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ABSTRACT The subject of this paper is a non-coaxial eddy-current coupling, which can be utilized on a
freight train wagon for generating auxiliary power in the range of several Watts. The coupling comprises a
wheel with radially magnetized permanent magnets, which is positioned in the vicinity of the wagon’s wheel,
and extracts kinetic energy when the train is in motion. A computational method for solving the 3-D problem
of the eddy-current coupling is presented. Maxwell’s equations for calculating the excited eddy currents are
solved in the Fourier domain with a semi-analytical method (SAM), resulting in computationally efficient
simulations. In a case study, the SAM shows 500 times faster simulation times, compared to a 3-D transient
eddy-current finite-element method simulation, carried out with a commercially available software. The SAM
is verified with measurements taken on two hardware prototypes. Furthermore, in order to generalize the
study, a ρη-Pareto optimization of the system is conducted for relaxed design space boundaries, an output
power of P = 10W, a C45E steel wheel with v = 80 km/h surface velocity, and g = 3mm air gap. It is
shown that a power density up to 0.8 kW/dm3 (13W/in3) and a transfer efficiency up to 60% can be achieved
using the proposed system.

INDEX TERMS Eddy-current coupling, railway application, eddy currents, linear motors, energy
harvesting.

I. INTRODUCTION

GENERATING electrical energy for auxiliary purposes
directly at the location of consumption allows omit-

ting battery supply systems and/or power supply cables
as well as power conversion stages [1], [2]. Power in the
microwatt or milliwatt range could be obtained by utiliz-
ing established energy-harvesting methods [3], [4], however,
the achievable output power is too low for many applications
and only allows one to supply ultra-low-power (sensing)
applications. In the case of a freight train, watt-range auxiliary
power could be utilized for e.g. powering actuators in an anti-
lock braking system or a condition monitoring system of the
car or loaded goods. In a traditional scenario, auxiliary power
is supplied from the locomotive; however, in this case, power
supply cables need to be installed on each wagon. Moreover,
connecting electric supply plugs between each wagon can be

expensive due to wear out of the plugs and the labor cost for
the coupling procedure.

Auxiliary power generation systems, as illustrated in
Fig. 1, overcome the aforementioned drawbacks. Such sys-
tems comprise
• a non-coaxial eddy-current coupling,
• a generator, and
• an active rectifier for conditioning the extracted electric
power.

A non-coaxial eddy-current coupling is established between
the wagon’s wheel and radially magnetized permanent mag-
nets (PM), which are mounted on a shaft that is free to
rotate around its axis. When the wagon’s wheel rotates,
eddy currents are induced on its moving conductive sur-
face (MCS). The reaction force acting on the magnets
makes the PM wheel rotate. Fig. 2 illustrates such system.
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FIGURE 1. Application example of the eddy-current coupling on
a freight train for coupling the wagon’s wheel with an auxiliary
power generator in a contactless fashion.

FIGURE 2. Illustration of the permanent magnet (PM) wheel,
which becomes an eddy-current coupling together with the
moving conductive surface (MCS). Conductive and
non-conductive regions, used for deriving the model are
labeled and the source field of the PM wheel is mapped on top
of ‘‘top region’’ in the semi-analytical method (SAM) simulation.

Reference [5] proposes a similar concept for powering a low-
power lighting unit, where the generator is implemented as a
coil around the PM wheel. The merit of the system of Fig. 1
is that the wagon’s wheel does not need any modification, nor
is it in mechanical contact with the PM wheel as the power
is extracted electromagnetically. Crucial for the operation is
that eddy currents are excited in the MCS/wheel. Therefore,
a non-zero time derivative of magnetic flux must penetrate
the MCS (in its local, moving coordinate system).

The coupling’s operation can be illustrated, considering
the loading of the system, i.e. when the PM wheel delivers
a torque to an electric generator. In this case, the PM wheel
slows down and a higher surface speed difference between
MCS and PM wheel appears. The derivative of magnetic
flux increases and eddy currents settle at a higher magnitude.
It will lead to an increased torque on the PMwheel, i.e. a new
operating point with higher transferred torque is reached.

Co-axial eddy-current couplings are studied and optimized
extensively in literature for various applications [6]–[8]. An
initial characterization of a non-coaxial eddy-current cou-
pling in combination with an aluminum MCS can be found
e.g. in [9]. Moreover, Paudel analyzes a PM wheel in combi-
nation with an aluminum MCS for electrodynamic levitation
purposes [10]–[13]. However, an analysis of a non-coaxial

eddy-current coupling for a steel MCS in combination with
the introduction of a computationally highly efficient simula-
tion method has not been presented in literature so far.

In this paper, a semi-analytical method (SAM), which
allows simulating system’s characteristics and performance,
is derived in Sec. II at first.

Subsequently, measurements on two prototypes, built such
that they suit the desired application, are presented and com-
pared to the results of the SAM as well as to the result of
a time-transient finite element method (FEM) simulation in
Sec. III. Moreover, insight into the significant performance
improvement of the SAM, compared to a time-transient FEM
is given. Additionally, a power density vs. efficiency (ρ-η)
Pareto optimization for a design space with relaxed bound-
aries considering geometric properties of the PM wheel is
performed in Sec. IV. Hence, recommendations on the design
of an eddy-current coupling for different applications can be
formulated.

II. MODELING
A common approach for calculating the excited eddy currents
is the utilization of (commercial) FEM simulation (software).
Analyzing the power transfer in the considered non-coaxial
eddy-current coupling requires a transient, 3-D FEM simu-
lation. A fine mesh is mandatory on the surface of the steel
wheel, i.e. MCS, since the induced eddy currents are flowing
in a skin depth in the mm-range (as confirmed later). As a
result, simulating the eddy-current coupling under different
operating parameters (OPs) is challenging. Therefore, in the
following, a computationally efficientmethod is presented for
calculating the magnetic field, induced eddy-current distribu-
tion and the resulting characteristics of the coupling in terms
of transferred power and efficiency.

Based on initial models formulated for non-magnetic con-
ductor materials [10]–[13], the solution for the flux density
distribution is a superposition of the flux density distribution
of the PM wheel in free space (source field) and a reflected
field due to induced eddy currents. The modeling domain can
be separated into three regions (cf. Fig. 2):
• a conductive region (moving conductive body/surface:
MCS),

• a top region (air), where the source field is mapped on
the boundary and

• a bottom region below the conductive region.
In the conductive region, the following equation for the mag-
netic flux density EB must hold

∇ × EB = µ2 σ (EE + Ev× EB), (1)

where µ2 = µ0 · µ2,r, σ and Ev are the conductive material’s
permeability, conductivity and speed, and EE is the electric
field strength.

In the non-conductive regions (top and bottom)

∇ × EB = 0 (2)

must hold.
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Clearly, Gauss’ law for magnetism,

∇ · EB = 0, (3)

must hold in all regions.
Moreover, for the non-conductive regions, a magnetic

scalar potential φ can be defined, which simplifies the cal-
culation of the flux density distribution,

EB = −µ2 grad(φ). (4)

A convenient approach is to assume that the system is
in steady state (implies constant/slowly changing rotational
speed of the magnet wheel) and altering with an electrical
frequency

ωe = p · ω1, (5)

where p is the number of pole pairs and ω1 the rotational
frequency of the PM wheel.

Further, it allows introducing the flux density distribution
as a phasor

EB(x, y, z, t) = Re
{
EB(x, y, z) · ejωe t

}
. (6)

Generally, a set of partial differential equations for the three-
dimensional flux density vector field must be solved for
obtaining the solution of the problem in terms of flux density
and eddy-current distribution. However, solving the problem
in the Fourier domain, where the Fourier transforms of the
flux density B(x, y, z) and of the magnetic scalar potential
φ(x, y, z) are introduced as

EB(ξ, y, ζ ) =
∫∫
R2

EB(x, y, z) · ejξy · ejζ zdx dz,

ϕ(ξ, y, ζ ) =
∫∫
R2

φ(x, y, z) · ejξy · ejζ zdx dz, (7)

allows replacing the set of partial differential equations by a
set of linear equations.

The Fourier transformed field is solved and the solution
transformed back to B(x, y, z) numerically, with a fast Fourier
transform.

As described, the flux density distribution of the PMwheel
in free space is required as source field for the SAM cal-
culation. In previous works [10], [12], [13], the source field
is calculated analytically and then employed for finding the
eddy-current distribution in theMCS. A significant limitation
of this approach is that finding the source field solution can be
cumbersome and requires an analytic derivation of the exact
geometry of interest. This work follows a different paradigm
and directly imports the source field from a stationary FEM
simulation, which is computationally efficient, as no transient
effects (e.g. induced eddy currents) have to be simulated.
Therefore, the field is evaluated in the simulation software
on planes around the PM wheel as illustrated in Fig. 3.
Further, the Fourier transformed source field EBsrc (which was
obtained by FEM) is applied on the boundary of the top

FIGURE 3. Location of field evaluation planes for pole pair
numbers p = 2 and p = 3.

TABLE 1. Parameter for measurements.

region (cf. Fig. 2). Appendix A details the SAM and its
analytic solution further.

In summary, the SAM approach allows rapidly simulating
many different designs with arbitrary shapes and arbitrary
magnetization as the versatility of FEM is combined with
the superior computational performance of an analytic model.
The computational merit of the SAM approach in comparison
to a transient 3-D FEM simulation of a selected design is
quantified in Sec. III-C.

III. PROTOTYPES AND MEASUREMENT/SAM RESULTS
The desired application on a freight wagon only allows a
confined space for a PM wheel with a radius of r1 = 25mm
and an axial length of h = 10mm. Therefore, two prototypes
(cf. Fig. 4b) were built and tested on a test setup depicted
in Fig. 4a, which also allows validating the SAM by experi-
ments. Awheel with a radius of r2 = 225mm is used asMCS,
i.e. for the emulating the train wheel. The test setup allows
adjusting MCS speed and air gap. In order to characterize
the power transfer characteristic of the eddy-current coupling,
the PMwheel is loaded with a generator as depicted in Fig. 4.
Torque sensors with integrated speed resolvers are utilized to
measure the mechanical power on input (between induction
machine andMCSwheel) and output (between PMwheel and
generator).

VOLUME 5, NO. 4, DECEMBER 2018 141



IEEE Power and Energy Technology Systems Journal

FIGURE 4. (a) Test setup for verifying the SAM simulation model.
As in the railway application, the MCS is not moving linearly but
is a rotating wheel with significantly larger (≈ factor 10) radius
r2 = 225mm than the PM wheel. A variable speed drive, formed
by a commercially available induction machine and an inverter,
drives the test setup. The PM wheel is then mounted on a fixture
close to the radial surface of the MCS. The air gap can be
adjusted with the shown positioning stage. (b) Built PM wheel
prototypes according to Table 1 with pole pair numbers
p = 2, 3. Both wheels show a PM wheel radius r1 = 25mm.

Table 1 summarizes key parameters of the hardware pro-
totypes, the test setup and the OPs for the measurement. The
MCS speed was set to v2 = 22.2m/s = 80 km/h, which is a
typical travel speed of a freight train.

In order to emulate the magnetic behavior of a wagon’s
wheel, the MCS is made of C45E steel (Mat. No. 1.1191,
cf. [15]), which has a similar metallurgic composition as
wagon wheels in Europe and Japan. Moreover, additional
measurements were conducted with an aluminum wheel
(Ac-112, Mat. No. 6082, cf. [16]), in order to illustrate the
performance difference between different MCS materials.

A. MEASUREMENT RESULTS
Measurements of input and output power were taken while
gradually loading the coupling. They are shown in Fig. 5.
Friction torques due to the bearings on the drive shaft and
on the mounting fixture for testing the PM wheel were com-
pensated in the shown measurement results. Torques on the

FIGURE 5. Measurement series according to parameter sets A, B
and C of Table 1. Parameter sets A and B are with an aluminum
MCS, while C is with a steel MCS. Measurement noise is
apparent on measurements of the drive side, as the measured
input power is comparably low for the utilized drive system
(induction machine, bearing arrangement). Good agreement
between measurements, SAM and FEM simulations can be
observed.

input and output increase with reducing the PM wheel speed
ω1 as the difference in surface speed between PM wheel and
MCS increases. The achievable mechanical output power is
significantly higher with an aluminum MCS than with the
steel MCS due to the increased conductivity of the material.
The prototype couplings’ electromechanical efficiency,

η =
Pout
PMCS

, (8)

is in the range of 35 . . . 45% (in reasonable operating points)
for all measurement series.

B. VERIFICATION OF SAM SIMULATION
In order to verify the derived SAM model, simulations were
conducted for measurements according to Table 1 and results
are depicted in Fig. 5 together with measurements. A good
agreement could be found for both, aluminum and steel MCS
with the set of used material parameters. The conductivity
of steel C45E was measured on a rod-shaped specimen,
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FIGURE 6. Measured hysteresis curves of steel C45E for 1Hz AC
magnetization [14]. The used linearized permeability value of
350µ0 of the simulation models is shown with a dashed line.

while a data sheet value was used for aluminum Ac-112.
The SAM assumes a linear MCS permeability and therefore,
it is a tuning parameter for the simulation, which has to be
calibrated with measurements. Measured hysteresis curves of
C45E are shown in Fig. 6. Measurements were conducted at
1Hz on a C45E ring specimen. A relatively low permeability
of µ2 = 350µ0 is resulting for the steel MCS in interaction
with the PM wheel as only a small cross-section in the MCS
is conducting flux during the system’s operation. Simulations
of the flux density in the MCS in Fig. 7 show that the flux is
concentrated close to the surface of the MCS. Starting from
a simulation of flux density distribution for the standstill of
the system in Fig. 7a, the flux in the MCS is concentrated
with increasing speed. Fig. 7b shows results for a reduced
operating speed with v2 = 5m/s. The final picture of a
flux density distribution for the nominal operating point is
given in Fig. 7c, where the skin effect is most pronounced
and the maximum flux density reaches values well-above the
PM remanence flux density Br, i.e. 1.2 T.

C. COMPUTATIONAL MERIT
After validating the SAM simulation with measurements,
the computational merit of the SAM shall be briefly studied.
For one operation point, with ω2 = 360 rad/s of parameter
set B, in addition to the SAM simulation (results depicted
in Fig. 5), a 3-D, transient simulation with a commercially
available FEM softwarewas set up and conducted. The results
are also given in Fig. 5 and one can see that measurement,
SAM and FEM simulation agree. Both simulations, SAM
and 3-D FEM, were conducted on a machine with two Quad-
Core Intel Xeon E5620 CPUs and 96GB of installed RAM.
Remarkable in the comparison between conducted FEM and
SAM simulation is the difference in simulation time as given
in Fig. 8. For the analyzed case, the SAM shows a signifi-
cantly lower (factor ≈ 500 faster) computational burden.

D. INFLUENCE OF AIR GAP WIDTH AND MCS SPEED
Fig. 9 illustrates the couplings’ operation outside the spec-
ified set of OPs in terms of MCS speed and air gap width.
Points of maximum transferred power are plotted. In this sim-
ulation, it was obtained by a grid search over PMwheel speed
ω1, while in a system implementation, it can be performed
with a maximum power point tracking algorithm (MPPT)
[17]–[20]. Clearly, a larger air gap leads to a decay in power

FIGURE 7. Illustration of flux density in the simulation region;
simulations of the PM wheel, according to Table 1 C. (a) flux
density distribution of the system at standstill. (b) flux density
distribution at a reduced operating speed of MCS and PM
wheel. It can be observed that the flux density in the MCS
increases (compared to the standstill) and that the flux density
concentrates close to the MCS surface. (c) simulation results
for the nominal operating point of the system.

transfer capability (cf. Fig. 9a). It can be observed that an
increase of 2mm in air gap width approximately reduces the
transferred power by a factor of 2. Moreover, in the analyzed
cases, the power transfer capability with an aluminum wheel
(parameter setB) was found to be approx. 5 times higher than
the power transfer capability with a steel wheel (parameter
set C).
The increase in power transfer capability with increasing

speed is analyzed and shown in Fig. 9b. The increase in power
is approximately linear with MCS speed.
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FIGURE 8. Illustration of computational merit of the introduced
SAM. For one simulation point, a simulation with the SAM and a
simulation with a full transient 3-D eddy-current simulation was
conducted on a machine with two Quad-Core Intel Xeon
E5620 CPUs and 96GB of installed RAM. The duration of
simulation is shown in the bar graph. For the analyzed case,
the SAM shows a significant improvement (factor ≈ 500 faster)
in computational burden.

FIGURE 9. Influence of air gap and with MCS speed on the
maximum transferable power. Parameters for the simulation are
in accordance with Table 1. Parameter set B is for an aluminum
MCS and parameter set C is for a steel MCS. Markers ‘x’ denote
the nominal operating point in air gap and speed of parameter
sets B and C in Fig. 5, respectively.

IV. DESIGN FOR RELAXED PARAMETER CONSTRAINTS
In order to broaden the study, a ρη-Pareto optimization of the
system is conducted for a relaxed design space (no constraints
on the size of the PM wheel) and for higher output power of
Ptarget = 10W. Sweep parameters for the optimization are
summarized in Table 2. More than 1000 designs were sim-
ulated and evaluated. Simulations were conducted with the
introduced SAM and the coupling’s performance is analyzed
in terms of power density ρ and efficiency η. The results
are compiled in Fig. 10. Designs fulfilling Ptarget < Pout <
Ptarget · 110% are shown. The PM wheel’s power density was
calculated as

ρ =
Ptarget
r21 π h

, (9)

where r1 is the PM wheel outer radius and h its axial length.

FIGURE 10. Pareto analysis in a power density ρ - efficiency η
plane for P = 10W output power and interaction of the PM
wheel with a C45E steel MCS with v = 80 km/h surface velocity
and an air gap width of g = 3mm. Designs of the PM wheels
were swept according to the parameter set Table 2. Two
selected designs (A,B) are indicated in the diagram and relaxed
parameters are given in Table 3. Moreover, the characteristic of
the built prototype for the confined design space in the target
application (cf. Table 1; Measurement Series C) is also depicted
in the ρ-η plane.

TABLE 2. Parameter set for the pareto analysis.

TABLE 3. Key parameters of selected systems A, B and C.

Both, PMwheels with radial (magnetization direction truly
in a radial direction for each point in the magnet segment)
and parallel (magnetization parallel for a magnet segment;
cf. Fig. 4b) magnetization were simulated. Three optimized
designs (Design A, B, C) are picked from the optimiza-
tion and their parameters are given in Table 3. Design A
shows high power density, while design C shows higher
efficiency. Design B is a compromise between power density
and efficiency.

The optimization shows that parallel magnetization and a
pole pair number of 2 shows high power density, while higher
efficiency is achieved with radial magnetization and a higher
number of pole pairs. The efficiency (cf. (8)) was found to be
bound by ≈ 60%.

V. CONCLUSION
A non-coaxial eddy-current coupling, comprising a per-
manent magnet (PM) wheel and a moving conductive
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body/surface (MCS) and a computationally efficient semi-
analytical (simulation) method (SAM) were presented in this
work. The target application for employing the coupling is
auxiliary power generation on a freight train wagon, where
the MCS would be a moving surface of the wagon’s wheel.
The PMwheel would be installed next to it, forming the eddy-
current coupling.

The SAM is introduced in order to calculate the transferred
power and losses of the coupling. It allows solving the 3-D
field equations of the problem in the Fourier domain, which
leads to a computationally efficient set of linear equations.
Further, the derived equations can be solved numerically in
an efficient way. A case study shows that the SAM is about
500 times faster than a transient 3-D eddy-current simulation,
conducted with a commercially available FEM software.

Two prototypes, suitable for the desired application were
built and tested and the conducted measurement series ver-
ify the introduced SAM. Moreover, a linear dependency of
transferred power on the MCS speed was identified.

Overall, the SAM approach combines the versatility of
FEM with the superior computational performance of an
analytic model and hence, a design optimization for relaxed
parameter constraints is conducted. The study reveals that
power densities of up to 800W/dm3 (13W/in3), considering
the volume of the PMwheel only, can be achieved for extract-
ing power over an air gap width of g = 3mm from an MCS
made of C45E steel and moving with a surface velocity of
v = 80 km/h = 22.2m/s. Moreover, the investigation shows
that the efficiency of such system is limited to ≈ 60% for
typical scenarios. It can be concluded that PM wheels with
parallel magnetization and pole pair numbers of p = 2 and
3 show the best performance in an efficiency-power-density
trade-off.

In summary, this paper presents an extensive analysis of
a non-coaxial eddy-current coupling for its utilization in an
auxiliary power supply system and presents a computation-
ally highly efficient method for solving the arising 3-D and
transient field problem.
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APPENDIX
DERIVATION OF SAM
In addition to the briefly summarized modeling approach in
Sec. II, the equations required for the SAMmodel are derived
in the following.

With the Maxwell-Faraday equation

∂

∂t
EB = −∇ × EE,

(2) can be reformulated as

∇ × ∇ × EB = µ2σ (−
∂

∂t
EB+∇ × Ev× EB). (10)

With expanding the curls, (10) can be rewritten as

(∂xx + ∂yy + ∂zz)EB = µ2σ (jωeEB+ Ev · div(EB)). (11)

For obtaining the solution of the field problem, a two-
dimensional Fourier transform of the magnetic field B(x, y, z)
and the magnetic scalar potential φ(x, y, z) was introduced
in (7).

Therefore, (11) can be rewritten as

∂2

∂y2
EB − (ξ2 + ζ 2 + jµ2σ (ωe + ξvx + ζvz))︸ ︷︷ ︸

γ 2

EB = 0, (12)

with j ∈ x, y, z and vy = 0.
With the ansatz eβy for the y-dependency (12) becomes a

polynomial in β:

∂2 EB
∂y2
− γ 2 EB = 0 H⇒ β2 − γ 2

= 0 (13)

Its roots are β1,2 = ±γ ; for convenience, we define β = γ
and obtain the general Fourier-domain solution for the fields
in the conductor,

EBcond(ξ, y, ζ ) = ECcond(ξ, ζ ) · eβ·y + EDcond(ξ, ζ ) · e−β·y,

(14)

with

β =

√
ξ2 + ζ 2 + iµ2σ (ωe + ξvx + ζvz) ∈ C. (15)

It shall be noted that the vectorial constants ECcond(ξ, ζ ) and
EDcond(ξ, ζ ) are still unknown.
Gauss’s Law (3) must also hold for the flux density distri-

bution with the provided ansatz and can be reformulated as[
jξ β jζ

]
ECcond = 0,[

jξ −β jζ
]
EDcond = 0. (16)

Invoking the definition of the magnetic scalar potential (4),
Gauss’s Law for the non-conductive region results in

(∂xx + ∂yy + ∂zz)φ = 0 H⇒ (α2 − ξ2 − ζ 2)ϕ = 0. (17)

Similar to the solution described in (14) for the conductive
region, solutions for the air region above and under the con-
ductive region, EBair and EBbot (cf. ‘‘top region’’ and ‘‘bottom
region’’ in Fig. 2), can be described as

EBair = EBsrc +

 jξ
−α

jζ

 Dair(ξ, ζ ) e−α y, (18)

EBbot =

 jξ
α

jζ

 Cair(ξ, ζ ) eα y, (19)
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both with

α =

√
ξ2 + ζ 2 ∈ C. (20)

Constants Dair and Cair are scalar. The source term, which
describes the excitation due to the PM wheel is taken into
account with EBsrc in (18).

The continuity of the magnetic field on top of the conduc-
tive region (y = 0) and on the lower edge of the conductive
region (y = −d) are accounted with

EBcond(y = 0) =

µ2,r
1
µ2,r

 EBair(y = 0), (21)

EBcond(y = −d) =

µ2,r
1
µ2,r

 EBbot(y = −d). (22)

With the provided approach, only constants ECcond, EDcond,Dair
and Cair have to be found, such that the field problem can be
solved. In summary, 8 scalar unknown variables have to be
found, while a set of 8 scalar equations is present with (16),
(21) and (22). Numerically, this results in solving the matrix
equation

µ2,riξ −1 −1 0 0 0 0 0
α 0 0 1 1 0 0 0

µ2,riζ 0 0 0 0 −1 −1 0
0 e−βd eβd 0 0 0 0 −µ2,riξ e−αd

0 0 0 e−βd eβd 0 0 −α e−αd

0 0 0 0 0 e−βd eβd −µ2,riζ e−αd

0 iξ 0 β 0 iζ 0 0
0 0 iξ 0 −β 0 iζ 0



·



Dair,ref
Ccond,x
Dcond,x
Ccond,y
Dcond,y
Ccond,z
Dcond,z
Cair


=



−µ2,rBsrc,x
Bsrc,y

−µ2,rBsrc,z
0
0
0
0
0


. (23)

With solving unknown constants (Ci, Di) in (23), the flux
density distribution can be expressed in the Fourier-domain
and then transformed back in the space domain EB(x, y, z, t)
with FFT. With evaluating the Maxwell stress tensor on top
of the MCS (y = 0), a surface force density of

EfMaxwell =

 τxσy
τz

 = 1
µ0

 Bx By
B2y − B

2
x − B

2
z

By Bz

 (24)

results.
The power generating/consuming force on the MCS is

found by integrating τx over the MCS surface

Fx =
∫
AMCS

τx dA. (25)

Consequently, the input power is

PMCS = Fx v2. (26)

The torque on the PM wheel can be calculated in a similar
approach [2] as

T1 = Eez ·
∫
AMCS

(Er − Erax)× EfMaxwell dA, (27)

where Eez is the unit vector in z-direction, Er the coordinate of
the point of evaluation and Erax the coordinate of the PMwheel
axis. Finally, the transferred power is

Pout = T1 · ω1. (28)
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