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Abstract—Recently, fast and practical inverse kinematics (IK)
methods for complicated human models have gained consider-
able interest owing to the spread of convenient motion-capture or
human-augmentation technologies. Although the IK algorithms de-
veloped in robotics can also be applied to humans, they experience
computational speed issues, especially in real-time applications.

This letter presents a new IK algorithm based on the Levenberg–
Marquardt (LM) method, LM-PFD (Pseudo-Forward Dynamics),
which is remarkably effective particularly in systems with a large
degree of freedom (DoF). In the proposed method, the O(N)
forward dynamics algorithm is utilized by introducing a virtual
dynamical system derived from damping or weighing factors used
in the LM method. The letter firstly introduces the basic imple-
mentation of LM-PFD for open kinematic chains. Subsequently, an
enhanced implementation is presented to address closed kinematic
chains, specifically focusing on wire-driven systems. The proposed
method was tested on the IK of musculoskeletal models. The com-
putational time of the model with approximately 150 DoF and 300
wires was within 5 ms.

Index Terms—Kinematics, human and humanoid motion
analysis and synthesis, dynamics.

I. INTRODUCTION

INVERSE kinematics (IK) is one of the most important
mathematical foundations in the field of robotics [1], [2], [3],
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[4], [5]. In classical IK, when controlling the motion of a robotic
manipulator, the joint angle of the robot is calculated to achieve
the desired position of its end effector. IK computation can be
applied to various redundant and multiple degrees of freedom
(DoF) systems that are not limited to robotic manipulators.
As it is especially effective for articulated body systems, IK
computation is often used for controlling humanoid robots [6],
[7] or the motion analysis of humans and animals [8], [9]. For
estimating human joint movements from motion capture, for
example, in sports or rehabilitation, the IK of a complex human
model, including musculoskeletal models, has been studied [10],
[11], and efficient algorithms have been developed in robotics
attract attention.

Recently, the demand for fast and practical IK algorithms
for complex human models has been increasing. The emer-
gence of convenient motion-capturing technologies such as
video motion capture has resulted in the collection of large
amounts of human motion data [12], [13], [14], [15]. While
AI technologies are expected to be applied for various appli-
cations related to human musculoskeletal motion, they usually
require a large amount of learning dataset on musculoskele-
tal motion, indicating the massive process of IK computation
according to a motion capture dataset. The upcoming devel-
opment of human augmentation technologies such as robotic
assistive devices [16], [17] also requires fast IK algorithms.
As robotics devices are often controlled when measuring and
estimating human movements, real-time IK computation for
the human body has a key role in this field. There are sev-
eral examples of computing IK of musculoskeletal models in
real-time for visual feedback [18]. However, in terms of inter-
vention or assistance toward human motion, the computational
speed of these approaches must still be improved to perform
real-time IK, for example, within the control loop of robotic
devices.

Robotics IK computation usually requires solving nonlinear
equations of the generalized coordinates of the kinematic chain,
thus achieving a desired position and orientation of the target
links. The nonlinear equations can be solved by several numeri-
cal methods, such as the Newton–Raphson method, while com-
puting a basic Jacobian matrix [19] derived from the differential
kinematics. However, in the case of a large-DoF system, such
as humanoids or human models, the IK computation often faces
computational issues at the singular posture of the system and
when an equation does not admit a solution owing to practical
matters, such as measurement noises or infeasible references.
For computational stability, the problem of solving nonlinear
equations is often treated as a nonlinear optimization problem
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that minimizes the residual of the nonlinear equations. Several
IK methods utilizing optimization algorithms have been pro-
posed [20], [21], [22], [23], [24].

In general, the merits or demerits of the algorithms used
in nonlinear optimization depend on the size of the optimiza-
tion problem. For example, the Levenberg–Marquardt (LM)
method [25], which is popular in robotics [4], [5], [21], [23],
[24], [26], usually requires the construction of the Jacobian
matrix and the solving of linear equations at each iterative
computation. The computational complexity of each iteration
generally increases in proportion to the third power of the size of
the problem. Therefore, in the case of large-sized problems, the
gradient-based method, such as the conjugate gradient method
or the quasi-Newton method, with appropriate line search algo-
rithms is more convenient owing to the low computational cost
of each iteration. The IK approaches based on the gradient-based
methods for a large-DoF human model have been proposed [27].
However, the convergence speed at each iterative computation
of those gradient methods is usually slow with respect to that of
the LM method. In the case of complex human models, further
improvements in IK algorithms are demanded to perform IK
within a limited time.

This letter presents a new efficient IK algorithm based on
LM method, LM-PFD (Pseudo-Forward Dynamics), which is
remarkably effective particularly in systems with a large DoF.
In the method, the problem of solving IK is treated as the pseudo
problem of solving the forward dynamics of a virtual dynamical
system. Several studies have made assumptions on the virtual
dynamical systems [24], [27] where an assumption is utilized
for gradient-based algorithms by introducing virtual springs.
The proposed method is mainly aimed at replacing the problem
of solving differential IK equations with the forward dynamics
(FD) computation [28], [29], [30] for the virtual dynamical
systems whose inertial properties correspond to the weighing
matrices and damping factors used in the LM method. This
replacement allows the utilization of effective O(N) algorithms
developed in the field of FD computation in robotics, thus greatly
reducing the computational time per iteration in the LM method.

Based on the concept of LM-PFD, the letter initially intro-
duces the basic implementation utilizing the FD algorithm for
open kinematic chains [28]. On the other hand, the motivation
of this letter is to achieve rapid IK for human musculoskeletal
models, while the method described above can handle only
open kinematic chains. Secondly, the enhanced implementation
method of LM-PFD for addressing close kinematic chains, par-
ticularly for wire-driven systems, is also provided. The efficacy
of the enhanced method is demonstrated through solving the IK
problem in human musculoskeletal models.

The remainder of this letter is organized as follows. Section II
presents the basic concept and implementation of the proposed
method. Section III introduces and explains the implementation
to a closed kinematic chain, and Section IV presents its imple-
mentation in a wire-driven multibody system.

II. IK BASED ON PSEUDO FD COMPUTATION

A. Basic Formulation of IK

Let NL be the number of links in the target link system,
NJ be the number of joints, and q � [q1

T · · · qNL
T ]T ∈ RN

be the generalized coordinates, and qj ∈ Rnj represents the
generalized coordinates corresponding to each joint.

Let us definepj(q) ∈ R3 andRj(q) ∈ SO(3) as the position
and orientation of link j. The IK problem involves finding
coordinates q that archive the target position and orientation
of link j. Let us consider the following error

ej(q) =

[
α(Rd

jR(q)j
T )

pd
j − pj(q)

]
(1)

where, pd
j ∈ R3 and Rd

j ∈ SO(3) represent the target position
and orientation of link j, and α(R) ∈ R3 indicates the conver-
sion from a rotation matrix to an angle-axis vector.

In a typical IK problem, to make the error in (1) zero, the
nonlinear equation (i.e., ej(q) = 0) is solved with respect to q.
When solving the equation, the following linear equations about
the translational and angular velocities ṗj and ωj ∈ R3 can be
utilized such that [

ωj
T ṗj

T
]T

= J j q̇ (2)

where J j is the basic Jacobian matrix [19].
The nonlinear equation cannot always be solved in general,

and there exist several problems related to numerical stability.
Owing to those issues, the problem of solvingej(q) = 0 is often
replaced with the optimization problem of minimizing the error
in (1):

min
q

f(q) �
NJ∑
j=1

1

2
ej

TΣL,jej =
1

2
eTΣLe (3)

where ΣL,j ∈ R6×6 is the weight matrix for the error of link
j and semi-positive definite. If there is no constraint related to
link j, matrix ΣL,j can be set to zero. The errors and weight
matrices of all links are concatenated as the single vector/matrix
forms eL and ΣL, respectively:

eL �
[
e1

T · · · eNL
T
]T

(4)

ΣL � diag(ΣL,1, · · · , ΣL,NL
) (5)

where, notation diag(· · · ) indicates the block diagonal matrix
constructed by the given matrix entries.

The optimization problem (3) can be solved using the follow-
ing iterative method:

q(k) = q(k−1) + αq̇(k) (6)

q̇(k) = H(k)g(k) (7)

where, q̇(k) is treated as the direction vector used in the k-th
iteration, and α ∈ R is the step size used in each update.

The gradient vector, g ∈ RNJ , of the cost function can be
computed as

g � JTΣLeL (8)

J �
[
J1

T · · · JNL
T
]T

(9)

Matrix H(k) can be determined using various methods, such
as the steepest gradient method, conjugate gradient method,
and quasi-Newton method. Most methods can guarantee global
convergence when combined with a line search algorithm that
appropriately findsα. The convergence speed and computational
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time of each iteration depend on the DoF of the system as well
as the number of constraints of IK.

Here, let us utilize the Levenberg-Marquardt (LM)
method [25]. The update rule of H can be written as

H(q) = B(q)−1 (10)

B(q) � JTΣLJ +ΣQ (11)

This form of the inverse matrix is also known as the singular
robust inverse or damping inverse [4], [5]. There are several
design ways about the damping factor ΣQ ∈ RN×N . Let us
consider the following positive definite matrix:

ΣQ � diag
(
ΣQ,1, · · · , ΣQ,NJ

)
(12)

ΣQ,i � diag
(
λQ,i,1, · · · , λQ,i,nj

)
(13)

where λQ,i,j is a positive scalar. In general, instead of computing
B−1, the following linear equations are solved directly

Bq̇ = g (14)

Although the LM method is effective in terms of convergence
speed and numerical stability, the computational complexity of
each iteration can beO(N3), resulting in the computational cost,
especially in the case of the IK problem of the large-DoF system.
This study was aimed at speeding up the computation of solving
the linear equation, (14), by utilizing the efficient computation
algorithm of robotics, to maximize the characteristics of the LM
method and realize a robust and fast IK computation.

B. Equivalent Problem Using the Virtual Dynamical System

Translational velocity ṗj and angular velocity ωj of link j
are represented in the Cartesian coordinates (or the task space).
Subsequently, let us consider spatial velocity νj which is repre-
sented in the local link coordinates such that

νj = Aj

[
ωj

ṗj

]
= AjJ j q̇ (15)

where Aj is the spatial transformation matrix defined as

Aj �
[
Rj

T O

O Rj
T

]
(16)

Let us assume the following virtual dynamical system.
� Let ΣL,l × R6×6 be the inertia tensor of each link l of the

virtual system defined as

ΣL,l = Aj
−TΣL,lAj

−1 (17)

� Each joint has the virtual actuator with inertia ΣQ,j .
� There exists no gravity in the system.
Note that (17) establishes the mapping between the weighting

matrix for IK, denoted as ΣL,l, in the task space, and the virtual
inertia matrix, denoted as ΣL,l, in the local link coordinates of
the dynamical system.

The Lagrangian of the above system can be obtained as

L1 =
1

2
νTΣLν +

1

2
q̇ΣQq̇ (18)

where

ν �
[
ν1

T · · · νNL
T
]T

(19)

ΣL � diag(ΣL,1, · · · , ΣL,NL
) (20)

As the first term in (18) is represented in the local link coordinate
frame, let (18) be transformed by the mapping in (17) with (15)
as follows:

L1 =
1

2
q̇T (JTΣLJ +ΣQ)q̇ (21)

The generalized momentum of this virtual system can be
written as

∂L1

∂q̇T
= (JTΣLJ +ΣQ)q̇ = ρJ (22)

The inertia matrix in (22) is the same form as updating matrix
B in (11). Therefore, the problem of solving (14) can be re-
placed by the problem of solving (22), assuming the generalized
momentum such thatρJ = g. The aforementioned replacement,
substituting LM-based IK problem with the pseudo FD problem,
is the fundamental concept of LM-PFD.

When solving (22), the fast algorithms of the FD computa-
tion [28], [29], [30] can be used. Especially, in the case of open
kinematic chains, the Articulated-Body Algorithm (ABA) [28]
is very efficient and can solve the problem with computational
complexity O(N). The actual formulations of solving (22) by
ABA will be shown in Appendix A.

C. Summary

In the iterative process of the IK computation, (14) can be
replaced with the problem of solving the generalized momentum
equations in (22) with respect to the generalized velocity, q̇. The
processes of iteration k in the proposed IK are summarized as
follows.

1) Compute gradient vector g(k) of the cost function in
(3), and assume the generalized momentum such that
ρJ = g(k). Though the gradient can be obtained directly
from (8), it can be computed by utilizing the fast recursive
algorithms [31], as shown in [27].

2) Update inertia tensorsΣL,l of the virtual system according
to (17).

3) Solve (22) with respect to q̇(k) by utilizing the FD algo-
rithms [28] without solving the linear equations directly.

4) Update q(k) according to (6).
The whole procedure of IK computation is the same as that

of the standard iterative methods.
There are several notes on the proposed method.
Firstly, weighting matrixΣL,l in (3) is expressed in the Carte-

sian space, whereas virtual inertia tensor ΣL,l is represented in
the local link coordinates. As a result of the mapping from the
Cartesian space to the local link coordinates, ΣL,l undergoes
updates at each iteration based on (17). It should be noted
that (22) remains valid only during the corresponding iteration.
Hence, in contrast to motion generation problems such as trajec-
tory planning or motion optimization [32], [33], the trajectory
resulting from the temporal integration of the differential system,
as denoted by (22), lacks mechanical significance.

Secondly, it is assumed that virtual inertia tensor ΣL,l (or
weighting matrix ΣL,l) is not strictly positive-definite but rather
positive semi-definite. For example, in the case of IK, where
solely the desired end-effector posture is provided, ΣL,l = O
holds except for the end-effector link. Even in such cases, (22)
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remains solvable if matrix ΣQ is positive-definite. Additional
details can be found in Appendix A.

Finally, in the usual IK problems, the computational time
depends on the number of constraints (i.e., ej(q) = 0). Owing
to the introduction of weight matrices ΣL,l for all links, the
computational complexity of solving (22) can beO(N), and this
does not change without depending on the number of constraints,
except for the process of updating the virtual inertia tensors.
The proposed method is effective especially when the number
of constraints is large.

III. IMPLEMENTATION METHOD FOR CLOSE KINEMATIC

CHAINS

In the FD algorithms [29], [30] for closed kinematic chains,
the equations of motion are represented in the link coordinate
systems instead of the joint coordinate systems, while the con-
straints of joint motion are explicitly introduced as the equality
constraints.

Let us consider joint j, which connects link pj and cj , and let
νj
pj ,cj

∈ R6 be the relative spatial velocity of links cj from pj
such that

νj
pj ,cj

� −Sj,pj
νpj

+ Sj,pl
νpl

(23)

where matrix Sj,k is a spatial coordinate transformation matrix
that maps the spatial velocity from coordinate k to coordinate j.
The joint constraints about the relative velocity can be written
as

Cjν
j
pj ,cj

= 0 (24)

where matrix Cj ∈ R6−nj×6 consists of orthogonal bases and
extracts the constraint components from the spatial velocity. For
ease of explanation, let us transform (24) with respect to (23)
into the following form

CjSjν = 0 (25)

where Sj has two nonzero block matrices corresponding link
pj and cj as follows

Sj �
[
O · · · Sj,pj

· · · Sj,cj · · · O
]

(26)

The following relationship between joint velocity q̇j and
relative velocity νj

pj ,cj
also holds

q̇j = Kjν
j
pj ,cj

= KjSjν (27)

where matrix Kj ∈ Rnj×6 consists of the complementary or-
thogonal bases of Cj and extracts the joint velocity components
from the spatial velocity. The complementary relationships of
Kj and Cj are denoted as

CT
j Kj = O (28)

KjKj
T +CjCj

T = I (29)

where I is an identify matrix.
Now, let us consider the augmented Lagrangian according to

the equality constraint in (25) as follows

L̂1 = L1 +

NJ∑
j=1

λT
j (CjSjν) (30)

where λj ∈ Rnj is the Lagrange multiplier corresponding to the
j-th joint constraint.

From (12), (18), (19), (27), and (30), L̂1 can be transformed
to

L̂1 =
1

2
νT

(
ΣL + STKTΣQKS

)
ν + λT (CSν) (31)

where

ΣL � diag
(
ΣL,1, · · · , ΣL,NL

)
(32)

C � diag (C1, · · · , CNJ
) (33)

K � diag (K1, · · · , KNJ
) (34)

S �
[
S1

T · · · SNJ
T
]T

(35)

λ �
[
λ1

T · · · λNJ
T
]T

(36)

Therefore, the equations about the link-space momentum, ρL ∈
R6NL , and the Lagrange multipliers take the following form

∂L̂1

∂[νT λT ]
=

[
Λ STCT

CS O

] [
ν

λ

]
=

[
ρL

0

]
(37)

whereΛ ∈ R6NL×6NL is the inertia matrix corresponding to the
link equations as follows

Λ � ΣL + STKTΣQKS (38)

The relationships between the variables represented in the link
space and those in the joint space are summarized as

q̇ = KSν (39)

ρL = STKTρJ (40)

The flow of IK does not considerably differ from that intro-
duced in Section II. In Step 3), the FD algorithms for closed
kinematic chains [29], [30] are applied to solve (37), while
utilizing (39) and (40) in the process.

As the matrices ΣL, ΣQ, K, C, and S are sparse, (37) can
also be directly solved by utilizing a sparse linear solver. When
solving sparse linear equations, the ordering process is important
for permuting the rows and columns of the sparse matrix before
applying matrix factorization. The FD algorithms in robotics
are special implementations of the ordering process utilizing the
joint connectivity of the kinematic chain. Nevertheless, general
ordering algorithms, such as the approximate minimum degree
ordering [34], can also be used, and they are easily available in
standard sparse solvers.

IV. IMPLEMENTATION METHOD FOR WIRE-DRIVEN KINEMATIC

CHAINS

This section presents the further implementation method for
a wire-driven kinematic chain. First, let us formulate the IK
problem in the case of a wire-driven system.

A. IK of Wire-Driven Kinematic Chain

Let NW be the total number of wires in the link system.
Thew-th wire (1 ≤ w ≤ NW ) passes through several via-points,
where each via-point is located on a link, as illustrated in Fig. 1.
Let nw(≥ 2) is the number of via-points of the w-th wire,
b(w, k) indicates the index of the link where the k-th via-point
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Fig. 1. Schematic diagram of wire-driven kinematic chain. A wire passes
through several via-points located on corresponding links. Symbol b(w, k)
indicates the index of the link where the k-th via-point of the w-th wire is
located, and V(i, w) is the index set of w-th via-points attached on i-th link.

of the w-th wire is located, and rw,k be the global position of
k-th via-point of w-th wire.

Length lw ∈ R of the wire is computed as

lw =

nw−1∑
k=1

||rw,k − rw,k+1|| (41)

rw,k = pb(w,k) +Rb(w,k)r̂w,k (42)

where, r̂w,k indicates the relative position of the k-th via-point
of the w-th wire with respect to the origin of the coordinate
system of link rw,k.

Let V(i, w) be the index set of w-th wire’s via-points attached
on i-th link of the kinematic chain. Velocity l̇w of the wire length
can be computed as [10]

l̇w = LwJq̇ (43)

where

Lw �
[
Lw,1 Lw,2 · · · Lw,NL

]
(44)

Lw,i �
∑

k∈E(i,w)

dw,k −
∑

k∈S(i,w)

dw,k (45)

dw,k � (rw,k − rw,k+1)
T

||rw,k − rw,k+1||
[
[(Rb(w,k)r̂w,k)×]T I

]
(46)

dw,k � (rw,k−1 − rw,k)
T

||rw,k−1 − rw,k||
[
[(Rb(w,k)r̂w,k)×]T I

]
(47)

where, S(i, w)(� {k ∈ V(i, w) | k �= 1}) indicates the set of
via-points of w-th wire attached on i-th link excluding the first
via-point, and E(i, w) � {k ∈ V(i, w) | k �= nw} means the set
excluding the last (or nw-th) via-point.

The IK of the wire-driven multibody system can be formulated
as follows

min
q

f̂(q) � 1

2
eTΣLe+

1

2
eW

TΣWeW (48)

where ΣW ∈ RNW×NW and eW ∈ RNW are the concatenated
form defined as

ΣW � diag(σ1, · · · , σNW
) (49)

eW �
[
d1 · · · dNW

]T
(50)

dw � min(ldw − lw, 0) (51)

Each wire has a constraint such that lw ≤ ldw, where ldw ∈ R is
the natural length of the wire. The error about the inequality
constraint of w-th wire is represented as dw ∈ R, and the corre-
sponding weighting factor is σw ∈ R.

Then, the gradient of cost function f̂ can be computed as
follows

g(q) = JT (ΣLeL +LTΣWeW ) (52)

L �
[
L1

T · · · LNW
T
]T

(53)

When solving the optimization problem in (48), the updating
matrix, B, used in the LM method is written as

B(q) = JT (ΣL +LTΣWL)J +ΣQ (54)

In the IK of the wire-driven system, B and g can be obtained
from (52) and (54) to construct the linear (14).

B. Virtual Dynamics Problem Equivalent of a Wired System

Let us assume the following Lagrangian for the wired kine-
matic chain

L2 = L1 +
1

2

NW∑
w=1

σw l̇w
2 = L1 +

1

2
q̇TJTLTΣWLJq̇ (55)

where the first term is equivalent to (18) and the second is related
to the wire kinematics of (43). The generalized momentum of
the above-mentioned virtual system can be written as

∂L2

∂q̇T
= Ĥq̇ = ρJ (56)

where Ĥ is the inertia matrix of the virtual dynamical system
and is defined as

Ĥ � JT (ΣL +LTΣWL)J +ΣQ (57)

From (54) and (57), inertia matrix Ĥ can be of the same form
as the updating matrix, B, used in the LM method. Hence, the
problem of solving (14) can be replaced by that of solving (56)
when assuming the generalized momentum such that ρJ = g.

In the next step, let us represent the formulation of (56) with
respect to the link coordinates, being similar to the discussion
in Section III.

From (15) and (43), wire velocity l̇w can be written by using
spatial velocities ν as follows

l̇w = L̂wν (58)

where L̂w ∈ RNW×6NL can be denoted as

L̂w �
[
Lw,1A

−1
1 · · · Lw,NL

A−1
NL

]
(59)

Similar to the discussion of (18) and (30), the augmented
Lagrangian corresponding to (55) under the joint constraints
can be derived from (58) as follows

L̂2 = L̂1 +
1

2
νT L̂

T
ΣW L̂ν (60)

L̂ �
[
L̂1

T · · · L̂NW
T
]T

(61)
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The equations about the link-space momentum and Lagrange
multipliers are denoted as

∂L̂2

∂[νT λT ]
=

[
Λ̂ STCT

CS O

] [
ν

λ

]
=

[
ρL

0

]
(62)

where

Λ̂ � Λ+ L̂
T
ΣwL̂ (63)

Therefore, the problem of solving (14) under (52) and (54)
can be replaced with that of solving (62).

C. Approximation for Faster Computation

Since (62) for closed kinematic chains includes explicit for-
mulas related to joint constraints, additional computations are
required to solve the Lagrange multipliers by solving the en-
tire set of complex equations, unlike in the case of (22) for
open kinematic chains. On the other hand, as the LM method
originally approximates the inverse of the Hessian matrix by
using the damping inverse of the Jacobian matrix in its iterative
computations, (62) does not need to be solved in an exact manner.
In order to reduce the computation time, let us approximate (62)
by adding a new damping factor, μ(> 0) ∈ R, such that[

Λ̂ STCT

CS −μE

] [
ν

λ

]
=

[
ρL

0

]
(64)

The solution of ν for (64) can be written as

ν = Λ̃
−1
ρL (65)

Λ̃ � ΣL + STKT (ΣQ + 1
µI)KS + L̂ΣwL̂ (66)

In (64), ν can be directly obtained without computing La-
grange multipliers λ. The sparse structure of Λ̃ depends on the
connectivity of not only the joints but also wires. Therefore,
in the case of wire-driven systems, the general FD algorithms
cannot be applied. In this study, the approximate minimum
degree method [34] is adopted for matrix ordering. Note that
during the iterative computation, the structure of Λ̃ does not
change. Hence, the ordering process and the memory allocation
for the factorization process are required to be computed only
once before computing IK.

To be summarized, the procedure for the k-th iteration is as
follows:

1) Compute g(k) from (52), where its computation can be
accelerated [27], and assume ρJ = g(k).

2) Update the values of Λ̃ defined in (66), while the matrix
structure does not change.

3) Compute ρL from (40), solve (64) to obtain ν, and com-
pute q̇(k) from (39).

4) Update q(k) according to (6).

V. NUMERICAL EVALUATIONS

A. Computational Evaluation Using Manipulators

The proposed method and other existing algorithms were
tested on the IK of the manipulator consisting of spherical joints
to analyze their performance with respect to the number of DoF.
In the numerical evaluation, the two manipulators with different
DoF are used: N = 60, 600. Similar to the evaluation in [27],

TABLE I
COMPARISON OF THE COMPUTATION TIME ([MS]) (AND THE NUMBER OF

ITERATIONS) WHEN SOLVING THE IK OF THE TWO MANIPULATORS WITH

DIFFERENT DOF

the target position and orientation of the end-effector are given
as

pd
e �

[
0.5
0
0

]
, Rd

e �
[
0 0 1
0 1 0
−1 0 0

]
(67)

In addition, the target position of each link is set at

pd
i �

[
1.5×i
N−2 0 0

]T (
1 ≤ i ≤ NJ =

N

3

)
(68)

The following methods were evaluated:
� (LM): the LM method with the damping design proposed

by Sugihara [21].
� (LM-PFD(ABA)): the LM method [21] solving the pseudo

FD problem in (22) by the ABA method [28]
� (LM-PFD(AVD)): the LM method [21] solving the pseudo

FD problem according to the approximated virtual dynam-
ics (AVD) denoted in (64)

� (QN): the quasi-Newton method (BFGS formula) with the
gradient computation method [27]

� (CG): the conjugate gradient method (DY formula [35])
with the gradient computation method [27].

In the line search process, step sizeαwas computed according
to the Armijo condition [36]. The gradient of the cost function
was computed by the decomposed gradient computation de-
scribed in [27], which particularly demonstrates its effectiveness
when applied to the IK for the system with large DoFs. In
this letter, the Sugihara’s method [21] is utilized for all IK
methods based on the LM methods (LM, LM-PFDs). Accord-
ing to the method, the damping factor is designed such that
ΣQ = (f̂k +N

√
εd)I , where f̂k represents the value of the cost

function in (48) at k-th iteration, and εd is the double-precision
machine epsilon. In the case of LM-PFD(AVD), damping factor
μ is designed such that:μ = N

√
εd. The iterative computation is

repeated until the error cost function, f , is less than 1.0× 10−6

The method was implemented on a mobile workstation with an
Intel(R) Core(TM) i9-12900H.

The comparison of each optimization method is summarized
in Table I with the results of the computational time and the
number of iterations that are required until convergence. The
proposed methods (i.e., LM-PFDs(ABA&AVD)) show the best
performance from the viewpoint of both convergent speed and
computational cost of each iteration. In general, the complexity
of one iterative computation of each method can usually be
represented as follows: LM: O(N3), QN: O(N2), LM-PFDs,
CG: O(N2). The order of the convergent speed of each method
is generally expected as follows: LM, QN, and CG methods.
The above-mentioned characteristics can be seen in Table I.

LM-PFD(ABA) solves the exact same IK problem as the
standard LM method. In contrast, LM-PFD(AVD) approximates
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Fig. 2. Snapshot of the jumping motion used for validation.

Fig. 3. The comparison of the tracking errors when solving the musculoskele-
tal IK among the several methods: LM-PFD(AVD), LM, QN, and CG.

the IK problem by introducing μ. As shown in Table I, the
approximation results in a better computational performance
compared to the other methods.

B. Musculoskeletal IK

Next, the computational performance of the proposed method
and that of the other methods are compared based on the IK
computation of the human musculoskeletal model used in [10].
In this musculoskeletal model, the skeletal system is represented
as a multibody kinematic chain, and the muscles and tendons
are approximated as massless wires. Note that the total number
of wires is larger than the number of anatomically classified
muscles/tendons because, for example, muscles with a large
volume are represented by multiple wires. In addition, virtual
links (6 DoF) are located so as to represent the branches of
muscles or tendons. Therefore, the total DoF of the model
exceeds that of the whole joints. In this study, the model with
155 DOFs and 338 wires was evaluated.

To confirm the IK tracking performance of IK in the case
of quick movements, the jumping motion of a human subject
was measured by a commercial optical motion capture system
(Motion Analysis Corp.). The system measures the position
of 34 reflective markers attached to the anatomical points of
the human body at 200 Hz. Our study protocol was approved
by the local institutional review board and conformed to the
guidelines outlined in the Declaration of Helsinki (1983). From
the measured trajectories of the markers, the musculoskeletal
IK was computed by minimizing the sum of the error between
the measured and estimated marker position. The following IK
algorithms were evaluated: LM, LM-PFD(AVD), QN, and CG.
As the original ABA algorithm work only for open kinematic
chains, LM-PFD(ABA) cannot be utilized for the IK of the
musculoskeletal model and has been excluded from the eval-
uation. The snapshots of the reconstructed jumping motion of
the musculoskeletal model are shown in Fig. 2.

The iterative computation of each IK algorithm stops within
5 ms according to the frame rate of the motion capture system.

As the tracking errors cannot be zero owing to measurement
noise and modeling errors, the sufficiently convergent trajectory
from IK with multiple repetitions of the iterative computations
was used as the baseline to be compared. Let pM,i and p̂M,i

be i(1 ≤ i ≤ 34)-th marker’s position reconstructed from each
IK result and the baseline trajectory, respectively. The maximum
marker tracking error,max({||p̂M,i − pM,i||}), of each IK algo-
rithm from the baseline is shown in Fig. 3. The LM-PFD(AVD)
method showed the best tracking performance, and there is little
difference from the convergent trajectory. The tracking error
increases when the subject is in fast motion. The maximum
error of the proposed method is at most 3 mm except at the
beginning when the IK tracking starts. This error is in the same
order as the spatial resolution of the motion capture system. The
maximum error of any other method is over 2 cm, which is not
in the acceptable range.

VI. CONCLUSION

This letter presented LM-PFD, a fast IK method for large-DoF
multibody systems. In the method, the IK problem is replaced
with the pseudo FD problem by assuming the virtual system,
the inertial properties of which are derived from the weighting
or damping factors in the LM method. The method can signif-
icantly accelerate the computational speed of the LM method
by utilizing efficient FD algorithms. In this letter, the basic
implementation of LM-PFD utilizing ABA method [29] was
initially introduced for open kinematic chains. Furthermore, the
enhanced method for closed kinematic chains, particularly for
wire-driven systems, was also proposed.

The proposed method efficiently addresses the issue of the LM
method about the computational speed in the case of large-DoF
systems, while maximizing the strengths of the LM method in
terms of convergence speed throughout iterations and compu-
tational robustness. These characteristics have been proved by
comparing the proposed method and other existing algorithms in
the numerical evaluation. The method was also tested on solving
IK of the human musculoskeletal model [10]. The computational
time when using the model with approximately 150 DoF and 300
wires was within 5 ms.

In our future work, the computational acceleration by intro-
ducing the pseudo FD problem will be also applied to other
kinematics or dynamics problems such as muscle tension esti-
mation [10] or motion optimization [32], [33].

APPENDIX A
ARTICULATED-BODY ALGORITHM [28]

This appendix section introduces the actual formulations of
solving (22) by the articulated-body algorithm [28].

Given ΣL,i, ΣQ,j and gi, the articulated-body inertia and

momentum, IA
i and pA

i , can be computed recursively from the
child-side of the kinematic chain as follows:

IA
i = ΣL,i +

∑
j∈C(i)

jXi
T (IA

j −U jD
−1
j U j

T )jXi (69)

pA
i =

∑
j∈C(i)

jXi
T (pA

j +U jDj
−1uj) (70)
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where C(i) means the children of link i, and

jXi �
[

Rj
TRi O

Rj
T [(pi − pj)×]Ri Rj

TRi

]
(71)

U i � IA
i Ki (72)

Di � Ki
TU i +ΣQ,j (73)

ui � gi −Ki
TpA

i (74)

After computing (69) and (70) recursively, the joint and link
velocity, q̇j and νj , can be computed recursively from the
parent-side of the kinematic chain as follows:

q̇j = D−1
i (ui −U i

T iXP(i)νP(i)) (75)

νi =
iXP(i)νP(i) +Kiq̇j (76)

where P(i) indicates the parent of link i.
It should be noted that matrix Di needs to be positive definite

in the ABA method. In this letter, the virtual joint inertia, ΣQ,i,

is positive definite, and the virtual link inertia, ΣL,i, is positive
semi-definite. According to (73), even if ΣL,i = O, matrix Di

is always positive definite.
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