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Trailer-Maneuverability in N-Trailer Structures

Maciej Marcin Michatek

Abstract—The letter presents a trailer-maneuverability analysis
for the N-trailer kinematic structures comprising a tractor and an
arbitrary number of single-axle trailers equipped with steerable
or fixed wheels. For an elliptically-shaped set of tractor’s input-
velocities, we derive a mobility-ellipse generated in a velocity space
of the (last) trailer. We show that the on-axle type of hitching
present in the N-trailer leads to a singularity of a trailer-mobility
(at least one degree of mobility is lost). Furthermore, we provide
some relations between kinematic parameters of the N-trailer and
its control inputs which enable shaping the trailer-mobility ellipse
and decoupling it from a joint-configuration of the vehicle.

Index Terms—Kinematics, nonholonomic mechanisms and
systems, wheeled robots, N-trailer, maneuverability.

1. INTRODUCTION

APABILITY and dexterity of motion in a task space

belong to main characteristics analysed for the robot ma-
nipulators, robotic vehicles and devices. These characteristics
are represented by the measures of manipulability (defined for
manipulators) or maneuverability (defined for mobile robots),
which relate to a motion feasibility problem, and can be used
for the purposes of optimal motion planning, optimal control,
and mechanical design, [1], [2].

Since the first introduction of the fundamental manipulability
analysis for serial robot manipulators in [3] (see also [4], [5]),
the problems of motion capability and dexterity/agility have
been investigated (in the fundamental meaning) for numerous
mechanical and robotic systems, like: general constrained multi-
body systems [6], underactuated robots and devices [7], single-
body wheeled mobile robots [8], mobile manipulators [1], [9],
multi-fingered devices [10], continuum robots [11], [12], redun-
dant parallel mechanisms [ 13], or leader-follower networks [14].
Despite a common usage of the N-trailer structures, and in spite
of numerous detailed study concerning their various properties
(see, e.g., [15]-[22]), any generic trailer-maneuverability anal-
ysis has not been proposed for this kind of multi-body vehicles
thus far (some analyses have been made for the tracks with
trailers, as in [23], but they address a character/quality of motion
in some particular scenarios rather than a generic capability of
motion).

A maneuverability analysis seems to be especially important
in view of various motion tasks involving agile maneuvering
with a trailer [24]. Preserving or shaping a maneuverability is
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Fig. 1. A single-track kinematic structure of the (multi-steering) N-trailer
(only positive hitching offsets Ly; are denoted for simplicity); VSW = Virtual
Steering Wheel, [19], [25] (note: VSW is not a physical wheel).

especially important when moving with trailers in a cluttered or
narrow environment, where (relatively small) corrections of a
trailer motion should be generated only in collision-free (safe)
directions, and should not require neither large changes of the
N-trailer configuration nor large changes of tractor’s velocities.
To this purpose, some measures of a trailer-maneuverability can
be incorporated as a part of quality/cost criteria used by motion
planners and optimal feedback controllers. Therefore, we try to
complement a catalogue of maneuverability studies available
in the literature by addressing the trailer-maneuverability issue
for the N-trailer articulated vehicles comprising a tractor and an
arbitrary number of single-axle trailers equipped with steerable
or fixed wheels. We investigate how the velocities of a tractor,
taken from some prescribed compact subset of an admissible
control-input space, can generate a set of velocities of the (last)
trailer in the N-trailer chain, and how the dexterity/agility of
maneuvering depends on the N-trailer’s configuration and its
kinematic parameters.

Notation: |I| denotes a cardinality of set Z; by Q' =
(Q"Q) Q" we understand the left pseudoinverse of matrix
Q); the substitution operator will be denoted by ‘:=’; where
necessary we use a notation: sac = sin o, cow = cos .

II. PREREQUISITES AND KINEMATICS OF N-TRAILERS

A. Configuration Variables, Inputs, and Basic Relationships

Let us consider a single-track N-trailer kinematic structure
comprising a tractor and an arbitrary number of IV single-axle
trailers, all interconnected by passive rotary joints, as shown in
Fig. 1. All the vehicle’s segments are treated as rigid bodies in a
planar movement, with the wheels rolling without any skid-slip
effects. The tractor is a driven segment, with a unicycle-like
kinematic control input

U £ [wo Uo]T ceUy C R2,

ey
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containing an angular velocity wy and a longitudinal velocity vy
of a mid-point of the tractor’s effective wheel. The subset I
represents an admissible space of the control input,

up(t) ey = |wo(t)] <wom A |vo(t)| < vom, (2)

where the prescribed upper bounds wop, vom > 0 determine the
maximal admissible velocities of the tractor.

N-trailers are characterized by two kinds of kinematic param-
eters (see Fig. 1): the trailers’ lengths L; > 0,7 =1,..., N, and
the hitching offsets Ly; € R satisfying |Lyn;| < L; if Ly; < 0,
while Ly; > 0 if the ¢th rotary joint is located behind a wheel’s
mid-point of the (i — 1)st vehicle segment, and Lp; < 0 if the
joint is located in front of a wheel’s mid-point of the (i — 1)st
segment. In the most general case, the N-trailer can possess
both steerable and non-steerable wheels. Let Zg denote a set of
indexes corresponding to steerable wheels. In the special case
where all the wheels are non-steerable (Zs = (), the velocity
vector (1) is the only input to the system. In the multi-steering
case, [26]-[28], the wheels are independently steerable, thus a
vector of steering rates

A

us2[...¢.. ]  eUs cRB! 5 e T, (3)

is an additional control input of the vehicle, where (, represents
a steering rate of the sth steerable wheel (the possible actuated
degrees of freedom of the N-trailer have been highlighted in blue
in Fig. 1).

In order to describe a configuration of the N-trailer let us
introduce the following variables (see [25]):

e steering angles of the steerable wheels: v, € Qg £
[—7s:7s)s s € Ls, where 7, € (0; §) represents a mechan-
ical bound imposed on a wheel’s pivoting motion; for a
non-steerable (fixed) wheel v; = 0 and j & Zs,

e aposeofthelasttrailergy = [In oy yn]T = [Onpy] T €
S x R2, where 0y is an orientation angle of the trailer’s
body, while py is a position of a midpoint of its effective
wheel,

e jointangles 3; £ (0; 1 —0;) € T,i=1,...,N,wheref;
is an orientation of the ith vehicle’s segment.

We collect all the variables into the configuration vector

g2 B v gyl €09, dim(q)=N+|Zs| +3, &)

where Q = TN x lezs‘ xS'xR2, B2£[B ... Bn]" is a
joint-configuration vector, whereasvs = [...v,...]"
of steering angles, dim(~s) = |Zs|.

Assuming the pure-rolling motion conditions for the vehicle’s
wheels, one can derive the following velocity transformation

valid between any two neighbouring segments for: = 1,..., N,
(see [21], [25], [27]), that is,

18 a vector

) _ Ly; cos(Bi—vi)  sin(Bi—vi+vi-1) ]
Wi| L; cosvy; L; cosvy; Wi-1 5)
vl Iy, SinBi cos(Bitvi-1) Vs ’
4 1 cosy, Ccos ; i-1
—~— ——
i Ji(Bivivi-1) i1

Ji(Bi, Vi, vi—1) is well defined for all 3; € T and v; € Qs. The
inverse transformation exists for ; € Qg if Lp; # 0, namely

_ L; cos(Bitvi-1)  sin(Bi—vitvi-1)
R Lp;  cosvyi-1 Lin; cos ;-1 )
Ui-1 = __sing; cos(Bi—i) Ui ©)
v cosyi-1 COS Yi-1

J.Zl(/@i/\/iv')’i—l)
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Using the above basic relationships, one can derive a nonholo-
nomic kinematic model of the N-trailer in the form of driftless
dynamics (see [21], [25] for more details)

q=S(qu, u=lug ug]', ()
which can be decomposed into three subsystems
B=55(8,vs)uo, Vs =us, qn=-Sn(qQuo, ®)

with the kinematic matrices, S5 € RV*2 and Sy € R**2, re-
sulting from the following general forms

_Sﬁ(ﬁ775)

c¢'T1(B1,71.7%)
¢'T2(B2,v2,71)J1(B1:71,70)

" Tn (B, v yv-1) [li=n1 T3 (Bis v vi-1)

G(On,v~) H;:N J (B> 755 75-1)

where T';(8;,7;,7j-1) = Tawz — J (85,75, 7j-1).¢” = [10],
Isy5 € R?*2 is the identity matrix, while

1 0 0

is a matrix of unicycle-like kinematics. For N-trailers with fixed
wheels (; = 0 for all 7), the equations (8) reduce to

B=Ss(Buo, an =Sn(q)uo, (11)

where S3(8) = S5(8,0), J;(5,0,0) = J;(B;), and g =
BT qN]" € TN x St x R2.
Remark 1: One can verify the following properties of the
matrix J;(5;,7i,vi—1) introduced in (5):
Pl: det J; = [—Ly; cosv;—1/(L; cos;)] < oofory; € Qs,
P2: rank(J;) € {1,2} forall ; € T and 7;,7;-1 € Qs,
P3: rank(J;) =1« Ly, = 0forv;,vi—1 € Qs.

B. Trailer-Maneuverability — Problem Formulation

Without a loss of generality, we will formulate the maneuver-
ability problem for the last (N'th) trailer in a chain.! By analogy
to the description proposed in [8] for single-body wheeled
mobile robots, a kinematic configuration of the N'th trailer with
a steerable wheel (i.e., for V € Zg) can be represented by the
vector 2y = [yn q5]". Now, upon (8)-(9), kinematics of the
last trailer can be written as

N = (N, (12)

()

gy = Sn(@Quo = G(ln,7v)un, (13)

where u ©) H;:N J ;i (Bj:7;,vj—1)uo can be treated as a vir-

tual input, which results from an instantaneous transformation

'Every ith trailer can be virtually treated as the last one if we consider only
a sub-chain of the N-trailer comprising a tractor and the first % trailers.
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of the tractor input u to the velocities of the last trailer along a
chain of the N-trailer.

By following [8], let us define for the Nth trailer:

e the trailer-steerability degree

An. 2 1 if N € Zg
N7 10 otherwise’
o the trailer-mobility degree
Anm 2 rank(Sn(q)), (14)
o the trailer-maneuverability degree
Annt 2 Ans + Ay =2 Ay, + rank(Sy(q)). (15)

Since the steering kinematics (12) is independent of the tractor
input (moreover, (12) disappears in the case when N ¢ Tg), the
trailer-steerability degree is constant, and does not depend on
the N-trailer’s joint-configuration 3. However, the unicycle-like
kinematics (13) is driven by the virtual input v, which is fully
dependent on the tractor input wg. Thus, one may expect that
the degrees A, and Ay depend, to some extent, on the N-
trailer’s configuration and/or its kinematic parameters.

In this letter, we investigate how the N-trailer’s angular config-
uration (determined by 3 and ~s) and the kinematic parameters,
L; and Ly; (i =1,...,N), affect the trailer-mobility degree
(14), and how they affect a capability of the tractor input ug
to generate velocities of the last trailer in kinematic chains of
N-trailers.

III. TRAILER-MOBILITY ANALYSIS FOR N-TRAILERS

A. Control-Input Ellipse

Let us introduce the control-input ellipsoid, reduced for
dim(u) = 2 to the control-input ellipse

ug Muy =1, M £ diag{p,p}, p,p>0. (16)

We assume that the ellipse (16) is a subset of some admis-
sible input space Uy C R2, that is, the semi-axes A; = 1 / VP
and Ay = 1/\/;7 satisfy: A1 < wom and Lo < vop, see (2). The
positive-definite weighting matrix M allows one to account for
different units of the components of input vector ug, [4], [29].
In the next subsection, by analogy to the analysis proposed for
robotic manipulators in [3] and [30], we will find how the con-
trol input ellipse (16) transforms to a trailer-mobility ellipsoid
corresponding to a feasible set of the task-space velocities g
of the last trailer.

B. Derivation of a Trailer-Mobility Ellipsoid

According to (13), and assuming that rank(Sy(q)) = 2, we
can write

®) . . .
uo = Sh(@)ay = [Sy(@)Sn(@)] ' Sy(@ay. (17
By substituting (17) into the ellipse (16) one gets
17) . . (16
ul Mug L g Wiy 21, (18)

where the matrix Wy =[S} (q)]T M S, (¢q) € R¥3 deter-
mines the trailer-mobility ellipsoid in the task space. Upon
the right-hand side of (17), and recalling that Sy(q) =

G(On. ) TTi—n J5(B55 75, 75-1) (cf. (13) and (9)), one can
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write (omitting the arguments and introducing H := H]lz N
for a concise notation)

Wy = [SN]TMS}y = Sn(SySn) " M(SySn) 'Sy
YGeHH G'GH)'M(H' G'GH) 'H'G"
=GH 'MH'G’

=GJy... ]\ M7'J] ... Jy)'GT (19)
= GW LG, (20)
where the matrix
= 20 _
Wa(Bvs. L. Ly) 2 Jn ... IIM Y] . T, @D

depends, in general, on joint angles, steering angles, and kine-
matic parameters of the N-trailer, collected here in the vectors
L2[L,... Ly]" and L, 2 [Ly; ... Lun]". Upon the result
(20), we can rewrite (18) in the form

) (20)

(18) . ) . S
uyMug = G\Wnay = gvGW Ny G ay

(3 ul Wy uy 19

(22)
One concludes that an analysis of the trailer-mobility ellipsoid
(18)is equivalent to an analysis of the ellipse represented by (22).
Thus, eigenvalues and eigenvectors of matrix (21) determine, re-
spectively, dimensions and an inclination of the trailer-mobility
ellipse in the space of velocities uy € Uy C R2.

_ Remark 2: One can easily verify upon (19) that the matrix
W n can be recursively determined by writing

W, 2J W, J], i=1,....N, Wo:=M*' (23)

By investigating the ellipses u; W, Yw; =1, foru; 2 [wi v;
i€{1,..., N}, one can analyse a trailer-mobility for any ith
trailer in a kinematic chain of the N-trailer.

]T

>

C. Trailer-Mobility Measures

To further investigate the trailer-mobility, let us introduce a
trailer-mobility measure (see [1], [3], [30])

My 2 \/det Wy (8,75, L, L), (24)

where the matrix W y results from (21). The measure (24) is

proportional to a surface area of the ellipse u}W&lu N =1
Following [1], we define an eccentricity measure

Ex 21— 0o W) [oman( W), (29)
where o pin (W n) and opax (W ) are, respectively, the mini-
mal and maximal singular values of matrix W . The measure
(25) is related to an eccentricity of the ellipse u}VV]_Vl uy = 1.

According to the property P1 of matrix J; (see Remark 1),
and upon definition (23) one gets

_ _ Lnicosvion\”
det W, = (det J;)? det W“:<h‘m“) det Wi_1,

L; cosy;
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which, after its iterative application for i = 1,..., N, leads to
the trailer-mobility measure for the Nth trailer in the form:

N
My =]]

j=1

th COS7Yj-1

Vdet M1

L; cosvy;
N

11 |LLh7'|.

j=1

(16) 1
/T

The result (26) deserves some comments.

In contrast to robot manipulators, the trailer-mobility measure
M does not depend on the joint angles 3, while it only
depends on the steering angles 7y and 7. In the special case
of N-trailers with all fixed wheels (Zs = (), the trailer-mobility
measure reduces to

coS Yo

COSYN

(26)

L [l

My =— =,

M ]1;[1 Ly

It should be noted that the independence of 3 obtained for M
is valid for the unconstrained joint-kinematics introduced in (8)-
(9), where the joint angles can evolve boundlessly (3 € T Ny In
the case of limited joint angles, the above conclusion is valid lo-
cally, i.e., inside an admissible subset of the joint-configuration.

A distance to the trailer-mobility singularity My = 0 es-
sentially depends on the lengths of hitching offsets present in
the N-trailer chain up to the Nth trailer, that is, on |Ly;| for
j=1,..., N (note: cosvyy # 0 for any vy € Qs). It means that
the presence of a single on-axle interconnection in the N-trailer
chain before the /Vth trailer leads to the singularity M = 0. In
this context, only the so-called non-Standard N-Trailers, [21],
are non-singular.

For afixedratio | cos vy / cos x|, the trailer-mobility measure
M n decreases along a chain of the N-trailer with a number of
trailers if the ratios | Ly;|/L; < 1 (the most common case for the
N-trailer vehicles used in a transportation practice). The above
observation may suggest a rough design hint characterized by
the rule |Ly;| = L; for i =1,..., N, in order to preserve the
measure M y on a sufficiently high level, even in the case of N-
trailers with large V. We will return to this issue in Section IV-B.

It is worth noting that the consequences of (26) discussed
above stay in agreement with particular quantitative results
presented in [31], where the problem of closed-loop sensitivity
to input-perturbations was studied. A decrease of the sensitivity,
reported in [31] for a shorter hitching offset used in a 1-trailer,
results from a lower capability of generating trailer velocities by
the tractor inputs, which, in turn, corresponds to a smaller value
of measure (26) being proportional to the lengths of hitching
offsets.

D. Consequences of My = 0 for a Value of Degree Ay,

We will show how the singularity My =0 influ-
ences the trailer-mobility degree (14). Let us introduce
H (B 7s) £ [Tj_n J(Bj:75,75-1)- First, observe that
rank(G(0n,vn)) = 2 for all O € S, yx € Qs, see (10).
Now, upon (9) and properties of a matrix rank, one
concludes: rank(Sy(q)) = rank(G(On,yn)HY(B,7s)) =
rank(H Y (8,7s)) € {0,1,2}. As a consequence,

Anm ‘2 rank(Sn (q)) = rank(H (8, 7s)) € {0,1,2}.
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By recalling (26) and properties P1-P3 from Remark 1, one
concludes what follows. If ¥V j |Lp;| > 0, then My > 0, and

Anm = rank(H} (B,7s)) =2 for all B€ TV, ~v5 € Q‘stl.
If there exists a single |Ly;| = 0, then My =0 and Any, =
rank(H L (8,7s)) = 1. If there exists at least two offsets
|Ln;| = 0, then My =0 and Ay = rank(H} (8,7s)) <1
(e.g., if Ly; = Lp;—1 = 0 then rank(H;E_l(,B*, ~s)) = 0 at the
joint-configuration 3* where 3; | = £5 — 7v;_2).

Corollary 1: If M > 0 (theregular case) then Ay, = 2.If
M = 0 (the singular case) then A n,, < 1 (the trailer-mobility
degree (14) is decreased at least by one).

A practical meaning of the singularity My = 0 can be also
explained by referring to an instantaneous motion curvature of
the Nth trailer. According to the geometrical interpretation of
measure (24), the singularity My = 0 corresponds to a situation
where the ellipse (22) degenerates to a finite-length line segment
in the space Uy of velocities uy = [wy vn]". A direction of
this line segment corresponds to the ratio wy /vy, that is, to a
(signed) instantaneous motion curvature <y of the N-th trailer.
For the sake of simplicity, let us consider the N-trailer with fixed
wheels (7; = 0 for all 7). In this case, a motion curvature of the
tth trailer can be expressed with the so-called virtual steering
angle §;, introduced in [19] and extended in [25], as follows (see
Fig. 1)

1
K = f tan [61 — al"ctan(Lhim,l)] = fl(ﬁlv Lhiﬁifl)v

i

B

where ;1 = w; 1 /v;_; is a curvature of the (i — 1)st segment
of the N-trailer. The angle d; is a virtual entity, but it enables
expressing the motion curvature «; in a similar way as for car-like
kinematics. The above recursive formulation for ~; shows that
the curvature of the Nth trailer

KN L (;)% — fN(ﬁNaLthNfl(' . .LhZfl(ﬁlehlﬁo) e ))

can be instantaneously changed by the tractor input wg, without
a change of the joint angles (3, through ro £ wo/vo only if all
the hitching offsets Ly1, ..., Lhn are non-zero. This capability
corresponds to the trailer-mobility degree equal to 2. However, if
atleasta single offset Ly; = Ofori € {1,..., N} (leading to the
singularity My = 0), the change of the curvature « y requires a
change of the joint angle (; through an integral relation resulting
from (8)-(9). Hence, for Ly; = 0, and for the control-input
satisfying u) Mug < 1, achange of a current # y to some other
value cannot be achieved in an arbitrarily short time interval.

IV. TRAILER-MOBILITY ELLIPSES FOR SPECIAL
ARTICULATED STRUCTURES

We are going to illustrate the general result represented by
(22), with matrix (21), using some special (yet popular) exam-
ples of articulated structures, for which the results of numerical
computations can be graphically visualized or which are even
analytically tractable. Moreover, we reveal some underlying
relations between kinematic parameters of N-trailers and prop-
erties of a trailer-mobility ellipse.
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Fig. 2. The single-track kinematic schemes of the I-trailer structure in two
versions: with a steerable trailer’s wheel (a) and with fixed wheels (b).

A. Mobility Ellipses for 1-Trailers With a Fixed
Tractor’s Wheel

For the 1-trailers, it is possible to graphically illustrate trailer-
mobility ellipses as a function of the joint angle 37 or the steering
angle v . Let us consider the popular 1-trailer structures (N = 1)
illustrated in Fig. 2. In the structure in Fig. 2(a), the tractor has
a fixed wheel (79 = 0), whereas the trailer’s wheel is steerable.
The second structure, presented in Fig. 2(b), is a special case of
the former one with the fixed trailer’s wheel (v, = 0). For the
1-trailers from Fig. 2, the general matrix (21) simplifies to

=, (23) 14T
Wl — Jl(ﬁl;’YhO)M J1(5177170)
Liic?(Bi—m) | s2(Bi—m1) cBis(Bi—71) _ LEspic(Bi—1)
(2) pL3c2y; uL3c?y, puLic?y pLiciy
cBis(Bi—1) _ LiisBic(Bi—1) L2s%81 | 24
pLic?yy pLic?y; peiyn peZyy

27)

Let us consider some special forms of matrix (27) which can
be obtained for particular values of the kinematic parameters L
and Ly, especially in the case when the trailer has a fixed (non-
steerable) wheel. One can observe that by selecting |Ly1| :=

v/ p/u, the matrix (27) reduces to

Wi, L) = m %in 11 ) (28)
which does not depend on the joint angle ;. In this way,
a trailer-mobility ellipse can be made invariant with respect
to a joint-configuration of the 1-trailer. Furthermore, if the
1-trailer has only fixed wheels (i.e., 70 = 71 = 0, see Fig. 2(b)),
and |Lpi| := /p/u, then the matrix (27) becomes constant
and diagonal, W = diag{(uL?)~!, !}, leading to semi-
axes of the ellipse: A1 = (L1\/f)"%, A2 = /i ". As a con-
sequence, the trailer-mobility ellipse has its main axes aligned
with the axes of the control-input ellipse (16). Now, by select-
ing the trailer’s length L1 := \/p/pn = |Ln1|, one gets W =
diag{p~t, u~'} = M !, forcing in this way the trailer-mobility
ellipse equal to the control-input ellipse (16). Alternatively, by
taking L; := 1, the obtained matrix W = Iy leads to
the isotropic trailer-mobility ellipse (a circle) for which & = 0.

It is worth noting that by making a trailer-mobility ellipse
configuration-independent, one preserves the same agility level
(expressed by ranges of achievable velocities and corresponding
curvatures of motion) of maneuvering with a trailer for any joint-
configuration of an articulated vehicle. It can be used in order
to keep sufficiently agile maneuvering in cluttered workspaces,
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where a vehicle has to continuously adjust its joint-configuration
avoiding collisions with surrounding obstacles.

Let us summarize the above analysis in the form of the design
hint for the 1-trailers with fixed wheels.

Corollary 2 (Design hint): For the prescribed control-input
ellipse uj Mug = 1, with M = diag{p, 1}, the special se-
lection of the hitching offset |Ln1| := \/p/p = Aa/A; for the
1-trailer with fixed wheels, guarantees that all the control inputs
satisfying uj Mug < 1 will generate the trailer velocities w1
satisfying uIVV{lul < 1, with the constant matrix W, =
diag{(uL3)~t, u '}, independently of a value of the joint angle
B eT.

Exemplary plots of the ellipses ulTWIlu1 = 1, computed
upon (27) for the l1-trailers from Fig. 2, are presented in
Fig. 3. The ellipses have been obtained assuming the control-
input ellipse (16) with M := diag{1.0,0.7}, changing the
joint angle 3; in the range [—7; 7], and considering the fol-
lowing three cases of prescribed sets of kinematic parame-
ters and the steering angle of a trailer (cf. (21)): (A) W, =

Wl (@15 Oa 197 05)’ (B) Wl = Wl(ﬁla _%7 107 V p//“L)’ and
(C©) Wi =W,(B1,—%,1.0,0.005). Values of the mobility

measure M = \/det W1(B1,71, L1, Ln1) computed for the
particular cases are denoted in Fig. 3.

One observes that the mobility ellipses in case (A) are of
the same dimensions for all 3; € [—75; 5] (the measures M,
and & are constant). The mobility ellipse, however, rotates as a
function of the joint-angle ;. Furthermore, the steering angle
v affects the eccentricity of the mobility ellipse for different

_ values of the joint angle 1 — it can be observed in Fig. 4,

where we can see a steep degreasing of the measure &; for
some pairs of angles (31,71). Thanks to the special selection
of |Lp1| := +/p/u, the joint-configuration dependency of the
mobility ellipse can be avoided, cf. (28). It is shown in case
(B), where the mobility ellipses have fixed dimensions and a
fixed inclination angle. A value of £; depends in this case on the
steering angle ~; (see the left-hand side plot in Fig. 5), while
an inclination angle of the ellipse essentially depends on the
parameter L (see the right-hand side plot in Fig. 5). In case
(C), the mobility ellipses are almost degenerated to straight-line
segments due to a small value of Ly, := 0.005 m. This is almost
a singular case (see the very small value of M presented in
Fig. 3), corresponding to the eccentricity measure & ~ 1. The
joint-configuration dependency of the ellipse (which rotates with
a change of 1) comes from the same reasons as in case (A).

B. Shaping the Trailer-Mobility Ellipse for N-Trailers With
Non-Steerable Wheels by a Selection of Kinematic Parameters

It is possible to use the design hint formulated in Corollary 2
in order to shape a trailer-mobility ellipse for N-trailers equipped
with fixed wheels, that is, where v; = 0 for¢ = 0,..., N.In or-
der to obtain the configuration-invariant trailer-mobility ellipse
of the last trailer, we will apply the rule from Corollary 2 in a
sequential way — from the first to the last trailer.

For the N-trailers with fixed wheels one may derive

- 23 _
W(Br, Ly, Ln) 22 J1(B1,0,0)M LI (8,0,0)

L By + 5281 cBisBr L2 sB1cB
(g) pL3 uL? 7 pL1
cBisBr _ LiysPich Ls°B1 + 2By
whly pLy P Iz
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(A) My =0.598

o
w, [rad/s]

(B) My =2.020
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(C) My =0.009

Fig. 3. Exemplary sets of 100 trailer-mobility ellipses 'u,TVinlul = 1, with matrix W1 = W 1(B1,71, L1, Ln1) from (27), computed for the 1-trailer in
1 W

three cases (cf. (21)): (A) with W1(81,0,1.0,0.5), (B) with W1 (81, — %, 1.0,

Fig. 4. The eccentricity measure (25) computed for the matrix
Wi(B1,71,1.0,0.5) as a function of the joint angle 1 € [-F, 5] and
the steering angle y1 € [-5 4 ¢, § — €] for e = 0.05 rad.

By taking |Ln| := /p/u, we get a diagonal matrix W, =
diag{(uL?)~!, p'}. Using the reduced matrix Wy, the matrix
W, takes the form

23 =
) 15(82,0,0)W1J] (B2,0,0)

Liyc®Bo 2By
nLIL3 | plL3
cBasBa _ LiysPacBs
MLQ uL%Lg

W2(627 L7Lh2)

cBasBy _ LisPacha
},LLQ 'U/L%LQ
L}?25262 + 0252 ’
puL? I

which is decoupled from the first joint angle (i.e., W
does not depend on (31). Now, by selecting |Lpa| := L1, we
get a diagonal matrix for the second trailer, that is, Wy =
diag{(uL3)~!, n'}. As a consequence of the above reasoning,
the matrix W3 = J3WoJl = W3(Bs, L, Ly3) will depend
only on the third joint angle 5 (thanks to the decoupling effect
of | Ly2| := L1). Continuing the above design procedure, we will
obtain constant (configuration-independent) diagonal matrices
W, = diag{(pL?)"', u 1} fori = 1,..., N.Finally, by taking
Ly :=+/p/por Ly =1, we get, respectively, W = M !

p/ 1), and (C) with W1 (81, —F,1.0,0.005).
3 3
7, = /6 —L,=07m
2 2 ——L,=10m
—-—-L,=20m
1
1

w, [rad/s]
A=

o
w, [rad/s]

Fig.5. Aninfluence of the steering angle 1 (the left-hand side plots obtained
for L1 = 1.0 m) and the trailer’s length L1 (the right-hand side plots obtained
for 1 = — 7 rad) on the eccentricity and an inclination of the trailer-mobility

ellipse represented by matrix (28) (note: L1 = / p/ ).

(cf. (16)) or Wy = p~'I5,5, which lead to the corresponding
measures My = 1/,/pjror My = 1/p.
The trailer-mobility-shaping design procedure proposed
above can be summarized by the following design steps:
S1: take |Lp;| := /p/ptoget W1 = diag{(uL?)~*, u=1},
S2: take arbitrary L; > Ofori=1,..., N —1,
S3: take |Ly;| := L;_1 to get W; = diag{(puL?)" 1, n 1}
fori=2,..., N,
S4: take Ly := +/p/por Ly := 1 to obtain Wy = M !
or Wy = I, respectively.
It is worth stressing that only the absolute hitching offsets
| Lp;| are critical in making the matrices W ; independent of 3.
In this context, the trailers’ lengths can be selected arbitrarily.
However, a special selection of the last trailer’s length, Ly,
enables establishing additional quantitative properties of the
trailer-mobility ellipse (see the step S4 above).

C. Shaping the Trailer-Mobility Ellipse by Limiting the
Input Domain and Control Scaling

Although the design rules formulated in Sections IV-A and
IV-B can be useful in the area of mobile robotics, the design
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Fig. 6.

(a) The largest ellipse U/, and the sub-ellipse U/5 as subsets of the admissible control-input space U (alternative ellipses can be defined vertically, as

denoted by the dashed lines). (b-d) Exemplary results illustrating an application of scaling procedure (31)-(32) for the subset ¢/5 determined upon selection (30)
for A1 = 2rad/s, Ao = /2 m/s, and Ly; = 1.5 m: (b) the control input ellipses with a set of control samples (precomputed and after scaling), (c) a cross-section
(selected for 81 = 7 rad) of the set of 100 trailer-mobility ellipses shown in plot (d) obtained for 81 € %3]

decisions for N-trailer structures used in the field of transporta-
tion are usually made upon other evidences than the trailer-
mobility argument. Note, however, that there exists infinitely
many pairs (p, 1) leading to the same value of /p/ 1. Therefore,
to still utilize the beneficial effect coming from the equality
|Ln1| = +/p/p, one formulates an alternative control hint for
the 1-trailers equipped with fixed wheels.

Corollary 3 (Control hint): For any prescribed |Lpi| # 0
there exist infinitely many control-input ellipses ug M *ug = 1,
with positive definite M* = diag{p*, u*} of the same semi-axes
ratio Ao/Ay = \/p*/u* = |Lp1| which, for the 1-trailer with
fixed wheels, guarantee that all the control inputs satisfying
u) M*ug < 1 will generate the trailer velocities u; satisfying
u] W uy < 1 with the matrix W, = diag{(u*L2)"1,1/u*},
independently of a value of the joint angle 81 € T.

The above hint suggests that one can restrict the control-
input ellipse (16) to a sub-ellipse with a ratio of semi-axes
Ao /Ay = |Ly1|, and next constraint the control inputs u to this
sub-ellipse, in order to obtain a constant and joint-configuration
independent trailer-mobility ellipse. Let us consider this possi-
bility in more detail by referring to Fig. 6(a), which illustrates
the largest ellipse U (of semi-axes A1, A2) embedded into an
exemplary admissible input space Uy C R2. For a 1-trailer with
some prescribed non-zero offset | Ly | # A2/A1, we are going to
find a subset

Uy 2 {ug: ugAug <1}, A 2diag{A;% A%}, (29)

which satisfies Uy C U,, and Ao/Ay = |Lp1|. The set Uy can
be found in different ways, for example, by employing the
following (conservative) selection:

{Al = min{kl,kg}, A2 = A1 ‘Lh1|

Ao :=min{iy, Ao}, Ay := Ao/ |Lp1]

if ‘Lh1| > 1.

Now, we have to ensure that all the control inputs for kinematics
(11) belong to the subset/ forallt > 0. It can be guaranteed by
using a simple on-line input scaling procedure described below.
Let p(t) = [, o] € R? € Uy denote a precomputed control
vector for a tractor (resulting, e.g., from an application of some
prescribed control law). By scaling the precomputed control
¢(t), one can obtain a control input w(¢) which belongs to
subset (29), namely

u(t) :=E(H)B(t) = uo(t) € U, 3D

where the scaling function £(¢) € (0; 1] is defined as follows

€(t)é{
1

The first condition used in definition (32) results from a location
of point P, (shown in Fig. 6(a)), determined by a projection of
an instantaneous control vector ¢(¢) on the ellipse uj Aug = 1.
Note that the scaling procedure (31)-(32) preserves an instan-
taneous motion curvature of the tractor, i.e., wo(t)/vo(t) =
bu(t)/do(t) for all £(2) € (0;1].

The exemplary results, presented in Fig. 6 for the 1-trailer
with parameters L; = 4.0 m and Ly; = 1.5 m, illustrate an
application of the input scaling procedure (31)-(32) for the
subset U, (denoted by the red solid line in Fig. 6(b)) which
was embedded, upon the rules (30), into the largest ellipse
U, of semi-axes A1 = 2 and Ay = /2 (see the blue ellipse in
Fig. 6(b), corresponding to (16) with p = 0.25 and © = 0.5). A
set of values of the precomputed control vector ¢(t), with the
components ¢, £ [2sin(0.47t) + 0.5] rad/s and ¢, = 0.5 m/s,
has been denoted in Fig. 6(b) by the black circles. The magenta
circles represent the corresponding values of input wg scaled
according to procedure (31). Upon Fig. 6(d), one observes that
all the trailer velocities u; = J1(51,0,0)ug (computed for
p1 € [~5; §]) do not leave a set bounded by the configuration-

ATAZ
03 ()AT+6% (A3

if @' (t)Ag(t) > 1,

otherwise.

(32)

independent trailer-mobility ellipse ulTWIlul = 1 with matrix
W, = diag{0.125, 2}. Figure 6(c) illustrates a single cross-
section of the set from Fig. 6(d), obtained for #; = %.

The control hint stated in Corollary 3 can be extended to
N-trailers with fixed wheels. However in this case, the design
requirement |Lp;| := L;—1 for i = 2,..., N, stated in Step S3
in Section I'V-B, still has to be met to obtain the configuration-
independent trailer-mobility ellipses. It is worth pointing out
that by employing the input-scaling procedure (31)-(32) one
can intentionally limit the velocity wu; = [w;v;]" of any ith
trailer,i € {1,..., N}, tothe prescribed subsetu; W, 'u; < 1
with W; = diag{(u*L?)~1,1/u*}, where p* is now a design
(limiting) factor determining a size of a resultant ellipse. By
restricting u; to the prescribed subset, one is able to avoid
undesirable (risky) maneuvers with a trailer when moving in
cluttered workspaces.
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V. CONCLUSION

The main results of the paper can be summarized as follows:
e A trailer-mobility ellipse depends, in general, on joint

angles, steering angles, and kinematic parameters of N-
trailers.

It is possible to shape a trailer-mobility ellipse, and make it
joint-configuration invariant, by an appropriate selection of
kinematic parameters for the N-trailer, and/or by restricting
the tractor control-input to an elliptical subset with a ratio
of its semi-axes adjusted to a length of the first hitching
offset in the N-trailer chain.

The presence of at least a single on-axle hitching in the
N-trailer chain leads to a singularity of a trailer-mobility
(a degree of the trailer-mobility is decreased); even in the
case of N-trailers equipped solely with off-axle hitches, a
distance to the singularity decreases with a number of those
preceding hitches for which |Ly;|/L; < 1.

Practical consequences of shaping the trailer-mobility ellipse
can be significant, especially in the context of achievable agility,
safety, and a minimal control-cost of maneuvers. It is, however,
a separate research topic which goes outside a scope of this
paper. Moreover, it seems interesting to analyse in what sense
the singularity M = 0 affects/limits the achievable control
performance for the N-trailers with on-axle hitching. The latter
problem, although quantitatively addressed to some extent in
[31], still requires qualitative investigations and a generalization.
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