×2 transmitter where the crosstalk is assumed
to be small and the nonlinearities vague. In other words,
f�(·) is close to linear, and the crosstalk parameters {δ�, δk}
and {μ�, μk} are close to zero. An approximate expression for
the NMSE can then be obtained. For f�(z) ≈ z, the Bussgang
attenuation is close to unity or α� � 1+Δ�, where � denotes
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an equality where only the dominant terms have been retained.
To further simplify the analysis, two scenarios are studied,
namely (i) uncorrelated input streams, that is ξ = 0, and
(ii) a unity-magnitude correlation coefficient, that is ξ = eiφ.

First, let ξ = 0, then the NMSE in (16) reduces to

NMSE� � |Δ�|2 + |β|2 |δk + μk|2 +
E[v� v∗� ]
|γ|2 σ2

x

+
σ2

w

|γ|2 σ2
x

,

(18)

where θ� and θk in (13)-(14) reduce to θ� � γ Δ�, and
θk � γ(δk + μk)β∗, and γ denotes the nominal gain. The
approximation E[d� d∗� ] � E[v� v∗� ] follows from (17).

Now, consider ξ = eiφ, that is |ξ| = 1. Then, the NMSE
in (16) reduces to

NMSE� � |Δ� + (δk + μk)β∗ e−iφ|2 +
E[v� v∗� ]
|γ|2 σ2

x

+
σ2

w

|γ|2 σ2
x

.

(19)

Comparing (19) with (18) reveals

NMSE�||ξ|=1 = NMSE�|ξ=0 + T, (20)

where NMSE�|ξ=0 is given by (18), and the term T reads

T = 2�[Δ∗
� (δk + μk)β∗ e−iφ]. (21)

Accordingly, the phase of the correlation coefficient influences
the NMSE. Assuming all phases φ are equally probable, that
is ξ = eiΦ where Φ is a uniformly distributed stochastic vari-
able in [−π, π], which is independent of all other stochastic
quantities. Then, the expected value E[T ] = 0. Accordingly,
on average, the phase of the correlation coefficient does
not influence the NMSE. However, for particular correlation
angles φ, the term T may take both positive and negative
values.

C. Normalized Error Covariance

The cross-channel properties of the distortion noise are
measured by the NEC

NEC�
�
=

E[e� e∗k]
|γ�| |γk|σ2

x

. (22)

Here, ek reads ek = ϑ� x̃� + ϑk x̃k + dk + nk, where

ϑ� = (γk(αk − 1) + α� γ� μ� δk)β∗ ξ∗ + αk γk δ� + α� γ� μ�,

(23)

ϑk = (γk(αk − 1) + α� γ� μ� δk)β∗ + (αk γk δ� + α� γ� μ�)ξ.
(24)

Accordingly, the NEC (22) reads

NEC� =
θ� ϑ∗

� + θk ϑ∗
k

|γ�| |γk| (1 + |ξ|2) +
E[d� d∗k]

|γ�| |γk|σ2
x

+
(μ∗

� + μk)σ2
w

|γ�| |γk|σ2
x

.

(25)

For an almost ideal MIMO system, the {δ�, δk}, {μ�, μk}
are all close to zero, and {α�, αk} are both close to unity.
Thus, the numerator of the first term in (25), which consists
of second order or higher products, is negligible in comparison

with the other two. The numerator of the second term in (25)
follows from (11), that is

E[d� d∗k] = E[v� v∗k] + μ∗
� E[v� v∗� ] + μk E[vk v∗k]

+μkμ∗
� E[v� v∗k]∗. (26)

With (26) and neglecting all higher order terms in (25),
an approximate NEC expression for an almost ideal MIMO
system is given by

NEC� � E[v� v∗k]
|γ|2 σ2

x

. (27)

D. A Remark on Methodology

Based on the presented framework, other figures of merit
can also be analyzed, including measures based on the input-
output covariance E[e� x∗

� ] and cross-covariance E[e� x∗
k].

However, such figures of merit are beyond the scope of the
present paper.

The employed methodology is summarized as follows. For a
given set of nonlinearities, the Bussgang attenuations {α�, αk}
were calculated. Based on these calulations, the properties of
the distortion noises could be determined, that is E[v� v∗� ],
E[vk v∗k] and covariance E[v� v∗k]. Finally, the properties of
the augmented distortion noises were calculated, followed by
calculations of the figures of merit such as the NMSE. The
Bussgang attenuation and the properties of the distortion noise
both depend on the properties of the inputs {u�, uk} excit-
ing the nonlinearities (see Fig. 1). Accordingly, an analysis
based on the Bussgang theory relies on the properties of
{u�, uk}, which are the variances E[u� u∗

� ] and E[uk u∗
k], and

the covariance E[u� u∗
k]. In turn, these properties are functions

of the preceding linear network in Fig. 1. The corresponding
derivations are provided in Appendix B.

IV. MIMO SYSTEM ANALYSIS

A third order static model captures the main nonlinear
distortion of solid state amplifiers [27].

Consider a pair of third order nonlinearities {f�(·), fk(·)}
excited by the zero-mean complex-Gaussian inputs {u�, uk},
respectively. Further, consider a third order nonlinearity f�(·)
in (2) with unity small signal gain f�(z) = z + ρ� z |z|2 for
z ∈ C, that is the power amplifier output obeys

r� = u� + ρ� u� |u�|2, (28)

where ρ� (with ρ� ∈ C) is the amplifier’s compression
parameter. The model can be related to metrics as the third
order intercept point and 1dB compression point [25].

A. 1dB Compression Point

Starting with (28), the output power reads

E[r� r∗� ] = E[(u� + ρ� u� |u�|2)(u∗
� + ρ∗� u∗

� |u�|2)]. (29)

To resolve the fourth order moment in (29), note that
the moments of a complex-valued Gaussian variable u�

obey E[(u� u∗
� )

n] = n! E[u� u∗
� ]

n, for positive integers n,
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where ! denotes the factorial operation [28]. Now, a straight-
forward calculation yields

E[r� r∗� ] = E[u� u∗
� ] + 4�[ρ�] E[u� u∗

� ]
2 + 6|ρ�|2 E[u� u∗

� ]
3.

(30)

The 1dB compression point is defined by E[r� r∗� ]/E[u� u∗
� ] =

10−1/10, that is with σ2
u = E[u� u∗

� ] given by the solution to
a second order equation, that is

σ2
u = − �[ρ�]

3|ρ�|2 ±
√

2�[ρ�]2 − 3|ρ�|2(1 − 10−1/10)
3
√

2 |ρ�|2
. (31)

For real-valued ρ� < 0, (31) reduces to

σ2
u =

1
3|ρ�|

(

1 ±
√−1 + 3 · 10−1/10

√
2

)

=
C1dB

|ρ�| , (32)

where the constant C1dB ≈ 0.056. The solution corresponding
to the minus sign is kept because the characteristic func-
tion f�(·) is a concave function. Accordingly, employing the
expression in (64) in Appendix B for σ2

u = E[u� u∗
� ], the 1dB

compression point reads

σ2
x =

1 + |ξ|2
|1 + δk β∗ ξ∗|2 + |ξ + δk β∗|2

C1dB

|ρ�| |γ�|2 . (33)

One can note that significant crosstalk will influence the 1dB
compression point negatively, and also that it depends on the
input correlation ξ.

It is worth noting that the nonlinear compression is signal
dependent, and thus the compression looks different depending
on the characteristics of the input u�. The 1dB compression
point in (33) differs from the traditional compression point
defined and measured using sinewave test stimuli [25]. For
OFDM streams modeled as complex Gaussian stochastic vari-
ables, the output power σ2

r = E[r� r∗� ] (based on the third order
model (28)) for real-valued ρ� < 0 reads

σ2
r = σ2

u − 4|ρ�|σ4
u + 6|ρ�|2 σ6

u, (34)

where σ2
u = E[u� u∗

� ], and E[(u� u∗
� )

n] = n! σ2n
u were used.

Now, consider a temporal narrow band signal u�(t) = σu ejωt,
where ω denotes the angular frequency, t the time, and σu

denotes the amplitude. At a given instant t, the narrow band
signal equals a constant magnitude quantity. Thus, the output
power σ2

r for (28) reads

σ2
r = σ2

u − 2|ρ�|σ4
u + |ρ�|2 σ6

u. (35)

The results (34)-(35) are visualized in Fig. 2 for a nonlin-
earity (28) with ρ� = −0.1. From Fig. 2, one can note that
when the amplifier enters compression, a higher compression
is obtained for the OFDM-modulated signal compared with
the narrow band tone.

B. Bussgang Attenuation α�

A direct calculation of the covariance between the output r�

and the input u� in (28), yields

E[r� u∗
� ] = E[u� u∗

� ] + ρ� E[(u� u∗
� )

2]
= E[u� u∗

� ] + 2 ρ� E[u� u∗
� ]

2. (36)

Fig. 2. Signal dependent compression for OFDM-modulated signal (solid
black line) and single tone (dashed black line).

Accordingly, the Bussgang attenuation α� in (10) follows
directly by dividing the covariance in (36) with E[u� u∗

� ], that
is

α� = 1 + 2ρ� E[u� u∗
� ]. (37)

In (37), the Bussgang gain α� ∈ C, and the variance E[u� u∗
� ] is

given by (64) in Appendix B.

C. Properties of the Distortion Noise

Now by (7)-(8), the distortion noise v� = r� − α� u� reads

v� = ρ� u� (|u�|2 − 2 E[u� u∗
� ]), (38)

where the right hand side follows from (28), (37), and a
straightforward calculation. By construction, the distortion
noise v� in (38) is uncorrelated with the input u�, but is clearly
not stochastically independent.

With v� given by (38), E[v� v∗� ], E[vk v∗k] and E[v� v∗k] are
calculated as functions of the properties of the given excita-
tions, that is E[u� u∗

� ], E[uk u∗
k] and E[u� u∗

k]. The derivations
are provided in Appendix C, where it is shown that the
variances read

E[v� v∗� ] = 2|ρ�|2 E[u� u∗
� ]

3, (39)

E[vk v∗k] = 2|ρk|2 E[uk u∗
k]3. (40)

In Appendix C, it is also shown that the covariance reads

E[v� v∗k] = 2ρ�ρ
∗
k E[u� u∗

k] |E[u� u∗
k]|2 . (41)

In (39)-(41), E[u� u∗
� ] is given (see, Appendix B) by (64),

E[uk u∗
k] by (65), and E[u� u∗

k] by (66), respectively.
Based on (39)-(41), the variance E[d� d∗� ] of the aug-

mented distortion noise d� defined in (11) can be calculated.
Inserting (39)-(41) into (17) yields

E[d� d∗� ]=2|ρ�|2E[u�u
∗
� ]

3 + 4 |E[u� u∗
k]|2 �[ μ∗

k ρ�ρ
∗
k E[u� u∗

k]]
+2|μk|2 |ρk|2 E[uk u∗

k]3. (42)

The covariance E[d� d∗k] of the augmented distortion noise d�

is calculated by the insertion of (39)-(41) into (26), that is

E[d� d∗k] = 2ρ�ρ
∗
k E[u� u∗

k] |E[u� u∗
k]|2

+ 2μ∗
� |ρ�|2 E[u� u∗

� ]
3 + 2μk |ρk|2 E[uk u∗

k]3

+ 2μkμ∗
� ρ∗�ρk E[u� u∗

k]∗ |E[u� u∗
k]|2 . (43)
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NMSE�=
|γ�(α�−1) + αk γk μk δ� + (α� γ� δk + αk γk μk)β∗ξ∗|2

|γ�|2 (1 + |ξ|2) +
|(γ�(α�−1) + αk γk μk δ�)ξ + (α� γ� δk + αk γk μk)β∗|2

|γ�|2 (1 + |ξ|2)

+
2|ρ�|2 E[u� u∗

� ]
3

|γ�|2 σ2
x

+
4 |E[u� u∗

k]|2 �[ μ∗
k ρ�ρ

∗
k E[u� u∗

k]]
|γ�|2 σ2

x

+
2|μk|2 |ρk|2 E[uk u∗

k]3

|γ�|2 σ2
x

+
(1 + |μk|2)σ2

w

|γ�|2 σ2
x

, (44)

D. NMSE

The NMSE (16) as a function of the involved parameters
is now summarized in (44), as shown at the top of this page.
The derived expression for the NMSE includes the Bussgang
attenuations {α�, αk} in (37); the variances E[u� u∗

� ] and
E[uk u∗

k] in (64)-(65); and covariance E[u� u∗
k] in (66). The

expression (44) is clearly too cumbersome to interpret by
visual inspection.

On average, the NMSE is independent of the correlation
of the input streams. Accordingly, it is sufficient to study
the case ξ = 0. For ξ = 0, the properties (64)-(66) of the
inputs to the nonlinear functions are reduced to E[u� u∗

� ] =
(1 + |δk|2 |β|2) |γ�|2σ2

x, E[uk u∗
k] = (|β|2 + |δ�|2) |γk|2 σ2

x,
and E[u� u∗

k] = (δ∗� + |β|2δk) γ� γk σ2
x, respectively. Now,

the Bussgang attenuation (37) reads

α� = 1 + 2ρ� (1 + |δk|2 |β|2) |γ�|2 σ2
x. (45)

The resulting NMSE is still a complicated function of the
involved parameters and is considered beyond the scope of
the paper.

For an almost ideal 3rd order system, (18) is applica-
ble. Neglecting higher order terms Δ� � 2ρ� |γ|2 σ2

x and
E[v� v∗� ] � 2|ρ�|2 |γ|6 σ6

x. Then

NMSE� � 6|ρ�|2 |γ|4 σ4
x + |β|2 |δk + μk|2 +

σ2
w

|γ|2 σ2
x

. (46)

The effect of crosstalk is clearly visible and is manifested by
the floor level proportional to |δk + μk|2. Note that if β = 0,
higher order crosstalk will be visible in the NMSE, which are
neglected in the derivation of (46).

E. SNDR

It is interesting to compare the NMSE in (46) with
the signal-to-noise-and-distortion ratio (SNDR). From (11),
the SNDR for uncorrelated streams reads

SNDR� =
|γ�α� + γkαkμkδ�|2

|γ�α�δk + γkαkμk|2 + E[d�d∗� ]/σ2
x + E[n�n∗

� ]/σ2
x

,

(47)

by employing the above approximations, that is inserting α�

given by α� � 1 + 2ρ� |γ|2 σ2
x, and E[d� d∗� ] � 2|ρ�|2 |γ|6 σ6

x.
This calculation provides a closed form expression for SNDR,
and by neglecting the higher order terms the result reads

SNDR� � 1
2|ρ�|2 |γ|4 σ4

x + |δk + μk|2 + σ2
w/|γ|2 σ2

x

. (48)

For both NMSE in (46) and the inverse of the SNDR in (48),
it holds that their first term depends on the compression
parameter ρ�, the second depends on the crosstalk via δk

and μk, and the third term depends on the additive noise via
its power σ2

w.

F. NEC and Distortion Noise Covariance

A similar expression as for the NMSE in (44) can be
obtained for the NEC in (25); however, this has been left out
of the paper. Here, the approximate expression (27) is studied.

Consider two identical amplifiers (that is, ρ = ρ� = ρk)
without crosstalk, driven by correlated input streams of equal
powers, that is E[u� u∗

� ] = σ2
u, E[uk u∗

k] = σ2
u, and E[u� u∗

k] =
θu σ2

u for some given σ2
u, where θu = |θu| ejφ is the correlation

coefficient, with |θu| ≤ 1. From (39)-(40), the variance of the
distortion noises reads E[v� v∗� ] = E[vk v∗k] = 2|ρ|2 σ6

u, and
the covariance (41) reads

E[v� v∗k] = 2|ρ|2 θu |θu|2σ6
u. (49)

Now, the correlation coefficient θv of the distortion noise reads

θv =
E[v� v∗k]
2|ρ|2 σ6

u

= |θu|3 ejφ. (50)

The relationship between the correlation coefficients is
θv/θu = |θu|2, and thus the phase is preserved; however, the
magnitude of the distortion noise is reduced when compared
with the correlation of the input streams. The result above
coincides with the result presented in [7], where it was
concluded: “The fact that the phase of the input is preserved
in the distortion noise indicates that the spatial direction of
the transmitted noise will be the same as that of the desired
signal.” Since the magnitude of the correlation coefficient
decays by the power of three, it is typically claimed that
the correlation is small [10], [12], [30]. One should note that
the results in [7] neither consider the thermal noise, nor the
crosstalk.

Now, consider a linear reciprocal symmetric network (real-
valued and equal values of the crosstalk parameters, and equal
gains) with β = 1. Then σ2

u reads (c.f. (64), in the Appendix B)

σ2
u =

|1 + δ ξ∗|2 + |ξ + δ|2
1 + |ξ|2 |γ|2 σ2

x, (51)

and the correlation coefficient follows, that is

θu =
2(1 + δ ξ∗) (ξ + δ)

|1 + δ ξ∗|2 + |ξ + δ|2 . (52)

For the case that the input crosstalk influences the correlation,
that is for |ξ| ≈ δ with ξ = |ξ| eiφ, it holds that θu �
2(|ξ| eiφ + δ). Accordingly, the input crosstalk bias the phase
angle of the data stream and the distortion towards zero
degrees. The output crosstalk determined by μ ∈ R adds
additional bias in the phase angle. A simulation example is
included in Sec. VI.
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Fig. 3. Theoretical NMSE (44) (black solid line) and its approximation (46)
(blue dashed line) versus average input power σ2

x at −25 dB crosstalk. The
three asymptotes in (46) are included (dotted blue lines). The three vertical
dashed lines indicate the back-offs (53) (leftmost, red), (54) (middle, green),
and (55) (rightmost, blue), respectively. The solid vertical line (blue) indicates
the 1dB compression point (33).

V. POWER BACK-OFF OPTIMIZATION AND DPD

In this section, the optimization of the point of operation,
that is the input power back-off, and dirty MIMO transmitters
subject to DPD are considered.

A. Power Amplifier Back-Off Optimization

The NMSE floor provided by the term |δk + μk|2 in (46)
does not influence a minimization of the NMSE with respect to
power amplifier back-off, thus it can be concluded that power
amplifier back-off optimization is, on average, independent of
channel crosstalk. However, the NMSE-minima broadens for
increasing crosstalk, and thus sub-optimal schemes may be
favorable, as will be discussed at the end of this section. First,
however, optimal schemes are examined.

One can note that for this class of nonlinear systems,
SNDR is not inversely proportional to the NMSE, meaning
that a different input back-off power σ2

x is obtained when mini-
mizing NMSE, compared to when maximizing SNDR. Starting
with the approximate expression for the NMSE in (46), note
that the minimum NMSE is obtained at

σ2
x = arg min

σ2
x

NMSE =
1

|γ|2
3

√

σ2
w

12|ρ�|2 . (53)

In a first approximation (53) is independent of the leak-
age or properties of the adjacent channel. Note also that the
SNDR in (48) is maximized for a slightly higher input power,
that is

σ2
x = arg max

σ2
x

SNDR =
1

|γ|2
3

√

σ2
w

4|ρ�|2 . (54)

Thus, maximizing SNDR over minimizing NMSE allows for
an 1.6 dB increased input power level; that enables a more
energy efficient operation of the power amplifier.

For MIMO-transmitters subject to crosstalk, the average
input power can be further increased, subject to a small
increase in NMSE. This is evident from Fig. 3, which dis-
plays the NMSE for a slightly nonlinear transmitter subjected
to −25 dB crosstalk. See the numerical examples in Sec. VI
for further details on parameter settings. Taking the vertex
between the asymptotes defined by the first and second terms

of (46) as the objective function yields

σ2
x =

1
|γ|2

|β| |δk + μk|√
6 |ρ�|

. (55)

Here, one can note that (55) is determined by the leakage,
amplifier gain, and nonlinear compression ρ�, but is indepen-
dent of the in-channel noise. Using the power amplifier back-
off (55) over minimizing NMSE allows, in the given example
in Fig. 3, for an 8 dB increased input power level, subject to
an NMSE 3 dB above the minimum NMSE.

B. 2 × 2 Dirty MIMO Subject to DPD

In this section, the dirty 2×2 MIMO transmitter is subject to
DPD as described e.g. in [16], in which case Stage 2 in Fig. 1
is replaced by a unit that predistorts the streams. Accordingly,
a 2 × 2 power amplifier subject to ideal DPD is modeled as
a soft limiter

r� =
{

u�, |u�| ≤ A
Aej∠u� , |u�| > A

, (56)

with A ∈ R being a clipping level to be determined. A per-
fectly linearized transmitter is also without crosstalk, that is
δk ≈ 0 and μk ≈ 0.

The clipping level A in (56) depends on the normalization
gain used in the linearization [29]. All terms in the resulting
NMSE are affected by the normalization gain that is used.
For the sake of the discussion, here the third order model (28)
is subject to the DPD preserving the small signal unity gain
of f�(·), and it is assumed that the original amplifier can be
operated up to an X-dB compression point. Then, the clipping
level A is given by (cf. (32))

A2 =
1

3|ρ�|

(

1 −
√−1 + 3 · 10−X/10

√
2

)

=
CXdB

|ρ�| , (57)

where CXdB ≈ {0.056, 0.11, 0.17} for X = 1, 2, 3 (dB)
respectively. The normalization gain and clipping level used in
the linearization are related. For a monotonically decreasing
nonlinearity, the 0 dB small signal gain has the highest
normalization gain versus power. The clipping level in (57)
is the lowest clipping level.

The NMSE for the SISO system (56) is given by, cf. [34]

NMSE = e−η2 − 2η
√

π Q(
√

2η2) +
σ2

w

|γ|2 σ2
x

, (58)

where Q(·) denotes the tail probability of the standard normal
distribution and where η2 = A2/(|γ|2 σ2

x). To emphasize
that a SISO model is studied, the subscript � is dropped in
the NMSE.

The generic results derived in (18) are applied to study the
effects of residual crosstalk due to imperfect DPD. As shown
in Appendix E, Δ� = α� − 1 reads Δ� = −e−η2

� /2, and

E[v� v∗� ] =
|γ|4 e−η2

σ4
x

2A2
, (59)

where η2 � A2/(|γ|2 σ2
x). Summing up and reordering the

terms in (18) gives

NMSE� � |γ|2 e−η2
σ2

x

2A2
+ |β|2 |δk + μk|2 +

σ2
w

|γ|2 σ2
x

, (60)
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Fig. 4. Theoretical NMSE (44) versus average input power σ2
x for uncor-

related input streams (left figure, ξ = 0), and correlated input streams (right
figure, ξ = eiΦ, where Φ in randomly drawn from U [−π, π]). The three
asymptotes for the approximate expression for NMSE in (46) are included
(dashed blue line), for varying leakage (−20, −30, and −40 dB respectively).
Simulation results are indicated by red circles.

where the term |Δ�|2 in (18) was neglected. The result (60)
is a generalization of the approximate SISO-result derived
in [31], with the included effects of MIMO-channel crosstalk.
Again, the NMSE floor provided by the term |δk + μk|2
in (60) does not influence the minimization of the NMSE with
respect to the power amplifier back-off. Accordingly, a closed-
form expression for the optimal back-off minimizing NMSE
is known to be [34]

σ2
u � A2

W (A2/2σ2
w)

, (61)

where W (·) is the Lambert-W function [32]. Accordingly,
employing σ2

u � |γ|2 σ2
x, cf. (64), the back-off reads

σ2
x � 1

|γ|2
A2

ln(A2/2σ2
w) − ln(ln(A2/2σ2

w))
, (62)

where the approximation W (x) ≈ ln(x) − ln(ln(x)) was
used, with ln(·) being the natural logarithm. One can note
that, as with (57), the back-off is a function of the undistorted
amplifier properties via CXdB, γ and ρ�, as well as the thermal
noise via σ2

w.

VI. NUMERICAL EXAMPLES

A. NMSE for Uncorrelated and Correlated Input Streams

In the first example, a set-up with {−20, −30, −40} dB
crosstalk is considered, that is when {δ�, δk, μ�, μk} are all
real-valued quantities of equal value δ, and where the crosstalk
in dB is given by 20 log10 δ. The compression parameter of
the power amplifiers is given by ρ = ρ� = ρk = −0.05. The
nominal gain γ = 30 dB, with perfectly balanced branches,
that is γ� = γk = γ. The variance of the thermal noise is
σ2

v = 10−4, or −10 dBm. The stage 2 gain β is given by
β = 1. According to (53), the average input power minimizing
NMSE is given by σ2

x = −8.2 dBm.
In Fig. 4, the theoretical NMSE (44) is calculated and

compared with the result based on numerical Matlab simu-
lations which were based on N = 1, 000 independently drawn

Fig. 5. Theoretical NMSE (44) versus average input power σ2
x for correlated

input streams with fixed phase (left figure, ξ = 1, and right figure, ξ =
eiπ = −1). The three asymptotes for the approximate expression for NMSE
in (46) (dashed black line), for varying leakage (−20, −30, and −40 dB
respectively). Simulation results are indicated by red circles.

Gaussian samples. An excellent agreement was noted when
the theoretical predictions and the simulation results were
compared. Further, the asymptotes individually and accurately
bound the NMSE in the different regions of average input
power. In Fig. 4–left, the input streams are uncorrelated
of equal power, that is ξ = 0. In Fig. 4–right, the input
streams are fully correlated, that is ξ = ejΦ, where Φ is
for each sample drawn from a uniform distribution U [−π, π].
The theoretical NMSE shown in Fig. 4–right is the one that
corresponds to the uncorrelated input streams.

B. NMSE for Given Correlation Phase Angle

The simulations in Sec. VI-A are repeated for two fixed
phase angles (that is, best and worse case) of ξ, that is ξ = ejφ

where φ = 0, or φ = π respectively. The results are displayed
in Fig. 5, together with the theoretical predictions of NMSE
given by (44).

The term T in (21) obtains its largest negative value for
φ = 0, and its largest positive value for φ = π. Since
T is proportional to σ2

x, the influence of T on the total NMSE
increases with increasing input power σ2

x, which explains the
non-symmetrical curves in Fig. 5.

C. NEC and Distortion Noise Covariance

In Fig. 6, the relative phase angle of NEC (25) (relative to
the angle φ of the correlation coefficient ξ = ejφ) is studied as
a function of the additive noise and crosstalk, with parameter
settings, as in the previous examples. The ideal noise-free and
crosstalk-free case is displayed in the upper left diagram of
Fig. 6. Here, the N = 1, 000 drawn samples are divided into
ten blocks, with one block of data used per simulation run.
Fig. 6 shows the ten overlaid results, indicating the spread of
the phase angle at low signal to noise ratios. The additive noise
provides an almost uniform spread of the phase angle up to
the point of optimal back-off (53), after which the phase angle
of (25) is well-centered around φ, as expected. The crosstalk
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Fig. 6. Theoretical phase angle of NEC (25) (solid black line) relative the
phase angle of ξ = ejφ for φ = −π/8. Left plots with σ2

w = 0, and
right plots with σ2

w = −10 dBm. Ten overlaid simulations, each based on
100 drawn samples. The two vertical lines indicate the NMSE-optimal back-
off (53) (red dashed line), the 1dB compression point (33) (blue solid line).
Simulation results are indicated by red circles.

Fig. 7. NMSE (44) (solid black lines) and NMSE for ideal DPD (58) (dashed
black line), versus average input power σ2

x, for {−20, −∞} dB crosstalk.
The three asymptotes in (46) (dashed blue lines) are included. Simulation
results (red circles).

(lower left figure in Fig. 6) distorts the phase angle in a quite
complicated manner. In the considered example, the shift in
phase occurs at the 1dB compression point. However, other
settings provide other locations of the phase shift. Finally,
the effect of both additive noise and crosstalk is considered,
indicating that the crosstalk somewhat concentrates the spatial
direction of the transmitted noise.

D. Effects of DPD

Fig. 7 illustrates the effect of DPD on the NMSE ver-
sus input power. Here, the common compression parameter
ρ = −0.05 and the crosstalk is −20 dB, and −∞ dB
respectively. The NMSE results are shown for the uncompen-
sated transmitter with and without crosstalk, together with the
NMSE for a transmitter subjected to ideal DPD. The clipping
level A is given by C3dB in (57). Uncorrelated input streams
are considered, that is ξ = 0.

It should be noted that a different choice of normalization
gain could affect the asymptotes. A smaller normalization gain
and correspondingly higher clipping level would give a higher
level of the asymptote ∝ 1/σ2

x and a lower level than of
that ∝ σ4

x in Fig. 7.
Ideal DPD pushes down the achievable NMSE as well as

pushing up in power the optimal (minimum NMSE) back-off,
from −8.3 dBm given by (53), to −5.1 dBm given by (62),
that is around a 3 dB improvement.

VII. CONCLUSIONS

The performance of a dirty 2×2 MIMO transmitter has been
studied. The figures of merit such as NMSE and NEC are quite
complicated functions of the crosstalk, amplifier nonlinearity,
and the correlation of the input streams, as illustrated by
the NMSE in (44) for a 2 × 2 MIMO transmitter subject to
third order nonlinear distortion which mimics a solid state
transmitter.

A third order nonlinear model was studied in detail in the
MIMO context, and included a 1-dB compression point, signal
dependent compression, the relationship between NMSE and
SNDR, and different schemes to determine the power amplifier
back-off. Besides a detailed study of the NMSE, the covariance
of the distortion noise was investigated. Through a more
streamlined derivation than the one in the original work [7],
the correlation coefficient of the distortion noise was derived
and revealed the preservation of the phase angle and the third
order decay in magnitude.

Approximate expressions for the NMSE have been derived
and the higher order terms in these expressions have been
discarded, and thereby revealing the asymptotes reflecting the
influence of thermal noise, crosstalk, and nonlinear compres-
sion respectively. The paper includes (18) and (19) for generic
nonlinear functions, (46) for third order nonlinearities which
reflects a solid state amplifier, and (60) for MIMO-systems
subject to ideal DPD.

The approximate NMSE expression derived for generic
nonlinearities in (18) and (19) revealed that, on average, the
NMSE is independent of the correlation of the input streams.
Equations (18) and (19) also show that for specific input
streams, the NMSE is dependent on the correlation between
the input OFDM streams. Accordingly, improvement or degra-
dation of the NMSE over the NMSE for uncorrelated streams
can be obtained in specific scenarios, e.g. streams under
beamforming or linear precoding. The NMSE improvement
is, however, bounded by the NMSE of a crosstalk-free
MIMO transmitter.

The expressions for the NMSE show a characteristic behav-
ior when the transmitter is subject to crosstalk, in that they
are manifested by a lower bound on the NMSE that is
independent of the input power. Accordingly, the crosstalk
does not influence the value of the input power that provides
minimum NMSE. The independence of NMSE on the input
correlation and channel crosstalk implies that power amplifier
back-off optimization for a SISO transmitter is also directly
applicable to the dirty MIMO transmitter. However, as shown
in e.g. Fig. 3, the above results should be handled with care,
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since it is also shown that the crosstalk significantly broadens
the shape of the NMSE around its minimum. This observation
opens up for novel sub-optimal schemes for power amplifier
back-off determination, where (as opposite to the crosstalk-
free case with a quite narrow minimum) a substantial increase
in input power can be traded against a small increase in NMSE.
Such a novel crosstalk tailored back-off scheme was proposed
in (55).

The result in [7] on the properties of the distortion noise
are extended to dirty MIMO channels subject to crosstalk.
It is shown that, in the small signal region, the thermal
noise typically uniformly spreads the spatial direction of
the transmitted noise. However, the effect of crosstalk is
a concentration in the spatial direction. This finding pro-
vides support to the simplified transmission model used
in e.g. [9]–[12].

Finally, to reflect on the question proposed in the title of
this paper. In comparison with a SISO transmitter, the MIMO
transmitter is subject to channel crosstalk and the possible
correlation of the input streams. On average, the input stream
correlation does not deteriorate the NMSE, but the crosstalk
does. MIMO crosstalk will always reduce the performance
in terms of NMSE, compared with the performance of the
SISO channel. In fact, consider the �:th channel in a dirty
MIMO transmitter operating under optimal (that is, minimiz-
ing NMSE) back-off, that is subject to δk+μk adjacent channel
crosstalk. The �:th channel performs like an equivalent SISO
transmitter with a signal-to-noise ratio

SNR�
�
=

|γ|2 σ2
x

σ2
w

=
3

2|δk + μk|2 . (63)

See Appendix D for details on the derivation of (63). Accord-
ingly, the question “Dirty MIMO transmitters: does it matter?”
can be rephrased as “Is the SNR (63) of the equivalent
SISO transmitter good enough?”, since a decoupled simplified
transmission model can be formulated. The channel distortion
noises can be handled as uncorrelated. The correlation of the
input streams does not influence performance.

APPENDIX

INPUT STREAMS AND INPUT CROSSTALK

A. Properties of Correlated Input Streams {x�, xk}
Consider the two streams (5) and (6), where {x̃�, x̃k}

are jointly uncorrelated white Gaussian noise sources, both
with variance σ2

x̃ = E[x̃� x̃�], and where ξ determines the
correlation between the streams. Let σ2

x̃ = σ2
x/(1 + |ξ|2).

Then, the average power of x� equals σ2
x, independently of the

value of the cross-correlation parameter ξ, that is E[x� x∗
� ] =

(1 + |ξ|2)σ2
x̃ = σ2

x. In a similar vein, E[xk x∗
k] = |β|2 σ2

x.
Finally, the covariance E[x� x∗

k] reads

E[x� x∗
k] = E[(x̃� + ξ x̃k)β(x̃∗

k + ξ x̃∗
� )] =

2ξ β

1 + |ξ|2 σ2
x,

with E[xk x∗
� ] = E[x� x∗

k]∗.

B. Properties of the Nonlinearity Excitations {u�, uk}
The input p� = x� + δk xk in (4) reads

p� = x̃� + ξ x̃k + δk β∗(x̃k + ξ∗ x̃�)
= (1 + δk β∗ ξ∗)x̃� + (ξ + δkβ∗) x̃k,

where (5)-(6) were used in the first equality. In a similar vein,
the input pk = xk + δ� x� reads

pk = β∗(x̃k + ξ∗ x̃�) + δ� (x̃� + ξ x̃k)
= (β∗ + δ� ξ)x̃k + (β∗ξ∗ + δ�) x̃�.

With u� = γ� p� and uk = γk pk, the variance E[u� u∗
� ] of the

�:th channel reads

E[u� u∗
� ] =

|1 + δk β∗ ξ∗|2 + |ξ + δk β∗|2
1 + |ξ|2 |γ�|2 σ2

x. (64)

The variance E[uk u∗
k] of the k:th channel equals

E[uk u∗
k] =

|β∗ + δ� ξ|2 + |β∗ ξ∗ + δ�|2
1 + |ξ|2 |γk|2 σ2

x. (65)

The covariance E[u� u∗
k] is given by

E[u�u
∗
k] =

(1 + δkβ∗ξ∗)(βξ + δ∗� ) + (β + δ∗� ξ∗)(ξ + δkβ∗)
1 + |ξ|2

×γ�γ
∗
kσ2

x, (66)

with E[uk u∗
� ] = E[u� u∗

k]∗.

THIRD ORDER NONLINEAR SYSTEMS

C. Properties of the Distortion Noise {v�, vk}
1) Distortion Noise is Zero-Mean: It is clear that the

distortion noise (38) is zero-mean, that is

E[v�] = ρ� E[u� |u�|2] − 2ρ� E[u�] E[u� u∗
� ] = 0,

where odd order central moments of a complex Gaussian
stochastic variable equal zero were used.

2) The Variance E[v� v∗� ]: With the distortion noise (38) as
the starting point, a straightforward calculation gives

E[v�v
∗
� ]

|ρ�|2 = E
[

u�u
∗
� (|u�|2 − 2E[u�u

∗
� ])

2
]

= E[(u�u
∗
� )

3] + 4E[u�u
∗
� ]

3 − 4E[u�u
∗
� ]E[(u�u

∗
� )

2].

Using the relations for complex Gaussian stochastic variables
E[(u� u∗

k)3] = 6 E[u� u∗
k]3, and E[(u� u∗

k)2] = 2 E[u� u∗
k]2,

then a straightforward calculation yields (39). In a similar vein,
(40) follows.

3) The Covariance E[v� v∗k]: To calculate the covariance
E[v� v∗k], first note from (38) that

E[v�v
∗
k]

ρ�ρ∗k
= E

[

u�u
∗
k(|u�|2 − 2E[u�u

∗
� ])(|uk|2 − 2E[uku∗

k])
]

.

Resolving the product yields

E[v�v
∗
k]

ρ�ρ∗k
= E[(u�u

∗
k)2(u�u

∗
k)∗] + 4E[u�u

∗
� ]E[uku∗

k]E[u�u
∗
k]

−2E[u�u
∗
� ]E[u�u

∗
k|uk|2] − 2E[uku∗

k]E[u�u
∗
k|u�|2].

Now, using the result (67) derived in Appendix E, and
the relations E[u� u∗

k |uk|2] = 2 E[uk u∗
k] E[u� u∗

k] and
E[u� u∗

k |u�|2] = 2 E[u� u∗
� ] E[u� u∗

k] [28], then a straightfor-
ward calculation yields (41).
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4) The Cross Covariance E[v� u∗
k]: By construction, the dis-

tortion noise is uncorrelated with the amplifier output
s� = α� u� since E[v� u∗

� ] = 0. Further, E[v� u∗
k] = 0, as shown

below

E[v� u∗
k] = E[ρ� u� (|u�|2 − 2 E[u� u∗

� ])u∗
k]

= ρ� E[u� u∗
k|u�|2] − 2ρ� E[u� u∗

k] E[u� u∗
� ]

= 2ρ� E[u� u∗
� ] E[u� u∗

k] − 2ρ� E[u� u∗
k] E[u� u∗

� ] = 0.

D. Equivalent SISO-Model

Consider a transmitter described by the third order non-
linearity (28) which operate at minimum-NMSE back-off,
that is under the average input power given by (53). The
corresponding minimum-NMSE is given by

NMSE� � 3σ2
w

2|γ|2 σ2
x

.

According to (46) (see also, e.g. Fig. 4), a significant amount
of crosstalk results in an NMSE close to (for β = 1) NMSE� �
|δk + μk|2. The stated conclusion follows.

A USEFUL RESULT FOR COMPLEX GAUSSIAN VARIABLES

E. A Result for 6th Order Moment of Gaussian Variables

To calculate the sixth order moment E[(u� u∗
k)2(u� u∗

k)∗],
note that E[z1 z2 z3 z∗4 z∗5 z∗6 ] =

∑6
t=1 Tt, where [28]

T1 = E[z1 z∗4 ] E[z2 z∗5 ] E[z3 z∗6 ],
T2 = E[z1 z∗5 ] E[z2 z∗6 ] E[z3 z∗4 ],
T3 = E[z1 z∗6 ] E[z2 z∗4 ] E[z3 z∗5 ],
T4 = E[z1 z∗4 ] E[z2 z∗6 ] E[z3 z∗5 ],
T5 = E[z1 z∗5 ] E[z2 z∗4 ] E[z3 z∗6 ],
T6 = E[z1 z∗6 ] E[z2 z∗5 ] E[z3 z∗4 ].

Let z1 = u�, z2 = u�, z3 = uk, z4 = uk, z5 = uk, and
z6 = u�, then T1 = T5 = E[u� u∗

k]2 E[u� u∗
k]∗, and T2 =

T3 = T4 = T6 = E[u� u∗
k] E[u� u∗

� ] E[uk u∗
k]. Accordingly,

E[(u� u∗
k)2(u� u∗

k)∗] = 4 T2 + 2 T1, or

E[(u� u∗
k)2(u� u∗

k)∗]
= 4E[u� u∗

k] E[u� u∗
� ] E[uk u∗

k] + 2E[u� u∗
k]2 E[u� u∗

k]∗.
(67)

SYSTEMS SUBJECT TO DPD

F. The Soft Limiter

For a model subject to crosstalk, the model loses its sym-
metry. Here, the �:th channel is studied.

1) Bussgang Attenuation: The Bussgang attenuation
reads [35]

α� = 1 − e−η2
� + η�

√
π Q

(
√

2η2
�

)

.

By construction, α� ∈ R. Here, the input back-off level η2
� is

introduced as η2
� = A2

�/σ2
u, where

σ2
u = E[u� u∗

� ] = (1 + |δk β∗|2) |γ|2 σ2
x � |γ|2 σ2

x,

where the second equality follows from (64) (for ξ = 0,
because the average behavior is studied). Now, Δ� = α� − 1
reads

Δ� = −e−η2
� + η�

√
π Q

(
√

2η2
�

)

� −e−η2
�

2
,

where the approximation η�
√

π Q(
√

2η2
� ) � e−η2

� /2 [33] was
used in the second equality.

2) Distortion Error: The variance of the distortion error
v� = r� − α� u� reads [34]

E[v� v∗� ] =
(

1 − e−η2
� − α2

�

)

σ2
u � e−η2

� σ2
u

2η2
�

,

where the following results were used in the second
equality [31]

α2
� �

(

1 − e−η2
�

2
− e−η2

�

4η2
�

)2

� 1 − e−η2
� − e−η2

�

2η2
�

.

Accordingly, E[v� v∗� ] � σ4
u e−η2

/2 A2, where η2 = A2/σ2
u

with A being the nominal clipping. The covariance of the
distortion error in (59) follows.
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