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Mars exploration as an example, we first establish the synodic period
FSO channel model by taking into account the solar scintillation, and
derive the corresponding upper bound of bit error rate (BER) for
L-ary pulse position modulation (LPPM). Then, we propose a staircase
code-ordered statistics decoder (SC-OSD) algorithm for staircase low
density parity check (LDPC) codes under synodic period FSO channel,
and derive the probability density function (PDF) and Gaussian ap-
proximation of the ordered statistics of the SC-OSD algorithm, which
provide a guideline to derive a lower bound of block error rate (BLER)
and reduce the decoding complexity of SC-OSD. Furthermore, we
propose a soft OSD-sliding window decoding (SOSD-SWD) algorithm
for staircase LDPC codes under scintillation states to address the
error floor problem in conventional SWD decoder. Simulation results
validate that the proposed SOSD-SWD algorithm can achieve much
lower BER than the related algorithms in all scintillation conditions,
and shed light to tradeoff the achievable BER and complexities under
different scintillation conditions.

[. INTRODUCTION

Deep space exploration has come a long way since
the Lunar and Mars missions in the 1960s [1], which
aim to uncover the mysteries of the universe, search for
extraterrestrial life, and find inhabitable space over the
past six decades. Deep space communication [2] serves as
a crucial guarantee for deep space exploration, which is
characterized by long distances, large propagation latency,
and low signal-to-noise ratio (SNR). To meet the increasing
demands of higher data rates under limited power resource,
free-space optical (FSO) communication has become in-
creasingly important in deep space exploration due to its
advantages of large bandwidth, low power consumption,
and small device size [3], [4], [5]. However, there are still
essential challenges in deep space FSO communication for
reliable transmission, such as channel modeling and an
efficient coding scheme [6], [7].

In long-term planetary exploration missions, it is impor-
tant to consider the uncertainty of the communication envi-
ronment caused by the positional variation of the Earth and
the planetary probe relative to the Sun in a synodic period.
Deep space FSO channel modeling [8] is an essential step
in optimizing the design of an end-to-end communication
scheme. Ivanov et al. [9] investigate the deep space optical
Poisson channel in a controlled laboratory environment.
Hashmi et al. [10] develop the Mars—Earth FSO channel
under the Poisson model and analyze the link budget. More-
over, the FSO channel modeling needs take into account
the solar scintillation effect [11], [12], which can lead to
amplitude fluctuation of the received optical signal. Xu and
Zeng [13] study the effect of amplitude fluctuation caused
by coronal turbulence on the propagation of optical waves
in superior solar conjunction. Hence, we need to establish
the deep space FSO channel model that takes into account
solar scintillation over a synodic period.

Moreover, design an effective coding scheme to relieve
the solar scintillation for reliable transmission is also of
paramount importance [6], [14]. Staircase codes are pro-
posed by Smith et al. in [15] and are constructed using
the Bose-Chaudhuri-Hocquenghem (BCH) code to form the
ladder blocks, which are capable of parallel encoding and
decoding. Component codes such as BCH codes [16], [17],
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low density parity check (LDPC) codes, and other block
codes [18] can be used in staircase codes. Staircase LDPC
codes have shown excellent performance for high-speed op-
tical transmission [19], which can provide a gain of 0.5-1 dB
compared to staircase BCH codes [20]. Further, the staircase
BCH code concatenated with low density generator matrix
(LDGM) codes are proposed in [21] and [22], and with
LDPC codes is proposed in [23], which can utilize the soft
decoding for higher reliability.

In terms of decoding the staircase codes, the stall pat-
terns are the main reason for the error floor [15]. Holzbaur
et al. [24] locate the stall patterns by intersecting nonzero
syndromes and solve it by a bit-flipping scheme, where each
bit in the staircase structure is protected by two codewords.
Moreover, hard-decision decoding algorithm is applied to
the BCH component codes in the sliding window algorithm
(SWD), which is not appreciable for LDPC component
codes [25]. Wijekoon et al. [20] propose a belief propagation
(BP) algorithm-based SWD with bit-flipping for staircase
LDPC codes. However, the bit flipping scheme cannot
decode the staircase code with the length of the reencoded
bits is smaller than that of the staircase block. Zhang and
Djordjevic [19] propose the rate-adaptive staircase LDPC
codes with sequentially decoding to achieve more flexible
code rate. Consider that the reencoded bits overlap in two
adjacent staircase blocks, the reliability of the reencoded
bits could be higher than the original reliability in the second
block. However, there is still a lack of work to provide a
specific decoding algorithm that utilizes the high reliability
of reencoded bits.

The ordered statistics decoder (OSD) was proposed in
1995 [26], and it has been proven that for a linear block
code with a minimum distance of D,,,, the OSD with
order M = [Dpin/4 — 17 can approximate the maximum
likelihood decoding performance. The skip and stop criteria
are proposed in [27] and [28] to avoid those candidate code-
words that are unlikely to be the correct output and reduce
the complexity. Wang et al. [29] propose an adjustable OSD
algorithm, which reduces decoding complexity by using
reasonable thresholds based on the test error pattern (TEP)
likelihood and weighted Hamming distance (WHD). Fur-
thermore, Yue et al. [30] provide a comprehensive analysis
of the OSD algorithm. Soft OSD (SOSD) [31] is a variant of
OSD and modifies the output of OSD into soft information.
Yue et al. [32] propose a low-complexity SOSD algorithm
with a similar mutual information transform property to
the original SOSD, and the decoding stop condition can
effectively reduce complexity. Therefore, we can utilize
the OSD to design corresponding decoder for the staircase
LDPC codes over the synodic period FSO channel.

In this article, we propose an end-to-end FSO commu-
nication coding scheme for deep space exploration. Specif-
ically, our contributions are as follows.

1) We analyze the solar scintillation effects on the FSO
channel between the space station and planetary
orbiter caused by the revolution of the Earth and
Mars, and divide the FSO channel into three states
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according to the scintillation index. 1) No scintilla-
tion state, where the Mars—Earth line-of-sight (LOS)
link follows AWGN distribution. 2) Scintillation
state, where the Mars—Earth LOS link is affected by
the solar scintillation, and the FSO channel follows
the Gamma-Gamma (GG) distribution, which is fur-
ther divided into weak/moderate/strong scintillation.
3) Outage state, where the LOS link is blocked by
the Sun due to the saturated scintillation. Then, we
establish a synodic period channel model for the
entire synodic period of Mars—Earth, and derive the
upper bound of BER expressions for L-ary pulse
position modulation (LPPM) under both AWGN and
scintillation state fading channels.

2) We introduce the staircase LDPC codes to relieve the
solar scintillation effects on the synodic period chan-
nel, and design two decoding algorithms for staircase
LDPC codes with LPPM under both AWGN and
scintillation state fading channels, named staircase
code-OSD (SC-OSD) and SOSD-SWD algorithms.
The SC-OSD algorithm modifies the input of con-
ventional OSD according to the reencoded bits of
staircase LDPC codes, which improves the reliability
of the reencoded bits in OSD and can lower the
output BER. Moreover, we derive the probability
density function (PDF) and Gaussian approximation
of the ordered statistics of the SC-OSD algorithm,
which provide a guideline to derive a lower bound
of block error rate (BLER) and reduce the decoding
complexity of SC-OSD.

3) We introduce the SOSD as an inner iterative de-
coder for staircase LDPC codes under scintillation
state fading channels, and propose the SOSD-SWD
algorithm to address the error floor in conven-
tional SWD decoder. Moreover, extensive simula-
tions are conducted to show the BER performance
under different parameters, including the window
size and maximum numbers of outer iterations of
the SWD decoder, and the order and maximum
numbers of inner iterations of SOSD for staircase
LDPC codes under different turbulence conditions.
Simulation results demonstrate that compare to the
conventional BP-SWD schemes, our SOSD-SWD
can achieve a lower BER under different turbulence
conditions.

The rest of this article is organized as follows. In Sec-
tion II, we introduce the communication system model, in-
cluding the synodic period channel model and the staircase
LDPC encoding process, and derive the upper bound of BER
for LPPM. Section I1I of this article describes the OSD algo-
rithm, the proposed SC-OSD algorithm, and the proposed
SOSD-SWD algorithm. Simulation results are presented in
Section IV, which examines the performance of SC-OSD
in no scintillation state, the performance of SOSD-SWD
in scintillation state, and the investigation of the impact
of different parameters on SOSD-SWD under different
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Fig. 1. End-to-end staircase LDPC encoder and the corresponding
decoder for the deep space optical communications. At the encoder side,
the memory A stores the reencoded bits of staircase LDPC codes, then
the encoded bits update A for subsequent staircase block encoding, and
sent to the LPPM modulator. At the decoder side, the proposed decoder
of SC-OSD algorithm or proposed decoder of SOSD-SWD algorithm is
selected based on the channel state. For decoder of SC-OSD algorithm,
the memory B stores the modified reliabilities of the reencoded bits from
the previous staircase block. For decoder of SOSD-SWD algorithm, the
memory C stores the demodulated soft information values and a priori
values of all staircase blocks within the current window.

turbulence conditions. Finally, Section V concludes this
article.

[I. SYSTEM MODEL

The block diagram of the end-to-end staircase LDPC
encoder and the corresponding decoder for the deep space
optical communications is shown in Fig. 1.

A.  Synodic Period FSO Channel Modeling

The deep space optical communications are susceptible
to interference from coronal turbulence due to the solar
activity, which leads to significant degradation. The GG
distribution is widely used to model the turbulence condi-
tions from weak to strong on the FSO link, and its PDF is
given by [33]

2pe) =
F(@)(p)

where K, is the modified Bessel function of second kind
with order x, I' is the standard Gamma function, ¢ > 0
and ¢ > 0 are the effective numbers of large- and small-
scale scatterers, which can be expressed as functions of the
variance of amplitude fluctuations x2 [34]
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Fig. 2. System model of Earth to Mars communications around the Sun
under coronal turbulence.
where d = 2/\ T ) represents the diameter of the receiver

aperture, A is the wavelength of FSO signal and we choose
1550 nm in this article [4].

The closed-form expression of x2? can be derived by
utilizing the non-Kolmogorov turbulence model with the
Rytov approximation method, and we have [35]

2 7 jpr 2p(p—3) ( ) P2
’= . AN L)L3PLy A
rEreE 2

“

where 3 < p < 4 is the spectral index, r, is the classical
electron radius, L, is the optical link distance, L, is the
outer scale of coronal turbulence, ¢ is the relative solar wind
density fluctuations coefficient, and N, is the solar wind
density. We adopt the widely used Smith and Ho model [36],
N,(Lp) =221 x 10‘4(’%—";)6 +1.55 x 10'2(%)23, where
R, 1s the solar radius, and L, is the shortest distance from
the Sun to the FSO link.

Then, we take the Tianwen Mars obiter to model the
synodic period FSO channel as shown in Fig. 2, where both
the orbiter and Earth are around the Sun, Lgg is the average
distance from Earth to Sun, Lgp is the average distance from
Mars to Sun, « is the SEP (Sun-Earth-Probe) angle, 8 is the
SPE (Sun-Probe-Earth) angle. Obviously, we can directly
calculate L; by the geometric relationships of o and 8 as
follows:

Ly = Lsg cosa + Lgp cos B. 5)

Moreover, the scintillation index o} is defined to char-
acterize the scintillation intensity of the Sun, which is the
ratio of the root mean square value of the fluctuation of the
signal intensity to the average value of the signal intensity
1, and we have o} = (Eﬁ)‘z —1(0 < o} < 1). For the GG

distribution, 012 can be expressed as [8]

o’ = ! + : + ! (6)

"o o ¢
The influence of coronal turbulence on the FSO link
varies due to « and 8, and affects 012 as shown in (2)—(6) as
shown in Fig. 3. Therefore, the FSO channel can be modeled
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Fig. 3. Variation of «, 8 and corresponding 012 of the Mars-Earth
synodic period.
TABLE I
Mars—Earth Synodic Period FSO Channel

Scintillation index SEP Channel model (state) Duration

o7 <0.01 a > 14.44° AWGN 676 days
0.01 < a'f < 0.3 | 6.89° < < 14.44° GG (weak scintillation ) 54 days
0.3 < o’f <05 6.11° < a < 6.89° GG (moderate scintillation) 6 days
0.5 < rr? < 0.99 5.25° < a < 6.11° GG (strong scintillation) 6 days

0?7 >0.99 o < 5.25° outage 38 days

according to the value variations of o/ in a synodic period.
Specifically, when the Earth and Mars are on opposite sides
of Sun, we have o/ > 0.99 and the FSO link loses the
LOS, and can be considered as outage. Moreover, when
a? < 0.01, the optical signal is minimally affected by solar
activity, and the channel can be approximated as an AWGN
channel. Finally, when 0.01 < o/ < 0.99, the optical signal
is affected by coronal turbulence, and we further divide the
scintillation state of the FSO channel model into three states
according to the value of o7: 1) weak scintillation for 0.01 <
o} < 0.3; 2) moderate scintillation for 0.3 < o < 0.5;
3) strong scintillation for 0.5 < o7 < 0.99. The correspond-
ing SEP and durations for different channel states in a
synodic period is summarized in Table I.

B. BER Derivation of Uncoded Synodic Period FSO
Channel

In this subsection, we derive the BER of uncoded binary
pulse position modulation (BPPM) and the upper bound
BER of uncoded LPPM over the synodic period FSO chan-
nel, respectively.

At the transmitter, the uncoded binary bit b is modu-
lated using LPPM. Moreover, every |log, L| binary bits
grouped together are modulated into a LPPM symbol x =
[x1, X2, ..., x.] composed of L slots, in which one of the
slots equals 1 and the other slots equal O (i.e., 1 pulse slot and
(L — 1) noise slots). Specifically, BPPM is the case L = 2
of LPPM. Then, the channel outputr = [ry, r», ..., rp] can
be expressed as

r=hx+n @)

where h = [hy, ha, ..., hz] is the channel coefficient vec-
tor, and n = [ny, ny, ..., ny] is the independent AWGN
vector, where n; ~ N (0, a,%). Without loss of generality,
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we consider the transmitter to send an all-zero signal,
specifically

_ h—}—n,-, l=1,
ri_{n,-, i=2,3,...,L ®

Furthermore, the received symbol is demodulated by com-
paring the amplitude of all slots in each symbol, and de-
termining the slot with the largest amplitude as a pulse
slot [37], [38].

Then, we derive the BER of uncoded BPPM P, 3 and
the upper bound BER of uncoded LPPM P,; over the
synodic period FSO channel in the following. With the
help of the Meijer G-function to express K,(/z) in (1) as
K,(v2) = 3Gl 0_y0) [39, eq. (03.04.26.0009.01)],
we can rewrite (1) as

(@+¢)

(Ppp) 2~
L(d)I'(@)

@+¢)
2

WG (phl iy ye) b= 0.
2 2
(€))
Then, the conditional BER of BPPM is represented as

h
20?2 ’

Moreover, note that Q(,/z) = %erfc(\/g ) and by utiliz-
ingerfc(y/z) = \%Géjé(zlé,%) [39, eq. (06.27.26.0006.01)],
1 h?
o= et

(10) can be expressed as
1
— . 11)
vam T\ 4o 0&) (

Thus, when 5.25° < « < 14.44°, the average BER in
the synodic period channel under BPPM can be calculated
as

fi(h) =

Pe(h) = Q < (10)

Pe’Bz/ P.(h)fi(h)dh. (12)
0

Then, we can derive the closed-form of the above integral
(12) according to [39, eq. (07.34.21.0012.01)],

Pe,B
(1-¢.2),(1-¢,2),(1,1)

_ 1 e ( 1 )2
2JA0()T(p) 2 |\ 20,09

©0.0.(3.1)
13)

where H represent the Fox H function.
Note that & > 14.44° in the most time of the synodic
period as shown in Table I, and (12) can be simplified as

1
P.g =0 (_Tc,%) .

Further, the upper bound BER of uncoded LPPM P, 1,
over FSO channel can be expressed as [37]

Py = ﬁ (1 —(1- PevB)L‘l)

and by substituting (13) into (15), the upper bound to the
average BER of LPPM can be calculated as (16) shown at

(14)

5)
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TABLE 11
Simulation Parameters Under Different Turbulent Conditions

2

Turbulent conditions ot «@ ¢ ©
Weak scintillation 0.2 | 7.56° 10.77 10.21

Moderate scintillation | 0.4 | 6.47° 5.67 5.26
Strong scintillation 0.8 | 5.43° 3.13 2.75

the bottom of the next page when 5.25° < o < 14.44°, and
for o > 14.44°, we have

L-1
L

T2L-1) -0

an

P 1
. V207

We compare the Monte Carlo simulation results of
BER over the FSO channel with turbulent conditions from
Table II to our derived expressions as shown in Fig. 4.
In Fig. 4(a), the curves from the closed-form expressions
of BER under BPPM agree well with the simulation re-
sults. Moreover, the upper bound BER under 4PPM are
approaching the simulation results in the weak and moderate
scintillations as shown in Fig. 4(b), which also validate the
accuracy of our derivations. Further, we can observe that the
GG channel under weak scintillation requires about 10 dB
higher SNR than that of AWGN channel to achieve BER
< 10~*, while requiring 30 dB higher SNR under strong
scintillation. Therefore, we should design an effective cod-
ing scheme to resolve performance loss caused by the solar
scintillation and reduce the requirement for transmission
power.

C. Staircase LDPC Encoding

In this article, the systematic LDPC code C(N, K) with
the codeword length of N, the message bits length of K and
generator matrix G is selected as the component code of the
staircase codes, and the encoding process of the staircase
LDPC codes is shown in Fig. 5(a), where m is the length of
reencoded bits, T represents the matrix transpose, and B;
represents the ith block of the staircase code.

The encoding process of staircase LDPC codes starts
from B, and proceeds sequentially in a forward order. The
m x (N — m) matrix By is initialized to an all-zero matrix,
which is known to the receiver and does not send over the
channel. By, B>, B3 - - - all are matrices of size (N — m) x
(N —m).

For example, taking the encoding process of the Vth
block By = [By, message » Bv, parity | @s shown in Fig. 5(b),
where By, message 18 the information bit submatrix of size
(N —m) x (K —m), and By, pairy 18 the parity check bit
submatrix of size (N — m) x (N — K). Note that the subma-
trix By _1, e of size (N — m) x mis the rightmost m-column
of By_;T, which is the reencoded bit submatrix for By .

10° T T T

*  AWGN,Simulation
AWGN,Eq.(14)

*  GG(weak),Simulation
GG(weak),Eq.(13) 3
*  GG(moderate),Simulation
GG(moderate),Eq.(13)

*  GG(strong),Simulation
GG(strong),Eq.(13)

10750 5 10 15 20 25 30 35 40 45 50
E,IN,(dB)
(@)

10° ‘ : ‘

*  AWGN,Simulation
AWGN.Eq.(17)

*  GG(weak),Simulation 4
GG(weak),Eq.(16)

*  GG(moderate),Simulation
GG(moderate),Eq.(16)

*  GG(strong),Simulation
GG(strong),Eq.(16)

E,IN(dB)

(b)

Fig. 4. Uncoded BER under synodic period channel. (a) Uncoded
theoretical average BER and simulation BER under BPPM. (b) Upper
bound of uncoded theoretical average BER and simulation BER under

4PPM.

Specifically, a staircase LDPC encoder requires (N —

m) LDPC encoders operating in a parallel manner, and
a memory cell can store the reencoded submatrix of the
previous block. The first step is to generate By megsage =
(), uy, ... uy_ 1", where u) = [b! |, bY,, ... b} ],
and b}f ; € {0, 1} represents the bit of the ith row and the
jth column of the Vth block. Next, the encoder reads
By e =" uw 7 o w17 from the memory
byl At

V-1 V-1 Vol
cell, where u; = by omir.io DN omnio - -

this point, the input @) = [u;" ™", u ] of the LDPC encoder
is obtained. Finally, we obtain By iy by the parallel
encoding ¢! =) -G, where 1 <i <N —m.

L 1

Pp=—
DY AR
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Fig. 5. Encoding structure of the staircase LDPC codes.
(a) Nonterminating encoding process of the staircase code. (b) Encoding
process of the Vth block By .

[ll. DECODING ALGORITHM

In this section, we propose two decoding algorithms
for staircase LDPC codes: 1) low-complexity SC-OSD al-
gorithm for AWGN channels, and 2) the high-reliability
SOSD-SWD algorithm for GG fading channels.

A. OSD

To simplify the analysis, we neglect the distinction
between different staircase blocks and different codewords
in different rows, and omit the superscript V and subscript i.
Letc = [cy, ca, - .., cy] denote the encoding codeword se-
quence, and note that ¢;.,, = [c1, ¢, ..., cp] and €118 =
[Cm+t1s Cmt2s - - -, cn] are modulated and transmitted sepa-
rately for different staircase blocks.

The staircase blocks are modulated through BPPM,
where 0 is modulated to [1, 0] and 1 is modulated to [0, 1].
We define r; = [r; 1, r; 2] as the ith received symbol, where
1 <i < N. The received signal over the AWGN channel is

(18)

where n;; and n;, are independent and identically dis-
tributed AWGN noises with A/ (0, anz). After demodulating,
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we havey = [y1, y2, ..., yn], Where

ri1>"Ti2 (19)

rip <rin.

The log likelihood ratio (LLR) can be calculated as §; =
(r"a;z”’) Then, the reliability sequence is defined as o =
[01,n02, ey ON], where 0; = |Vl"] — I’i’zl.

The main steps of the OSD algorithm are as follows.
Initially, the reliability sequence o is arranged in descend-
ing order to obtain the first column permutation I1;, 0 =
[01,05,...,0n], and 0; > 0, > ... > 0Oy can be obtained.
Thus, y = I1;(y) and G = I1,(G).

Next, the Gaussian elimination is periormed on G to
obtain the systematic generator matrix G, which corre-
sponds to the second permutation IT, for ensuring linear
independence of the first K columns in G. Thus, y = T1,(y)
and 0 = I1,(0). The OSD takes the first K bits of y and
denoted as yp, which is the most reliable basis (MRB).
The remaining (N — K) bits is the least reliable basis
(LRB).

Finally, the reencoding operation is performed on y,
through TEP e to obtain the candidate codeword Co=0p®
¢)G. For the OSD with order M, in the stage-0 reprocessing,
there is no error in yy, i.e., ¢, = y;G. In the stage-i (1 <
i < M), the TEPs with Hamming weight of i are checked
in dictionary order. The TEP likelihood for e is defined
as [27]

L2 > G

1<i<K,ei=1

(20)

Further, let A = Zgo (f) denote the number of TEPs need

to be checked, and the codeword with the minimum WHD
D, is selected from all A candidate codewords, which is
denoted as the optimal estimated codeword ¢, and

1<i<N
D, = 0.
Ceoi#Vi

1)

Therefore, the output result of OSD is TT, ' (TT; ' (¢)).

B. SC-OSD

In this subsection, we first modify the OSD based on
the structure of staircase LDPC codes and propose the SC-
OSD algorithm. Next, we derive the expressions for ordered
statistics in SC-OSD and obtain the lower bound of BLER.
Finally, we prove the Gaussian approximation of ordered
statistics and reduce the complexity of SC-OSD by the TEP
skip criterion.

When the receiver decodes By, the input to the decoder
is [By_ire, Byl, where By_; . has already obtained its
estimation during the decoding of the previous staircase
block By _;. Evidently, the reliability of the decoded bits
is expected to be higher than that of the undecoded bits,
so a reliability factor © > 1 is introduced. We define the
reliability sequence of SC-OSD as o' = [0, 0}, ..., oyl
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where

1<i<m

. (22)
m+1<i<N.

/ { Moi ’
0; =
0i,
The last (N — m) bits of the SC-OSD decision sequence
Y =1, ¥, ..., yy] are determined by the demodulator,
while the first m bits are determined by the previous esti-
mation result, thus

’ yi’
Vi =
{yi,

where §; denotes the optimal estimation of the ith bit during
the decoding of the previous blocks.
Form + 1 <i < N, the PDF of 0, is

1<i<m

23
m+1<i<N 23)

0, ifx <0
fo) = S S ifx >0 (24)
47'[03 + m’ nrx =
and the cumulative distribution function (CDF) is
0 ifx <0
FO(X) - el x—1 .
! _Q(«/za”z -0 7ot ) if x > 0.
(25)
Similarly, for 1 <i < m + 1, the PDF of ¢} is
0, ifx <0
fn’(x) = 7% ,% 26)
344;2;%2 344,2;32, ]fxzo
U0, 71120,
and the CDF is
0 ifx <0
F()/(x) = ) .
1—Q(\/)62+T%3> —Q<\/2u‘—g> if x > 0.
(27)

By sorting ¢ in descending order, we obtain the

ordered statistic 0’ = [0y, 02, ...,0N], 01 > 02 > ... >
o'y, whose PDF on the uth position is given by

I5.,00 = f3,.100 + [, ,(x) (28)

where f5 |(x)and f5 ,(x)are givenby (29) and (30) shown
at the bottom of this page, respectively.

To simplify the analysis, we assume that errors in the
first m bits of y’ for SC-OSD have already been corrected.
In other words, y; = 0 if the~all—zer0 signal is transmitted.
Therefore, conditioning on o'k, = x, the probability of j
errors in the MRB y’ is given by

PUIBEDS (K ; i) ("f) (1= plo)<
i=0

Y (1 = Fy (x)) (Fy (x))™" (31

_xtl

o2
1072 -0(55)
Jj errors in the MRB can be expressed as [30]

where p(x) = . Finally, the probability of

[o.¢]

pE(j) = /0 pe(i 1 0)f5,  ()dx. (32)

Under the condition that $; = 0, Fig. 6 verifies the prob-
ability mass function of pg () for staircase LDPC codes at
different SNRs. However, the fact is that errors may still
exist in the first m bits of y’. Therefore, the lower bound of
the BLER for SC-OSD with order M can be expressed as
follows:

M
Piower =1 =Y pe(j). (33)

J=0

We compare the theoretical lower bound and the simu-
lation results of the staircase LDPC codes for different M
in Fig. 7. It can be observed that at low SNR, there is a
significant difference between the theoretical performance
and the simulation results, which is attributed to the as-
sumption of y; = 0. Therefore, 1 may lead to an increase
in the reliability of error bits and degrade the decoding
performance, especially at low SNR. Thus, we simulate the
BLER performance under different SNR versus p as shown
in Fig. 8, and we can observe that the optimal value of u
increases with the SNR.

Similar to the traditional OSD algorithm [30], we can
also use the central limit theorem to approximate the ordered
reliability o/, in the SC-OSD algorithm. The PDF of ¢/,
follows the normal distribution N (E[¢/,], a(% ), which is

u—1
Foam= D> pil = Fe) (FCe)V ™" = ()T (B ()" ()
i=max(0,u—m—1)
h o N—m m N . 29
where p; = ; w1 (N —m—1i). 29)
min(m—1,u—1) A . A A
fr20=" > g1 = Fe) T E)N T = Fy () (Fy (o)™ ()
i=0
where ¢; = (’7) (u]\i 7?1) (m — i). (30)
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Fig. 6. Probability of j errors occurring over MRB in decoding the
staircase LDPC codes at different SNRs with N = 128, K = 64, m = 32,
= 2. (a) Linear scale. (b) Logarithmic scale.
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Fig. 9. Approximation of the distribution of ordered reliability with
N =128, K =64, m =32, u =2, E,/Ny =5 dB.

where the value of ]E[; «] satisfies the following equation
uniquely:

<u> Fy(E[0,]) + (L) Fy(Bl0,)=1 (35
N—M 0 u N—I/l o u —

and

. N—u—(N—mPF,E[0,])? — mFy(E[0,])
ok = ~ ~ .
7 (N — m)fo(E[0,]) + mfy (E[0,])?

(36)

We show the exact distributions and approximation of the
ordered statistics of SC-OSD in Fig. 9, and the specific
derivation of E[¢/,] and o*(% can be found in Appendix A.

Then, we derive the distribution of likelihood for the
correct TEP, and the distribution of likelihood for all TEPs
to determine the threshold Ly, for the skip criterion in the
SC-OSD algorithm.

When the true error pattern TEP can be identified in the
decoding process of the SC-OSD algorithm, the SC-OSD
can eliminate errors in the MRB. The PDF of the correct
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Fig. 10. Probability of error per bit in the MRB,
N =128, K =64,m =32, u=6.

TEP likelihood for correct TEP ep is as follows [29]:

pe(j=0)
) x=0
Yl PE() 0
= M PefY (Gmax)
S ) =1 X sromam 2am S0, iy P
1
x#0

(37

where G, ~ N (Ey, aqz), fgq (x) is the PDF of the variable
Gy lIJ(f is the gth position index combination conditioning

f ) are the
total sum of these possible combinations, P; is the error
probability of the ith position. Similarly, assume that §; = 0,

and P; can be expressed as

on number of errors j over MRB, gna.x = (

_at1?

oo e 40,%
P = / a1 a2 f;i,l(x)dx'
0 e 4on +e e
Fig. 10 shows the theoretical and simulation results of
P; under different SNR, and we can observe that at high
SNR, the theoretical and simulated results exhibit minimal
differences due to the assumption conditions.

The PDF of likelihood of all TEPs is [29]

(38)

M Gmax

frx) = % > G2

J=0 g=1

(39)

Fig. 11 compares the simulation and theoretical analysis
about the PDF of likelihood for the correct TEP and all
TEPs.

We set the parameters Orgp as follows:

l L
1= f2,© Jor

Therefore, we can find the corresponding Ly, by the value
of QTEP-

Finally, we summarize the binary operations (BOPs) as
the computational complexity of our SC-OSD algorithm,
which is mainly determined as follows.

Orep = fr, (x)dx. (40)
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1) The average complexity of obtaining IT; is
O(NlogN)[40], [41].

2) The complexity of obtaining I1, by using smart
Gaussian Elimination is O(N(N — K)?)[42], [43].

3) The number of reencoding operations RSC~OSD,
which is determined by the TEP skip criterion [29], and
the complexity of each reencoding is O(K + K(N — K))
BOPs. Note that it is difficult to give the precise expression
of RS¢~93P "and we count it via Monte Carlo simulations in
Section V. The total complexity of our SC-OSD algorithm
is

Tsc—osp ~ NlogN + N(N — K)?

+RSCOSD(K 4 K(N — K)). (41)

Define ¥, as the LLR after demodulation of By, and ¥, .
corresponds to the LLR of By .. Let L{, = [¥y,_ ., ¥y ] =
2y 1. 1y, ... Iy y_,, 1", where I, ; is the ith row of matrix
L},. The SC-OSD algorithm is summarized in Algorithm 1
in detail.

C. SOSD-SWD

In this subsection, we propose the SOSD-SWD algo-
rithm for staircase LDPC codes to mitigate the impact
of coronal turbulence on optical signals as 5.25° < o <
14.44°. Specifically, the main idea of the SOSD-SWD al-
gorithm utilizes SOSD as the component code decoder in
the SWD algorithm.

The SOSD is a soft output variant of OSD. Given
the input LLR, I™ = [/!"(1), ["(2), ..., I"™(N)], the output
LLR of SOSD [°" = [[°U(1), [°"(2), ..., [°" (N)] can be
calculated [44]

N
1 (i) = Y 1" () (im0 () — &1 ()

(42)

j=1
where ¢;—9 = [Ci=0(1), Ci=0(2), ..., Ci=o(N)] and ¢;— =
[¢i=1(1), ¢i=1(2), ..., ¢i=1(N)] are the codeword estima-

tions with the minimum WHD, whose ith bit is between 0
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Algorithm 1: SC-OSD Algorithm.
Input: wc’ 1/[3, Ceey G, M, M, g’le §NR Y, GTEP
Output: OptNimal estimation By, B, ...
Initialize By as all zeros
Calculate L, based on (40)
forV =1,2,...do

1
2
3 -
4: g/fl,re =M |’l,$/fl,re| ! (_I)B‘F“e
50 Obtain L{, = [¥y_, ., ¥y]
6: fori=1,2,...,N—mdo
7 Obtain corresponding y” and o’ by Iy, ;
8 Perform the first permutation IT;:
o =T,(0)y =1,0),6 = 1,(G)

9: Perform the second permutation IT»:
G =TLG).y = TL(), 0 =TL©)

10: Perform the reencoding ¢y =y’ - .G
11: Calculate WHD D,,, = li’;yN o
12: fork=1,2,....Mdo
13: Generate TEP e and calculate £,
14: if £, < Line then ~
15: Reencoding ¢, = (y'; ®e)- G _
16: Calculate WHD D, = éffyiv :
17: if D, < D, then o
18: Dopt = De, ¢ =¢,
19: end if
20: end if
21: end for
220 ¥ =1, @)
23: end for _
24:  Obtain By = [§], s 92 ins - s Iy 17
25: end for_

26: return Bl, Bz, o

and 1, estimated by the OSD algorithm, respectively. Obvi-
ously, either ¢;—¢ or ¢;—; is the optimal codeword estimation
of the OSD algorithm.

In the SOSD-SWD algorithm, there are two types of
decoding iterations. One is the SOSD decoding iteration
for the component LDPC codes, referred to as the inner
iteration with maximum iterations Z, and set Z = 1 for the
sake of simplicity. The other is the number of iterations
performed by SWD within a window, known as the outer
iteration with maximum iterations 7.

The J-th outer iteration of target block By in the SOSD-
SWD structure is shown in Fig. 12, where the window size
is w = 4. Let ¢*’ denote the a priori value of B; in the
Jth outer iteration, while lﬁl -/ corresponds to B, e, and ¥
is the extrinsic information of B, obtained after the inner
iteration in the Jth outer iteration, while 10, "o corresponds
to By re.

The decoder of SOSD-SWD starts after (w — 1) blocks
are successfully received due to By is known. Without loss
of generality, when decoding By, there are w blocks are
involved in the decoding process of SOSD-SWD algorithm,
ie., B, for t € [V —1,V +w — 2] are participating the
decoding of By. Furthermore, there are three information
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Fig. 12.  SOSD-SWD process of the staircase LDPC codes with target
block By and w = 4.

Algorithm 2: SOSD-SWD Algorithm.

Input:y), ¥, ..., w,Z, J,¢e,m, G, M
Output:B, B,, . ..

1: forV=1,2,...do
2: if V=1 then
3: Initialize ¥ as all zeros
4: Initialize ', ¥4, ..., ¥*" based on (44)
5: else
6: Obtain ' |, ¥y', ..., ¥}, _, according
to (43)
7 end if
8: for j=1,2,...,7 do
9: fort=V,V+1,....,.V+w—2do
10: Obtain L¢ and L{"’
11: Calculate Ly = LG/ + ¢ - L&/
12: forc=1,2,...,N—mdo
13: Calculate I{""/ b '™/ according to (42)
14: end for
15: Calculate L{/ = L™ — LS/
16: Perform information exchange according
to (45)
17: end for
18: Perform information exchange based on (46)
19: end for
20:  Calculate By by hard-decision on L™
21: end for_

22: return B],Bz, o

exchanges concerning the a priori values during the overall
decoding process as follows.

The first information exchange occurs during the ini-
tialization process after the current window is determined

?1 wt , telV-1,V+w-—3] 43)
0, t=V+w-2
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Fig. 13. Performance of SOSD-SWD at different & with
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Fig. 14. BER Comparison of C; and C; under SC-OSD and OSD
algorithms for BPPM in no scintillation state, where C; with m = 12,
n=4M=3andC, withm =9, u =4, M =3.

where ij denotes the extrinsic information value of the
tth block obtained after completing the last outer iteration
during the decoding of By _, and 0 is an all-zero matrix. It
is worth noting that when V = 1

“l' =0, e[0,w—1]. (44)

The second information exchange occurs between two
adjacent blocks during one outer iteration process

S tev,V+w-—3l]

1,re tre’

(45)

The third information exchange occurs between two
consecutive outer iteration processes, specifically at the be-
ginning of the Jth outer iteration process, where | <J < J

S=yge =V -1 (46a)

@l =y e [V, V +w —2]. (46b)

During the Jth outer iteration, the input LLR
matrix for the SOSD is denoted as L{" when
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Fig. 15. BER comparison of C; and C; under SOSD-SWD and
BP-SWD algorithms for 4PPM in different turbulence conditions.

(a) Comparison BER of C; under SOSD-SWD algorithm with Z = 1,
J =2,and M = 2 and BP-SWD algorithm with Z = 10, and J = 20 for
4PPM with m = 32, w = 4, and ¢ = 0.1. (b) Comparison of BER of C;
under SOSD-SWD algorithm withZ = 1, 7 = 2, and M = 2 and
BP-SWD algorithm with Z = 10, and J = 20 for 4PPM with m = 24,
w=4,and ¢ =0.1.

L“J, where
and ¢ is
inJ __
L) =
is processed row-wise, and we
out,/ __
Ly

decoding [By_i (e, BV], Lin‘J LC’J + ¢
Lil/yj ‘\;Jl re’ w L;J ;Jl re’ w
a scahng factor. Us1ng the parallel SOSD,

in,J gin,J in,J T
[lVl’lVZ"' lVN m]

can obtain the corresponding output LLR matrix

out,/ gout,/ out,J T : eJ __
0y, v, 1. Then, we can obtain Ly” =
[ e, J e,l]

— Ly where Ly = [y, .. ¥

The outer iteration process is repeated until J = J is
completed, and the decoder outputs the estimated values
By of the target block By. In the subsequent decoding
of the next target block By, the decoder receives a
new block By.,, and the decoding window slides one
block, at which point the current window includes blocks
By,By.i,...,Byyy,—1. The entire decoding process of
SOSD-SWD is repeated continuously.

In conclusion, the extrinsic information values are ob-
tained during the doubly iteration process, and then are used

out J
LV
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Fig. 16. Performance of SOSD-SWD at different SWD parameters.
(a) Performance of SOSD-SWD at different w. (b) The performance of
SOSD-SWD at different 7.

as a prior values for subsequent decoding in the SOSD-
SWD algorithm. The input LLR of the SOSD, which is
used for component LDPC codes, consists of the intrinsic
values and the a prior values. This operation changes the
reliability of the original input sequence and even changes
the composition of the original MRB and LRB. As a result,
the errors with lower reliability values may be corrected
before the reencoding operation. The errors with higher
reliability values may lower their LLRs, which can be
more easily corrected during the subsequent reencoding
operation. The SOSD-SWD algorithm is summarized in
Algorithm 2. Fig. 13 provides evidence for the rationale
of our proposed SOSD-SWD, where ¢ = 0 represents the
worst performance scenario, i.e., not utilizing the iterative
soft information in SWD, which is proved that this structure
can significantly improve decoding performance.

V. SIMULATION RESULTS

In this section, we first evaluate the performance of SC-
OSD and SOSD-SWD for staircase LDPC codes under the
synodic period channel. Then, we discuss the number of
reencoding operations of SC-OSD. Finally, we investigate
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Fig. 17. Performance of SOSD-SWD at different SOSD parameters.

(a) Performance of SOSD-SWD scheme at different Z. (b) The
performance of SOSD-SWD scheme at different M.
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Fig. 18. Performance of SOSD-SWD at difterent .

the impact of various parameters on the SOSD-SWD by
Monte Carlo simulations. The first component LDPC code
C| in our simulation is from [45] with parameters N = 128
and K = 64, and the second component LDPC code C; is
from [46] with parameters N = 96 and K = 48.
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TABLE III
Compare the Number of Reencoding Operations With M = 3

Ey /Ny (dB) 4.5 5 5.5 6 6.5
OSD 43745 | 43745 | 43745 | 43745 | 43745
SC-OSD 30553 | 27834 | 24401 | 19360 | 13737

Fig. 14 illustrates the BER comparison of C; and C,
under SC-OSD and OSD algorithms in no scintillation
state, and Fig. 15 shows the BER comparison of C; and G,
under SOSD-SWD and BP-SWD algorithms with different
turbulence conditions, respectively. It can be seen that with
the increase in turbulence intensity, the improvement of
SOSD-SWD is more significant compared to BP-OSD.
Moreover, the BER of C; outperforms that of C, in various
parameters, and we utilize C) in the following simulations.

Table III compares the number of reencoding operation
between SC-OSD with Orgp = 99.999% and OSD for C;, we
can find that the SC-OSD can reduce half of the complexity
of reprocessing the TEP with an increase in SNR.

The performance of SOSD-SWD in relation to the
parameters of SWD and SOSD are shown in Figs. 16
and 17, respectively. Increasing the window size means that
more staircase blocks participate in the decoding process
of the target block, which can improve the performance of
SOSD-SWD. Within a fixed sliding window, each complete
codeword in the target staircase block undergoes a total of
(Z - J) SOSD decoding iterations. Therefore, increasing
either Z or J can ensure lower BER. Moreover, Fig. 17(b)
shows that the increasing of M leads to lower BER at high
SNR, but it also increases complexity significantly due to
the increase in the number of reencoding operations.

Fig. 18 illustrates that a higher SNR can improve decod-
ing performance with more reencoded bits at the encoder
side, resulting in more reliable transmission. The higher the
solar scintillation, the more significant the improvement in
decoding performance.

V. CONCLUSION

In this article, we proposed the SC-OSD algorithm and
the SOSD-SWD algorithm for deep space optical commu-
nications. We first divided the channel states based on the
threshold of o7 = 0.01 and o/ = 0.99, within the synodic
period of 780 days between Mars—Earth. Then, we modified
the traditional OSD for the staircase LDPC codes to design
the SC-OSD algorithm, and the proposed skip criterion can
reduce the reencoding operations by approximately 50% at
Ey /Ny = 6 dB. Moreover, we utilized the SOSD as the inner
decoder to design the SOSD-SWD algorithm under a scintil-
lation state. Under the strong scintillation, our SOSD-SWD
can overcome the error floor compared to BP-SWD, and
can provide approximately 30 dB performance gain over the
uncoded system for 10~* BER. Finally, simulation results
showed that the increasing of w, Z, 7, and M can improve
SOSD-SWD performance at the cost of complexity, which
can be carefully considered in our future work.
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APPENDIX A N
DERIVATION OF E[0/,] AND o2

We define the following random variables:

N—m m
vy = Z 1j0,7 (0y) + Z Lo, (O/U)
v=1 v=1

it can be noted that for any 7 > 0, there exists an equiva-
lence relation {0/, > 1} = {vjy < N —u}, where 1y(x) =1
if x € X and 1y (x) = 0, otherwise. v, is composed of two
binomial distributions, B(N — m, F,(t)) and B(m, F,(t)),
and according to the Demoivre—Laplace theorem, it can be
approximated as a normal distribution with mean

Elvy]l = (N — m)F,(t) + mFy(t)
and variance
O = (N = m)F,(t)(1 = F)(1)) + mFy (1)(1 — Fy (1)).
Then, we define a random variable dependent on ¢ as

g(t) o M

obviously g(¢) is also a normal random variable, and the
following equivalence relationship exists:

[0 =1} ={gt) =1}

fofeman i)
u u

Assuming that gu follows a normal distribution
N(E[,], 03 ), its mean and variance should be indepen-

dent of ¢, and we have

Pr (./\f (E [;u] , a;z,) > t)

— E[v™]) t03
=Pr (N (t W ]E[UN]), 02"”) > t) )
u u

Lett =1t = E[;/u], we can obtain that

pr(N (E[7.].02) = Eidl.1)

E[d,] (N — E[v]) (El0.]) 02, -
=Pr(N< 0 (¥~ Efy) ]2)0N)2E[d,,])

u u

2
and
E[d.,] (N — E[vj]) _EG.L
u
Therefore
(N — '") Fy(E[d,]) + <L> Fy(E[0,]) = 1
N—u N —u

since Fy,(x) and Fy(x) are monotonically increasing func-
tions, there exists only one E[¢/,] that satisfies the above
equation.
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We can also obtain that

N@©, 1) > M

{0 =1} -
vy
u—N + E[vl’v”]t/

2
t—1) Ty

N(@O,1)> —

— N+ E[v
+u + [UN]I

EONC '

From above, the variance is given by

v

2
(t—1) ozﬁ

.
%0 = ’h—r’r’l' (u—N+E[v2 )2
N —u— (N —mF,E[d,])> — mF,(E[0,])?
(N = mfEL0) + mfy B0
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