LETTERS TO THE EDITOR

Complex Unit Viector for the Complex
Wave Constant k ina Lossy Medium

Minsu Oh

n a 2011 article in IEEE Anten-
I nas and Propagation Magazine, it

was suggested that Snell’s law and
Fresnel coefficients in their standard
forms are incorrect when a wave is
incident from a lossless medium to
a lossy medium [1]. However, this
article finds why those conclusions
were reached and shows that those
equations in their standard forms are
all correct.

BACKGROUND ON SNELL'S LAW

AND FRESNEL COEFFICIENTS

Snell’s law and Fresnel coefficients
in their “standard” forms were once
suggested to be incorrect when light
is incident from a lossless to a lossy
medium [1]. The incidence and trans-
mission of this case are illustrated
in Figure 1 (our article uses differ-
ent notations from those in [1]). We
find that the conclusions in [1] were
reached based on the approach to the
unit vector of k, in Figure 1, as being a
purely real vector.

Equations (1a) and (1b) are Snell’s
law in two different forms: (1a) being
the so-called standard form and (1b)
in terms of the modified propagation
constants of the lossy medium. The
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article [1] suggests that (1a) is incor-
rect while (1b) is correct: [1] also says
that the term “k cos@,” in the stan-
dard form of Fresnel coefficients
should be replaced by “k.cos6, +ik;”
as “kcos@;” is not identical to
“kr-cosO,+ikr”, where k, and ki are
the modified propagation constants of
the lossy medium responsible for the
phase propagation and amplitude,
respectively [2], [3]. Equation (2) shows
this suggestion.

kisin@; = lzsinét,

(la)

Lossless Medium
(Incident Side)

kisin@; =k,sin0,, (1b)
kcos@, — k,cosO, +iki.  (2)

This article is partly to say that the con-
clusions made in [1] are reasonable if we
limit the unit vector of k to only be a
purely real vector. However, we extend
the unit vector of k to generally be a
complex vector, written as “m” in this
article. In the “Derivation” section, the
complex unit vector m is identified, and
the standard forms of Snell’s law and
Fresnel coefficients are demonstrated
to be valid with use of the complex unit

Lossy Medium
(Transmitted Side)

FIGURE 1. The incident and transmitted waves from a lossless medium to a lossy
medium. The vector r is aligned such that 7 = (0, y, 0). The complex-valued angle
0 is visualized as if it were a real angle. However, the angle 6; is just algebraic, and

no geometrical meaning is put into this.
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vector m. To begin with, we represent
the incident (E;) and transmitted (E,)
electric fields in Figure 1 by

E;(r,t)=Em- 6i(7‘<1-?—wt>, (3)
E, (T‘,t) =E, ei((k, +ik1)»?—wt), (4&)

E, (T,t) =FEy, ei(i{';flb‘t)
=Eu ei(l;;%x-?—wt)

>

(4b)

DERIVATION

COMPLEX UNITVECTOR M

Based on their approach to the
unit vector of interest, [1] states
that the form of the electric field
in (4b) is incorrect while (4a) is
correct. However, in this work, let
us start the derivation by extend-
ing our view of vectors to complex
such that (4a) and (4b) are identi-
cal. To identify the complex unit
vector ﬁl, write the wave vector k
in Figure 1 as

]:{ = I;r + J(I
= (O,kr,j + ikl,j,km + ikl:)
=km
= (K +ik")(0,my,m-)
2(0, ]2!/; IE:), (5>

where k=4/(0)+ (IQy)Z + (12)2 and k'
and k" are the intrinsic propagation
constants, respectively. From the rela-
tionship in (5), each component of m is
obtained as follows:

e =k:=0, (6a)
- kytiky  k.sin@,+ikisin6;
Tﬂy = 7; - ]2 >
(6b)

= ki -l:ikz: _ kycos 0+ ikicos 01 '
k k (60)

SNELL'S LAW DERIVATION

BASED ON (3) AND (4a)

From (3) and (4a), the boundary condi-
tion says

ki7 =k +iky) 7. (7)

The left-hand side (LHS) of (7)

= (kisin®€;)(y). The right-hand side

(RHS) of (7) = (k,sin 0, + ikisin01)(y ).

From the equality of the LHS and
RHS of (7), we obtain k;sin8; =

k;sin®, + ikysinO;. Since the imaginary
part of the equation must be zero, 1 is
0. Therefore, this leads to

kisin®; =k,sin6,. (8)

Equation (8) is Snell’s law in terms of the
modified propagation constants of the
lossy medium, which is equal to (1b).
Note that, as described well in [2] and
[3], the modified propagation constants,
k; and ki, are not necessarily identical
to the intrinsic propagation constants, k’
and k’, respectively, when the medium
is lossy.

SNELL'S LAW DERIVATION BASED

ON (3) AND (4b)

By definition, the magnitude of the com-
plex unit vector m is equal to 1. That is,
from (6),

i = /(i P+ (g o+ (-

Thus, the y-component of m can be
written as

My =msin@, =sin ;. (10)
From (10) and (6b),
kry + ikly/

sin@, = my = m

_ < krsin(8,) k" + kzsin(@z)k”)
K> +k"2
( krsin(Onk" — ksin(6,)k”
(oot

=a+ib. (11)

From (3) and (4b), the boundary condi-
tion says
ki-7=(kim) 7. (12)
The LHS of (12) = (kisin6:)(y).
The RHS of (12) = (lzﬁlf,)(y)
= (ksin 01)(y).

From the equality of the LHS and RHS
of (12),
kisin; = ksin,
= (k' +ik")(a +ib)
=(Ka—kb)+i(Kb+k'a).(13)
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In (13), the imaginary part of the RHS
must be zero. Therefore,

kb=-kua.

The LHS of (14)

_ k,( krsin(00)k" — k,sin(6,)k” )

kK> +k">

_ krsin(0)k'® —k,sin (0. K’k

a [ '
The RHS (14)

:_k”( krsin(8,)k" + krsin(61)k” >

K2+k?

_ kesin(0)K'k” + kysin (67)k"?
o K2+ '

(14)

From the equality of the LHS and
RHS of (14) displayed previously,
we obtain 6;=0. By plugging this
result into (13) again, (13) becomes
kisin@i=ksin@,=(k'a —k’b)=k,sin6,.
Therefore, from this relationship, the
standard form of Snell’s law in (1a) is
identical to (1b).

THE “kcos6.” TERM IN THE STANDARD
FORM OF FRESNEL COEFFICIENTS

From (9), the z-component of m can be
written as

(15)

mz=1mcos6; = cos 0.

From (15) and (6¢), k cos @, can be writ
ten as

k cos O,=kin-=k,cos 0,+ik;cos ;. (16)

Because 0; =0, (16) reduces to

kcos@, = k,cos0, + ikr. (17)
Therefore, the term “kcos@,” in the
standard form of Fresnel coefficients in
[1] is identical to “k;cos 6, + ik;”.

CONCLUSIONS

The standard forms of Snell’s law and
Fresnel coefficients were previously
suggested to be incorrect when the
wave is incident from a lossless medium
to a lossy medium [1]. These conclu-
sions were drawn from the approach
that the unit vector of k is a purely real
vector and, therefore, the electric field
representations in (4a) and (4b) can-
not be identical. However, in _this work,
the complex unit vector of k is shown
to exist and identified such that (4a)
and (4b) are identical. Therefore, as a
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result, both forms of Snell’s law in (1a)
and (1b) are correct and identical. Also,
as the term “kcos 6,” is demonstrated
to be identical to “k-cos @, + ik;,” the
Fresnel coefficients in their standard
form in [1] are correct as well. The
equations written in terms of the modi-
fied propagation constants, k- and ki,
may deliver their physical meanings
more directly than the so-called stan-
dard form equations do. However, apart
from that, both types of equations are
mathematically correct and valid in rep-
resenting the wave behaviors.

Minsu Oh
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AUTHOR’S RESPONSE

In July 2011, T presented the article
“Corrected Fresnel Coefficients for
Lossy Materials” at the IEEE Antennas
and Propagation Symposium in Spokane,
Washington [1]. In it, I considered the
case of the propagation of a plane wave
from a lossless isotropic medium across
a planar boundary into a lossy isotropic
medium. The study came to a conclusion
that certainly would be expected to be
controversial.

That article considered the “stan-
dard” derivation of the Fresnel coef-
ficients as given in standard texts,
including Stratton [2], Jackson [3],
and Feynman et al. [4], and conclud-
ed that there was an error in all these
texts both in the derivation and in the
final result. Up until now, I have not
discussed in print how I believe that
this is possible given that the “stan-
dard” Fresnel coefficients have been
in the literature for 80 years. How-
ever, it is time to do so as it will help
shed light on a previous comment [5]
on the article [1] and also on Minsu
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Oh’s current comment to which I am
responding

It is my opinion that the reason an
incorrect formula has been accepted all
these years is that electrical engineers
have been able to use that formula to
get correct results by an unexpected
method. It is also my opinion that the
“standard” Fresnel equations are so
flawed that it is not possible to put
numbers into them to perform a calcu-
lation. However, the “standard” Fres-
nel equations for both polarizations
scream of a physical meaning. Intelli-
gent electrical engineers see that physi-
cal meaning and use numerical values
consistent with it when performing
calculations. Thus, it appears that cal-
culations have actually been unknow-
ingly performed for decades with the
“corrected” Fresnel coefficients given
in [1], even though they produce a dif-
ferent numerical result than would be
obtained with the “standard” Fresnel
coefficients. In other words, it appears
that most electrical engineers look at
the “standard” Fresnel equations and
then use the numbers for the “correct-
ed” Fresnel equations in them. This is
described in more detail at the end of
1my response.

The previous comment on [1] (see
[5]) and the current comment both raise
the issue of whether the “corrected”
Fresnel coefficients in [1] are different
from or equal to the “standard” Fres-
nel coefficients. That is, do the “cor-
rected” coefficients predict the same
scattering and transmission coefficients
as the Fresnel coefficients that have
been accepted for 80 years? Later, 1
argue that if the “standard” Fresnel
coefficients are applied EXACTLY AS
WRITTEN, they give different val-
ues for the reflection and transmission
coefficients than the “corrected” Fres-
nel coefficients.

This magazine previously published
the comment by Ionis Besieris [5] on
my article [1]. The abstract of that com-
ment states in full, “It is shown that the
‘corrected’ Fresnel reflection and trans-
mission coefficients derived recently by
Canning [1] using a complex transmis-
sion wave vector approach and involv-
ing a real true angle of reflection are
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identical to the traditional coefficients
based on a complex angle of refraction.”
In the response [6] to that comment, I
assert that in deriving his equation (12),
an assumption is made that is equivalent
to assuming the “standard” and “cor-
rected” forms are equal (see the first
full paragraph after (21) in the reply [6]).
Another way of saying this is that the way
electrical engineers have been modifying
the “standard” form of the Fresnel equa-
tions for decades by replacing one term
with what appears to equal it and that
changes it into the “corrected” form of
the Fresnel equations was used in deriv-
ing his equation (12).

The current comment by Minsu Oh
is in regard to my reply [6] to the com-
ment by Ioanis Besieris [5] on my article
[1]. The title of the current comment is
“Complex Unit Vector for the Complex
Wave Constant k in a Lossy Medium.”
That is, unit vectors are used that are
in a direction of one of the three Car-
tesian coordinate directions and that
have a unit magnitude and also have a
phase factor. My first contribution on
this subject [1] and those that followed
stressed that in the lossy medium, the
phase changed in an oblique direction to
the interface between refractive media
while the decay in magnitude occurred
in a perpendicular direction. The proofs
presented in [1] that the derivations of
the “standard” Fresnel coefficients are
incorrect used the fact that those “stan-
dard” derivations incorrectly assumed
that both changes occurred in the same
spatial direction.

The current comment uses a differ-
ent notation to handle the two different
directions than that used in [1]. How-
ever, the use of a “complex unit vector”
allows the necessary degrees of freedom
to accommodate the correct physics.
Indeed, it is gratifying that the steps in
the derivation in the current comment
all mirror those in [1], albeit in a differ-
ent notation. Thus, the current comment
computes exactly the “corrected” Fresnel
coefficients found in [1].

The next question is whether or
not these “corrected” Fresnel coeffi-
cients are equal to the “standard” Fres-
nel coefficients. I presented an article
at the International Conference on
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Electromagnetics in Advanced Applica-
tions meeting in Torino, Italy, in 2015
[7] that demonstrates [see (5) in that arti-
cle] that for the E perpendicular polar-
ization, one may change the equation for
the “standard” Fresnel coefficients into
that for the “corrected” Fresnel coeffi-
cients by making the substitution

kicos(0.) = k. cos(61)+iki. (1)

The current comment makes this same
observation (in its notation) as its (2).
Note that the angle on the left-hand side
(LHS) of (1) is a complex number. In
terms of the complex unit vector nota-
tion used in the current comment, an
equation is derived there having the
same form as (1), where the LHS and
right-hand side (RHS) of (1) are equal
[see (17) in the current comment]. This
result is then used to claim the “stan-
dard” and “corrected” Fresnel equations
are equivalent.

I respectfully disagree with that
conclusion. The angle on the LHS of
the current comment’s (17) was cal-
culated from the complex unit vector
notation used there. The complex angle
on the LHS of (1) is the complex angle
in the “standard” form of the Fresnel
equations and is calculated from very
different equations than those used in
the current comment’s complex unit
vector approach. Thus, there is no rea-
son to think these two complex angles
would be equal.

It is only by assuming that these
two complex angles are equal that
one may conclude that the “standard”
and “corrected” Fresnel equations are
equivalent. In the current comment, it
is only shown that these angles occur
in equations of the same form, and
not that they are equal. Thus, the cur-
rent comment’s conclusion that both
the “standard” and “corrected” Fresnel
equations are correct and equivalent is
not supported by the arguments in the
current comment.

It should be noted that [1] and [7]
described an error in the published deri-
vations of the “standard” Fresnel equa-
tions. Of course, just because there is
an error in deriving an equation doesn’t
necessarily mean the derived equation is
incorrect. For that reason, the second half
of [7] is devoted to demonstrating that the
“standard” and “corrected” Fresnel equa-
tions give different numerical results.

PERMISSION TO SPEAK

FREELY, PLEASE

It is clear that there is an apparent
paradox here that has lasted since the
publication of [1] in 2011, if not since
Stratton’s 1941 book [2]. That apparent
paradox must end here. The explana-
tion takes only a few sentences. Until
now I have been reluctant to impute
motives to electrical engineers in gen-
eral, but now it is clear this is the only
way to dispel the paradox. I believe that
there is an error that has been made
by the great majority of electrical engi-
neers who use the “standard” form of
the Fresnel equations, and this error has
permitted them to get a correct answer
from an incorrect equation.

If I may speak freely, I believe that
the great majority of electrical engineers
that use the Fresnel equations do so
without first making a significant effort
to review how they were derived. Don’t
we all do that? T know that T often do!
Consider an electrical engineer attempt-
ing to put numbers into the “standard”
Fresnel equations.

One of the quantities that he or she
must give a numerical value to is the
LHS of (1), presented previously. It is
clear that ki is a wavenumber for the
field transmitted into the lossy region. It
is also clear that 6. is a complex number
representing the direction of propagation
in the lossy region. Also, 61 is defined
as a real angle describing the direction
of propagation of the phase while the
decay occurs perpendicular to the inter-
face. With that information, it is fairly

simple to GUESS that the LHS of (1)
that should be put into the calculation
must be given by the RHS of (1). Indeed,
doing so produces the correct answer, so
this behavior is reinforced.

The problem here is that the
LHS of (1) is not equal to the RHS
If one were to go back to the deriva-
tion of the “standard” Fresnel equa-
tions, then the equations that define
0. may be identified. Any attempt
to use those equations will either be
aborted because something seems not
right or will end in a result that one’s
intuition might question as incorrect.
For this reason, it appears that it is
an almost universal practice to not
carefully compute the LHS of (1), but
rather to replace it with the RHS of
(1) when using the “standard” Fresnel
equations. This practice allows one to
obtain a correct result from an incor-
rect formula.

Francis X. Canning,

Life Fellow, IEEE

Naval Air Warfare Center/
Weapons Division

China Lake, California, USA
FXC@ieee.org
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