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Geometric View on Integrated Cascaded Channel of
IRS-Aided Communications
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Abstract— The hybrid intelligent reflecting surface (IRS) archi-
tecture is a novel technology that leverages the advantages of both
passive and active IRS; the passive IRS offers a large aperture,
while the active IRS provides additional power amplification.
Prior studies have shown that the optimal performance of
IRS-assisted wireless networks is achieved when the passive IRS
is deployed near the transceivers and the active IRS is closer
to the receiver with decreasing amplification power, assuming
that the IRS is located between transceivers and that the height
difference between IRS and transceivers is much smaller than
the link distance between transceivers. However, most of the
prior works on IRS blindly adopted this assumption in the IRS
association policy, which essentially becomes a partial selection
strategy that offers analytical simplicity at the cost of sub-
optimal performance. This limitation motivated us to find the
globally optimal deployment strategy for all types of IRS. To this
end, we first employ the geometric models for integrated path
loss distance (known as Cassini oval and Ellipse for product-
and sum-distance path loss laws, respectively) and use them
to determine the optimal locations of the hybrid IRS. Then,
we design a novel opportunistic association policy for hybrid
IRS based on the integrated path loss model. Furthermore,
we validate our proposed methods through simulations and
show that they significantly outperform the conventional nearest
association policy, especially for hybrid and active IRS.

Index Terms— Hybrid IRS, opportunistic association pol-
icy, geometric models, integrated path loss distance, cascaded
channel.

I. INTRODUCTION

THE Intelligent Reflecting Surface (IRS), also known as
Reconfigurable Intelligent Surface (RIS) and Large-Scale

Intelligent Surface (LIS), is considered as a critical technol-
ogy capable of dynamically altering signal paths, extending
coverage, and simultaneously enhancing network capacity for
future wireless networks [1], [2], [3], [4], [5]. There are three
types of IRS architecture: passive IRS, active IRS, and hybrid
IRS.
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The passive IRS consists of a phase shift controller and
a large surface equipped with numerous reflecting elements.
The passive reflecting elements merely reflect signals without
additional active processing, which enables high spectral-
and energy-efficient communication at a low cost [1], [6],
[7]. Despite the performance gain provided by passive IRS,
the enhancement can be significantly impeded by the severe
two-fold path loss. Specifically, the benefit of passive IRS is
limited when the direct link between transceivers is stronger
than the IRS-aided links [8], [9].

Active IRS can overcome the severe path loss by simulta-
neously reflecting and amplifying the received signals [10],
[11], [12], [13], [14], [15]. The integration of amplifiers
into the active reflecting elements can be achieved through
various existing active components, such as current-inverting
converters [16], asymmetric current mirrors [17] or integrated
circuits [18]. Nevertheless, unlike passive IRS that operates in
a noise-free mode, the aperture of active IRS is constrained by
the amplification power and thermal noise generated by active
parts.

To combine the benefits of passive and active IRS, a novel
hybrid IRS architecture is proposed in [19], which contains
two sub-surfaces: one of the sub-surfaces is composed of
passive reflecting elements, while the other sub-surface con-
sists of active reflecting elements and additional operation
power is required.1 The hybrid IRS leverages the advantages
of both passive and active IRS in a complementary manner.
Specifically, the passive IRS offers asymptotic beamforming
gain with a squared power scaling order of O(N2), while the
active IRS provides an extra power amplification gain but with
a linear power scaling order of O(N) for beamforming due to
thermal noise introduced by the active parts, where N is the
number of reflecting elements [21].

However, implementing the innovative hybrid architecture
presents a difficult issue due to disparate location preferences
for passive and active sub-surfaces. Specifically, the passive
sub-surface is inclined towards being situated in close proxim-
ity to the transceivers, while the active sub-surface necessitates
placement at a certain distance away from the transmitter to
ensure an acceptable amplification factor [8], [21]. Further-
more, active sub-surface is supposed to be deployed closer to
the receiver with decreasing amplification power [21]. Conse-
quently, finding the optimal deployment strategy is one of the

1The definition of hybrid IRS is different from [20], where the active
reflecting element are connected an RF chain to support channel estimation
and without amplification.
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most essential design challenges for the hybrid IRS-assisted
wireless networks to achieve the full potential of both passive
and active sub-surfaces.

The channel properties are crucial for analyzing the end-
to-end performance of IRS-aided communications. As sum-
marized in [22], there are numerous small-scale multipath
fading models, including the phase shift model, transmission-
mode model, physical-based channel model, beamspace
channel model, geometry-based stochastic model, keyhole
channel model, and machine learning-based channel model.
Rician fading model, especially, is popular in IRS-assisted
communication due to its line-of-sight assumption [23], [24].
In [25], the authors proposed a beamspace model based on
extended Saleh-Valenzuela (SV) channel, categorizing the
scatters and paths of multipath components. Mixture Gamma
distribution-based, generalized fading model was introduced
in [9] to ease the analysis of IRS-aided networks.

To the best of our knowledge, the geometric modeling of
the integrated path loss distance remains an open problem,
although many studies have modeled small-scale fading in the
cascaded channel. To unlock the full potential of hybrid IRS,
it is crucial to comprehend the geometric arrangement of node
locations for optimal IRS placement. Furthermore, we need
to develop an opportunistic association policy for IRS, which
associates IRS based on the best end-to-end performance [26].

A. Geometric Model

The geometric model offers a realistic representation of
wireless networks and provides a spatial understanding of
the given wireless network. The location of nodes affects
signal strength, interference, and ultimately the performance
of the network. The geometric model can accurately portray
the physical distances and relative positions of nodes, allowing
for better predictability of system behavior [27].

Comprehending the geometric nature of a network enables
the anticipation of signal propagation, and identification of
interference patterns and potential bottlenecks. This under-
standing proves invaluable in optimizing the deployment and
node density to enhance overall network performance [27].
For example, in machine-to-machine (M2M) communications,
where the fixed locations of user equipment (UE) allow for
the strategic design of IRS deployment based on defined
objective functions, such as maximizing IRS utility or mini-
mizing interference among UEs. The geometric model further
plays a pivotal role in informing decisions regarding the
integration of a new node. For instance, once the system’s
deployment is established, UEs can access a look-up table
of potential average performance for each IRS from the base
station (BS) upon joining the cell and reporting their locations.
Subsequently, UE can judiciously select the serving IRS based
on the information provided in the table.

Furthermore, the geometric model exhibits adaptability
across diverse wireless scenarios, encompassing both mobile
and static networks, while seamlessly accommodating vari-
ations in network size and topology. Notably, in IRS-aided
networks, geometric model is of critical importance in enhanc-
ing the analytical framework by precisely capturing the

statistics of the integrated links based on practical oppor-
tunistic association policies, as opposed to relying on partial
selection over the nearest association. Moreover, the geometric
model serves as a robust foundation for stochastic geometry-
based system-level analysis. This is attributed to their ability
to model the distribution of connection distances among nodes
based on their inherent geometric relationships [28], [29], [30].

The ellipse model, extensively explored for sum-distance,
has gained much attention in localization problems. However,
to the best of the authors’ knowledge, this is the first explo-
ration of the Cassini oval model for product-distance in the
realm of wireless communications.

B. Association Policy: Nearest and Opportunistic

For IRS-aided communication, accurate statistical modeling
of the integrated cascaded channel remains an open problem
due to the lack of exploration in the integrated path loss dis-
tance. Most existing literature relies on the nearest association
policy, which redirects the focus to individual link by trading
accuracy for tractability [6], [7], [9].

The nearest association policy entails a partial selection
mechanism for passive IRS grounded by a simple setup with
the product-distance path loss law, where the location of the
IRS is confined to the segment between the BS and UE
with limited height [1], [31]. Additionally, this association
relies on a widely adopted common assumption for analytical
simplification, where the link distance between the associated
passive IRS and the serving BS of the typical UE, referred to
as the BS→IRS link, equals the link distance between the BS
and UE, denoted as BS→UE link. This simplification directs
the analysis toward the link distance between the IRS and
UE, denoted as IRS→UE link, rather than considering the
integrated cascaded BS→IRS→UE channel.

However, this assumption proves impractical for several
reasons. First, the approximated nearest association is effective
solely for the product-distance path loss law. Yet, diverse
propagation scenarios necessitate distinct path loss laws,
as corroborated by [32]. For example, the product-distance
path loss law is appropriate for far-field and near-field beam-
forming cases, whereas the sum-distance path loss law is
suitable for near-field broadcasting cases. Regrettably, the
nearest association policy is ill-suited for the sum-distance
path loss law. Second, in IRS-aided wireless networks, the
channel condition of the integrated cascaded channel, i.e.,
BS→IRS→UE, directly governs end-to-end communication
quality, instead of the individual links, i.e., BS→IRS or
IRS→UE. Specifically, even if one of the single links attains
sufficient quality, poor performance may persist if the other
link is obstructed.

Moreover, the nearest association policy fails to realize full
potential of the active and hybrid IRS. As illustrated in [21],
the active IRS should be deployed closer to the receiver with
decreasing amplification power to maximize the achievable
rate. In addition, for hybrid IRS, the deployment preferences
of the two sub-surfaces, namely passive and active, along the
segment between the BS and UE are different. As such, within
this constrained deployment framework along the segment
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between BS and UE, a performance balance arises between
these two sub-surfaces regarding to IRS locations. This conflict
deployment preference between the two sub-surfaces has moti-
vated us to investigate the optimal locations and opportunistic
association of hybrid IRS across the entire area, which requires
comprehensive understanding of the integrated channel.

The integrated cascaded channel imposes elevated demands
on the accurate modeling of communication, necessitating a
delicate equilibrium between analytical complexity and accu-
racy. Our exploration leverages the geometric properties of the
integrated path loss distance within the IRS-aided cascaded
channel. While previous work, as outlined in [33], has delved
into the optimal selection of passive IRS in a single-cell
network using stochastic geometry tools, further research into
the network’s geometric nature is imperative for studying the
optimal locations of the hybrid IRS. Specifically, we need
to investigate the cascaded channel’s end-to-end performance
from a geometric perspective, which is crucial for developing
an opportunistic association policy and a deployment strategy
tailored for hybrid IRS.

C. Contributions

Driven by the aforementioned concerns, our central objec-
tive is to address the geometric modeling intricacies inherent
in the equal-gain integrated path loss distance within the
IRS-assisted cascaded channel. Subsequently, we formulate an
optimization problem to ascertain the optimal locations for the
hybrid IRS and put forth an opportunistic association policy
tailored for hybrid IRS. The main contributions of this paper
may be summarized as follows:

1) We examine two geometric models of the integrated
path loss distance for an IRS-aided cascaded channel,
referred to as Cassini oval and Ellipse for product-
and sum-distance path loss laws, respectively. Building
upon the geometric models, we explore the statistical
characteristics of the integrated path loss distance, such
as equal-gain trajectory, cumulative distribution function
(CDF) and probability density function (PDF).

2) Based on the geometric nature of node locations,
we demonstrate that the optimal locations for the hybrid
IRS can be determined by the integrated path loss dis-
tance of the cascaded channel (BS→IRS→UE), system
parameters, and the link distance between the BS and
UE. Moreover, the outcomes for both passive and active
IRS can be obtained as special instances of the hybrid
IRS.

3) We investigate potential implementations of the pro-
posed geometric models in IRS-aided networks and
compare the performance of opportunistic and nearest
association policies for IRS. It is noted that the nearest
association policy is ineffective for hybrid/active IRS,
while the opportunistic association policy results in
significant performance improvement across all types of
IRS.

D. Organizations

The remaining paper is organized as follows. Section II
introduces the system model, Section III presents the geo-

Fig. 1. Downlink of a hybrid IRS-aided network. The configuration of the
IRS effective zone for transceiver pairs undergoes variations based on the
ratio of the integrated path loss distance of the cascaded channel to the link
distance between the BS and UE. In accordance with the IRS effective zone,
the IRSs are categorized into three types: Type-I, the IRSs located within the
IRS effective zone for a single transceiver pair; Type-II, the IRSs positioned
within the intersection of the IRS effective zones for more than one transceiver
pairs; Type-III, the IRSs situated outside the IRS effective zones.

metric models and derives statistical characteristics for the
equal-gain integrated path loss distance of the cascaded chan-
nel. Section IV displays the channel statistics in IRS-aided
communication, establishes the hybrid IRS’s optimal locations
and proposes an opportunistic association policy. Section V
analyzes special cases to evaluate our proposed geometric
model. Section VI provides Monte-Carlo simulations to verify
our analysis and Section VII concludes the paper.

II. SYSTEM MODEL

We consider a hybrid IRS-aided network, as illustrated in
Fig. 1, where both BSs and UEs are equipped with a single
antenna and orthogonal multiple access is employed within
each cell. Without loss of generality, we assume that each
BS has an infinitely backlogged queue, i.e., the BS always
has data to transmit to each user, [26], [34]. Each hybrid
IRS has N reflecting elements and contains two sub-surfaces.
One of the sub-surfaces contains Npas passive reflecting
elements along with a phase-shift controller, while the other
sub-surface contains Nact active reflecting elements, a phase-
shift controller, and an additional amplify controller, as shown
in Fig. 2 [19]. We assume that J hybrid IRSs are uniformly
distributed throughout the whole area, and we denote the set
of IRSs as J ≜ {IRS1, · · · , IRSJ}.

The reflection matrix serves as a crucial distinguishing
factor between passive and active sub-surfaces. Specifically,
the reflection matrix of the passive sub-surface is presented as
Ψpas ≜ diag(ejϕpas

1 , · · · , e
jϕpas

Npas ) ∈ CNpas×Npas , where ϕpas
npas

represents the phase shift of the npas-th passive reflecting
element with npas ∈ Npas ≜ {1, · · · , Npas}, and the reflection
amplitude of the passive reflecting elements are set as one.
In contrast, the reflection matrix of the active sub-surface
is denoted as Ψ(η)

act ≜ diag(η1e
jϕact

1 , · · · , ηNacte
jϕact

Nact ) ∈
CNact×Nact , where ϕact

nact
represents the phase shift of the

nact-th active reflecting element with nact ∈ Nact ≜
{1, · · · , Nact}, ηnact denotes the reflection amplitude of the
nact-th active reflecting element. Without loss of generality,
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for the associated IRS, we assume a common amplification
factor across all active reflecting elements,2 i.e., η2

nact
≜

PF

Nact(PTE[GBI]ϵd
−α
BI +δ2

F)
,∀nact [21], [35], [36], where PF is the

amplification power of the active reflecting elements, E[GBI]
is the average small-scale channel gain of BS→IRS link, δ2

F

is the thermal noise power generated by the active reflecting
elements, PT is the transmit power of the BS, ϵ represents the
reference channel power gain at a distance of 1 meter (m), and
α is the path loss exponent (α > 2) [21]. Then, the reflection
matrix of the active sub-surface can be further expressed as
Ψ(η)

act ≜ ηΨact, where Ψact = diag(ejϕact
1 , · · · , ejϕact

Nact ) ∈
CNact×Nact .

We examine the cascaded channel between a typical UE and
its serving BS via the associated IRS. We present an example
case in which the signal reflected by all reflecting elements
on the same IRS experiences identical fading and path loss.
It is noted that the quality of communication for the cascaded
channel is determined by the path loss and the small-scale
fading of the integrated cascaded channel (BS→IRS→UE)
rather than those of each individual link. In other words,
even if one link of the cascaded channel is lossless, severe
blockage of the other link may still render the entire cascaded
channel non-functional. Therefore, this work emphasizes the
integrated channel condition of the cascaded BS→IRS→UE
channel instead of focusing on individual link conditions,
i.e., BS→IRS link or IRS→UE link. To facilitate subsequent
analysis, we define an integrated path loss distance.

Definition 1 (Integrated Path Loss Distance): We define
the integrated path loss distance of the IRS-assisted cascaded
channel (BS→IRS→UE) as dBIU = dBI ◦ dIU, where
◦ depends on the adopted path loss law, dBI and dIU

are the link distances of BS→IRS and IRS→UE links,
respectively. If the product-distance path loss law is assumed,
for near-field beamforming or far-field communications, the
integrated path loss distance is defined as dBIU,P = dBI×dIU;
If the sum-distance path loss law is adopted, for near-field
broadcasting, the integrated path loss distance is defined as
dBIU,S = dBI + dIU [1], [32].

The small-scale fading of the cascaded BS→IRS→UE
channel over passive and active sub-surfaces, denoted by gpas

BIU,
and gact

BIU, respectively, are modeled as

gpas
BIU = (gpas

IU )HΨpasg
pas
BI , gact

BIU = (gact
IU )HΨactgact

BI , (1)

where gpas
BI ∈ CNpas×1, (gpas

IU )H ∈ C1×Npas , gact
BI ∈ CNact×1,

(gact
IU )H ∈ C1×Nact , and we adopt parameter set (l, j) to

denote the link type and the mode of IRS sub-surface; l ∈
{IU, BI} with l = ‘IU’ representing the IRS→UE link and l =
‘BI’ indicating the BS→IRS link. Similarly, j ∈ {pas, act}
with j = ‘pas’ denoting the passive IRS sub-surface and
j = ‘act’ indicating the active IRS sub-surface. In (1), gj

l

represents small-scale fading across the link l of the employed
IRS mode j, where nj ∈ Nj ≜ {1, · · · , Nj}, l ∈ {IU, BI},
and j ∈ {pas, act}.

2As shown in [19], all active reflecting elements are supposed to adopt
identical amplification factor as they suffer the same path loss. Nonetheless,
this may not suitable for multi-UE scenario as the beamforming design should
balance the tradeoff among numerous UEs.

Fig. 2. Hybrid IRS: One sub-surface contains Npas passive reflecting ele-
ments along with a phase-shift controller, while the other contains Nact active
reflecting elements, a phase-shift controller, and an amplify controller [19].

Furthermore, we consider generalized small-scale fading for
each individual link to enable the versatility and flexibility of
the results. It was displayed in [37] that most of the existing
fading distributions, i.e., Rayleigh, Rician, one-sided Gaussian,
Nakagami-m, κ − µ, and κ − µ shadowed fading, can be
modeled as mixture Gamma distributions with high accuracy
and tractability. To this end, we first introduce the definition
of mixture Gamma distribution, and the properties of mixture
Gamma distributed channels are summarized below [38].

Definition 2 (The Mixture Gamma Distribution): A ran-
dom variable G that follows a mixture Gamma distribution
is denoted as G ∼ MG(εi, βi, ξi), and its PDF, CDF and
moments are given by

fG(x) =
I∑

i=1

εix
βi−1e−ξix, (2a)

FG(x) =
I∑

i=1

εiξ
−βi

i γ(βi, ξix), (2b)

EG [xr] =
I∑

i=1

εi
Γ(βi + r)

ξβi+r
i

, (2c)

where {εi, βi, ξi} are the parameters for each Gamma com-
ponent, γ(·, ·) is the lower incomplete Gamma function.3

Moreover, [9] has proved that the cascaded small-scale
channel gain can be modeled as a mixture Gamma distribution
with high accuracy and tractability.

III. GEOMETRIC MODELS FOR THE INTEGRATED PATH
LOSS DISTANCE

In this section, we study geometric models for the integrated
path loss distance under product- and sum-distance path loss
laws, as defined in Definition 1. We derive the CDF and
PDF of the integrated path loss distance of the cascaded
channel based on the proposed geometric models. Herein,
we consider an end-to-end communication scenario, where

3The number of Gamma components, I , is usually set as 20 to guarantee
sufficient accuracy, i.e., approximation error less than 10−6 [9], [37].
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the typical UE and its serving BS are symmetrically located
along the x-axis at Cartesian coordinates (c, 0) and (−c, 0),
respectively. We describe the geometric models for two path
loss laws below.

A. Product-Distance Path Loss Law: Cassini Oval

For product-distance path loss law, the integrated path loss
distance of the cascaded channel is defined as the product
of individual link distance, i.e., dBIU,P = dBI × dIU, which
has been validated in [32] to be suitable for both near-field
beamforming and far-field communication scenarios.

Theorem 1 (Equal Product-Distance Trajectory (Cassini
Oval)): For the product-distance path loss law, the trajectory
of IRSs with the equal integrated path loss distance of the
cascaded BS→IRS→UE channel, dBIU,P, can be represented
by a Cassini oval with the BS and UE as its foci, and its
equation is given by

(x2 + y2)2 − 2c2(x2 − y2) = d2
BIU,P − c4, (3)

where the Cartesian coordinates of the typical UE and its
serving BS are (±c, 0), and (x, y) is the Cartesian coordinates
of the IRSs. The enclosed area of the equal product-distance
trajectory is determined by (4), as shown at the bottom of

the next page, denoted by S(dBIU,P), where eP =
√

dBIU,P

c ,
K(·) and E(·) are the complete elliptic integral of the first
and second kind, respectively [39].

Proof: See Appendix A. □
Remark 1: The equal product-distance trajectory of the

integrated path loss distance in Theorem 1 exhibits varying
shapes depending on the parameter, eP, as shown in Fig. 3(a).
In the following, we will discuss these four distinct shapes:
• If eP < 1, i.e., dBIU,P < c2, the trajectory consists of two

foci-centered disconnected loops, the IRS with smallest
dBIU,P is supposed to be located in the vicinity of the
BS or typical UE with a preference for being positioned
between transceivers. This observation differs from the
results obtained from the optimization perspective in [1].
In [1], the IRSs are constrained on the segment between
the typical UE and its serving BS, within which the
area outside the segment is not investigated, and it is a
one-dimensional special case of this Cassini oval model.

• If eP = 1, i.e., dBIU,P = c2, the trajectory is a lemniscate
of Bernoulli with the shape of a sideways figure eight
and a double point at the middle-point of the BS and
typical UE. The presence of double point in the trajectory
causes the breakdown of area function in Theorem 1 into
piecewise functions, producing an impulse on the PDF of
dBIU, as verified numerically in Fig. 4(a).

• If eP > 1, i.e., dBIU,P > c2, the trajectory is a continuous
loop. When 1 < eP <

√
2, the trajectory shapes like

a peanut; When eP ≥
√

2, the trajectory is a convex
loop, and the vicinity preference of IRS vanishes, which
is similar to the case of sum-distance path loss law.

Therefore, the individual link distance of the IRS→UE link
dIU or BS→IRS link dBI does not solely determine the
integrated path loss distance dBIU. As shown in Fig. 3, for both
product- and sum-distance path loss laws, dBIU varies with the

locations of the IRS for the same dIU or dBI. These geometric
models offer robust theoretical support for the IRS deployment
findings in [40] and [41], and elucidates the IRS’s distinct
behavior at varying elevations when the IRS is located between
the BS and UE, which are also one-dimensional instances of
the proposed Cassini oval model.

Using Theorem 1, we derived the PDF and CDF of the
integrated path loss distance dBIU for the product-distance path
loss model, as shown below.

Lemma 1: The CDF and PDF of the product distance
dBIU,P are respectively given by (5), as shown at the bottom of
the next page, and (6), when IRS is located within the Cassini
oval with maximum integrated path loss distance dt,

fP(dBIU,P) =


2dBIU,P

c2S(dt)
K

(
dBIU,P

c2

)
, for eP < 1,

2
S(dt)

K

(
c2

dBIU,P

)
, for eP ≥ 1.

(6)

The enclosed area of dt, denoted by S(dt), is defined in (4),
which is based on the Cassini oval model in Theorem 1.

Proof: See Appendix B. □

B. Sum-Distance Path Loss Law: Ellipse

The integrated path loss distance of the cascaded channel
for the sum-distance path loss model is defined as the sum of
individual link distance, i.e., dBIU,S = dBI + dIU, validated
in [32] to be suitable for the near-field broadcasting scenario.

Proposition 1 (Equal Sum-Distance Trajectory (Ellipse)):
For the sum-distance path loss law, the trajectory of IRSs
with the equal integrated path loss distance of the cascaded
BS→IRS→UE channel, dBIU,S, follows an ellipse with the
BS and UE as its foci, as expressed below

(
∆− c2

)
x2 + ∆y2 = ∆

(
∆− c2

)
, ∆ ≜

d2
BIU,S

4
, (7)

where the Cartesian coordinates of the typical UE and its
serving BS are (±c, 0), and (x, y) is the Cartesian coordinates
of the IRSs. The enclosed area of the equal sum-distance
trajectory is determined by [42], denoted as S(dBIU,S),

S(dBIU,S) =
π

4
dBIU,S

√
d2
BIU,S − 4c2. (8)

Fig. 3(b) shows the equal sum-distance trajectory for sum-
distance path loss model, where eS = 2c

dBIU,S
. The equal

trajectories of the sum-distance path loss law are confocal
ellipses. In the following Lemma, we derived the CDF and
PDF of the integrated path loss distance for the sum-distance
path loss law using the equations in Proposition 1.

Lemma 2: Based on Proposition 1, the CDF and PDF of
the sum distance dBIU,S can be expressed as (9) and (10),
respectively, when IRS is located within the Ellipse with
maximum integrated path loss distance dt.

FS(dBIU,S) =
πdBIU,S

√
d2
BIU,S − 4c2

4S(dt)
, (9)
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Fig. 3. Equal integrated path loss distance (dBIU) trajectories of IRS.

fS(dBIU,S) =
π

2S(dt)
d2
BIU,S − 2c2√
d2
BIU,S − 4c2

. (10)

The enclosed area of dt, denoted by S(dt), is defined in (8).

C. Discussions on the Geometric Models

Building upon the geometric models, several observations
have been made regarding the integrated path loss distance
of the cascaded channel. First, the IRS locations with the
smallest dBIU are dependent on both dIU and the relative
positions of IRS and UE/BS, as shown in Fig. 3. Second,
as demonstrated by the geometric models, there are instances
where the preference for passive IRS location in the vicinity
of transceivers is absent. Specifically, under product-distance
path loss law with eP ≥ 1 and sum-distance path loss law,
the preference of the vicinity of transceivers does not persist,
which is different from the product-distance path loss law
with eP < 1. Even though the product-distance path loss law
maintains a preference for proximity if eP < 1, this preference
is not uniform and diminishes with increasing eP.

The geometric models offer valuable insights into the
deployment strategies of passive IRS. First, the conventional
notion of deploying IRSs in the vicinity of transceivers is
challenged, especially when the direct communication link is
blocked. The reasons are as follows: a) The trajectories of

equal integrated path loss distances do not conform to uniform
circular patterns with communication nodes as their centers. b)
Environmental factors contribute to coherence issues, leading
to compromised link performance when the IRS is located near
transceivers due to the substantial blockage of the direct path.
Second, the deployment strategies for IRS can be judiciously
designed to achieve optimal utility while concurrently uphold-
ing a desirable outage probability. This is particularly relevant
in scenarios involving fixed transmitter and receiver positions,
such as M2M communication. Notably, the trajectories of
equal integrated path loss distances are contingent upon their
specific spatial placements, lending an inherent advantage to
strategic deployment planning.

In multi-UE scenarios, such as [43] and [44], the IRS
deployment strategy can be meticulously designed based on
the geometric models. To illustrate the applications of the
geometric models in deployment strategies, we introduce the
concept of IRS effective zone for a transceiver pair character-
ized by the IRS location-based long-term performance.

Definition 3 (IRS Effective Zone for a Transceiver Pair):
To ensure reliable communication between the typical UE
and its serving BS, the maximum integrated path loss distance
of the cascaded channel via passive IRS is defined as

dBIU,max =
(

PTN2E[GBIU]
τδ2

) 1
α

to meet the outage signal-to-
noise ratio (SNR) threshold, τ , where E[GBIU] is the average

S(dBIU,P) =


2c2

[
E

(
dBIU,P

c2

)
−

(
1−

d2
BIU,P

c4

)
K

(
dBIU,P

c2

)]
, for eP < 1

2dBIU,PE

(
c2

dBIU,P

)
, for eP ≥ 1,

(4)

FP(dBIU,P) =


2c2

S(dt)

[
E

(
dBIU,P

c2

)
−

(
1−

d2
BIU,P

c4

)
K

(
dBIU,P

c2

)]
, for eP < 1

2dBIU,P

S(dt)
E

(
c2

dBIU,P

)
, for eP ≥ 1,

(5)
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small-scale channel gain of the BS→IRS→UE channel. The
area enclosed by the trajectory corresponding to dBIU,max is
defined as the IRS effective zone for the transceiver pair.

As depicted in Fig. 1, the IRSs can be categorized into three
types, based on the IRS effective zones of the transceiver pairs
and the relative positions between the IRSs and transceivers.
Therefore, in multi-UE scenarios, the association of IRS can
be customized to various objective functions. For instance,
considering the utility of IRS, we can opt for the Type-II IRS,
capable of providing satisfactory performance for both UEs.
Alternatively, concerning interference mitigation among UEs,
the Type-I IRS may be selected, exclusively serving one UE.

IV. OPTIMAL PLACEMENT AND OPPORTUNISTIC
ASSOCIATION POLICY FOR HYBRID IRS

In this section, we first display the channel power statistics
of the integrated IRS-aided cascaded channel, then determine
the optimal placement of hybrid IRS, and last present an
opportunistic association policy in terms of maximizing the
long-term performance of the IRS-aided communication [45].

A. Channel Power Statistics

We assume that the phase shift of all reflecting elements
are aligned to enhance the transmitted signals [8]. Thus, the
received signal is given by

y =
(
gpas

BIU + gact
BIU

)
ϵd
−α/2
BIU x

+ (gact
IU )HΨact

√
ϵd
−α/2
IU nF + n0, (11)

and the received SNR is given by

E[SNR] = E
[
PTGBIUd−α

BIU(Npas + ηNact)2

Nactη2δ2
FGIUd−α

IU + δ2

]
, (12)

where nF ∈ CNact×1 is the thermal noise generated by
the active part, which is assumed to follow the Complex
Normal distribution, i.e., nF ∼ CN (0Nact , δ

2
FINact), n0 is

the additive white Gaussian noise (AWGN) at the user, i.e.,
n0 ∼ N (0, δ2

0), and GBIU (GIU) is the small-scale channel
gain of the BS→IRS→UE (IRS→UE) channel.

Herein, for expression concise, we assume all reflecting
elements suffer the same small-scale fading, and all trans-
mission links follow Nakagami-m fading, i.e., |gBI| and |gIU|
follow Nakagami-m distributions with parameters mBI and
mIU, respectively. The analysis can be extended to generalized
fading straightforwardly as the small-scale fading is assumed
independent of the link distance.

Given Nakagami-m distributed fading, the channel gain
of BS→IRS and IRS→UE links can be represented as
Gamma distributions with unit mean. The distribution of
small-scale channel gain for individual links, i.e., BS→IRS
and IRS→UE, are given by GBI ∼ MG (εBI, βBI, ξBI) and
GIU ∼MG (εIU, βIU, ξIU) with I = 1, where

εBI =
mmBI

BI

Γ(mBI)
, βBI = ξBI = mBI,

εIU =
mmIU

IU

Γ(mIU)
, βIU = ξIU = mIU.

(13)

Moreover, the multiplicability of the mixture Gamma dis-
tribution, as proven in [9], allows for modeling the integrated
channel gain of the cascaded BS→IRS→UE channel as a
mixture Gamma distribution, denoted as GBIU ≜ GBIGIU ∼
MG(εBIU,i, βBIU,i, ξBIU,i), and the parameters are given by

εBIU,i =
(mBImIU)mBIwit

mIU−mBI−1
i

Γ(mBI)Γ(mIU)
,

βBIU,i = mBI, ξBIU,i =
mBImIU

ti
, (14)

where ti is the i-th root of the Laguerre polynomial Lp(t),
and wi is the i-th weight of the Gaussian-Laguerre quadrature∫∞
0

e−tf(t)dt ≈
∑I

i=1 wif (ti) that is defined as wi =
ti

(p+1)2Lp+1(ti)
2 [39].

B. Optimal Locations of the Hybrid IRS

To determine the optimal locations of the hybrid IRS, taking
into account the long-term average received SNR, the problem
is formulated as below

(P1) : max
dBI,dIU

E[SNR]

s.t. PT ≥ 0, PF ≥ 0, (15a)

η2 ≤ PF

Nact(PTGBId
−α
BI + δ2

F)
, (15b)

PF ≥ Nact(PTGBId
−α
BI + δ2

F), (15c)
dBIU = dBI ◦ dIU, (15d)
dBI ≥ 0, dIU ≥ 0, (15e)

where (15b) and (15c) represent the hardware limit of the
active reflecting elements and the power constraint for the
amplification factor [36]. Note that, the inequality in (15b)
holds for general cases, including dynamic dBI, and the equal
symbol holds for associated IRS. Furthermore, (15c) indicates
η ≥ 1 [19].

The optimization in (P1) is a challenging problem due to the
coupled relation between the thermal noise and the amplitude
amplification factor. The thermal noise is generated by active
parts and the amplification factor depends on the channel
condition of the BS→IRS link, which affects both the received
signal power and thermal noise at the UE side. To simplify
this problem, we note that (P1) includes the conventional IRS
architectures as two special cases. Specifically, if Nact = 0,
the hybrid IRS reduces to the conventional passive IRS, and
the solution of (P1) is the optimal locations of passive IRS.
Otherwise, the object of (P1) is to find the optimal locations
of the active IRS when Npas = 0.

Thereby, we opt to initially partition this problem into two
distinct parts, aiming to ascertain the optimal locations for the
passive and active sub-surfaces individually. The optimal loca-
tions for the passive sub-surface are determined as points along
the trajectory possessing the smallest value of dBIU, where
each dBIU represents a trajectory consisting of potential IRS
locations that yield identical performance without considering
small-scale fading and blockage. In contrast, performance of
the active sub-surface varies along this trajectory due to the
amplification factor and the additional thermal noise generated
by the active parts.
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Hence, our initial focus lies on determining the optimal
locations of the active sub-surface on a given trajectory defined
by dBIU, and the problem is formulated as follows

(P2) : max
dBI,dIU

E[SNR](act) s.t. (15a)− (15e),

where E[SNR](act) is given by

E[SNR](act) = E
[

PTGBIUd−α
BIUη2N2

act

Nactη2δ2
FGIUd−α

IU + δ2

]
. (16)

Then, with the maximum value of the amplification factor,
E[SNR](act) can be derived as (17), as shown at the bottom
of the next page, where the mean value of the moments of the
small-scale fading can be derived by substituting (13), (14)
and (2c), as described below4

E
[
GBI

−1
]

=
mBI

mBI − 1
, E

[
GIU

−1
]

=
mIU

mIU − 1
,

E
[
GBIU

−1
]

=
I∑

i=1

mBImIUwit
mIU−1
i

(mBI − 1)Γ(mIU)
. (18)

Thus, (P2) can be further simplified as

(P3) : min
dBI,dIU

f =PFδ2
Fdα

BIE
[
GBI

−1
]
+PTδ2dα

IUE
[
GIU

−1
]

s.t. (15a), (15c)− (15e).

Next, by employing the two path loss laws, the results are
achieved as below,5

d∗BI = ρ
√

dBIU, for product,

d∗BI =
dBIU

φS + 1
, for sum, (19)

where ρ =
(

PTδ2E[GIU
−1]

PFδ2
FE[GBI

−1]

) 1
2α

, and φS = ρ
2α

1−α . Thereby, the

corresponding distance between IRS and UE can be readily
given by

d∗IU = ρ−1
√

dBIU, for product,
d∗IU = dBIU − (dBI)∗, for sum. (20)

It can be verified that (P3) is feasible if and only if the
following constraints of system parameters are satisfied [21].

ρ ≥
(

NactPT

PF −Nactδ2
F

) 1
α

d
− 1

2
BIU,P, for product,

φS ≤
(

NactPT

PF −Nactδ2
F

)− 1
α

dBIU,S − 1, for sum. (21)

As illustrated in Fig. 3(a), the feasibility of the local optimal
points for product-distance path loss law in (19) varies along
eP, due to the various trajectory shapes. Specifically, the

4Note that in this study, we employ Nakagami-m fading for expression
conciseness. It is worth mentioning that the outcomes derived from our
approach can be extended to generalized fading, which is versatile for
application across various frequency bands [37].

5For the product-distance path loss law, when the power and noise level
of both the BS and the active IRS are comparable, the optimal solution lies
at the line that is perpendicular to and divides the segment made by BS and
UE into two equal halves. This observation is consistent with relay systems.
Besides, the feasibility conditions can offer theoretical backing for system
design as well.

optimal points for product-distance path loss law on each
trajectory are available if and only if the system parameters
are designed based on the following inequality

ρ +
1
ρ
≥ 2

eP
. (22)

If eP ≥ 1, the inequality in (22) is always satisfied and the
results in (19) are robust. However, if eP < 1, the value of
d∗BI may be infeasible in certain parameter configurations, i.e.,
ρ + 1/ρ < 2/eP. Then, the minimum dBI on each trajectory
is sub-optimal, considering that the function f is convex and
active IRS is supposed to be deployed near UE instead of
BS due to practical operation power of BS and IRS [21].
Intuitively, as eP→0, the active IRS is supposed to be deployed
in the vicinity of receivers and it should operate at lower power
mode.

Remark 2: The optimal locations of the active sub-surface
along a predetermined trajectory with a fixed dBIU rely on ρ
and α. This finding is consistent with [21], where the active
IRS is confined to the segment between UE and BS with
limited height.

In the following, we assume that the system is designed
based on (21) and (22). With the results in (19), (20) and the
geometric models studied in Section III, the optimal locations
of the active sub-surface are derived in the following lemma.

Lemma 3: When the typical UE and its serving BS are
located at (±dBU/2, 0), the coordinates of the optimal loca-
tions of the active sub-surface are given by

x∗1 =
φ2

P − d2
BIU

2dBUφP
, y∗1 =±

√
φP − (x∗ + c)2,

x∗2 =
d2
BU − d2

BIU

(
1− 2

φS

)
2dBU

, y∗2 =±

√(
dBIU

φS + 1

)2

− (x∗)2,

(23)

where φP = ρ2dBIU, (x∗1, y
∗
1) and (x∗2, y

∗
2) are the optimal

coordinates of the active sub-surface for the product- and
sum-distance path loss laws, respectively.

Proof: See Appendix C. □
However, the results in Lemma 3 are local solutions for a

predetermined dBIU. Subsequently, we proceed to acquire the
globally optimal positions of active sub-surface by searching
all the local optimal solutions across varying dBIU, the prob-
lem of determining the globally optimal solutions for (P2) is
formulated as6

(P4) : max
dBIU

PTPFN2
actd

−α
BIU

PFδ2
F(d∗IU)−α + PTδ2(d∗BI)−α + δ2δ2

F

s.t. (15a), (15d)− (15e), (19), (20).

Next, we applied the results in (19) and (20) to (P4),
which means the optimal locations of IRS for each determined
dBIU are selected. When the product-distance path loss law is
adopted, (P4) can be simplified to

(P5) : max
dBIU

PTPFNact

2
√

PFPTδ2
Fδ2d

α
2
BIU + δ2δ2

Fdα
BIU

.

6Because the small-scale fading has been incorporated in the optimal
solutions in (19) and (20) as a scaling factor of the path loss, the following
objective functions omit the small-scale fading parameter [46].
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When the sum-distance path loss law is adopted, (P4) can be
simplified to

(P6) :max
dBIU

PTPFNact

PFδ2
F

(
φS

φS+1

)−α

+ PTδ2
(

1
φS+1

)−α

+ δ2
Fdα

BIU

.

The singularity of both (P5) and (P6) with respect to
dBIU clearly indicates that the optimal solutions exist at the
minimum value of dBIU while still satisfying the condition for
optimal placement of the passive sub-surface. Therefore, the
optimal locations of the hybrid IRS are given by

d∗∗BI =ρ
√

dBIU,min, d∗∗IU = ρ−1
√

dBIU,min, for product,

d∗∗BI =
dBIU,min

φS + 1
, d∗∗IU = dBIU,min − dBI

∗∗, for sum. (24)

Remark 3: The optimal locations for passive, active, and
hybrid IRS under both sum- and product-distance path loss
laws are determined by the integrated path loss distance of the
cascaded BS→IRS→UE channel, small-scale fading of each
link, and network parameters, such as PT, PF, δ2, δ2

F, and α.

C. An Opportunistic Association Policy for the Hybrid IRS

Based on the obtained optimal placement, we propose
a two-step integrated path loss distance-based opportunistic
association policy for the hybrid IRS. Assuming that the hybrid
IRSs are densely deployed throughout the entire area, and
the optimally located hybrid IRSs on the trajectories for all
dBIU are available, whose Cartesian coordinates are given by
Lemma 3. The association procedures are defined as follows:

1) Determine the hybrid IRSs with the minimum integrated
path loss distance of the cascaded channel, dBIU,min,
according to the practical scenario.

2) Select the hybrid IRS located at the optimal locations
along the trajectory defined by dBIU,min based on the
results in Lemma 3.

In practical scenarios, the locations of BSs and IRSs are
typically static. Consequently, when a UE connects to the
network, it can report its location information to the BSs, and
then the BSs have the capability to generate a lookup table
for the UE, presenting both the index and the integrated path
loss distance pertaining to potential IRSs. As such, both the
BS and UE can determine the IRS with minimum integrated
path loss distance.

V. PERFORMANCE ANALYSIS

When the serving IRS is positioned optimally, the aver-
age received SNR of hybrid IRS-aided communication is
expressed as

E[SNR] =
PTd−α

BIU,min(Npas + η∗∗Nact)2

Nact(η∗∗)2δ2
F(d∗∗IU)−α + δ2

, (25)

where the optimal amplification factor is obtained by substi-
tuting (24) into (P1), as shown below

(η∗∗)2 =



PF

Nact

(
PTρ−αd

−α
2

BIU,min + δ2
F

) , for product,

PF

Nact

(
PT

(
dBIU,min

φS+1

)−α

+ δ2
F

) , for sum .

(26)

From (25) and (26), it is observed that the distinction between
hybrid and passive IRS-aided communication analysis lies
in the amplification factor and the thermal noise introduced
by the active parts. In addition, with the assistance of the
geometric models, the average received SNR can be expressed
as a single variable function with respect to dBIU.

However, the coupling between the numerator and denomi-
nator of SNR resulting from the active sub-surface still leads to
intractable analysis. Due to page limits, we leave this into our
future work, and focus on exploring benefits of the geometric
models and opportunistic association policy introduced in this
work. To this end, we study a special case in the subsequent
analysis, where Nact = 0 and the hybrid IRS is transformed
into a passive IRS.7

It is noteworthy that the existing research on the anal-
ysis of passive IRS-aided networks is still constrained by
the challenge of modeling the integrated IRS-aided cascaded
channel [7], [9]. While the integrated small-scale fading has
been accurately and tractably modeled as a mixture Gamma
distribution in [9], the precise modeling of the integrated path
loss distance remains unsolved. The geometric models exam-
ined in this work effectively address this issue and facilitate the
modeling of the entire integrated IRS-aided cascaded channel,
employing an opportunistic association policy.

We study two cases in this section, namely communications
assisted by a single IRS or multiple IRSs. We consider an
edge-user as the typical UE and assume that the direct link
between the typical UE and its serving BS is blocked due to
a long transmission distance.

A. Single IRS-Aided Network

In this subsection, we will delve into single IRS-aided
communication, where the signal received by the typical UE
from the connected IRS is

y = ϵd
−α/2
BIU gBIUx + n0, (27)

where x is the transmitted signal with power PT. Then, the
SNR is given by

SNR =
PTN2E [GBIU] d−α

BIU

δ2
. (28)

7We will investigate the network-level performance of active sub-surface
aided systems in our upcoming research.

E[SNR](act) =
PTPFNactd

−α
BIU

PFδ2
Fd−α

IU E
[
GBI

−1
]
+ PTδ2d−α

BI E
[
GIU

−1
]
+ δ2δ2

FE
[
GBIU

−1
] , (17)
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1) Outage Probability: The outage probability is given by

Pout = P (SNR < τ) = P

(
dBIU >

(
PTN2E [GBIU]

δ2τ

) 1
α

)
.

(29)

Then, by substituting the CDF expression of the integrated
path loss distance under different path loss laws, (29) can be
resolved. When the sum-distance path loss law is adopted, the
outage probability is given by

Pout = 1− π

4S(dt)
ϱτ−

1
α

√
ϱ2τ−

2
α − 4c2, (30)

where ϱ =
(

PTN2E[GBIU]
δ2

) 1
α

. When the product-distance path
loss law is adopted, the outage probability is given by

Pout =


1− 2c2

S(dt)
[
E (ϖ)−

(
1−ϖ2

)
K (ϖ)

]
, for eP <1

1− 2ϖc2

S(dt)
E
(
ϖ−1

)
, for eP≥1,

(31)

where ϖ = ϱ

c2τ
1
α

.
2) Low-Rate Probability: The low-rate probability is

defined as the probability that the rate is lower than the
threshold, r0, which is given by

PR =P (ln(1 + SNR) < r0)

=P

(
dBIU >

[
PTN2E [GBIU]

δ2(er0 − 1)

] 1
α

)
, (32)

which can be expressed by the CDF of the integrated path loss
distance as well.

3) Relationship Between Outage Probability and Low-Rate
Probability: By comparing (29) and (32), the low-rate proba-
bility can be expressed as a function of the outage probability

PR = F

[(
τ

er0 − 1

) 1
α

F
−1

(Pout)

]
, (33)

where F (·) = 1−F (·), and F (·) is the CDF of the integrated
path loss distance, given in (5) and (9).

B. Multiple IRSs-Aided Communication

In this subsection, we study the multiple IRSs-aided com-
munication, where one reference cascaded link is selected, and
the other IRSs align their phase shift with the reference link to
corporately enhance the communication between transceivers.

1) Association Policy: To ensure effective operation within
networks assisted by multiple IRSs, it is crucial to establish a
suitable association policy for the IRSs.

As shown in Definition 3, the typical UE associates to its
serving BS through IRSs positioned within the IRS effective
zone for UE0 and BS0, as stated below.

UE0 associates with BS0 through a group of IRSs {IRSl}
⇔ {IRSl} = argIRSl∈J dBIU,l ≤ dBIU,max,

where l = 1, · · · , L, L is the total number of the connected
IRSs. As the IRSs are uniformly distributed throughout the
whole area, the number of IRSs located within the IRS
effective zone is given by

L = λI · S(dBIU,max) = λI · S
(
ϱτ−

1
α

)
, (34)

where λI = J/S(dt) is the density of IRSs, S(dBIU,max)
is the area of the IRS effective zone under the threshold, τ ,
which depends on the selected path loss model, as shown in (4)
and (8).

Thus, the received signal at the typical UE is given by

y =
L∑

l=1

hBIU,lx + n0, (35)

where hBIU,l, l = 1, · · · , L, is the channel of the l-th cascaded
BS→IRSl→UE link.

When the serving IRSs are located at the same equal gain
trajectory, the average received signal power is given by

E[Pr] = L2N2PTϵ2d−α
BIUE[GBIU]. (36)

Then, the average received SNR is given by

E[SNR] = L2E[SNRl], E[SNRl] = N2 PTϵ2d−α
BIUE[GBIU]

δ2
.

It is observed that the phase shift alignment among multiple
associated IRSs provides a SNR gain in order of O(L2N2),
which is consistent with a centralized IRS with LN reflecting
elements.

2) Channel Statistics: To evaluate the performance met-
rics, we focus on the mixture channel coefficient |hS| ≜
|
∑L

l=1 hBIU,l|.
Proposition 2: Given each single link follows generalized

fading distribution, the amplitude of each cascaded channel,
|hBIU,l|, can be modeled as a mixture Nakagami-m distribu-
tion, whose PDF is given by

fX(x) =
I∑

i=1

2εix
2βi−1e−ξix

2
, (37)

where I is the number of Nakagami-m terms, which is set
as 17 to achieve an error less than 10−5, {εi, βi, ξi} is the
parameters of each term [39].

Proof: See Appendix D. □
Lemma 4: The amplitude of the mixture channel coefficient

can be modeled as a Gaussian distributed random variable,
denoted as |hS| ∼ N (µ, δS), where µ and δS are given by

µ =
L∑

l=1

µl, δ2
S = L−

L∑
l=0

µ2
l , (38)

µl =
I∑

i=1

ε
(l)
i

(
β

(l)
i − 1

2

)
!ξ(l)

i

−β
(l)
i − 1

2
, l = 1, · · · , L, (39)

and {ε(l)
i , β

(l)
i , ξ

(l)
i } is the distribution parameters of the

channel coefficient of the l-th serving IRS-aided cascaded link
(BS0 → IRSl → UE0) [39].

Proof: See Appendix E. □
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Proposition 3: When the serving IRSs are located on the
equal trajectory with identical dBIU, and each IRS-aided
channel suffers the same small-scale fading, the received
signal power can be modeled as |hS| ∼ N (µ, δ2

S), where µ
and δ2

S are

µ = Lµl, δ2
S = L−Lµ2

l . (40)

3) Received Signal Power: As the serving IRSs align phase
shifts with a reference link, the received signal power is given
by

S = PT

∣∣∣∣∣
L∑

l=1

hBIU,l

∣∣∣∣∣
2

. (41)

Then, we model the received signal power as a Gamma
distribution with the assistance of the second and fourth
moments of amplitude of the channel coefficients, denoted as
S ∼ Gamma(k, θ) with parameters [7]

k =

(
E[|hS|2]

)2
E[|hS|4]− (E[|hS|2])2

, θ =
E[|hS|4]−

(
E[|hS|2]

)2
E[|hS|2]

,

(42)

where E[|hS|2] = δ2
S + µ2, and E[|hS|4] = 3δ4

S + 6δ2
Sµ2 + µ4.

As the received signal power is modeled as a Gamma
distribution, denoted as S ∼ Gamma(k, θ), the system per-
formance can be evaluated using the tools in [47], where all
the performance metrics are expressed as functions of SNR
[9], [46].

4) Spectral Efficiency: Spectral efficiency is defined as

R = E[ln(1 + SNR)]. (43)

By utilizing the distribution parameters of the signal power
in (42), the spectral efficiency can be derived by utilizing the
analysis framework proposed in [47].

R =
∫ ∞

0

1
z

(
1− 1

(1 + z)k

)
e−

δ2z
θ dz. (44)

5) Moments of SNR: The moments of the SNR E[SNRr]
can be evaluated as follows [46]

E[SNRr] =
∫ ∞

0

Γ(k + r)
Γ(k)Γ(r)

zr−1e−
δ2
θ zdz. (45)

VI. NUMERICAL RESULTS

In this section, Monte-Carlo (MC) simulation with 106

iterations is carried out using MATLAB to verify the analysis
and compare the performance under different system setups.
The simulation setup is as follows, if not specified otherwise.
The path loss exponent is α = 3, the transmit power of the
BS is PT = 20 dBm, the amplification power of the active
reflecting elements is PF = 5 dBm, the noise power at the
receiver is δ2 = −90 dBm, the thermal noise power generated
by the active reflecting element is δ2

F = −80 dBm, the half
of dBU is c = 30 m, the number of passive IRS elements
is Npas = 300, the number of active reflecting elements is
Nact = 40, and the carrier frequency is 2 GHz [19], [36].

A. Distribution of the Integrated Path Loss Distance

We first display the PDF of the integrated path loss distance,
dBIU, with different dBU for both product- and sum-distance
path loss laws in Fig. 4, thereby validating the findings in
Lemma 1 and Lemma 2.

It has been observed that the PDF of the integrated path
loss distance scales with the link distance between BS and
UE. The results align with the geometric models depicted in
Fig. 3, indicating that the distribution of dBIU is dependent
on dBU. Consequently, even in instances where the direct
link is blocked, a BS in closer proximity of the typical UE,
as indicated by a smaller dBU, may have a higher probability
of delivering superior performance.

In Fig. 4(a), for product-distance path loss law, it is observed
that the PDF exhibits an initial increase followed by a subse-
quent decrease and the demarcation point is dBIU,P = d2

BU/4,
i.e., eP = 1. On the other hand, an opposite trend is observed
in the sum-distance path loss law and the demarcation point
is dBIU,S =

√
3/2 dBU, i.e., eS =

√
2/3, as displayed in

Fig. 4(b). By comparing Figs. 4(a) and 4(b), it can be observed
that the system suffers severer degradation when employing
the product-distance path loss law.

B. Achievable Rate Under Different Path Loss Laws

The three-dimensional (3D) simulation of the achievable
rate in the IRS-aided communication is presented in Fig. 5,
showcasing the impact of different path loss laws for pas-
sive/hybrid IRS.

As shown in Figs. 5(a) and 5(b), when the IRS is fully
passive, the performance has strong geometric symmetry,
which aligns with the geometric models of the integrated
path loss for the cascaded channels introduced in Section III.
This is expected since the received SNR of passive IRS-aided
communication is proportional to the channel gain of the
integrated cascaded channel.

However, the adoption of the hybrid IRS breaks the sym-
metry between the UE side and BS side, owing to the location
preference of the active IRS sub-surface, as shown in Figs. 5(c)
and 5(d). Furthermore, the optimal locations of the hybrid IRS
depend on the integrated path loss distance of the cascaded
channel and the system parameters, such as the transmit
power of the serving BS PT, the amplification power of the
active reflecting elements PF, the power of the thermal noise
introduced by the active parts δ2

F, the thermal noise at the
typical UE δ2, and the path loss exponent α.

Moreover, compared to the product-distance path loss law,
the impact of IRS locations is relatively insignificant when
adopting the sum-distance path loss law, as shown in Fig. 5(d).
For example, in the case of passive IRS, the achievable rate
gap that can be achieved across the entire area is about
15 nats/sec/Hz for the product-distance path loss law, while
it is around 3 nats/sec/Hz for the sum-distance path loss law.

C. Nearest and Opportunistic IRS Association Policy

In Fig. 6, we present the average received SNR from
IRS-aided channels versus the IRS density for both product-
/sum-distance path loss laws. The ‘o’ and ‘n’ represent
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Fig. 4. PDF of the integrated path loss distance, dBIU.

Fig. 5. Achievable rate across the whole area.

opportunistic and nearest association policy, respectively. The
parameters for the simulations are: α = 4, η ≤ 14 dB,
the total deployment budget is 500, and the deployment

cost of active(passive) reflecting element is 5. Specifically,
the number of IRS element is N = 500 for passive IRS,
while the number of IRS elements is N = 100 for active
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Fig. 6. Performance comparison between nearest and opportunistic association policies across various types of IRS with same power and deployment budget.

Fig. 7. Relationship between the outage probability and rate probability.

Fig. 8. Verification of the approximated channel model for the mixture
channel of multiple IRSs-aided scenarios.

IRS [19], [36]. We observed that the performance varies
across different configurations, such as association policies,
e.g., nearest and opportunistic association, and types of IRS,

i.e., passive/active/hybrid IRS. It is noteworthy that the hybrid
IRS offers better performance than passive/active IRS with the
same power and deployment budget for both product-/sum-
distance path loss laws, under the mentioned setup.

Moreover, there are big performance gaps between the two
association policies for all three types of IRSs. These results
verifies that even for passive IRS, the nearest IRS might
be a sub-optimal option. Although the nearest association
provides a similar trend for the passive IRS-aided communi-
cation, there is still a big performance gap between these two
association policies, which can be explained by the geometric
models.

However, for the active and hybrid IRS, these two associa-
tion policy behaves reversely. If nearest association policy is
adopted, the performance of active/hybrid IRS decreases with
increasing density of IRS. On the contrary, the performance
increases with IRS density when opportunistic association
policy is adopted. This is reasonable because the active IRS is
supposed to be deployed at a certain distance from the typical
UE [21], [48]. When the density of IRS is increasing, the con-
nect distance between the UE and its nearest IRS is decreased,
which would degrade the performance enhancement of the
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active IRS due to the instantaneous amplification and thermal
noise introduced by the active parts.

D. Outage Probability and Rate Probability

The relationship between outage probability and rate proba-
bility, defined as one minus low-rate probability, is illustrated
in Fig. 7 for two path loss models. Generally, the curves
for the sum-distance model are more sensitive to changes in

τ
er0−1 , which is an essential factor in (33). The curves fall
into three distinct categories: a) the outage probability and
rate probability are equal given τ

er0−1 = 1, b) the outage
probability exceeds the rate probability when τ

er0−1 < 1, and
c) the outage probability is lower than the rate probability
when τ

er0−1 > 1. In a single cell, the outage probability for the
same rate probability increases with τ

er0−1 . The effect of path
loss exponents is presented for both sum- and product-distance
path loss laws. The results indicate that as the path loss
exponent increases, the benefit of IRSs is limited due to severe
path loss of the cascaded channels.

E. Channel Modeling of the Mixture Channel of Multiple
IRSs

In Fig. 8, we present the distribution for small-scale channel
coefficients of the mixture channel composed by multiple
serving IRSs. It is observed that the approximated channel
distribution proposed in Lemma 4 closely aligns with the
empirical results. Furthermore, as L increases, the PDF of the
channel coefficient exhibits reduced kurtosis, and the mixture
channel becomes stronger and provides a greater channel
gain. Thus, the utilization of multiple distributed IRSs in
communication enables greater flexibility in deploying the
IRSs, resulting in comparable performance to that of a single
centralized serving IRS with the same total reflecting elements.

VII. CONCLUSION

In this work, we studied the geometric models to char-
acterize the cascaded channel’s integrated path loss distance
in IRS-aided communications. We derived the statistical dis-
tribution of the integrated path loss distance and applied
these geometric models to determine the hybrid IRS’s optimal
locations, which encompass both passive and active IRS as
special cases. Our findings indicate that the hybrid IRS’s
optimal placement depends on the integrated path loss distance
of the cascaded channel and the network parameters. This
solution can be utilized to develop an opportunistic association
policy for the IRS and strategic deployment planning. The geo-
metric models offer a new perspective for analyzing IRS-aided
networks’ performance, allowing accurate statistical modeling
of the integrated cascaded channel. Furthermore, we studied
several scenarios to explore the potential implementations of
the geometric model.

APPENDIX A

In this appendix, we provide a proof of Theorem 1. The
area calculation of the Cassini oval is divided into two cases:
eP ≥ 1 and eP < 1, as shown below, where eP =

√
dBIU,P

c .

Case 1: When eP ≥ 1, the curve is continuous, and the
polar radius of a Cassini Oval is

r2 = c2

[
cos(2θ) +

√
e4
P − sin2(2θ)

]
, (46)

and then, the area is given by

S = 4
∫ π

2

0

1
2
r2dθ

= 2c2

[∫ π
2

0

cos(2θ)dθ +
∫ π

2

0

√
e4
P − sin2(2θ)dθ

]

= 2c2

[∫ π
4

0

√
e4
P − sin2(2θ)dθ +

∫ π
2

π
4

√
e4
P − sin2(2θ)dθ

]

= 2c2

∫ π
2

0

e2
P

√
1− e−2

P sin2(θ)dθ = 2dBIU,PE(e−2
P ),

where E(k) =
∫ π

2
0

√
1− k2 sin2 θdθ is the complete elliptic

integral of the second kind [39].
Case 2: When eP < 1, the curve is discontinuous, and the

polar radius of a Cassini Oval is given by

r2
1,2 = c2

[
cos(2θ)±

√
e4
P − sin2(2θ)

]
. (47)

The range of θ is given by e4
P = sin2(2θ), which results in

θ ∈ [−θ0, θ0] and θ0 = 1
2 arcsin(e2

P). Then, the area is

S = 4
∫ θ0

0

1
2
(r2

1 − r2
2)dθ, (48)

which can be further derived as

S = 4c2

∫ θ0

0

√
e4
P − sin2(2θ)dθ

= 2c2

∫ 2θ0

0

√
e4
P − sin2(θ)dθ

= 2dBIU,PE
[
sin−1(e2

P), e−2
P

]
(a)
= 2dBIU,P

∫ 1

0

1− x2√
1− e4

Px2
√

1− x2
e2
Pdx

= 2c2e4
P

[
K(e2

P)−
∫ 1

0

x2√
1− e4

Px2
√

1− x2
dx

]
= 2c2

[
E(e2

P)− (1− e4
P)K(e2

P)
]
,

where step (a) follows a substitution of x = e−2
P t, E(ϕ, k) =∫ ϕ

0

√
1− k2 sin2 θdθ is the incomplete elliptic integral of the

second kind, and K(k) =
∫ π

2
0

1√
1−k2 sin2 θ

dθ is the complete

elliptic integral of the first kind [39]. With some mathematical
simplification, the results in (4) is achieved. This completes
the proof.

APPENDIX B

In this appendix, we provide a proof of Lemma 2. The
CDF can be derived using the area ratio, and then PDF is
achieved by taking derivative of the CDF with the aid of
d
dkE(k) = E(k)−K(k)

k , and d
dkK(k) = E(k)

k(1−k2) −
K(k)

k [39].
This completes the proof.
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APPENDIX C

In this appendix, we provide a proof of Lemma 3. For
product-distance path loss law, given the dBIU, the coordinates
of the optimal location of the hybrid passive and active IRS
satisfies

(x2 + y2)2 − 2c2(x2 − y2) = d2
BIU − c4, (49)

(x + c)2 + y2 =
(

PTδ2

PFδ2
F

) 1
α

dBIU. (50)

Thus, we can achieve that

y2 =
(

PTδ2

PFδ2
F

) 1
α

dBIU − (x + c)2. (51)

Next, substitute (51) into (49) and (50), (23) can be achieved
with some mathematical simplifications. Following similar
procedure, the results for sum-distance path loss law can be
achieved. This completes the proof.

APPENDIX D

In this appendix, we provide a proof for Proposition 2.
As the channel of each individual link, e.g., BS→IRS or
IRS→UE, follows generalized fading distribution, the channel
gain of the cascaded channel can be modeled as a mixture
Gamma distribution as proved in [9]. Then, the PDF of
mixture Nakagami-m distribution for channel coefficient of
the cascaded link (BS→IRS→UE) in (37) can be achieved
with the assistance of the PDF scaling law fX(x) = 2xfS(x2),
where x =

√
s. This completes the proof.

APPENDIX E

In this appendix, we provide a proof for the approximated
channel modeling for the mixture channel of L IRSs aided
mixture channel in Lemma 4. As the channel coefficient of
each cascaded link follows mixture Nakagami-m distribution,
the average channel coefficient of the mixture Nakagami-m
distributed link is derived as follows:

E[X] =
I∑

i=1

εi

∫ ∞

0

x2βi−1e−ξix
2
· 2xdx

(a)
=

I∑
i=1

εi

∫ ∞

0

tβi− 1
2 e−ξitdt

(b)
=

I∑
i=1

εi

(
βi−

1
2

)
!ξ−βi− 1

2
i ,

where step (a) is achieved by a substitution of t = x2, and step
(b) is derived with the assistance of [39, eq.3.351.5]. As phase
alignment is employed, the mean of the channel coefficient is

µ = E[|hS|] = E[|hBIU,1|] + · · ·+ E[|hBIU,L|] =
L∑

l=1

µl,

(52)

where µl = E[|hBIU,l|], and its variance is given by

δ2
S = E[|hS|2]− µ2, (53)

with

E[|hS|2] = E

[
L∑

l1=1

L∑
l2=1

hl1hl2

]
= L +

L∑
l1=1

L∑
l2=1,l2 ̸=l1

µl1µl2 ,

where hl1 and hl2 represent the channel of l1-th and l2-th
BS→IRS→UE link, respectively. This completes the proof.
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