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Translational Disturbance Rejection for Jet-Actuated
Flying Continuum Robots on Mobile Bases
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Abstract—Although continuum robots have the potential to op-
erate in narrow areas by changing their shapes and propelling their
bodies, they easily vibrate under sudden or periodic applications
of external forces. Suppressing vibrations is difficult in our jet-
actuated continuum robot because the movements of its mobile base
cannot be controlled with the same system as the movements of the
robot, and mobile base oscillation increases the risk of resonance.
In this study, a disturbance rejection was realized for the Dragon
Firefighter, a jet-actuated flying continuum robot on a mobile base,
for rapid and safe fire extinguishing using a 4-m-long flying fire hose
consisting of two nozzle units and flexible hoses. An H∞-based
disturbance-rejection controller was designed to suppress the vi-
bration of the head nozzle unit posture against the acceleration
of the mobile base. Then, the robot parameters were identified
from tensile tests and dynamic excitation experiments. Dynamic
simulations confirmed that the controller reduced the peak gain of
the frequency response by approximately 2 dB for various robot
shapes. Robot experiments confirmed that the proposed method
reduced the peak gain of the frequency response by approximately
3 dB, which increased the extra injection range of the nozzle by
approximately 16%.

Index Terms—Aerial systems: Mechanics and control,
continuum robots, flexible robotics, fluid jet, motion control.

I. INTRODUCTION

CONTINUUM robots can potentially be used to gather
information as they can operate in narrow areas by chang-

ing their shapes and propelling their bodies. Various driving
mechanisms have been proposed for manipulating the flexibility
of bodies [1]. For example, tendon-driven continuum robots
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Fig. 1. 4m-long jet-actuated flying continuum robot with a mobile base ((a)
Robot and (b) Structure of nozzle unit i).

change shape by pulling wire threads along their backbone.
Pneumatic-driven continuum robots [2] change shape using mul-
tiple distributed pneumatic actuators. Concentric tube contin-
uum robots extend and change shapes using multiple concentric
tubes with different stiffness values. Torus-shaped structures
for extension and steering were also proposed [3]. Jet-actuated
continuum robots that can directly generate translational forces
to steer and propel through expelling fluid jets have recently
been developed [4], [5], [6], [7].

However, these continuum robots can easily vibrate under
a sudden or periodic application of external forces. This is
because their bodies are long and flexible. Under vibration, it
is difficult to precisely control the shape and position. To date,
several vibration-damping methods have been proposed, such as
vibration suppression by controlling the displacement of wires
threaded through the body [8], active vibration control using
fuzzy logic and neural networks [9], a damping method using
the effect of flowing water [10] and a damping mechanism using
threaded wires and rotary dampers [11]. However, these studies
did not consider the movement or oscillation of the robot’s base.

Consequently, we have developed Dragon Firefighter (DFF),
a jet-actuated continuum robot with a mobile base (Fig. 1(a)),
which faces body vibrations, mainly caused by mobile base
movements and oscillations. The DFF is used for rapid and safe
fire extinguishing using a 4-m-long flying fire hose consisting of
two nozzle units and flexible hoses. The robot flies and changes
its shape using the reaction forces generated by multiple water
jets, and is propelled forward with a mobile base. Because the
DFF is designed to work in fire-extinguishing situations, the
end of the DFF can be connected to the top of a conventional
fire-ladder truck as a mobile base or to a long rigid pipe to extend
its insertion length. In these cases, vibration suppression in the
DFF is challenging for two reasons. First, the long aerial ladder
and pipe vibrations can cause unintended resonance. Because the
moving ranges of injection nozzles are limited, severe vibrations
of the nozzle units can cause saturation of the reaction forces
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in jet-actuated continuum robots, resulting in a fall. Second,
we cannot utilize control inputs and sensing values from the
mobile base for the vibration suppression because we assume
conventional fire-ladder trucks as candidates of the mobile base.

Therefore, this study aims to realize disturbance rejection
in the DFF without the control inputs and sensing values of
the mobile bases. This study focuses on front-back direction
disturbances because the mobile base mainly moves longitudi-
nally. First, a two-dimensional (2D) model is created considering
the base. Subsequently, a disturbance-rejection controller is de-
signed using the H∞ controller [12] to suppress the vibration of
the head nozzle unit caused by the acceleration of the base. The
robot parameters are identified from tensile tests and dynamic
excitation experiments, and the proposed controller is verified
using simulations and experiments of an actual 4-m-long con-
tinuum robot. This method can decrease the vibration amplitude
and increase the nozzle injection range.

II. RELATED WORKS

Several studies have focused on the vibration suppression of
mobile manipulators or drones. Pradeep et al. [13] used a reso-
nance ratio control-based null space controller to suppress the
vibration of an inverted pendulum arm mounted on a two-wheel
mobile manipulator. Bernt et al. [14] proposed a method for
improving the positioning accuracy and vibration suppression of
a two-link flexible manipulator on a moving platform using an
onboard camera image. Rigotti-Thompso et al. [15] applied an
H∞-based disturbance-rejection controller to a wheeled mobile
manipulator that runs on uneven terrain to eliminate terrain
disturbances that affect the end-effector attitude. Huynh et al. [6]
applied an H∞-based disturbance-rejection controller for a
water-jet-actuated drone to deal with the hose effect. Although
we adopted the H∞-based approach to suppress the vibrations,
this is the first study to apply it to mobile jet-actuated continuum
robots. In contrast to manipulators or drones, additional efforts
are required for modeling and parameter identification owing to
the flexibility of continuum robots.

III. TARGET ROBOT AND PROBLEM FORMULATION

A. Target Robot Configuration

1) Entire Robot: As shown in Fig. 1(a), the targeted robot
DFF was approximately 4 m long with a mobile base. The robot
consisted of two nozzle units and a flexible body. The two nozzle
units were located at the head and middle of the robot. The body
consisted of a corrugated tube, inside which cables and a water
tube were located. Water pressurized by a pump flowed through
the hose and was expelled from each nozzle unit to generate
the force required for floating. The shape of the body (including
the position and velocity of each nozzle unit) was estimated
using inertia measurement units (IMU, acquiring rate: 1000 Hz)
attached to the outside of the body every 400 mm, as in [16].

2) Nozzle Unit: Each nozzle unit i(i = 1, 2) contained four
active rotating nozzles. The positions of the rotating nozzles are
shown in Fig. 1(b). The unit had two pairs of rotating nozzles
that rotated around the pitch and roll axes. The angles of the
nozzles, determined to realize the target net force, were defined
as φi1−i4, and they are explained in Section III-B.

3) Mobile Base: The robot’s end was attached to an active
cart (HUSKY A200,Clearpath Robotics Inc.) via a tower with
an aluminum frame (approximately 1.6 m height). This cart was

operated remotely, had a mass of 50 kg, and was controlled by
velocity input (maximum speed of 1.0 m/s).

B. Conventional Flight Control for the DFF With a Fixed End

We previously proposed a simple controller for the DFF with
a fixed end [16], [17]. The net force vector f i of each nozzle
unit i(i = 1, 2) was controlled as follows:

f i = F i −Diṙi, (1)

where F i denotes a constant force vector that determines the
shape of the robot (equilibrium point); −Diṙi is a damping
term for the nozzle movement, which contributes to increasing
convergence speed; ṙ is the velocity vector of nozzle unit i;
and Di = diag(sx, sy, sz) is the coefficient matrix of the damp-
ing term. All the vectors are defined in the inertial coordinate
system Σ shown in Fig. 1(a). In addition, because the nozzle
unit had four active nozzles (four degrees of freedom (DOF)),
the torsional torque τ ti of nozzle unit i was controlled using a
proportional derivative controller for the twist angle [16].

The rotating nozzle angles φi1−i4 were determined to realize
f i and τ ti , and the nozzle angles were realized using servo
motors. Although the relationship between φi1−i4 and (f i, τ

t
i )

is nonlinear, we can calculate φi1−i4 using quadratic program-
ming [16] in the following moving range:

0◦ � φi1,i2 � 180◦,−90◦ � φi3 � 75◦,−75◦ � φi4 � 90◦.

C. Problems of Conventional Control Methods

The conventional control method cannot effectively suppress
the vibrations caused by the mobile base because it assumes the
fixed root. In the preliminary experiments, the pitch postures
of the robot, especially the head nozzle, often vibrated when
the mobile base changed its translational acceleration to move
forward or backward. Particularly, if the posture of the nozzle
unit vibrated significantly owing to robot vibrations, nozzle units
sometimes caused the saturation of the reaction forces because
the moving ranges of the injection nozzles were limited. The
inability to achieve a net force to fly increased the risk of falling.

Thus, in this study, we designed a new controller to dampen
the vibration of the robot, particularly the pitch posture vibration
of the nozzle unit, against the forward and backward movement
of the mobile base without the control input or sensing values of
the mobile base. Specifically, we focus on the planar movement
on a vertical plane.

IV. MODEL AND CONTROLLER

A. Robot Model With a Mobile Base

To design and evaluate the controller, a model of a flexible
body connected to a mobile base in the sagittal plane was
developed, as shown in Fig. 2, by improving the conventional
model with a fixed root [11], [17]. The model was based on the
following assumptions:
� The flexible body was approximated by a multi-link rigid

body connected by elastic joints as [11], which is discrete
and amenable to apply the H∞ controller.

� The reaction forces generated by nozzle units were mod-
eled as external forces on links’ center of mass (CoM).

� To simulate a mobile base, the root joint was assumed to
have horizontal degrees of freedom x0. Furthermore, the
position of the root joint was treated as a constraint in the
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Fig. 2. Model of a continuum robot with a mobile base.

model because the actual mobile base is sufficiently heavy
relative to the continuum body.

� Because the actual body had a bending tendency, the natural
angle of the springy joint was parameterized.

� As the effect of the flowing fluid inside the hose, we
considered only the weight while ignoring the momentum.

Under these assumptions, we designed a model comprising
N rigid-body uniform links in the x–y plane, as shown in Fig. 2.
Links 1...N approximate the continuum body (mass of link i:mi,
length:l, inertial moment:Ii, and pitch angle:θi). Each joint i
has elastic and damping elements, whose spring stiffness and
damping coefficients are k and d, respectively. In addition, we
set the neutral angle of the elastic joint i to φoi as the bending
tendency. The CoM of each link is denoted as (xc

i , yci ). The
applied external force is denoted by (fxi, fyi) (if the link does
not correspond to the nozzle unit, the force is set to zero). The
last joint can move in the x-direction (the position is denoted as
x0). The acceleration due to gravity is denoted by g.

The vectors xc, yc, m, fx, and fy(∈ RN×1) have elements
xc
i , yci , mi, fxi and fyi, respectively. The vectors I , θ, φo(∈

RN×1) are defined with the elements Ii, θi, φoi, respectively.
The generalized coordinate q of the model is [θT x0]

T .
Based on a procedure similar to [11], the equation of motion

can be derived as follows:

Hθ̈ +Qθ̇ + gs + ẍ0τD = Txfx + Tyfy (2)

where H(θ) is an innertia matrix (regular matrix), Q(θ, θ̇)θ̇ is
the term of Coriolis and centrifugal forces, gs(θ) is the term
of gravity and springy forces, and the term ẍ0τD(θ) represents
the torque disturbance on the joints caused by the mobile base
motion ẍ0. Tx(θ)fx and Ty(θ)fy represent the generalized
torques transformed from the external forces in x and y direc-
tions, respectively. Concrete formulations of H,Q, gs, τD, Tx

and Ty are shown in Appendix.

B. Overview of the Proposed Controller

The proposed controller combines the conventional and linear
controllers. When there is no disturbance, the equations of mo-
tion are the same as those in the conventional case. In this case,
the conventional controller (1) can generate stable equilibrium
points in the nonlinear system [17]. Thus, assuming that the dis-
turbance is small, we can linearize the system with respect to the
equilibrium points to apply a linear controller. We selected H∞
controller as the linear controller to suppress a vibration against
periodic mobile base’s disturbance. The combination with the
conventional controller enables us to use the well-established
linear control method under the linearization assumptions.

Particularly, we controlled the net force of the nozzle unit �fi =
[fxi, fyi]

T (i is the link number of the nozzle unit) as follows:

�fi = �Fi −Di�vi + �ui (3)

Fig. 3. Block diagram of H∞ control.

where �Fi = [Fxi, Fyi]
T is the constant force vector, �vi =

[ẋc
i , ẏ

c
i ]

T is the velocity of the CoM of link i, andDi is a diagonal
matrix with component si. The first and second terms are the
same as those of conventional control, and the third term �ui is
the control input for the H∞ controller. Particularly, because the
head nozzle unit vibrates severely, we only consider the input of
the head nozzle unit �u1 (�ui = �0 for i �= 1). This target net force
�fi is realized by commanding four rotating nozzle angles to the
servomotors on the nozzle unit, as explained in Section III-B.

C. Linearization of the System

Substituting �fi in (3) into the equation of motion (2), we obtain
the following form:

Ẋ = h(X,F x,F y) + Eẍ0 + V u (4)

where X = [θT θ̇
T
]T is the state vector, u = [u1x u1y]

T is the
control input, and h is a function of X . E and V are expressed
as follows:

E=

[
0N×1

H−1τD

]
, V =

[
0N×1 0N×1

H−1Txe0 H−1Tye0

]
,

where e0 =
[
1 0 · · · 0

]T
. X∗ satisfying h(X∗,

F x,F y) = 0 is the equilibrium point of the conventional
system (for ẍ0 = 0, u = 0). By assuming that ẍ0 and u are
small, we take an approach to linearize the system (4) around
X∗ by ignoring the quadratic terms. Using the deviation

x = [δθT δθ̇
T
]T (X = X∗ + x), the linearized equation can

be written as

ẋ = Ax+ E∗ẍ0 + V ∗u, (5)

where E∗ and V ∗ denote the matrices E and V when X =
X∗, respectively. Matrix A is the Jacobian matrix around the
equilibrium point X∗ and is defined by the following equation:

A =
∂h

∂X

∣∣∣∣
X=X∗

Because we cannot analytically derive X∗ as in [17], matrix A
is numerically calculated in this study.

D. H∞ Controller

The H∞ controller is a linear robust control method [12].
Consider a plant G and a controller K as Fig. 3. Let the control
input, measured value, disturbance input, and error signal for G
to beu, y,w and z, respectively. The state–space representation
of plant G is set as follows:

ẋ = Ax+
[
B1 B2

] [w
u

]
,

[
z

y

]
=

[
C1

C2

]
x+

[
D11 D12

D21 D22

] [
w

u

]
(6)
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wherex is the state variable ofG. The state–space representation
of controller K is set as ẋK = AKxK +BKy, u = CKxK ,
where xK is the state variable of K. The problem of deriv-
ing H∞ controller is to specify controller K (i.e., state-space
matrices AK , BK , and CK ) to minimize the H∞ norm of the
closed-loop transfer matrix from disturbance input w to error
signal z (output). Intuitively, in the case of a single-input and
single-output system, because the H∞ norm gives the maximum
amplification of an input signal at the output in the frequency
domain (i.e., the maximum gain in the Bode diagram of the
corresponding transfer function), the H∞ controller can sup-
press the amplification of disturbance input w at error signal
z, which is feasible for suppressing the pitch vibration against
the disturbance as the mobile base movement. This problem
can be numerically solved, for example, using the two-Reccati
formulae method [18], [19], and MATLAB also provides the
solver [20].

E. Implementation of the H∞ Controller to Our Linearized
System

Based on (5), we specify the variables of plant G as follows.
x,u andA in (6) are the same as those discussed in (5).w corre-
sponds to ẍ0 in (5) because the disturbance input is the movement
of the mobile base. z is set as the posture displacement of the
head nozzle δθ1. This is because the head nozzle unit vibrates
excessively in the preliminary experiments. y is set as the ve-

locity of the head and middle nozzlesy =
[
ẋc
1 ẏc1 ẋc

j ẏcj
]T

,
where j is the index of the link of the middle nozzle. From (2)
and (5), each matrix in (6) can be expressed as follows:

B1 = E∗, B2 = V ∗, C1 =
[
1 0 · · · 0

]
(∈ R1×2N ),

C2 =

[
0N×1 0N×1 0N×1 0N×1

TT
x e0 TT

y e0 TT
x ej TT

y ej

]T
(7)

where ej ∈ RN×1 is a unit vector whose j-th element is one.
D11, D12, D21, andD22 are zero matrices of1× 1,1× 2,4× 1,
and 4× 2, respectively.

F. Numerical Calculation of Controller K

Controller K is numerically calculated for each equilibrium
point using the hinfsyn function in MATLAB. The function
calculates state-space matrices Ak, Bk, and Ck to minimize the
H∞ norm.

We slightly modified plant G to apply the hinfsyn function.
The hinfsyn function requires the following conditions to be
satisfied [20]: (1): (A, B2) is controllable, (2):(C2, A) is observ-
able, (3):D12 is the column full rank, and (4):D21 is the row-full
rank. Although Conditions (1) and (2) are fulfilled (numerically
confirmed for all targeted equilibrium points), Conditions (3)
and (4) are not satisfied because D12 and D21 are zero matrices.
Therefore, we redefine D′

12 and D′
21 by adding temporary dis-

turbance inputs (w1, w2, w3, w4) and error outputs (z1 and z2)
with constants εw and εz as follows:

D′
12 =

[
0 εz 0

0 0 εz

]T
, D′

21 =
[
04×1 diag(εw, εw, εw, εw)

]

This also makes w′ = [wT w1 w2 w3 w4]
T ∈ R5, z′ =

[zT z1 z2]
T ∈ R3 and D′

11 = 03×5. We set εw and εz to
sufficiently small values for 0.1.

Fig. 4. Parameter identification experiments using a universal test machine.

After the hinfsyn function calculated the controller K (matri-
ces Ak ∈ R2N×2N , Bk ∈ R2N×4, and Ck ∈ R2×2N ), we low-
ered the dimensions of controller K to prevent an increase in
the computational complexity. We used the balanced truncation
model-reduction method with MATLAB to decrease the number
of dimensions. We discarded states with Hankel singular values
less than one-tenth of the maximum value.

V. PARAMETER IDENTIFICATION

Considering that the mass, length, and moment of inertia of
the body can be obtained through actual measurements or cal-
culations, spring stiffness k, damping coefficient d, and bending
tendency φo, which are the properties of the joint of the body,
are identified in this section.

A. Identification of the Spring Stiffness

The spring stiffness was derived using the relationship be-
tween the force and pitch angle when a part of the flexible body
was pulled and displaced in an experiment. The internal water
pressure was varied in the experiment to investigate its effect on
the spring stiffness.

1) Method: The configuration of the experimental equip-
ment is discussed in Fig. 4. The robot was anchored 0.4 m from
the head and hooked by a string on the head. The water inside
the hose was pressurized using a pump at the base. A universal
testing machine pulled the string at the top. The string’s tension
was measured using a customized force sensor (Leptrino), and
the head pitch angle θ was measured using an IMU sensor
attached to the head. Water pressure was measured using a
pressure gauge (GP-M250T, Keyence).

The experimental procedure was as follows: Initially, the head
of the robot was horizontal and the string was pulled up to a
specific displacement (d) at a constant speed of 15 mm/s. The
displacement was then maintained for 60 s. Subsequently, the
displacement was returned to zero at the same velocity, and then
the head remained stationary for 30 s. Seven displacements d
ranging from 0.14 m to 0.02 m and three pressures of 0.14,
0.29, and 0.45 MPa were used. Five experiments were conducted
under each condition.

The model used to estimate the spring stiffness is described
as follows: The test target was modeled as a uniform rigid link
(length l and massm) with a rotating spring joint (spring stiffness
k) at a fixed part. Let θ be the attitude when external forces Fx

and Fz are exerted on the tip. The moment equilibrium equation
is expressed as

−Fxl sin θ + Fzl cos θ − 1

2
mgl cos θ = kθ (8)
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Fig. 5. Time responses of the holding force at various pressures ((a) 0.14,
(b) 0.29, and (c) 0.45 MPa) (one example). The tip displacement increases from
0 to 9.3 s, and is then held for 60 s. This graph shows the stress-relaxation
property.

Fig. 6. Relationship between the torque and pitch angle θ for various pressures
((a) 0.14, (b) 0.29, and (c) 0.45 MPa). Points represent the mean measured values,
and the line represents the fitting line. We can observe a linear relation.

Variables l and m were measured in advance. The variables θ,
Fx, and Fz can be measured using a force sensor and IMU.
Therefore, k can be estimated from (8).

2) Results: The time responses of the holding force (Fig. 5)
show that the flexible body has a stress-relaxation property, in
which the force gradually decreases under constant displacement
(from 9.3 s to 60 s). This was the case for all displacements
at various pressures. Because this study attempted to suppress
the vibration for a short period (approximately 1 s), it was
unnecessary to explicitly consider the effects of stress relaxation.
Therefore, the spring stiffness was estimated from the force
value at the peak.

Then, using the measured θ, Fx, Fz , the relationship between
the left side of (8) (applied torque at the joint) and the pitch
angle (θ) is shown in Fig. 6. Although the torque was not zero
when the joint angle was zero, we observed a linear relationship
between the pitch angle and torque displacement at each pressure
(Fig. 6). The gradient of the fitting line using the linear regression
method is regarded as the spring stiffness k in the model, and
its value is calculated as 7.06 Nm/rad at 0.14 MPa, 7.73 Nm/rad
at 0.29 MPa, and 8.02 Nm/rad at 0.45 MPa. Spring stiffness
increased with increasing pressure.

From the results, we conclude that the rigid-link model can
approximate the relationship between the force and displace-
ment of the continuum body < 0.5 rad pitch angle displacement
for a 0.4-m-long body. Although the torque was not zero when
the joint angle was zero, there was a bending tendency on the
robot owing to the viscoelastic properties of the robot body
(made of rubber and polypropylene), which offset the torque.
In addition, the spring stiffness changed with the pressure. This
was attributed to the tube expansion caused by the internal water
pressure. Based on this experiment, the spring stiffness was
identified as 8.02 Nm/rad at 0.45 MPa, which is the closest to
the pressure in the flying experiment.

TABLE I
PHYSICAL PARAMETERS USED IN THE DAMPING ESTIMATION

B. Identification of the Damping Coefficient

A Bode diagram of the change in the pitch angle in the
head nozzle unit was generated by periodically vibrating the
root cart. Bending tendency φo and damping coefficient d were
identified by comparing the Bode diagrams obtained from the
actual system and the simulation.

1) Method: To create a Bode diagram using the actual sys-
tem, a sinusoidal acceleration input was applied to the root cart
while the system flew stably in an equilibrium shape with the
conventional controller. After the head nozzle unit vibration
reached a steady state, the cart acceleration and pitch angle
of the head nozzle unit were measured using the IMU sensor.
A discrete Fourier transform (DFT) analysis of approximately
15 s of measurements from both sensors was performed to obtain
the amplitude components corresponding to the input frequency.
The amplitude of the pitch angle of the nozzle unit was divided by
the acceleration amplitude, which was non-dimensionalized by
the gravity acceleration g, to obtain the gain, and a Bode diagram
was created. The constant force inputs and D-gains added to each
nozzle unit (1) were �F1 = [9.96, 9.96]T , �Fj = [4.37, 15.7]T N,
s1 = 4.0, and sj = 2.0 N/(m/s), where j represents the middle
nozzle unit.

To compare the experimental results, Bode diagrams were
obtained through dynamic simulations using the same procedure
as that used in the experiment. The acceleration of the cart
was input into ẍ of the equation of motion (2), and the force
input fx,y was determined using the conventional controller
(�u = 0 in (3)). As in the actual system, the nozzle unit model
and jet-nozzle angle-determination method proposed in [16]
were used to determine the force input fx,y , considering the
nozzle-operating range. The total number of links was N = 10,
and the nozzle units corresponded to links 1 and 6 (j = 6). The
physical parameters are listed in Table I. The head of the actual
robot was fixed to the body at approximately 53 deg (0.88 rad)
downward. The physical parameters for joint 1 in the model
were reproduced by settingk=1000 Nm/rad,d=8.21 Nm/(rad/s)
(critical damping), and φo1=-53 deg (-0.88 rad).

In this experiment, damping coefficient d and the bending
tendency were estimated. Because the body was approximately
a suspension curve when it flew, bending tendency φo was
assumed to be a curve with a constant curvature of φ [deg] per
link (excluding the fixed part with the nozzle unit).

2) Result: The obtained Bode diagrams are shown in Fig. 7.
Fig. 7(a) shows several simulation results obtained when only the
bending curvatureφ changes, and Fig. 7(b) shows the simulation
results when only the damping coefficient d changes. A peak
of the experimental Bode plot was observed at approximately
1.3 Hz with a gain of approximately 5 dB.

The bending curvature and damping coefficients were de-
termined based on these results. Fig. 7(a) shows that as the
bending curvature φ increases, the frequency of the maximum
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Fig. 7. Changes in the Bode diagram for different bending tendencies and
damping coefficients compared with experimental results.

Fig. 8. Six shapes for controller verification.

peak tends to decrease, and the magnitude of the peak gain
tends to increase. The results in Fig. 7(b) show that as the
damping coefficient d increases, only the maximum peak gain
decreases. From this, the bending curvature was determined such
that the maximum peak frequency agreed with the experimental
results (φ=13 deg), and the damping coefficient was determined
such that the magnitude of the maximum gain agreed with the
experimental results (d=0.34 Nm/(rad/s)). The Bode diagram of
the identified parameters corresponds to the purple line shown
in Fig. 7.

Furthermore, the Bode diagram of the model with the iden-
tified parameters was in good qualitative agreement with the
experimental results, even outside the peaks. This result demon-
strates the validity of the proposed model. Therefore, the method
used to determine the proposed model and spring stiffness is
considered appropriate.

VI. VERIFICATION OF THE PROPOSED CONTROLLER

A. Targeted Robot and Shape

The target robot used is the same as previously described.
However, the bending tendency estimated in the previous section
was more accurately estimated based on the shape in actual flight
(the details have been omitted because they are not relevant to
this study). The obtained bending tendency values were φo =
(−0.88, 1.14, 0.59, 0.7, 0.11, 0.18,−0.19,−0.4,−0.89, 1.81)
rad. The other physical parameters were the same as those listed
in Table I.

Because the frequency response changed depending on the
shape, six shapes (Fig. 8) corresponding to the middle-nozzle
unit positions (top and bottom) and head-nozzle unit positions
(top, middle, and bottom) were included in the analysis. The
constant force vectors (F1x, F1y), (F6x, F6y) for the six shapes
are listed in Table II.

TABLE II
CONSTANT FORCE INPUT TO EACH NOZZLE UNIT FOR SIX SHAPES

Fig. 9. Bode diagrams with and without the H∞ controller for Shape 1; (a) and
(b) show the results obtained with the linear system and the dynamic simulation,
respectively.

TABLE III
MAXIMUM PEAK FREQUENCY AND GAIN FOR SIX SHAPES

B. Designing an H∞ Controller and Linear Bode Diagram

For each shape, a controller was designed based on Sec-
tion IV-E. We reduced the order of controller K for each shape
based on Section IV-E. The dimension of K was determined
to six, six, five, six, six, and five for each of the six shapes,
respectively.

Fig. 9(a) compares the Bode diagrams of the conventional
and H∞ controller on shape 1 in the linear system (6). Two
peaks were observed within the frequency band of interest. The
magnitude of the peak gain can be reduced by approximately
3.5 dB using H∞ control.

The left side of Table III summarizes the maximum peak
frequency [Hz] and gain [dB] with and without H∞ control
for the six shapes. Although the peak frequency and gain vary
depending on the shape, the maximum peak gain can be sup-
pressed by approximately 3 dB in all cases.

C. Verification by Dynamic Simulation

1) Method: The obtained controller was verified in the dy-
namic simulation as described in Section V-B, which considered
the operating range of the jet nozzle. The frequency range was set
as 0.3–1.8 Hz, which is the range that can be achieved in an actual
system. The amplitude of the sinusoidal input applied to the root
mobile unit in the dynamics simulation was set to 1.0 m/s2. Bode
diagrams were created for the H∞ and conventional controllers.
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Fig. 10. Comparison of frequency responses (Bode diagrams) obtained from
experiments with dynamics simulations; (a) and (b) show the results of different
trials. Orange and blue points show the experimental results obtained with and
without the H∞ controller, respectively. Normal and dotted black lines represent
the simulation results with and without the H∞ controller, respectively.

2) Results: Similar to the linear system, a dynamic simula-
tion of the nonlinear system showed that the magnitude of the
peak gain could be reduced by approximately 2–3 dB in the
case of Shape 1 (Fig. 9(b)). Although the shape of the Bode
diagram was qualitatively similar between the linear system and
dynamic simulation, the magnitude of the gain was larger in
the simulation. This is because the dynamic simulation of the
nonlinear system considered the motion limit of the jet nozzle.
When the vibration increased, the jet nozzle entered the motion
limit, and the required net force was not realized; thus, the
vibration could not be suppressed compared with that of the
ideal linear system.

The right side of Table III compares the maximum peak
frequency [Hz] and maximum peak gain [dB] for the six shapes
tested in this study, with and without H∞ control. The maximum
peak gain can be suppressed to approximately less than 0.05 dB
(maximum reduction of approximately 4 dB) by H∞ control,
indicating the method’s validity.

D. Verification Using an Actual System

The verification was conducted using an actual system. In
the experiment, Shape 3, shown in Table 8, was targeted. As
in the estimation of the damping coefficients (Section V-B),
a sinusoidal acceleration input was applied to the root cart
during stable flying, and time responses of the cart acceleration
and the head nozzle posture were recorded. The inputs with
19 frequencies in the range of 0.32–1.73 Hz were applied.
Vibrations were performed for 20 s with and without H∞ control
for each frequency; two trials were conducted. A DFT analysis
was then performed using the method described in Section V-B
to obtain the gain for each frequency. The proposed controller
was implemented with a 100 Hz control frequency.

The obtained Bode diagrams are shown in Fig. 10. Figure A
and B show the results of the first and second trials, respectively.
The black lines are the results of the simulations discussed in the
previous section, the dotted lines represent the results obtained
without the proposed control, and the solid lines represent the
results obtained with the proposed H∞ control.

Fig. 10(a) and (b) show that the proposed controller reduces
the gain by approximately 3 dB for a maximum peak at approx-
imately 1.25 Hz, similar to the simulation results, indicating the
validity of the H∞ control. In addition, the response is similar
to that of the dynamic simulation in the presence of peaks at
approximately two locations. The Bode plot in the range of

Fig. 11. Difference in pitch vibrations of the head nozzle unit with (b1,2)
and without the proposed H∞ control (a1,2). Time responses of the four nozzle
angles of the head nozzle unit with (b3) and without the proposed H∞ controller
(a3).

0.3–0.7 Hz slightly changed depending on the trial, and this
was possibly owing to the wind effect and the change in the
bending tendency. Because this experiment took approximately
30 min, the bending tendency changed over time. Further, the
low-frequency data presented in Fig. 10(b) was taken around the
end of the experiment, and the effect of the bending tendency
change could be more significant. Thus, the proposed model
adequately represents the critical behavior of the actual system.

The time responses of the head nozzle pitch angle (Fig. 11(a1),
(a2), (b1), and (b2)) and the four jet-nozzle angles (Fig. 11(a3)
and (b3)) at the peak frequency of the first trial data were com-
pared between the proposed H∞ and conventional controllers.
Fig. 11(a) and (b) correspond to the proposed and conventional
controls, respectively.

Fig. 11(a1), (a2), (b1), and (b2) show that the amplitude
of the nozzle posture is reduced by approximately 32% in
the proposed H∞ controller, compared to the conventional
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controller. Furthermore, from Fig. 11(a3) and (b3), the ampli-
tudes of rotating nozzle angles were also reduced by approxi-
mately 16–18%, compared to conventional nozzle angles. The
amplitude-reduction ratio was calculated using DFT analysis.
We compare the amplitudes of elements related to the input
frequency. Introducing the proposed H∞ controller decreased
the risk of reaching the movable limit of the nozzle under a
disturbance. The proposed H∞ controller enabled the nozzle
unit to achieve a net force and stable flying, even under a larger
disturbance input.

VII. CONCLUSION

This is the first study to propose a translational disturbance
rejection method for jet-actuated flying continuum robots on a
mobile base without control inputs or sensing information from
the mobile base. First, a 2D model was created considering a mo-
bile unit. We designed a disturbance-rejection controller using
the H∞ method to suppress the vibration of the head of the DFF
against the acceleration of the mobile base. Subsequently, the
robot parameters were identified from tensile tests and dynamic
excitation experiments, verifying that our model agreed well
with the experimental results. Finally, the proposed controller
was verified using simulations and experiments with a 4-m-long
continuum robot. Experiments with the robot showed that the
H∞ controller decreased the peak gain against the disturbance
by approximately 3 dB, which increased the range for nozzle
injection by 16%.

In the future, other disturbances, such as the wind, vertical
base movement, and three-dimensional shape changes, should
be considered. In addition, a method is required to estimate and
deal with the bending tendency, which can change with the time
history of the robot’s movement.

APPENDIX A

H = SMS + CMC + J,

Q = (SMC − CMS)diaXg(θ̇) + dRTR

gs = lgCATm+ kRT (Rθφ),

τD = SBT lMex, Tx = −lSBT ,

Ty = lCBT , M = l2BTMB, M = diag(m), J = diag(I),

S = diag(sin θ1, . . . , sin θN ), C = diag(cos θ1, . . . , cos θN ),

B =

⎡
⎢⎢⎢⎢⎣

1/2 1 · · · 1

0 1/2 · · · 1
...

...
. . .

...

0 0 · · · 1/2

⎤
⎥⎥⎥⎥⎦ ,

R =

⎡
⎢⎢⎢⎢⎣

1 −1 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1

⎤
⎥⎥⎥⎥⎦

where ex =
[
1 · · · 1

]T
(∈ RN×1), H is a regular matrix

because mi > 0 and Ii > 0 for all i.
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