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Abstract—Magnetic tracking systems have been widely
investigated in biomedical engineering due to the trans-
parency of the human body to static magnetic fields.
We recently proposed a novel human-machine interface for
prosthetic application, namely the myokinetic interface. This
controls multi-articulated prostheses by tracking magnets
implanted in the residual muscles of individuals with ampu-
tation. Previous studies in this area focused solely on
the choice and tuning of the localization algorithm. Here,
we addressed the role of the intrinsic properties of the sen-
sors, by analysing their effects on the tracking accuracy and
on the computation time of the localization algorithm, through
experimentally-verified computer simulations. We observed
that the tracking accuracy is primarily affected by the localization rate, which is directly related to the sampling frequency
of the sensors, and less significantly affected by the sensor resolution. The computation time, instead, proved positively
correlated to the number of MMs, and negatively correlated with the localization rate. Our results may contribute to
the development of novel human-machine interfaces for prosthetic limbs and could be extended to a broad range of
applications involving magnetic tracking.

Index Terms— Human-machine interface, magnetic field, magnetic tracking, myokinetic interface, sensor selection,
upper limb prosthetics.

I. INTRODUCTION

MAGNETIC tracking systems have been widely inves-
tigated in biomedical engineering. Indeed, the trans-

parency of the human body to low-frequency magnetic fields
and the unnecessity of a free line-of-sight between the mag-
netic target and the tracker make such systems attractive
candidates for intra-body applications [1], [2].

Magnetic tracking is the problem of reconstructing the
position and orientation (namely, the pose) of one or mul-
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tiple magnetic sources by measuring their field with an
appropriate number of sensors. Magnetic tracking systems
exploit either static fields [3] (generated by permanent mag-
nets) or low-frequency alternating fields [4] (generated by
electromagnets or coils). One of the main advantages when
tracking permanent magnets, rather than coils, is that they
are passive, and thus they neither require a power supply nor
wiring. Hence, permanent magnets represent an optimal can-
didate solution when attempting to track an implanted device.

Most of the literature concerning magnetic tracking in
biomedical devices is confined to single-objective (i.e., single-
source) tracking. Examples of single-objective trackers have
been devised for navigating endoscopic capsules inside the
gastrointestinal tract [5]–[8], improving the guidance of ven-
triculostomy interventions [9], as well as controlling magnetic
catheters, [10], [11]. However, some biomedical applications
require the simultaneous localization of multiple sources, like
magnetic drug delivery or navigation of multiple medical
instruments [12].

Among the multi-objective magnetic trackers lies the con-
cept of a new human-machine interface (HMI) to control
prosthetic limbs recently proposed by our group and named the
myokinetic control interface [13]. In short, magnetic markers,
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MMs (e.g., permanent magnets), implanted in the residual
muscles of an individual with limb amputation, could be
tracked to retrieve the contractions/elongations of such mus-
cles. The information of the muscles’ displacements could
be used to implement direct control over the corresponding
degrees of freedom (DoFs) in an artificial limb, like a robotic
hand. Ideally, by tracking multiple MMs, such a system could
allow simultaneous and independent control of the DoFs of
the prosthesis, restoring a close to natural control.

Representative multi-objective magnetic trackers were
described by Yang et al. [14], Taylor et al. [15], and
Tarantino et al. [16], which demonstrated systems capable of
localizing up to three, four, and seven MMs, respectively.
All of them used model-based optimization approaches to
retrieve the poses of the magnets, using the well-known point
dipole model [17]. Hitherto, this approach has proven to be
the fastest and the most accurate [15], [18]. Moreover, it was
shown that the viability of such an approach depends on
several factors, including the number and arrangement of the
MMs [15], [19], [20], the volume of the workspace w.r.t. the
strength of the magnetic field produced by the MMs [21],
the approximations used in the point dipole model [17], [22],
the cost-function and the numerical solver used [18], [23], and
several other environmental factors [13]. Nonetheless, most
of these findings were confined to single-objective tracking.
Hence, generalizing the outcomes to multiple sources repre-
sents a significant contribution towards the understanding of
the underlying phenomena that can lead to the improvement
of state-of-the-art magnetic trackers.

In addition, very few studies investigated the role of the
sensory system for magnetic tracking. While the effects of the
number and spatial distribution of the sensors were seldom
investigated [24]–[28], the effects of the intrinsic properties
of the sensors were largely overlooked. Among them, the res-
olution and the sampling frequency are arguably the most
important ones aiming to localize a target with high accuracy
and bandwidth. Nonetheless, considering that in magnetic
tracking the sampling and the computation phases cannot be
disentangled (pretty much like the sampling and conversion
phases in an ADC), it is the localization rate that deserves to
be investigated (rather than the sampling frequency alone).

Thus, taking our previous study as a starting point [20],
here we investigated how sensor resolution and rate of the
localization process affect the localization error and the com-
putation time in a multi-magnet localization problem. For
this purpose, we simulated their effects on a representative,
yet generalizable, localization scenario with a planar sensor
arrangement that resembled the unfolded geometry of the
human forearm (in our application). We considered sensor
resolutions with three different orders of magnitude (0.1 mG,
1 mG, and 10 mG), according to values exhibited by commer-
cial miniaturized magnetic sensors. We assessed our findings
by means of two metrics: the position error and the number
of iterations of the Levenberg Marquardt algorithm (LMA).
We observed that sensor resolution plays a minor role in
the accuracy of the localization, while the localization rate
dramatically affects its performance, reducing exponentially
the capability of retrieving the poses of all the MMs. Finally,

Fig. 1. The coordinate system for modelling point dipoles.

to verify/assess the significance of our outcomes, the simu-
lated localization errors were compared with those achieved
with a physical system employing 32 tri-axial magnetic
sensors.

These outcomes represent a further advancement towards
the implementation of a myokinetic HMI but can be of interest
for several bioengineering applications in which the tracking
of multiple MMs is required.

II. MATERIALS AND METHODS

A. Mathematical Framework
We used the point dipole model approximation in order to

simplify the solution of the localization problem akin to our
previous studies [13], [16], [29]. This model approximates
each MM as a point magnetic dipole located at its centre.
Thus, the magnetic field B(xi ), generated at the location xi

by Nm dipoles, located at x j , j = 1, . . . , Nm , with magnetic
moment equal to M j m̂ j (here M j and m̂ j are the magnitude
and direction of the magnetic moment of the j -th MM) can
be computed as:

B(xi ) =
Nm∑
j=1

M j μrμ0

4π

(
3

(
m̂ j · xi j

)
xi j

‖xi j ‖5
− m̂ j

‖xi j ‖3

)
, (1)

where xi j = xi − x j and xi represent the relative locations
of Ns sites where the magnetic field is measured (sensor
locations, Fig. 1).

Measuring the compound magnetic field, generated by the
Nm MMs, using Ns sensors, allows to solve Eq. (1) in favour
of xi j , providing the solution to the localization problem
and thus the input data required for the myokinetic control
interface. However, as there is no closed-form solution (for
more than one MM, [30]), the latter can only be obtained by
numerical approximation.

In this work, we used MATLAB (R2019b, MathWorks,
Natick, MA) to simulate the magnetic field generated by a
number of MMs in space, as well as for tracking their poses
(namely, the direct and inverse problems of magnetostatics,
respectively). For the direct problem, we adopted the analytical
model for axially magnetized cylindrical magnets, proposed
in [31]. For the inverse problem, instead, the field sampled at
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Fig. 2. Simulated setup. (a) Top view. (b) Lateral view. ε refers to the
radius of the smallest sphere surrounding the MM.

Ns locations was fed to the lsqnonlin solver (implementing
LMA [32]) to solve Eq. (1) offline, akin to our previous
studies [13], [16], [29].

Different setups, mixing number of MMs, distance from the
sensor-plane, resolution, and localization rate, were simulated
in order to assess the localization errors.

All simulations were run on a desktop PC with an Intel
i7-9750 2.60 GHz CPU, 16 GB of RAM, and Windows 10.

B. Simulation Setup
The simulated setup consisted of Nm equidistant MMs

(MM1−MM10, at Linter−M M millimetres one from another)
aligned, and placed at a distance L M M−sensor from a sensing
surface/plane (Fig. 2). Nm ranged from 1 to 10, and each
case identified a test scenario; thus, ten test scenarios were
simulated. The MMs were modelled as NdFeB disc magnets
(r = h = 2 mm) with the magnetization vector oriented
towards the sensing plane (Fig. 2b). To investigate the effects
of the sensor resolution and localization rate on the localization
performance, in a general yet realistic manner, the sensing
plane included sensors uniformly distributed on a planar grid
(60 columns and 10 rows), with an inter-sensor distance
(Linter−sensor ) of 9 mm. The latter was chosen as it is
compatible with the distance allowed by commercial three-axis
magnetic field sensors [29]. For each test scenario, we varied

TABLE I
SUMMARY OF THE SIMULATION PARAMETERS

Fig. 3. Rendering (a) and picture (b) of the experimental setup.

L M M−sensor from 10 mm to 50 mm with a step of 5 mm.
Besides, Linter−M M varied accordingly, keeping fixed the ratio
Linter−M M /L M M−sensor = 1, in order to satisfy the rule
identified in our previous study [20].
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Fig. 4. The average position error, Ēd, vs. LMM-sensor for different localization rates showed a minimum. (a) The trend for 125 Hz localization
rate, 8-MMs and 10 mG resolution; the minimum of Ēd was reached for LMM-sensor = 20 mm. (b) The trends across localization rates show high
repeatability at all LMM-sensor with the exception of LMM-sensor = 10 mm.

To study the effect of the resolution of the readings in
the performance of the tracking, the LMA was fed with
sensory data truncated at three degrees of resolution: 0.1 mG,
1 mG, 10 mG. This tested a very wide range: in fact, state-
of-art miniaturized sensors exhibit a resolution spanning from
0.1 to 5 mG. Notably, before truncation, the readings were
also perturbed with white Gaussian noise at a sub-resolution
level (i.e., rms of 0.5·resolution), in order to account for the
precision (repeatability) of the readings, and thus to produce
more realistic results. The effect of the localization rate
instead, was simulated by feeding the LMA with sensory
data corresponding to magnets having travelled increasing
distances, d . This described the case of magnets moving at a
constant speed (or, equivalently, muscles contracting at a fixed
phase) and sampled at varying frequencies. In detail, calling x j

the actual position of the j -th MM, and x0
j the initial position

fed to the LMA, we set 1000 initial conditions such that:
‖x j − x0

j‖ = d , ∀ j = 1, . . . , Nm , (2)

where d ranged from 0.8 mm to 5 mm with a step of 0.2 mm
(22 values). Satisfying Eq. (2) for each magnet, meant placing
the initial guess for the LMA on the surface of a sphere
centred in the barycentre of the MM with radius d , and with
an arbitrary orientation (Fig. 2). Considering the worst case of
muscles contracting at their fastest phase (v = 10 cm/s [33])
this corresponded to a simulated localization rate, f , ranging
from 125 Hz (d = 0.8 mm) to 20 Hz (d = 5 mm), following:

f = v

‖x j − x0
j‖

= v

d
. (3)
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Fig. 5. Distribution of Ed vs. localization rate for each MM in case of 8-MMs tracking and LMM-sensor = 20 mm. The spread of the distributions
increases for rougher values of the resolution. Increasing values of the localization rate turn the distributions from bimodal to unimodal.

In summary, each test scenario was tested for nine heights
of the magnets from the sensor plane, three degrees of
resolution of the sensors, and 22 localization rates. The
combination of all the parameters resulted in thousands of
simulations (Table I).

C. Experimental Assessment
To verify the quality of our simulations, we compared the

localization accuracy achieved with simulated and experimen-
tally recorded data, using a physical demonstrator with a
representative number of magnets and sensors.

A planar printed circuit board with 32 three-axis dig-
ital magnetometers (MAG3110, NXP Semiconductors NV,
Eindhoven, Netherlands; full-scale output of ±10 G and reso-
lution of 1 mG), in an 8 × 4 rectangular grid (Linter−sensor =
9 mm) was used to collect the magnetic field generated
by NdFeB axially magnetized cylindrical MMs (N35, r =
h = 2 mm). Different numbers of MMs (from 1 to 5;
Linter−M M of 14 mm) were hold on a custom support with
their magnetization vectors perpendicular to the sensor surface
(L M M−sensor = 18.5 mm) (Fig. 3). The MMs were kept
steady in their positions, and 100 readings were recorded,
for each number of MMs. We assessed the effects of the
localization rate on the localization accuracy as for the sim-
ulated setup, i.e., by placing the initial condition of the
LMA at a certain distance and random orientation w.r.t. their
actual poses. Specifically, the selected distances were the same
adopted also in the simulations to achieve the desired range
of the localization rate (according to Eq. (3)).

The same physical setup was reproduced in simulation, for
comparison. Notably, random Gaussian noise, with a standard
deviation of 4 mG (corresponding to the noise character-
istics exhibited by the physical sensors used) was added

Fig. 6. (a) Number of iterations vs. the localization rate for the three
resolutions. (b) Number of iterations vs LMM-sensor for four localizations
rates (125, 50, 40, 20 Hz) in 8-MMs tracking.

to the sampled simulated magnetic field. Finally, the local-
ization accuracy of the physical and simulated setups was
computed.
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Fig. 7. Distribution of Ed vs. localization rate for each MM in the case of 5-MMs tracking (each box plot consisting of a 100 trials) for both experimental
(left columns) and simulated (right columns) data.

D. Performance Metrics
The accuracy of the multi-magnet localizer was quantified

by means of its position displacement error, Ed , i.e., the
Euclidean distance between the estimated and actual positions
of the MMs [18]. In particular, to understand the effects of
the sensor resolution and localization rate on the accuracy
and precision (or dispersion) of the localization algorithm,
we analyzed the distribution of the Ed w.r.t. the simulation
parameters. In addition, keeping the same settings of the solver
(i.e., the default ones), the number of iterations required by
the LMA to converge on a solution, iN , was retrieved to infer
the computation time needed to track the MMs.

III. RESULTS

The profile of the average Ed , Ēd , showed a minimum w.r.t.
the distance L M M−sensor , which was dependent on the reso-
lution of the sensors: better resolutions shifted the minimum
of the curve towards larger distances L M M−sensor (Fig. 4a).
For example, with 8-MMs, a localization rate of 125 Hz and
a resolution of 10 mG, the Ēd exhibited its minimum for
L M M−sensor equal to 20 mm. Such minimum shifted to 30 mm
and 40 mm with resolutions of 1 mG and 0.1 mG, respectively
(Fig. 4a). The same behaviour was observed throughout all
localization rates.

Interestingly, for L M M−sensor equal to 10 mm and the
number of MMs greater than four, Ēd proved dependent on the
localization rate, demonstrating an increased variability w.r.t.
larger distances (Fig. 4b). This proved true throughout all res-
olutions. Nonetheless, Ēd was always smaller than its charac-
teristic dimension (namely the radius ε of the smallest magnet
bounding sphere) when changing the resolution, regardless the
localization rate (Fig. 4b). A larger Ēd variability could also
be observed for increasing number of MMs (Fig. 4b).

By fixing the L M M−sensor and computing the Ed for each of
the tracked MMs we observed somewhat bimodal distributions
for the lower localization rates, and unimodal distributions for
the larger ones, for all the magnets (Fig. 5 for L M M−sensor =
20; the same result was found for all values of L M M−sensor ).

This feature (unimodal/bimodal) proved consistent indepen-
dently of the degree of resolution. A closer analysis on these
additional lobes revealed that they were originated either when
the localization algorithm swapped two neighbouring MMs
(and thus, the position error Ed corresponds to the distance
between them), or when the MMs were localized in-between
two neighbouring MMs.

Also, the variability of the distribution proved consistent
across the localization rate. In particular, the variability was
related to the degree of the resolution, which influenced the
precision of the localization by yielding to smaller variability
of the lobes of Ed with better resolutions.

The number of iterations of the LMA, iN , proved positively
correlated to the number of MMs (Fig. 6a), and negatively
correlated with the localization rate (Fig. 6b). For instance,
with 8-MMs tracking, L M M−sensor = 20 mm and 1 mG
of resolution, iN proved around 25 and 7 for 20 Hz and
125 Hz, respectively (Fig. 6a). Conversely, once fixed the
other variables, iN proved independent of the resolution.
The trend between iN and L M M−sensor instead showed a
minimum (Fig. 6b).

An evidence of the quality of all these outcomes was
provided by the comparison with the physical setup (Fig. 3).
In fact, the localization accuracy, achieved with simulated and
experimentally recorded data, proved comparable in the range
of Ed (Fig. 7, for 5-MMs tracking). For instance, with 5-MMs,
the averaged Ēd retrieved in the simulations proved 0.6 mm
and 0.12 mm (at the localization rates of 20 and 100 Hz,
respectively), versus 2.6 mm and 0.12 mm, achieved with the
experimental setup. In addition, the results from the exper-
imental setup proved consistent (and comparable) with the
unimodal/bimodal feature observed for different localization
rates.

IV. DISCUSSION

In this work, we simulated the effects of the intrinsic prop-
erties of magnetic field sensors on the localization accuracy
and computation time in a multi-magnet localization scenario.
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While previous studies focussed on the number, arrangement
and noise of the sensors [13], [18], [21], [28], here we aimed to
investigate complementary issues, not investigated yet, i.e., the
sensor resolution and localization rate.

Moreover, aiming to effectively translate the proposed
localization method into the myokinetic interface, we also
explored a higher number of MMs compared to previous
investigations. In particular, by systematically varying the
number of MMs to track, L M M−sensor , sensor resolution and
localization rate, we aimed at identifying general and effective
guidelines for the design of multi-DoF magnetic tracking
systems operating in similar workspaces. We assessed the
localization accuracy using Ed , [14], [15], [18] and vali-
dated the simulated results by means of an experimental test
with a physical system (Fig. 3). Concerning the relationship
between Ēd and L M M−sensor (Fig. 4a), we argue that this
was due to the combined effect of two opposite phenomena:
the approximations in the dipole model for small distances,
and the signal-to-noise ratio of the readings (SNR) for large
distances. In particular, it is known that the accuracy of the
point-dipole model increases with the distance, or in other
words, Ed decreases with L M M−sensor [15], [16]. Conversely,
the SNR, which decreases with the distance, likely yielded
to the increase of the Ed for larger values of L M M−sensor .
This might also explain why coarser resolutions (enhancing
Ēd ) shifted the minimum of the parabola towards the left,
i.e., towards smaller values of L M M−sensor .

Moreover, although other studies described this relationship
with a monotonic trend [15], [16], [34], [35], our outcomes
agree with those experimentally assessed by our group [29].
The same behaviour was found independently of the local-
ization rate, except for the only value of L M M−sensor =
10 mm and number of MMs greater than 4 (Fig. 4b). Since
the field values were generated through an analytical model
[31], we argue that this behaviour was again caused by
the simplifications in the dipole model used for tracking.
Hence, similar errors could be likely found with a physical
system.

The fact that the variability of the lobes of Ed increases
for coarser values of resolution is not a surprise (Fig. 5).
Interestingly, the distributions of Ed switched from bimodal
to unimodal for localization rates greater than a value in
the 80-100 Hz interval. This was mainly caused by swapped
neighbouring MMs, or neighbouring MMs mislocalized in
between their actual positions. Hence, apparently, beyond
100 Hz (or d < 1 mm) the cost function of the LMA
could be better minimized. In other words, the bimodality
of the distribution suggests that for localization rates too low
w.r.t. the speed of the travelling MMs, the localization is not
accurate. Unexpectedly, this effect could not be attenuated
by better resolutions, but only by better localization rates.
This suggests that when choosing a sensor for magnetic
tracking, the selection should favour high sampling frequencies
over absolute accuracy. Such statement is even more true
given that the coarsest resolution simulated (10 mG) was
deliberately overestimated and is rarely retrieved in the market.
Nevertheless, we argue that considering such a poor resolution

proved informative to describe realistic situations affected by
environmental noises and interferences.

To obtain insights into a multi-objective tracker that are also
functional to subsequent hardware implementations, we inves-
tigated the effects of the sensor resolution and localization
rate on the solver computation time (Fig. 6). The cost of
the localization is usually evaluated in terms of computation
time by a specific/used hardware [6], [8], [15], [18], [29].
By contrast, in this study we considered the number of
iterations needed by the solver to converge, which is software,
rather than hardware dependent. In other words, this produced
results which are specific to the LMA, and do not rely on the
computation capability of a specific hardware. The number
of iterations of the solver, iN , proved independent on the
resolution (Fig. 6a). Hence, in the resolution range explored,
the SNR was evidently always very high. In other words,
sensors retained enough information to introduce negligible
influences on the quality of tracking. This is reasonable,
considering that the decimation of the least significant digits
of the readings may have an impact on the gradient (slope) of
the cost function, but not on its overall structure.

Our approach allowed us to achieve quite generalizable
results, but at the same time, it prevented us from drawing
conclusions specific to a certain hardware or application.
First, a planar distribution was used for both the sensors
and the MMs. This approach was supported by the fact that
previous investigations based on the same planar geometry
[20] could be effectively translated to a curved, more realistic
geometry [36]. Related to this, while the grid of 600 sensors
appears technically complex (in terms of wiring, computing
units, temporal delays, power consumption, etc.), studying it,
allowed us to decouple the impact of resolution from the
one of sensor placement, which has already been studied
[21], [28]. In this sense, it represents an important asset
of our study, which aimed at identifying general rules, not
specific to the hardware choice. Nonetheless, the technical
complexity could be significantly reduced without losing per-
formance; as a fact, previous studies suggest that magnetic
tracking is more affected by the sensor placement than by its
number [26], [36].

Secondly, to limit the number of combinations tested,
as well as to have better control over the parameters under
study (i.e., L M M−sensor , resolution, localization rate, and num-
ber of MMs), the orientation of the MMs was kept fixed. This
prevents us from drawing conclusions on the magnitude of the
orientation error, when MMs are left free to rotate. Thirdly,
the effects of external interferences or sensor saturation and
hysteresis were not considered. This allowed us to keep the
results general (i.e., again, not specific to a certain hard-
ware/environment). However, while the external disturbances
could be potentially characterized and then rejected/filtered or
shielded, sensor saturation and hysteresis are less predictable.
Hence, we invite further studies in which these factors are
considered. Nonetheless, based on our experience and consid-
ering MMs and sensors similar to those used in this study,
sensor saturation (and thus hysteresis) may apply only when
the L M M−sensor is below ∼20 mm.
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To conclude, this study suggests that the accuracy of a
multi-objective magnetic tracker can be improved by increas-
ing its localization rate, rather than its sensing resolution.
Accordingly, when designing the sensing apparatus, high sam-
pling frequency sensors and electronic architectures, maximis-
ing the data throughput, should be chosen.
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