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Polarimetric Light Transport Analysis for Specular
Inter-Reflection

Ryota Maeda

Abstract—Polarization is well known for its ability to decompose
diffuse and specular reflections. However, the existing decomposi-
tion methods only focus on direct reflection and overlook multiple
reflections, especially specular inter-reflection. In this paper, we
propose a novel decomposition method for handling specular inter-
reflection of metal objects by using a unique polarimetric feature:
the rotation direction of linear polarization. This rotation direction
serves as a discriminative factor between direct and inter-reflection
on specular surfaces. To decompose the reflectance components, we
actively rotate the linear polarization of incident light and analyze
the rotation direction of the reflected light. We evaluate our method
using both synthetic and real data, demonstrating its effective-
ness in decomposing specular inter-reflections of metal objects.
Furthermore, we demonstrate that our method can be combined
with other decomposition methods for a detailed analysis of light
transport. As a practical application, we show its effectiveness in
improving the accuracy of 3D measurement against strong specular
inter-reflection.

Index Terms—Inter-reflection, light transport analysis, polari-
zation imaging, specular reflection.

I. INTRODUCTION

HE analysis of light transport is an important task in
T computer vision, allowing us to understand the real-world
scene through various optical phenomena, such as diffuse and
specular reflection, subsurface scattering, and inter-reflection.
These phenomena repeatedly occur in intricate geometry and
materials, resulting in a complex mixture of light observations.
Sometimes, these mixed lights lead to difficulties in subsequent
tasks, such as 3D measurement and material classification.
Therefore, analyzing the mixed light transport is essential for
understanding the scene.

There are numerous different techniques to decompose light
transport components. These techniques use the relationship
between reflection components and optical properties, such as
the dichromatic reflectance model [1], [2], [3], [4], [5], [6],
spatial frequency response [7], geometric constraint [8], [9],
[10], far infrared light [11] and polarization [12], [13], [14],
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Fig. 1. Overview of reflectance components decomposition based on the
rotation of linear polarization. Our method can decompose polarization states
of the reflected light into three components: Unpolarized, forward rotation, and
reverse rotation.

[15], [16], [17], [18]. These different physical cues target differ-
ent optical phenomena, and they complement each other. Our
polarization-based method falls within that category.

Polarization is a renowned physical cue to decompose diffuse
and specular reflection components. Numerous polarization-
based methods exploit the behavior of reflection, wherein a
diffuse surface makes the incident light unpolarized while a
specular surface preserves its polarization [12], [13], [14], [15],
[16], [17], [18]. These methods assume that all indirect re-
flection components are unpolarized, similar to diffuse surface
reflection or subsurface scattering. However, this assumption
is not always true because inter-reflection on specular surfaces
preserves the polarization of the incident light. Therefore, the
existing methods are not capable of explicitly handling specular
inter-reflection.

In this paper, we propose a novel polarization-based light
transport decomposition method, especially for specular inter-
reflection. Our method is based on the observation of specular
inter-reflection that, when the polarization plane of incident light
rotates, the polarization plane of the reflected light rotates in the
opposite direction. We exploit this observation as a useful cue to
decompose mixed light. To capture the rotation of polarization,
we use a pair of linear polarizers in front of the light source and
camera, and the camera captures the polarization state of the
reflected light by rotating both polarizers. As shown in Fig. 1,
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we decompose the reflected light into three components: Unpo-
larized, Forward rotation, Reverse rotation. These components
correspond to the diffuse reflection, specular reflection, and
specular inter-reflection, respectively. As our method utilizes a
polarization cue, we can easily combine it with existing methods
that use a different physical cue. This combination allows us
to decompose high- and low-frequency specular inter-reflection
that cannot be revealed by existing methods. Furthermore, with
our method, we can measure the 3D shape in the presence of
specular inter-reflection.

To summarize, our main contributions are:

e We present a novel polarization-based light transport
decomposition method, especially for specular inter-
reflection (Fig. 7), which is challenging in previous meth-
ods (Fig. 8).

® We show that our method can be combined with existing
methods that use a different physical cue because our
method only relies on polarization (Fig. 9).

® We show a practical application of our method: 3D mea-
surement with a projector-camera system for metal objects
(Fig. 10). With our method, we can measure the 3D shape
in the presence of specular inter-reflection.

Similar to other existing methods, our method also has several

limitations, which are discussed in Section VIII.

II. RELATED WORK
A. Reflection and Light Transport Analysis

The decomposition of reflection components is an essential
task for computer vision and graphics, so many researchers have
explored various methods. In essence, these methods exploit
the relationship between reflection components and physical
optical phenomena. Shafer etal. [1] separate diffuse and specular
reflection based on the dichromatic reflectance model. This
model incorporates the color difference due to diffuse and
specular reflection. Several reflection decomposition methods
utilize the spatially high-frequency light pattern. Nayar et al. [7]
proposed a high-frequency spatial patterns method to separate
direct and global components. This principle is applied to robust
3D scanning methods against inter-reflection and subsurface
scattering [19], [20], [21]. Some methods exploit the geometric
constraints of the camera and light source. O’Toole et al. pro-
posed primal-dual coding [8] using a coaxial projector-camera
setup, and his follow-up work uses epipolar constraints [9], [10].
Other methods decompose reflection components by far infrared
light [11] or the time-of-flight approach [22].

Polarization is also an essential cue for the decomposition of
reflection. It is well known that the degree of polarization differs
in diffuse and specular reflection components. Several methods
have been developed to analyze the polarization states of re-
flected light [12], [13], [14], [17], [18], and estimate the 3D shape
of translucent objects, which causes subsurface scattering [23].
There are still few studies on analyzing specular inter-reflection
using polarized light. Wallance et al. distinguish direct and inter-
reflection of metallic objects [24]. However, they worked not to
decompose but just distinguish them. In addition, their experi-
mental results showed only handling horizontal inter-reflections
and did not account for inter-reflections in arbitrary directions.

In contrast, we decompose the reflection components, which can
apply to various inter-reflection directions.

B. Polarization in Computer Vision

In computer vision, polarization has been exploited not only
for the separation of diffuse and specular reflection but also
for various imaging techniques such as 3D shape recovery for
both opaque [25], [26], [27] and transparent [28] objects, de-
hazing [15], [29], and segmentation for transparent objects [30].
These studies were conducted under uncontrollable environment
light or known light sources with fixed polarizers.

Recently, Baek et al. explored the polarimetric relationship
between the incident and reflected light for various imaging
applications [31], [32], [33], [34]. Similar to his series of
works, we measure the polarimetric information using rotating
polarizers attached to both light source and camera sides. In
particular, Baek and Heide briefly showed a measured result
of the specular inter-reflection [33], which implies the circular
polarization change in specular inter-reflection. Our research
delves deeper into this polarization change by explicitly defining
the mathematical model and utilizing it for decomposing light
transport with polarization cue alone.

III. PRINCIPLE

In this section, we introduce the essential polarization phe-
nomenon in specular inter-reflection that forms the cornerstone
of this study. Fig. 2 illustrates our capturing configuration (a)
and three polarization states that aim to decompose(b)(c)(d),
and Fig. 3 shows the actual measurement of this phenomenon.
As listed below, we explain polarization states in specular inter-
reflection by referring to the intuitive interpretation in Fig. 2 and
the actual data in Fig. 3.

1) Degree of linear polarization: As shown in Fig. 2(b),
the reflected light becomes unpolarized in diffuse reflec-
tion or subsurface scattering. In contrast, as illustrated in
Fig. 2(c) and (d), polarization is preserved in specular
reflection.

2) Rotation direction: As shown in Fig. 2(c) and (d), the
rotation direction of polarization of reflected light differs
depending on the number of bounces. When the polar-
ization is rotated in the clockwise (CW) direction, the
reflection flips to counter-clockwise (CCW). Therefore, as
shown in Fig. 2(c), in single bounce specular reflection, the
polarization planes of the incident and reflected light ro-
tates in the same direction from the camera viewpoint. On
the other hand, in the case of the second bounce reflection,
the rotation direction flips twice, and the reflected light
becomes CW, resulting in a reversed rotation as shown in
Fig. 2(d). We can see this opposite trend in real data, as
indicated in [A] and [B] in Fig. 3(b). With respect to the
polarizer angle of the incident light, the angle of linear
polarization (AoLP) of the direct reflection is linearly
increasing, and the inter-reflection is decreasing.! Note

IThe plotted result is not perfectly linearly increasing or decreasing and is
slightly distorted. This distortion is caused by various complex polarization
phenomena, such as the fact that actual metal material yields elliptical polariza-
tion [35].
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Polarization states of reflected light relative to incident light’s polarization plane rotation. (a) We illuminate the target scene with a light source with a

polarizer and capture the reflected light with a camera with a polarizer. (b) In diffuse reflection or subsurface scattering, the reflected light is mostly unpolarized.
(c) In direct specular reflection, the polarization plane of the reflected light rotates in the same direction as the incident light. (d) In specular inter-reflection, on the
other hand, the polarization plane of the reflected light rotates in the opposite direction from the incident light. The phase of the polarization plane varies depending

on the orientation of the reflection surfaces (compare horizontal and oblique).

that, in the third reflection, the rotation direction flips three
times and becomes CCW. It is the same as the first one.

3) Phase difference: As shown in Fig. 2(c)’s horizontal and

oblique arrangements, the phase shift occurs in specular
inter-reflection. We can confirm this phase difference in
[C] of Fig. 3(b). The amount of phase difference depends
on the orientation of the light path. Note that we show a
detailed visualization of the phase shift in Fig. 11.

We can use the difference in rotation direction as a cue to
distinguish three classes of reflection as shown in Fig. 2(b)—(d).
However, in general, we observe not a single component but
a mixture of them. Therefore, in the next section, we propose
the decomposition method using a mathematical model of these
three components.

IV. METHOD

In this section, we introduce our proposed decomposition
method. In subsection A, we describe the basic relationship
between observed intensity and polarization. Then, in subsection

B, we formulate the mathematical model of three reflection
components by incorporating the rotation direction of the plane
of polarization. In subsection C, we show the decomposition
method for three components. Finally, in subsection D, we
discuss the minimum number of measurements required to apply
the decomposition.

A. Basic Observation of Polarization

Before diving into our method, we briefly review the back-
ground of polarization. Although our proposed method uses a
pair of linear polarizers in front of a light source and a camera
side, we start with a single polarizer case. Suppose we measure
the intensity of light with a camera that has a linear polarizer
attached to the front. The camera measures the intensity 7(6,)
at the angle of the linear polarizer 6, which expressed as

]am
I,4(0.) = Tp{pcos 2(60, — ¢) + 1}, (D)

where Iy, p, and ¢ are the parameters that characterize the
polarization of its light. I,y is the intensity, p is the degree



MAEDA AND HIURA: POLARIMETRIC LIGHT TRANSPORT ANALY SIS FOR SPECULAR INTER-REFLECTION 879

0

Incident light
Occluder

Polarizer

Inter-reflection

Camera
Concave shape

metal bowl

(a) Capturing setup with an occluder

Fig. 3.

Illuminated area
Captured image

180
® Direct reflection
% Inter-reflection
S ® Horizontal
- .
H13s ® Oblique
] [A]
=
o]
=
|3]
& 90
3]
= y
5 C]
Ay B
— 45
Q
<
\
% 45 90 135 180

Polarizer angle of incident light 6,

(b) The polarizer angle and measured AoLP

Rotation of the angle of linear polarization in specular inter-reflection. This measurement focuses on three different types of reflections: Direct reflection,

inter-reflection (horizontal), and inter-reflection (oblique). (a) The light source illuminates the concave-shaped metal bowl with the polarized light source. The
occluder blocks the light, and the bowl is illuminated only on one side. This enables the camera to observe unmixed direct reflection and inter-reflection separately.
Note that the occluder is specifically used to prevent mixing the light, and the later experiments are conducted without the occluder. (b) The plotted result of the
AoLP of reflected light ¢ and the polarizer angle of light side 6;. We can see the different trends between direct and inter-reflection ([A] and [B]) and the phase

difference between horizontal and oblique inter-reflection ([C]).

of linear polarization (DoLP), and ¢ is the angle of linear
polarization (AoLP). The DoLP represents how much the light is
polarized with a value of 1 indicating perfectly linear polarized
light and 0 indicating unpolarized light. The AoLP represents
the angle of the plane of polarization light. The division by 2
corresponds to the attenuation of the linear polarizer.

The equation above only represents the case of a single
polarizer of a camera. In the next subsection, we will add a
polarizer to the light source and extend the equation to consider
the rotation direction of the polarization plane.

B. Rotation Direction of Linear Polarization

We extend the basic polarization expression (1) by incorpo-
rating the rotation direction of the plane of polarization. Our
method defines the three types of polarization states illustrated
inFig. 2. As shown in Fig. 2(a), the scene is illuminated by a light
source with a linear polarizer and captured by a camera with a
linear polarizer. Both polarizers are to be rotated independently,
and the camera observes the intensity I(0.,6;) at the angle of
linear polarizers 6. (camera side), 6, (light source side). Then, we
define the observed intensity as a mixture of three components,

I<9C7 9[) = unpolarized(ea el) + Iforward(eca 91) + Ireverse(eca 9l>7

@)
where Linpolarizeds Lforward> Jreverse are the unpolarized, forward
rotation and reverse rotation components, respectively. We de-
scribe the detailed properties of these reflection components
below.

Unpolarized Components: As shown in Fig. 2(b), in the case
of diffuse reflection and/or subsurface scattering, the reflected
light becomes mostly unpolarized regardless of the polarization
states of the incident light. The light enters the object and is
reflected multiple times inside the medium so that the polarized

light mixes in various directions and becomes unpolarized light
(DoLP becomes almost zero). This unpolarized component is
also partially present in rough specular reflection. By using (1)
with p = 0, the unpolarized component Inpolarizea 1S Observed as

1
Iunpolarized(ec,el) = p:O(ec) = ?U’

where Ij; is the intensity of reflection. As the equation shows,
Lunpolarized 18 constant because the unpolarized component is not
affected by the angle of the polarizers.

Forward Rotation Components: The direct specular reflection
mostly preserves the polarization of incident light, so it has a
high DoLP value. When we rotate the polarization plane of the
incident light (i.e., rotating the polarizer in front of the light
source), the polarization plane of the reflected light is rotated
in the forward direction as shown in Fig. 2(c). We define such
reflected light as forward rotation components, which corre-
sponds to p = 1 and ¢ = 0; + ¢ . Therefore, according to (1),
the intensity of forward rotation component foyarg 1S Observed
as

3

Iforward(eca 0l) = IP:1»¢:9H‘¢F (00)

I?F{cos 20, — 0, —or) +1}, (4

where [ represents the intensity of the forward rotation com-
ponent, and ¢ is the phase typically close to zero.

Reverse Rotation Components: We consider the second
bounce specular inter-reflection. Even if it is reflected multi-
ple times, the light still preserves the polarization (high DoLP
value), similar to the single bounce case described before. The
difference between the direct- and the inter- reflection is the
rotation direction of the plane of polarization. In specular inter-
reflection, the polarization plane rotates reversely, as shown in
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Fig. 2(d). We define such reflected light as reverse rotation
components, which corresponds to p =1 and ¢ = —6; + ¢g.
Compared to the forward rotation components, the sign of 6;
is flipped. With (1), the reverse rotation component /ieyerse 1S
observed as

Iforward(ecy '91) = Lp=1,0=—0,+¢r (9(:)
1
= S{eos2(0c+ 0 ér) + 1}, )

where Iy is the intensity of the reverse rotation component,
and ¢r is the phase that depends on the arrangement of the
equipment and objects, shown as [C] in Fig. 3(b).

C. Decomposition

Based on the multiple observations of the intensities under
different polarizer angles, we can decompose the mixed light
into three components. We capture the static scene by rotating
the linear polarizer of both the light source and camera sides
and acquiring sequential images. For the k-th (k =1,2,..., N)
image, let [, be the intensity, where the angle of the polarizer
is 0., (camera side) and 0; ;, (light source side). Then, we can
estimate the parameters of each reflection component by solving
the following equation.

I, Ir, 05, I, ¢r
N

= argming, ;o om0k — I(0ck,001)} . (6)
k=1

This equation can be solved by a linear least-square method,
and we can determine the parameters in a closed form. We
describe the details in the appendix.

D. Minimum Number of Measurement

The proposed decomposition method requires capturing mul-
tiple images with sufficient combinations of polarizer angles to
find the five unknown parameters. We summarize the minimum
number of images required for two cases of camera equipment.
We show the proof in the Appendix.

1) Conventional Camera With Polarizer: When using a
polarizer with a conventional camera, both the polariz-
ers on the light source and the camera must be ro-
tated. In this case, we need to capture five images with
non-degenerated combinations of polarizer angles, such as
{(907 91)} = {(07 O)v (4Bv 45)7 (0, 45), (457 0)7 (907 0)}

2) Polarization Camera: Instead of using a conventional
camera with a polarizer, we can use a polarization camera. This
camera can acquire full linear polarization states in one shot,
reducing the number of shots. In this case, we need to capture
two images with 0 and 45 degrees of polarizer angle on the light
source.

V. SIMULATION

In this section, we evaluate the proposed method using syn-
thetic data. To generate the data, we used Mitsuba 3 [36],
which can simulate the light transport of polarization. We used
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the measured polarized-BRDF data [32] to simulate physically
accurate polarization material. We selected Brass and SUJ2 as
metal material and Blue billiard as diffuse material based on
the visual clarity of the rendered image. We arranged the scene
with three planar objects in a V-shape so that inter-reflection
occurred. The camera and light source are placed close enough
together. This light source illuminates the entire scene.

Fig. 4 shows the rendered images as a reference and the
decomposed images applied to all mixture light. The top row
shows the rendered image (all), as well as individual bounce
components (1st, 2nd, 3 rd, and more than 4th). Each component
is independently rendered by limiting the maximum number of
light bounces in Mitsuba 3 renderer. The bottom row shows
the decomposed images by using the proposed method. We
can confirm each decomposed image contains desired reflection
components as explained in Section IV.

Fig. 5 shows the quantitative comparisons of decomposed
components at point [A]/[B]/[C]. From this chart, we can ob-
serve the following:

® Point [A]: This point has a mixture of Ist bounce light
from SUJ2 and 2nd/3 rd bounce light from blue bil-
liard. The 1st bounce component is specular reflection,
and it is corresponded to the forward rotation component
(Ir/1st=0.991). On the other hand, both the 2nd and
3 rd bounce component come from diffuse material, and
the sum of intensities is corresponded to the unpolarized
component (/7 /(2nd+3 rd)=0.925).

® Point [B]: This point is not affected by inter-reflection,
almost all the reflected light comes from the 1st
bounce, corresponding to the forward rotation component
(Ip/1st=0.884).

e Point [C]: This point exhibits a 2nd bounce specular inter-
reflection, which corresponds to the reverse rotation com-
ponents (I /2nd=0.955). Similar to points [A] and [B], the
Ist reflection is decomposed as the forward rotation com-
ponent. There is also a 3 rd bounced inter-reflection because
the 3 rd bounce flips the rotation direction again, becoming
the same direction as the Ist (I /(1st+3 rd)=0.910).

Through this result, we confirm that the decomposed compo-
nents are matched to the 1st and 2nd components.

VI. EXPERIMENTAL RESULTS

Fig. 6 shows the capturing setup for real scenes. The target
scene is illuminated by a light source (Epson, EB-W05) with a
linear polarizer (Kenko, PRO1D CIRCULAR PL (W)) attached
to the front> and measured by a polarization camera (FLIR,
BFS-U3-51S5P-C). This polarization camera can capture the
polarization state with a single shot. It is equivalent to a conven-
tional camera with a rotating polarizer. Our method specifically
targets specular reflection, which is typically required to capture

2We used a 3LCD-type projector, which emits partially linear polarized light,
not unpolarized. To mitigate the effect of the polarization, we used a polarizer
made up of a quarter waveplate and a linear polarizer. This combination enables
us to avoid the influence of polarized light from the projector, and we can
illuminate the scene with a constant intensity of linearly polarized light while
rotating the polarizer.
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Fig. 5. Quantitative evaluation of decomposed components. The stacked bar Fig. 6. Experimental setup for the real scene. The target scene is illuminated

by a light source with a linear polarizer attached to the front and measured by a

and first table show the intensity values of three points [A][B][C] in Fig. 4. e
polarization camera.

a high dynamic range (HDR) image. Therefore, we captured
sequence images with different exposure times and merged them
into a HDR image. We acquire multiple HDR images for every
polarizer angle of the light side. As explained in Section I'V-D,

sensor noise. The measurements were conducted in a darkroom
to avoid the environment light.

theoretically, the minimum number of images is two, but we
captured four images with different polarizer angles on the light
source (6; = 0,45, 90, 135) in this experiment to be robust to the

A. Decomposition of Reflection Components

Fig. 7 shows the decomposed result in the real scenes.
Our method successfully decomposes the desired reflectance
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rotation, and reverse rotation components. Our method can extract specular inter-reflection of metal objects, as shown in the reverse rotation component for various

scenes.

components for various scenes. The reverse components have
a majority of specular inter-reflection for various geometry and
metallic materials.

B. Comparison With High-Frequency Illumination Method

Compared to the other decomposition methods, our method
can analyze specular inter-reflection regardless of the spatial
frequency response. We compare our method with Nayar’s
high-frequency illumination method [7]. Their method can de-
compose direct and global (including inter-reflection) light com-
ponents. However, as their paper mentioned, their method fails
to decompose high-frequency specular inter-reflection. For in-
stance, specular inter-reflection from a perfect mirror is difficult
to distinguish from direct reflection. Fig. 8 shows the comparison
of decomposition results. We can confirm that Nayar’s method
fails to decompose high-frequency specular inter-reflection from
the hexagon-shaped mirror. In contrast, our method successfully
extracts specular inter-reflection.

C. Combination With High-Frequency Illumination Method

We show the combination of the different light transport anal-
ysis methods to achieve a detailed decomposition. Each cue has
different limitations for targeting optical phenomena. For exam-
ple, our polarization-based method is incapable of distinguishing
diffuse reflection and subsurface scattering; on the other hand,
Nayar’s method fails for high-frequency inter-reflection cases.
Therefore, the capability of a combination of complementary
methods is crucial to achieving a detailed analysis of light
transport. Our method utilizes polarization as a cue, which does
not cause any conflicts with other cues like spatial-frequency
and time-of-flight based methods.

Fig. 9 shows the results of the combination of Nayar’s
method [7]. Their method separates direct and global com-
ponents by projecting multiple high-frequency checker pat-
terns from a projector. To combine with their method, we
first apply Nayar’s method and obtain direct and global
components for each polarization state. Then, we apply our
method for direct and global components, respectively. Even
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Fig. 9.

Combining with Nayar’s decomposition method. Row: Direct / global components with Nayar’s method [7]. Column: Unpolarized / forward / reverse

components (ours). As the two methods differ in targeting optical phenomena, we can combine them in a complementary manner and achieve a more in-depth
decomposition. In particular, this combination extracts only the high-frequency or low-frequency specular inter-reflections that have never been achieved by previous

methods.

with this straightforward combination, they work comple-
mentary to each other and achieve detailed light transport
analysis.

D. 3D Measurement for Specular Inter-Reflection

As an application, we utilize our decomposition method
for 3D measurement with the projector-camera system. Active
lighting methods (e.g., structured-light, photometric stereo, and
time-of-flight), including the projector-camera system, some-
times struggle with the inter-reflection. This is because these
methods assume only direct reflection, which can be prob-
lematic when measuring metallic objects with strong spec-
ular inter-reflection. Our decomposition method reduces the

specular inter-reflection and enables robust measurement of
metal objects.

Fig. 10 shows the results of 3D measurement with and without
our method. In this experiment, we use the Gray code pattern as
structured light. To reduce the specular inter-reflection, we used
the forward rotation intensity to estimate 3D points. For the
quantitative evaluation, we used the proportion of the correct
3D points. We fitted two planes of a V-groove on measured 3D
points and used them as ground truth. Then, we counted the 3D
points within 1 mm of a ground truth plane. From a number
of points, we calculated the proportion as the correct points. In
the traditional method without decomposition, inter-reflection
causes errors in most points. On the other hand, using the forward
rotation component expands the region of the correct points.
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3D mesh

Application for 3D measurement under strong specular inter-reflection. We measure the V-groove metal object using Gray code structured light. Left:

An example of an intensity image projected under a Gray code pattern. Middle: Reconstructed depth map. The gray color areas in the image indicate that they are
either out of range of depth or background. Right: Reconstructed 3D mesh from a different viewpoint. Without our method (all), due to the specular inter-reflection,
the proportion of correct points is only 54.6%. With our method, by using the forward rotation components, the proportion of correct points increases to 92.8%.

VII. DISCUSSION

A. Why Not Circular Polarization?

We proposed a measurement method by rotating the plane
of linearly polarized light in order to decompose the reflected
components. We clarify why we use linear polarization instead of
using circular polarization. Similar to the case of linear polariza-
tion discussed in Section III, the left- or right-hand circular po-
larization flips between single and double bounce reflection [33].
We can utilize circular polarization to distinguish direct and
inter-reflection, as long as they are not mixed. However, it
becomes impossible to decompose if both reflection components
are mixed because the incoherent mixture of right-hand and
left-hand circular polarized light is observed as unpolarized.’
That is why we can not use circular polarization alone for this

purpose.

B. Phase of AoLP

Since the experimental results only showed the intensity im-
ages, here we show and describe the phase (¢ and ¢ i) obtained
from our decomposition method. Fig. 11 shows the phase image
of forward and reverse rotation components. The phase of the
forward component is near zero for all pixels because direct
reflection does not change the polarization phase. We can also
see this fact from the plot of direct reflection shown in Fig. 3(b),
where the intercept is zero. In contrast, the phase of the reverse
component varies depending on the direction from where the first
bounce light is coming. For instance, the horizontal and vertical
directions do not cause a phase shift, while the oblique directions

3Mathematically, polarized light can be described by Stokes parameters. The
incoherent mixture of left-hand and right-hand circularly polarized lights Siefy =
(1,0,0,—1), Sight = (1,0,0,1) is a summation of them Sicf + Sright =
(1,0,0,0) which is same to unpolarized light.

Mo
Igo
I180

Intensity Phase (forward) ¢ Phase (reverse) ¢r

Fig. 11.  Visualization of phase components. The scene setup is identical to
Fig. 3. The phase values are colored by mapping them to the Hue circle, and the
Brightness is modulated by the decomposed intensities.

result in a phase shift. This fact can also be seen from the [C] in
Fig. 3(b). Currently, we do not use this phase information, but it
can potentially analyze the scene geometry.

VIII. LIMITATION
A. Fresnel Reflection

Our method has a limitation for Fresnel reflection of dielectric
material as it is not explicitly incorporated in the model. Our
model approximates the reflectance value as a constant with
respect to the rotation of the polarizer on the light source side.
Howeyver, in Fresnel reflection, the reflectance varies between s
and p polarization. Consequently, the intensity of reflected light
changes while rotating the polarizer on the light source side. This
effect becomes dominant when the diffuse reflection is relatively
small, such as black plastic.

B. 3rd Bounce Light

Our method also has a limitation for multiple bounce inter-
reflection (more than 3 rd). The direction of polarization rotation
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flips upon reflection, causing the 3 rd bounce to have the same
rotation as the 1st. Therefore, our method cannot distinguish 1st
and 3 rd bounce reflections, and they would be decomposed as
forward rotation components. This is the nature of polarization
behavior, and resolving this problem is fundamentally difficult
with polarization alone. Generally, the 3 rd bounce light tends
to be weaker than the 1st/2nd bounce with rough metal surfaces.
However, some certain geometry and materials cause strong 3 rd
bounce reflection and become problematic. The result shown in
Fig. 4 is the exact case where the 3 rd component is intentionally
emphasized because the smooth specular surfaces preserve the
intensity of reflected light.

Despite this limitation, our method is still valuable. In light
transport analysis, we can use other optical cues along with
polarization. Previous works have already shown promising
results by combining polarization with other cues such as
color [37], high-frequency pattern [38], and Time-of-Flight [33].
Our method contributes to these previous and future meth-
ods to enable a comprehensive analysis of light transport, in-
cluding higher-order multiple bounce reflection. Furthermore,
our method alone can remove undesirable 2nd specular inter-
reflection. For example, as already shown in the result, our
method is effective for 3D imaging even though the scene
contains 3 rd bounce light.

IX. CONCLUSION

In this study, we proposed a novel decomposition method of
reflection components by featuring the rotation direction of the
polarization plane. Our proposed method enables us to decom-
pose the specular inter-reflections, which had been difficult to
handle in the past. We verified the effectiveness of our method in
both synthetic and real data. Our method can be combined with
other methods to explore a detailed analysis of light transport.
As an application of 3D measurement, our method reduced the
error that occurred by strong specular inter-reflection.

APPENDIX
SOLVING THE DECOMPOSITION EQUATION

This appendix describes the transformation to solve (6). At
the beginning, we convert (2) into linear form,

I(acagl) = W(0670l)x7 (7)

where matrices of known values W and unknown parameters X
are described as follows.

1
cos 26, cos 20,
sin 20, sin 20; | , ®)
cos 20, sin 20,

W(@c,el) =

sin 20, cos 20,

X Iy +1p+1Ir

To Ipcos2¢p + Ipcos2¢pr
X=|z3| =< |—Irpcos2¢p + [gcos2¢Rr| - )

Ty IFSiHQQf)F—IRSinQd)R

Ts Ipsin2¢p + Igsin2¢g

Suppose we capture /N frames while rotating the polariz-
ers of camera (0. = 0.,,0.,,...,0.,) and light source (0, =
01,,01,,...,0;,), and get a sequence of intensities (6., ,0;, )
and vectors w (0., , 0;, ). We can stack them as the column vector
I and the matrix W as follows

1(0017911) - W(9C170l1) -
1(962, alz) - W(ecz ) 012) -

= . ,W == . . (10)
1(6(11\7’011\7) - W(QCN79lN)

and we can extend (7) to

I=WX. (11)

To solve the above equation, the matrix W must have its own
inverse matrix. Fortunately, if we choose the combination of
(6, 0;) carefully, W becomes invertible (we discuss it later). If
we have more than five observations (/N > 5), we can use the
pseudo-inverse matrix of W to be robust to the sensor noise.
With the pseudo-inverse matrix W, we can solve X as follows
X = (W'wW) 'w’1

=WTIL (12)

By using solved X, we can calculate the parameters of each
reflection component Iy, Ip,¢p,Ir,¢r. The relationships
among s, T3, Ty, T 1S

To —x3 = Ipcos20p (13)
T4+ x5 = Ipsin2¢p (14)
To + x3 = IR cOs2¢R (15)
—x4 + x5 = Ipsin2¢p (16)
then we can calculate the parameters as follows.
Forward rotation component:
Ip = /(22 = x3)* + (w4 + 25)? (17)
1
¢p = — arctan T Ts (18)
2 To9 — I3
Reverse rotation component:
IR = \/(IL‘Q + 5.173)2 + (—ZC4 + LC5)2 (19)
1 —X4 + 5
= Zarctan ——— 2 20
ORr 2arcan pra——— (20)
Unpolarized component:
IU=2$1—IF—IR (21)

The computational cost of the above algorithm is minimal
because we can precompute the pseudo-inverse matrix W+ and
easily parallelize per pixel.
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To solve (11), the matrix W must have its own inverse matrix.
Fortunately, if we choose the combinations of (6., 0;) carefully,
‘W becomes invertible. For example, W for a combination of
{(0.,6,)} = {(0,0), (45,45), (0,45), (45,0), (90,0)} is

11 1 1 1
100 0 -1
W=(010 0 0/f, (22)
00 1 0 O
00 0 1 0

and this W is full-rank, so pseudo-inverse matrix W is calcu-
lable.

We also show the condition number of W to evaluate the
robustness of our method. The condition number is defined by

O max (W)
Omin (W) ’

where 0 (W) and opin(W) are maximal and mini-
mal singular values of W respectively. If the condition
number is close to one, the matrix W is considered
well-conditioned and strong against noise. The condition num-
ber of the above scenario (22) is x = 3.99, which indi-
cates that it is fairly well-conditioned. For more practical
scenario where a polarization camera . = {0,45, 90, 135} cap-
tures two images with 6; = {0,45}, the combination of po-
larizer angles is {(6.,6;)} = {(0,0), (45,0), (90,0), (135,0),
(0,45), (45,45), (90, 45), (135,45)}. In this case, the condi-
tion number becomes x = 2.00, indicating that it is well-
conditioned.

(W) = (23)
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