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Abstract—Multiphase permanent-magnet synchronous ma-
chines (PMSMs) with nonsinusoidal back-electromotive force
(back-EMF) offer high fault tolerance and torque density for
electric vehicles. Most current-reference generation methods
either minimize stator copper loss (SCL) or maximize achievable
torque. Optimization of both goals is accomplished by full-
torque-range minimum-loss (FRML) strategies, but so far just
for sinusoidal back-EMF. Thus, FRML for nonsinusoidal back-
EMF should be sought. Moreover, many methods are only
suitable for healthy conditions or specific machines, harmonics, or
open-phase-fault (OPF) scenarios. Additionally, the torque range
may be extended by permitting torque ripple or (transiently)
greater rms current, but this approach is not general nor
FRML yet. This paper proposes online FRML current-reference
generation for multiphase PMSMs with nonsinusoidal back-
EMF: nonsinusoidal-back-EMF FRML (NSBE-FRML). When
the torque reference is feasible, minimum SCL is attained while
maximizing the achievable torque (i.e., FRML). For higher torque
references, the instantaneous torque deviation is minimized, and
the torque reference is saturated in consecutive samples limiting
the torque ripple to a pre-specified threshold. Furthermore, the
rms current is limited after transient overload by automatically
decreasing the torque reference. The NSBE-FRML is suitable for
any harmonics, healthy/OPF conditions, and multiphase PMSMs
with negligible saliency ratio. Experiments are performed with a
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six-phase PMSM.

Index Terms—Fault tolerance, full-range minimum loss, mul-
tiphase drives, nonsinusoidal back-EMF, open-phase faults, six-
phase machine.

NOMENCLATURE

Acronyms
Back-EMF Back-electromotive force.
FRML Full-torque-range minimum loss.
IGBT Insulated-gate bipolar transistor.
ML Minimum loss.
MT Maximum torque.
MTPR Maximum torque per rms current.
MTPP Maximum torque per peak current.
NSBE-FRML Nonsinusoidal-back-EMF FRML
OPF Open-phase fault.
PMSM Permanent-magnet synchronous machine.
SCL Stator copper loss.

Variables and Constants
εrms Phase-current-rms excess from imx

rms.
e Column vector of phase back-EMFs ek.
f Column vector with 1 (healthy) or 0 (OPF) per phase.
fv Column vector with 1 for the phase currents that are

variables for the SCL minimization (0 otherwise).
fnv Column vector with 1 for the phase currents that are

not variables for the SCL minimization (0 otherwise).
γ Integral of the phase-current-rms excess εrms from imx

rms.
i Column vector of phase currents ik.
iv Vector i restrained as iv = fv ⊙ i.
inv Vector i restrained as inv = fnv ⊙ i.
imx
pk Maximum peak current (converter).
imx
rms Maximum steady-state rms current (machine).
J SCL normalized by the stator resistance.
k Stator phase (1 for phase a, 2 for b, etc).
Krms Gain to set the dynamics of the rms-current limitation.
κ+ Indices of healthy phases with ek signs equal to σe.
κ− Indices of healthy phases with ek signs not equal to σe.
n Total number of phases.
n+
κ Number of κ+ elements.

n−
κ Number of κ− elements.
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ρ Produces a rising edge if a transient overload finishes.
σe Indicates if most ek for healthy phases are positive (1),

negative (-1), or neither is true (0).
σt Indicates T sign: positive (1), negative (-1), or zero (0).
τ1 Fundamental period.
T ∗∗∗ Input torque reference, set externally beforehand.
T ∗∗ Variable used as an intermediate step of the rms-current

limitation, holding the T ∗∗∗ value.
T ∗ Reduced torque reference to limit the rms current.
T Reduced torque reference to limit the torque ripple. This

value is used for the i reference generation.
Td Indicates if T is feasible (0) or not (1), respecting imx

pk .
This implies Tf = T or Tf ̸= T , respectively.

Texp Experimental torque.
Tf Final torque corresponding to the current references.
Tsat Saturation limit Tsat applied to saturate T ∗ to T in order

to limit the torque ripple to Tth.
Tth Torque-ripple threshold for the torque-ripple limitation.
T1 Maximum T without reaching imx

pk in any phase.
T2 Maximum T without exceeding imx

rms in any phase.
T3 Maximum T without Tf ripple.
T4 Maximum T with Tf ripple under Tth.

Other symbols
⊙ Element-wise product.
|x| Element-wise absolute value of x.
⌊x⌋ Floor function of x.
xT Nonconjugate transpose of x.

I. INTRODUCTION

M ULTIPHASE electric machine drives offer several impor-
tant advantages compared with three-phase ones [1]–

[3]. The current ratings are lower for given power and voltage
[3]–[6], allowing lighter ac cables and alleviating the need of
parallel converter switches [3]. Their suitability for integrated
battery chargers with minimum reconfiguration make them
very convenient for electric vehicles [7], [8]. Moreover, multi-
phase drives are able to continue operation under open-phase
faults (OPFs) [1], [2]; e.g., for limp-home mode in vehicles [9].
OPFs may be the result of open-circuit failures in the stator
windings/connections, or of isolating the phases affected by
other types of faults (e.g., in the switches) [1], [2], [10], [11].

A key part of an ac machine drive based on field-oriented
control is the generation of the current references for the inner
current controller, so as to track an external torque reference
(see Fig. 1). Multiple alternatives exist for this purpose in
the literature, as summarized in Table I. For a multiphase
machine without faults and without back-electromotive-force
(back-EMF) harmonics, the current references are usually set
balanced and sinusoidal. In case of OPFs, traditionally the
sinusoidal current references for these machines used to be set
according to the so-called minimum-loss (ML) or maximum-
torque (MT) strategies [1], [11], [12]. When using ML or
MT, the current distribution among the phases is the same
regardless of the torque, i.e., the sinusoidal phase-current
waveforms are simply rescaled with the torque reference.
For ML, the phase-current amplitudes are unequal and the
achievable torque is relatively low, because some of them reach

the rated current soon as the torque reference is raised. For
MT, the current amplitudes are (normally) identical, allowing
greater admissible torque, but at the expense of larger stator
copper loss (SCL) per torque. More recently, the full-torque-
range minimum-loss (FRML) strategy attained minimum SCL
in the entire torque range, while maximizing the torque ca-
pability, by including the phase-current inequality constraints
in the optimization problem [13]. Thus, the FRML method
combines the strengths of ML and MT, without their weak-
nesses [13]–[15], as illustrated in Fig. 2 for an asymmetrical
six-phase permanent-magnet synchronous machine (PMSM)
without saliency, with sinusoidal back-EMF and with one OPF
[10], [13], [16]. As the torque increases beyond its maximum
value for ML (e.g., 54% in Fig. 2), the FRML progressively
raises some of the phase currents so that the currents (and
SCL) conveniently evolve from the ML ones to the MT ones.
The FRML was enhanced for induction machines in [16] by
allowing optimum current harmonics so that higher torque
could be obtained during transient overload, which is a very
desirable feature in electric vehicles for overtaking, emergency
braking, steep slopes, etc. [16]–[18]. Namely, the FRML
current references were optimally generated in [16] while
respecting the different current thresholds that are mainly
associated with steady-state and transient conditions [17],
[18]: the machine rms-current rating and the peak-current
rating of the converter switches, respectively. However, these
FRML techniques [13]–[16] are not suitable for PMSMs with
nonsinusoidal back-EMF, where they could cause considerable
unnecessary torque oscillations. In brief, unlike ML and MT,
FRML provides SCL-per-torque minimization and torque-
range maximization at the same time, but so far only for
machines without back-EMF harmonics.

Multiphase PMSMs with significant back-EMF harmonics
are a popular choice [17]–[30]. Principally, the nonsinusoidal
back-EMF makes it possible to yield higher torque density
than sinusoidal back-EMF [19], [20], [25]. The back-EMF
harmonics can be achieved by an appropriate design of the sta-
tor windings and magnet magnetization, so that they give rise
to notable winding-function and flux harmonics, respectively
[20]. In particular, although nonsinusoidal back-EMF may be
obtained with other types of windings, it is especially easy
to produce in PMSMs with concentrated windings (containing
large winding-function harmonics). These windings also offer
several attractive features when using fractional slot per-
pole-per-phase number that make them powerful candidates
for electric vehicles [31], [32], despite their typically low
(negligible) saliency ratio [2], [33], [34]. They exhibit high
slot fill factor and power density [32], [35], low manufacturing
cost [28], [29], [35] and cogging torque [35], [36], short end
windings [28], [31], [35], [37], better filtering of undesired
current harmonics [8], enhanced isolation between windings
and tolerance to short-circuit faults [2], [34], [37], etc. How-
ever, to exploit the greater torque capability of PMSMs with
nonsinusoidal back-EMF (regardless of the winding type),
adequate current harmonics need to be injected [20], [22],
[25]. Under OPFs, the addition of current harmonics becomes
even more important, because they can be used to compen-
sate the torque ripple produced by the interaction between
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Fig. 1. Multiphase PMSM drive based on field-oriented control. This paper
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Fig. 2. Comparison of the ML, MT and FRML strategies of sinusoidal
current-reference generation for an asymmetrical six-phase PMSM without
saliency and with sinusoidal back-EMF, one stator neutral point and one phase
open [10], [13]. The torque is normalized by the rated torque and the SCL is
normalized by the SCL in healthy conditions for the same torque [16].

the postfault fundamental phase-current imbalance and the
back-EMF harmonics [23], [26], [30]. Thus, the generation
of nonsinusoidal current references is key for fault-tolerant
PMSMs with nonsinusoidal back-EMF.

Due to the redundant degrees of freedom of multiphase
PMSMs, the nonsinusoidal current waveforms to deliver a
torque reference without torque ripple are not unique, even
in absence of OPFs. As shown in Table I, most of the
existing solutions of current references for nonsinusoidal back-
EMF may be classified into maximum torque per rms current
(MTPR) [18]–[26], sometimes called maximum torque per
ampere, and maximum torque per peak current (MTPP) [17]–
[20]. MTPR minimizes the SCL (rms current) per torque
and MTPP maximizes the torque range, similarly to the ML
and MT methods for sinusoidal back-EMF, respectively. As
ML and MT, MTPR and MTPP are also based on rescaling
the current waveforms with the required torque. MTPR may
be used at steady state, at which the rms-current rating of
the machine is the main limitation, whereas MTPP may be
employed to achieve larger torque during transient overload,
when the peak current is limited by the rating of the converter
switches [17], [18]. However, none of the available strategies
for nonsinusoidal back-EMF minimize the SCL for each
torque value in the range between the maximum torque of
MTPR and that of MTPP. This characteristic would allow
better efficiency (greater driving range) as well as longer
overload without machine overheating. To accomplish this
goal, an FRML technique for PMSMs with nonsinusoidal
back-EMF, combining the advantages of MTPR (minimum

SCL) and MTPP (maximum torque) in this context, should
be sought. This would be analogous to the aforementioned
FRML strategies (which combine the ML and MT benefits;
see Fig. 2) for machines with sinusoidal back-EMF [13]–[16],
but instead for PMSMs with back-EMF harmonics.

On the other hand, many of these existing methods for
nonsinusoidal back-EMF are only suitable for a reduced num-
ber of current harmonics and back-EMF harmonics [17]–[20],
[25]–[30]. Furthermore, some of them can only be applied
to healthy operation [5], [17]–[20], [25], a few specific OPF
scenarios [27]–[29] or certain machines (phase number n,
symmetrical/asymmetrical windings, etc.) [5], [17]–[20], [25],
[27]–[29]. Several MTPR methods are general concerning
these features [21], [23], [24], but none of the MTPP ones
are. This lack of generality is often manifested in the fact that
offline optimization for particular conditions is needed. In this
regard, if an FRML approach is to be developed, it should
preferably be designed so that it attains online optimization
for any n-phase PMSM, any degree of back-EMF distortion,
either healthy or OPF operation, and any kind of OPFs.

Additionally, when enhancing the torque capability is cru-
cial, certain amount of torque ripple may be allowed for
raising the maximum mean torque that can be attained while
respecting the current constraints. Xiong et al. [27] proposed
to gradually relieve the constraint of minimum torque ripple as
the torque reference is increased, in a five-phase PMSM with
third back-EMF harmonic. Unfortunately, the SCL is never
minimized (it is not FRML), the ripple-free torque range is not
maximized, it is designed just for a specific PMSM, and the
phase currents are limited at all times by the rms rating without
permitting greater rms current (and hence higher mean torque
with lower ripple) during transient overload. Therefore, this
kind of strategy with progressive torque-ripple allowance [27]
could be substantially improved by integrating it into a new
FRML algorithm (i.e., ensuring minimum SCL and maximum
torque) that would also be general and suitable for transient
torque overload.

In summary, several conclusions may be highlighted about
the literature on the subject, in agreement with Table I. Note
that seven points, called 1)-7) and corresponding to different
columns, are distinguished in this table. Most importantly,
for PMSMs with 1) nonsinusoidal back-EMF, there are no
methods able to 2) minimize the SCL per torque in the 3)
maximum torque range. That is, none of the existing methods
is assigned a green check mark for 1), 2) and 3) simultaneously
in Table I. In other words, FRML has not been fulfilled
for nonsinusoidal back-EMF. This is the most relevant gap
that motivates this paper. In addition, there are also other
desirable properties that are absent in most of the previous
techniques and are not straightforward to combine with the
FRML characteristic, but which should also be sought: 4)
generality, 5) no need for offline optimization, 6) possible
allowance of torque ripple as the torque increases beyond the
maximum ripple-free torque so as to achieve extended torque
range during overload, and 7) automatic gradual transition
from overload to steady state (where peak-current and rms-
current limits prevail, respectively).

In view of these gaps, this paper proposes an FRML current-
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TABLE I
SUMMARY OF THE FEATURES OF THE PROPOSED METHOD COMPARED WITH THE EXISTING LITERATURE

1) Suitable 2) Mini- 3) Maximum 4) General (any 5) Does not 6) Gradual torque 7) Automatic transi-
Method References for back-EMF mum SCL ripple-free n, healthy/OPFs, need offline -ripple allowance tion from overload

harmonics per torque torque range harmonics, etc.) optimization for greater range to steady state

ML [1], [11] × ! × × × × ×
MT [1], [11] × × ! × × × ×
FRML∗ [13]–[16] × ! ! × × × ×
MTPR [18]–[26]† ! ! × ! ! × ×
MTPP [17]–[20] ! × ! × × × ×
Torque-ripple allowance [27] ! × × × × ! ×
Proposed NSBE-FRML This paper ! ! ! ! ! ! !

∗ Although the FRML from [14], [15] is general and online to a significant extent, it relies on the ML offline optimization for each machine.
† If some of the methods within a group of references are more advantageous than others, the most positive features are considered.

reference generation method to address them, as reflected in
the last row of Table I. This new method may be called
nonsinusoidal-back-EMF FRML (NSBE-FRML). The gener-
ated current references are suitable for n-phase PMSMs with
nonsinusoidal back-EMF and negligible saliency ratio, either
in healthy or OPF conditions. The general concept is illustrated
in Fig. 3, in which four stages a)-d) are defined. As long as it is
possible, a) optimum current harmonics are injected to obtain
the torque reference with minimum SCL and no torque ripple
(smooth electromagnetic torque). Most importantly, this is
achieved for higher torque values than in previous approaches
aimed at minimum SCL, because the peak-current limitation is
here taken into account as a constraint in the optimization, in
FRML manner. That is, the SCL is minimized in the maximum
possible range of ripple-free torque, as indicated in columns
2) and 3) of Table I. This is the first time that this FRML
property is accomplished for nonsinusoidal back-EMF. On
the other hand, if the torque reference exceeds the ripple-
free torque range and hence it cannot be reached at some
instants of the fundamental period, b) the currents are set so
that the instantaneous torque deviation from it at those instants
is minimum. In such a case, the SCL is still minimized at the
instants (if any) of the fundamental period where the torque
reference is feasible, preserving the FRML feature. If step b)
is applied and it is afterward necessary to limit the resulting
peak-to-peak torque ripple to any pre-specified value, c) the
torque reference is suitably saturated in consecutive samples.
The steady-state phase-current rms after overload is also
limited to the machine current rating by d) gradually reducing
the torque reference. The proposed NSBE-FRML is valid for
any phase number, power, OPF/healthy scenario, back-EMF
harmonic content, and symmetrical/asymmetrical windings,
ensuring its generality. The current references are generated
online, without any offline optimization. Thus, the seven
aforementioned properties 1)-7) are attained, as indicated in
Table I, unlike in the existing publications. Experimental
results are obtained with a six-phase PMSM. Compared with
the preliminary version presented in [38], features 6) and 7) are
added, as well as transient results, assessment of computational
burden, tests at other fault scenarios, etc.

The rest of the paper is organized as follows. The existing
MTPR technique [23] for setting the current references in n-

a) Attempt to reach the instantaneous torque reference with minimum
SCL and no torque ripple, while saturating the phase-current

peaks to the converter limit, ensuring FRML (Section IV)

b) If unfeasible, then attempt to achieve minimum instantaneous
deviation from the torque reference, while saturating the
phase-current peaks to the converter limit (Section IV-C)

c) If the resulting torque ripple in consecutive samples
within a period is excessive, limit it by saturating

the instantaneous torque reference (Section V)

d) If the rms current in some phases is excessive (overload),
gradually reduce the torque reference (Section VI)

Fig. 3. Illustration of the general concept of the current-reference generation
method proposed in this paper (Sections III-VI).

phase PMSMs with nonsinusoidal back-EMF while ignoring
the current limits is reviewed in Section II. The overall
block diagram of the proposed NSBE-FRML is presented
in Section III. The algorithm for minimizing the SCL or
torque deviation at each control sample, which is a key part
of the method, is explained in Section IV. The schemes for
limiting the torque ripple and rms current are described in
Sections V and VI, respectively. The experiments are discussed
in Section VII. Finally, the conclusions are summarized in
Section VIII.

II. EXISTING CURRENT REFERENCES FOR MINIMUM SCL
AND NO CURRENT LIMITS

The MTPR method proposed in [23] is reviewed first.
This online general approach generates current references with
ripple-free electromagnetic torque and minimum SCL under
OPFs without considering the current limits. This technique
[23] is equivalent to the ones proposed in other publications
[21], [24] for the same purpose. Saliency is neglected [23],
because the reluctance torque is normally very small in
PMSMs with nonsinusoidal back-EMF designed for fault toler-
ance such as those with fractional-slot concentrated windings,
which offer high decoupling between phases [2], [33], [34].
Similarly, the cogging torque is disregarded as well, since it
is also low in these PMSMs when an appropriate slot/pole
combination is selected [35], [36].

Let us define a column vector i = [i1 · · · in]T formed by
the phase currents ik, with k = 1 for phase a, k = 2 for b, etc.
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The vector f = [f1 · · · fn]T contains fk = 1 or fk = 0 for
healthy or open phases, respectively, so that 2 ≤ fTf ≤ n.

The SCL can be minimized by minimizing at each instant
(i.e., per sample) the cost function [23]

J =
1

2

∑
k

(ik)
2 =

1

2
iTi. (1)

To obtain the desired electromagnetic torque T , the equality
constraint [23]

T =
∑
k

ekik =
∑
k

enck ik = (f ⊙e)
T
i (2)

should hold, where ⊙ is element-wise product, e is back-EMF
over mechanical speed and enck = fkek. Note that e and
i may have any harmonics or imbalance. The e waveform
may simply be stored in a look-up table depending on the
position if the effect of magnetic saturation and temperature
is disregarded [23]; otherwise, an e observer [39], [40] may be
used. Another equality constraint to take into account is that,
for a single isolated neutral point (which allows high postfault
performance [11]), the phase-current sum (zero sequence) is
null, i.e., fTi = 0. This problem yields the Lagrangian
function [23]

L =
1

2
iTi+ λ1

Ä
T − (f ⊙e)

T
i
ä
+ λ2

(
fTi

)
(3)

where λ denotes the Lagrange multipliers. To minimize J
while satisfying the two aforesaid constraints [included in (3)],
the partial derivatives of L with respect to the phase currents
and Lagrange multipliers should be zero:

0 =i− λ1f ⊙e+ λ2f (4)

0 =T − (f ⊙e)
T
i (5)

0 =fTi. (6)

The solution of this system of equations is [23]

i =
f ⊙e− fTe

fTf f

(f ⊙e)
T
e− (fTe)2

fTf

T (7)

which can be computed by 3n−3 additions, n+1 subtractions,
5n+2 multiplications and 1 division. If e contains harmonics
or if there are OPFs, the resulting current references i are not
sinusoidal. Closed-loop current control able to track nonsinu-
soidal references should be adopted, such as hysteresis [23],
[24], finite-control-set model predictive [16], deadbeat [41],
[42] or multi-resonant [21] current control. However, since the
phase-current limits are ignored in the optimization, FRML is
not achieved when i is set using (7). Namely, the torque T
cannot be raised anymore if any of the phase currents reaches
its rating [23].

As an example, a five-phase PMSM without saliency and
with the back-EMF shown in Fig. 4 is considered. The
phase number is set to n = 5 in this example instead of
higher values for the sake of simplicity and without loss
of generality. The per-phase back-EMF waveform, which is
arbitrarily shaped, contains just a third-order harmonic with
amplitude equal to 30% of the fundamental one, and with
opposite phase angle. For this PMSM, it is henceforth assumed
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Fig. 6. Overall block diagram of the proposed NSBE-FRML method for
current-reference generation.

that the limits of the instantaneous peak current and of the
rms current are imx

pk = 1 A and imx
rms = 0.83 A, respectively,

and that the rated torque is 152.7 Nm. The last two ratings
follow from considering imx

pk = 1 A in healthy conditions. The
current references obtained with this method [23] [see (7)]
by simulation for the back-EMF from Fig. 4, phase a open,
and two different T values are shown in Fig. 5. Note that the
current waveforms are rescaled with T , according to (7). For
the peak-current limit of imx

pk = 1 A, reaching T = 100 Nm
(solid) would cause overcurrent (|i| > imx

pk ), and the maximum
admissible torque would be T1 = 75.5 Nm (dash-dotted). A
new method should be sought to extend the T range.

III. GENERAL OVERVIEW OF THE PROPOSED
NSBE-FRML METHOD

Fig. 6 depicts a block diagram of the complete proposed
NSBE-FRML method for current-reference generation, which
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1) Initialization, assuming all healthy phase currents as variables (iv = i) and T feasible (Td = 0)

2) Compute iv to obtain T with minimum SCL, using (7) or (12)

3) imx
pk violated, several |iv| < imx

pk and iv ∈ Rn ?

6) iv /∈ Rn, or only one
or none |iv| < imx

pk ?
4) Restrict the number of variable currents in iv , including in

inv and setting to ±imx
k,pk those that exceeded imx

pk

5) Compute iv to obtain T with minimum SCL, using (12)

7) Set Td = 1 and mini-
mize T deviation (Fig. 8)

8) Combine iv + inv in total current references i

End

No (T achieved or T unfeasible)

Yes (T may be feasible
but i should be limited)

Yes (T unfeasible)

No (T achieved)

Minimize SCL without T deviation (i.e., assuming T feasible)

Fig. 7. General flowchart of the per-sample algorithm described in Section IV for current-reference generation with minimum SCL (if T is feasible) or torque
deviation (if T is unfeasible) and with peak-current limitation.

implements the concept from Fig. 3. A Matlab/Simulink
implementation of this scheme is available for download as
supplementary material of the paper. The three blocks included
in Fig. 6 are novel. The color of each of these blocks is chosen
so as to indicate the relation with those in Fig. 3, as will be
done henceforth in other block diagrams.

As shown in Fig. 6, the original torque reference T ∗∗∗,
priorly set externally, is used as an input of the method. In the
green (leftmost) block, in case a phase-current rms exceeds
its rating imx

rms, the torque reference T ∗ is gradually reduced
(|T ∗| ≤ |T ∗∗∗|) with slow dynamics to prevent overheating
in steady state, after transient overload. In the blue block, the
torque reference is further saturated (|T | ≤ |T ∗|) if necessary
so that, in consecutive samples within a fundamental period,
the torque ripple does not surpass its threshold Tth. In the
orange block, which is by far the most important one, the
current references are computed on a per-sample basis so that,
while respecting the maximum peak current imx

pk , minimum
SCL (if T is feasible) or torque deviation (if T is unfeasible)
is achieved. The existence or not of torque deviation from the
reference T is indicated by Td = 1 or Td = 0, respectively.
Although the green and blue blocks do not perform any
action in many cases, the orange block is always needed.
Each of these three blocks from Fig. 6, following the order
from right to left (to facilitate understanding), is explained in
Sections IV, V and VI, respectively.

IV. PROPOSED PER-SAMPLE CURRENT-REFERENCE
GENERATION WITH MINIMUM SCL AND TORQUE

DEVIATION INCLUDING PEAK-CURRENT LIMITATION

A. General Principle

The method presented in [23] (see Section II) ensures
minimum SCL and no torque ripple (smooth electromagnetic
torque) as long as the required currents do not reach the
drive current limits, which were not taken into account in the
optimization problem. As soon as one phase current hits its
threshold, the torque reference is saturated, or torque ripple is
permitted [23]. However, it might be possible to restrict the
highest phase currents to their limits while allowing greater
ripple-free torque by increasing the other phase currents with

minimum SCL, analogously (but suitably adapted) to the
FRML strategy for sinusoidal back-EMF [13]–[16]. Moreover,
when the torque reference is unfeasible (reaching it would
imply overcurrent), the references could be set for minimum
torque deviation. A technique is proposed here for these pur-
poses, which corresponds to the orange block from Fig. 6. As
aforesaid, this crucial block minimizes the instantaneous SCL
(if T is feasible) or torque deviation (if T is unfeasible) while
respecting the maximum admissible peak of the instantaneous
current (average per switching period), denoted as imx

k,pk for
each phase, with imx

pk = [imx
1,pk · · · imx

n,pk]
T. Typically, imx

k,pk

equals the switch current rating imx
pk for all phases [17].

This part of the algorithm (orange block from Fig. 6)
is detailed in Figs. 7 and 8, with the latter representing a
function called in the former. The current references obtained
by this algorithm for the back-EMF from Fig. 4, phase a
open, imx

pk = 1 A, and torque reference T = 80 Nm and
T = 100 Nm are shown in Fig. 9(a) and (b), respectively.
The torque associated with the resulting current references Tf ,
the original torque reference T , and the variable indicating
torque deviation Td are also included. Note that Td = 0 and
Td = 1 when Tf = T and Tf ̸= T , respectively. It may
also be seen that, unlike for conventional MTPR and MTPP,
the current waveforms are not simply rescaled with T . At
the instants where none of the currents reaches imx

pk , the solid
current waveforms in Figs. 5 and 9 match. Most importantly,
high torque T > T1 = 75.5 Nm is achieved in Fig. 9
without overcurrent in any phase (|i| ≤ imx

pk ), unlike for the
conventional MTPR method (cf. Fig. 5). The samples of two
representative instants of Fig. 9(b) are labeled as Examples 1
and 2, which will be used for illustrating the explanation of
the method subsequently. The corresponding back-EMF values
from Fig. 4, as well as the other inputs of the algorithm, are
reflected in Table II. For the control samples corresponding to
Examples 1 and 2, Tables III and IV display, respectively, the
values of the main variables as the program runs through the
blocks from Figs. 7 and 8.

The proposed method depicted in Figs. 7 and 8 is based
on separating the currents of healthy phases, at each sample,
between some (those below imx

k,pk) that are considered as
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9) Reset iv and inv to zero

10) Identify T sign σt = sign(T ) and the predominant sign
of the e terms of healthy phases σe = sign

[
fTsign(e)

]

11) σe = 0?

12) Identify the sign of e for each healthy phase:
κ+ ← k indices such that fk = 1 and sign(ek) = σe

κ− ← k indices such that fk = 1 and sign(ek) ̸= σe

n±
κ ← number or κ± indices

13) Set to −σtσeimx
k,pk the ik,nv with k ∈ κ−

14) κs ← k indices sorted so that σeekfk is in ascending order

15) Set to σtσeimx
k,pk the ik,nv with k ∈ κ+

corresponding to the n−
κ largest |ek|

16) Among the remaining n+
κ − n−

κ terms of inv with k ∈ κ+,
set to −σtσeimx

k,pk and to σtσeimx
k,pk those corresponding to

the
⌊
(n+

κ − n−
κ )/2

⌋
lowest and largest |ek| values, respectively

17) Set ik according to ek sign:
inv ← σtsign(e⊙f)⊙imx

pk

Return (to block 7 of Fig. 7)

No (σe = ±1)

Yes (same number of healthy
ek > 0 and ek < 0 terms)

Fig. 8. Detailed per-sample algorithm (contained in block 7 from Fig. 7)
described in Section IV-C for current-reference generation with minimum
torque deviation (if T is unfeasible, i.e., Td = 1) and with peak-current
limitation.

TABLE II
INPUTS OF THE ALGORITHM FOR THE EXAMPLES 1 AND 2 FROM FIG. 9(b)

Variable T (Nm) imx
pk (A) e (V) f

k - 1-5 1 2 3 4 5 1 2-5

Example 1 100 1 39 44 −44 −39 0 0 1
Example 2 100 1 45 45 −25 −35 −30 0 1

variables for the SCL minimization and some (which tend to
surpass imx

k,pk, and are saturated to it) that are not. The column
vectors fv and fnv indicate the phases corresponding to these
two sets, respectively, by means of ones in the associated
positions k, while their other elements are zero. Thus, the
variable and non-variable phase currents are iv = fv ⊙ i and
inv = fnv ⊙ i.

The following explanation of the diagram from Fig. 7 can be
studied with the help of the numerical examples of Tables III
and IV. Initially, in block 1 of Fig. 7, all healthy phase currents
are regarded as degrees of freedom in iv (fv = f and fnv =
0f ). This means that the optimum currents are calculated first
(block 2) by ignoring the current limits, as in (7), with i = iv.
Then, it is checked (block 3) if any of the obtained phase
currents ik in iv exceed (violate) imx

k,pk in absolute value. If
some of them do, they are included in inv and limited (set) to
±imx

k,pk in the next step (block 4), keeping the respective sign.
Accordingly, the associated positions of fv and fnv are set to
0 and 1, respectively. Then, the optimum iv currents providing
the torque reference T with minimum SCL are calculated with
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Fig. 9. Current references generated by the proposed algorithm from Figs. 7
and 8, as well as the corresponding torque Tf and variable Td, for the back-
EMF shown in Fig. 4, phase a open, peak-current limit imx

pk = 1 A, and
torque reference (a) T = 80 Nm or (b) T = 100 Nm.

these new conditions, in block 5. This optimization cannot be
achieved through (7), where all healthy phase currents were
considered as degrees of freedom. The necessary equations for
this optimization are derived shortly, in Section IV-B. After
this computation, as shown in Fig. 7, the process (blocks 3-5)
is iteratively repeated, until at least one of the following three
conditions occurs in block 3.

i) No |iv| values exceed imx
pk .

ii) Just one or none of the |iv| values is/are below imx
pk .

iii) Some iv terms are infinite or indeterminate (iv /∈ Rn).

If i) is true and not ii) nor iii), T is achieved without
overcurrent (Td = 0, Tf = T ), and the resulting iv and
inv may already be combined to give suitable total current
references i, as done in block 8, reached in this case through
the rightmost path. Example 1 corresponds to this case, as
can be observed in Table III, whose final values match those
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TABLE III
EXAMPLE 1 OF EXECUTION OF THE SCHEME FROM FIG. 7 FOR n = 5 AT A CERTAIN CONTROL SAMPLE WITH THE INPUTS SHOWN IN TABLE II

Variable fv fnv iv (A) inv (A) σt σe κ+ κ− n+
κ n−

κ κs
i (A)

k 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 - - - - - - - 1 2 3 4 5

Block 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - - - - - - - - - - - -
Block 3 0 1 1 1 1 0 0 0 0 0 0 1.07 −0.68 −0.58 0.19 0 0 0 0 0 - - - - - - - - - - - -
Block 4 0 0 1 1 1 0 1 0 0 0 0 1.07 −0.68 −0.58 0.19 0 1 0 0 0 - - - - - - - - - - - -
Block 5 0 0 1 1 1 0 1 0 0 0 0 0 −0.73 −0.61 0.34 0 1 0 0 0 - - - - - - - - - - - -
Block 8 0 0 1 1 1 0 1 0 0 0 0 0 −0.73 −0.61 0.34 0 1 0 0 0 - - - - - - - 0 1 −0.73 −0.61 0.34

TABLE IV
EXAMPLE 2 OF EXECUTION OF THE SCHEME FROM FIGS. 7 AND 8 FOR n = 5 AT A CERTAIN CONTROL SAMPLE WITH THE INPUTS SHOWN IN TABLE II

Variable fv fnv iv (A) inv (A) σt σe κ+ κ− n+
κ n−

κ κs
i (A)

k 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 - - - - - - - 1 2 3 4 5

Block 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - - - - - - - - - - - -
Block 3 0 1 1 1 1 0 0 0 0 0 0 1.32 −0.32 −0.56 −0.44 0 0 0 0 0 - - - - - - - - - - - -
Block 4 0 0 1 1 1 0 1 0 0 0 0 1.32 −0.32 −0.56 −0.44 0 1 0 0 0 - - - - - - - - - - - -
Block 5 0 0 1 1 1 0 1 0 0 0 0 0 2.17 −2.83 −0.33 0 1 0 0 0 - - - - - - - - - - - -

Block 12 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 345 2 3 1 - - - - - -
Block 14 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 1 −1 345 2 3 1 12354 - - - - -
Block 15 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 0 1 0 −1 0 1 −1 345 2 3 1 12354 - - - - -
Block 16 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 0 1 1 −1 −1 1 −1 345 2 3 1 12354 - - - - -
Block 8 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 0 1 1 −1 −1 1 −1 345 2 3 1 12354 0 1 1 −1 −1

indicated in Fig. 9(b). This is also the case for all of the
instants in Fig. 9(a), where Tf always matches T without
deviation, avoiding torque ripple. Otherwise, if ii) or iii)
happens, as in Example 2 (see Table IV), it can be concluded
that T is unfeasible [Td = 1 and Tf ̸= T , as in Fig. 9(b)], and
the currents are then set in block 7 so that the torque deviation
from its reference is minimum, while respecting imx

pk and (6).

In short, for each sample, if T is feasible, the currents
producing T with minimum SCL are found in blocks 2-5
of Fig. 7 (equations in Section IV-B), and otherwise, the
currents providing minimum deviation from T are obtained in
block 7, which calls the function detailed in Fig. 8 (explained
in Section IV-C).

B. Equations of iv for Providing T With Minimum SCL While
Limiting inv

The equations needed for computing the optimum iv to
yield T with minimum SCL while limiting inv (blocks 2
and 5 of Fig. 7) are derived next. Using the new variables
from Section IV-A, (3) may be rewritten as

L =
1

2
iTv iv +

1

2
iTnvinv + λ2

(
fT
v iv + fT

nvinv
)

+ λ1

Ä
T − (fv ⊙e)

T
iv − (fnv ⊙e)

T
inv
ä
.

(8)

Analogously to (4)-(6), equating to zero the partial derivatives
of (8) with respect to the current variables and Lagrange
multipliers yields

0 =iv − λ1fv ⊙e+ λ2fv (9)

0 =T − (fv ⊙e)
T
iv − (fnv ⊙e)

T
inv (10)

0 =fT
v iv + fT

nvinv. (11)

Solving this system gives

iv =
fv ⊙e− fT

v e
fT
v fv

fv

(fv ⊙e)
T
e− (fT

v e)2

fT
v fv

(T − Tnv)−
fT
nvinv
fT
v fv

fv (12)

where

Tnv = (fnv ⊙e)
T
inv − (fv ⊙e)

T
fv

fT
nvinv
fT
v fv

. (13)

Setting fv = f and fnv = 0f in (12), ignoring the
current limits, results in (7). Equation (12) is employed in
blocks 2 and 5 of Fig. 7 in order to compute iv. Note that all
denominators are scalar and no matrix inversions are needed.
The iv computation using (12) and (13) needs 6n−6 additions,
2n+ 3 subtractions, 10n+ 2 multiplications and 2 divisions.

C. Minimization of Torque Deviation When T is Unfeasible

When T cannot be achieved without violating imx
pk , the

main objective becomes minimizing the torque deviation, i.e.,
T − Tf . This is equivalent to maximizing the torque Tf in
absolute value, with sign σt = sign(T ), where the function
sign(u) in general returns +1, −1 or 0 for positive, negative
or null values of the input u, respectively. For this goal, the
procedure in Fig. 8 is applied. Example 2 [see Table IV and the
corresponding values in Fig. 9(b)] is helpful for understanding
this part of the algorithm. The main idea is based on setting
all phase currents to the maximum value and with signs equal
to those of the corresponding phase back-EMFs, or if not
possible, at least in those phases with the largest back-EMF.

First, iv and inv are reset to zero in block 9. The former
will be kept null. fv and fnv are not needed anymore. It
is then identified in block 10, by means of the new variable
σe = sign

[
fTsign(e)

]
, if most of the ek values of healthy

phases are positive (σe = +1) or negative (σe = −1), or
if there is the same number of positive and negative healthy
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ek terms (σe = 0). In the latter case, T is maximized by
simply setting all the inv values of healthy phases to imx

k,pk,
with sign equal to the product of the T and ek signs (block 17).
Otherwise (if σe ̸= 0), special care should be paid to ensure
that (11) is satisfied, by taking several steps. The indices of
the healthy phases with ek signs equal and different from σe

are saved as κ+ and κ−, respectively, whose numbers are n+
κ

and n−
κ (block 12). For instance, for the e vector considered

in Table IV (detailed in the last row of Table II), three of
its elements corresponding to healthy phases are positive and
one negative, such that σe = +1, κ+ = {3, 4, 5}, κ− = {2},
n+
κ = 3 and n−

κ = 1, as indicated in Table IV. Then, all
the inv terms with k ∈ κ− are set to imx

k,pk with sign −σtσe

in block 13, maximizing their contribution to the torque.
However, not all the currents with k ∈ κ+ can be set with
sign σtσe, because (11) would be infringed. Thus, it is useful
to establish, among the ek values with k ∈ κ+, those that are
the highest, which offer the greatest potential to increase the
torque. Accordingly, the indices are sorted in κs (block 14) so
that the σeekfk values are in ascending order. Then, inv is set
to σtσei

mx
k,pk for the n−

κ highest indices in κs (with k ∈ κ+) in
block 15, yielding as large torque as possible while canceling
the zero-sequence current produced by the n−

κ phases with
k ∈ κ−. Among the remaining n+

κ −n−
κ elements of inv with

k ∈ κ+, those corresponding to the ⌊(n+
κ − n−

κ )/2⌋ lowest
and largest |ek| terms are set to −σtσei

mx
k,pk and to σtσei

mx
k,pk,

respectively, in block 16. In this manner, the sum of the former
current set is canceled with the sum of the latter in the zero
sequence (11), with maximum torque production as well. To
recapitulate, the torque deviation is minimized by maximizing
the torque, which in turn is done by setting the phase currents
to imx

k,pk and with signs matching those of ek in all the phases,
or if it cannot be done with null zero-sequence current, at least
in the phases with greatest back-EMF.

As illustrated in Fig. 9(b), in the Example 2 the currents
of all the healthy phases are made equal to the peak-current
limit to minimize the torque deviation T − Tf . In any case,
the torque drop that happens at this instant gives rise to some
torque ripple during the fundamental period. For instance, in
Fig. 9(b) this ripple is of 20 Nm. The limitation of this torque
oscillation is the focus of the following section.

V. PROPOSED LIMITATION OF TORQUE RIPPLE BY T
SATURATION IN CONSECUTIVE SAMPLES

The method proposed in Section IV (Figs. 7 and 8) provides
in each sampling period optimum current references with
minimum SCL and no torque deviation from T (Td = 0),
i.e., T = Tf , or if this is unfeasible (Td = 1), the lowest T
deviation T −Tf . Nonetheless, if the latter condition (Td = 1)
occurs at some point of the fundamental period, certain ripple
arises in the electromagnetic torque [as in Fig. 9(b)], and it
may be excessive in some cases, if it surpasses the acceptable
peak-to-peak threshold Tth. Tth may be defined depending on
the allowable vibrations and acoustic noise for the application
at hand [43], deducting the expected switching ripple and
cogging torque (if not negligible) [42]. The torque pulsation
can be limited to Tth by adequately reducing (saturating) the
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Fig. 10. Within the scheme of the proposed NSBE-FRML method (from
Fig. 6), detailed block diagram of the algorithm described in Section V for
limiting the torque ripple by T saturation in consecutive samples (blue-shaded
area).
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Input
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Fig. 11. Block diagram of time-window minimum function for Fig. 10.

reference T in consecutive samples by the scheme shown
in the blue-shaded area of Fig. 10, where T ∗ is the torque
reference before its saturation.

In Fig. 10, first the final torque Tf provided by the currents
obtained from Figs. 7 and 8 is found by using (2): Tf = eTi.
Its absolute value is computed after division by Td, yielding
infinite or |Tf | depending on whether Tf equals T or not,
respectively. Then, the minimum of this signal within the
most recent time interval (window) of a certain length tw is
calculated. This represents the smallest torque |Tf | different
from T (when unfeasible) during such interval. This quantity
is added to Tth giving Tsat, to which T should be saturated
in the following sample in order to limit the torque ripple to
Tth.

The aforesaid time-window minimum may be performed as
shown in Fig. 11, where a running minimum function is reset
(R) every τ1/2 (with τ1 being the fundamental period), a zero-
order hold of its output is updated (U) at the same moments,
and the minimum of both block outputs is computed at every
instant. In this manner, tw varies between τ1/2 and τ1, which
is simpler to implement than a sliding-window minimum with
constant tw. Note that, due to symmetry, in steady state the
|e|, |i| and Tf waveforms are repeated every τ1/2 cycle.

It should be remarked that this algorithm works effectively
even if it is decided to vary Tth depending on the operating
conditions (e.g., speed) or to set it to zero at all times.

Fig. 12 shows the signals obtained by means of the method
from Fig. 10 for the same scenario as in Fig. 9(b), but
considering a torque-ripple limitation to Tth = 10 Nm. The
torque reference of 100 Nm is now set using T ∗, since this
is the one used as an input in Fig. 10. It can be observed
that in this case the torque pulsation is effectively reduced
from 100 − 80 = 20 Nm [Fig. 9(b)] to 90 − 80 = 10 Nm
(Fig. 12), thanks to the saturation of T ∗ = 100 Nm to
T = Tsat = 90 Nm provided by the algorithm. Note that the
resulting torque is still substantially larger than the maximum
with the conventional method, T1 = 75.5 Nm (cf. Fig. 5). In
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Fig. 12. Current references generated by the proposed scheme from Fig. 10,
as well as the corresponding torque Tf and variables T and Td, for the back-
EMF shown in Fig. 4, phase a open, peak-current limit imx

pk = 1 A, torque
reference T ∗ = 100 Nm, and torque-ripple threshold Tth = 10 Nm.

accordance with Fig. 10, Tsat = 90 Nm is obtained in Fig. 12
by adding Tth = 10 Nm to the minimum of Tf , which is
80 Nm. In general, the highest admissible T with Tf ripple
below Tth is T4 = Tsat = T3 + Tth, with T3 being the
greatest T without any Tf pulsation, which coincides with the
minimum Tf of the torque oscillations when they arise, as in
Fig. 12 (T3 = 80 Nm).

Table V summarizes the main characteristics of the perfor-
mance of the proposal with different T values for the example
under study. The p.u. values of peak current, rms current,
SCL and T are normalized by imx

pk = 1 A, imx
rms = 0.83 A,

5(imx
rms)

2 and 152.7 Nm, respectively (see Section II). When
T ≤ T1, the new method matches the conventional one
[23] reviewed in Section II, because |i| < imx

pk . In addition,
Fig. 13 represents the relation between the normalized SCL
and the torque reference T of the new technique, compared
with the conventional MTPR from [23] and MTPP methods
(MTPP1 and MTPP2) obtained by rescaling with T the current
waveforms of the proposal corresponding to T2 = 80 Nm
or T4 = 100 Nm (Tth = 20 Nm). It can be seen in these
simulation results that the proposed strategy attains FRML
behavior, as intended: it extends the torque range well beyond
the maximum of MTPR T1 and the SCL for each T value is
minimum (below MTPP, and matching MTPR for T ≤ T1).
In any case, the MTPP associated with T4 (MTPP2), may
be discarded in practice, because it would give rise to torque
ripple even at low load; indeed, since MTPP2 simply rescales
the T4 current waveforms by T/T4, the torque pulsation
corresponding to T4 [see Fig. 9(b)] is also just rescaled by the
same factor instead of being canceled. Thus, only the proposal
ensures FRML and minimum torque ripple.

The proposed method is able to reach T higher than
100 Nm; however, it can be observed in Table V that, for
T > T2 = 103 Nm, the current in some (at least two) phases
surpasses imx

rms. This occurs, e.g., for T4 = 110 Nm, which
is allowed if Tth = 30 Nm. The phase-current rms excess for
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T > T2 can be accepted during transient overload, but it could
cause machine overheating (e.g., hot spots [1], [10], [11]) if
it is kept for excessive time. This aspect is addressed in the
following section.

VI. PROPOSED LIMITATION OF RMS CURRENT BY
GRADUAL T REDUCTION

The maximum rms current imx
rms = [imx

1,rms · · · imx
n,rms]

T

should be respected in every phase after a number of funda-
mental cycles to prevent machine overheating. For this goal,
the blocks in the green-shaded area of Fig. 14 are added, so
that the complete proposed scheme is finally obtained.

In the right-hand side of Fig. 14, the rms of each phase
current is computed,1 and the maximum deviation (among
the n phases) from imx

rms is found, giving εrms. The limits
imx
rms can be set to the rated current of the healthy machine
imx
rms in all phases; thereby, although there might be non-

uniform temperature distribution in the windings due to i
imbalance, it is ensured that in steady state the temperature
is not greater than in healthy rated conditions in any phase,
avoiding hot spots [1], [10], [11]. The resulting rms excess
εrms is integrated through a gain Krms and the output γ is
saturated so that negative values are replaced by zero (see

1The rms may be calculated using two blocks, one accumulating the squared
current and another one performing a zero-order hold, with the former and
latter blocks being reset and synchronized with the same signal as in Fig. 11.
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TABLE V
PERFORMANCE OF THE PROPOSED METHOD FOR THE BACK-EMF FROM FIG. 4, PHASE a OPEN, imx

pk = 1 A AND irms
pk = 0.83 A

Torque ri- Peak cu- rms current (p.u.)
T (Nm) T (p.u.) Description pple (Nm) rrent (p.u.) k = 2, 5 k = 3, 4

SCL (p.u.)

< T1 = 75.5 < 0.49 |ik| < imx
pk for any k (conventional) 0 < 1.0 < 0.74 < 0.53 < 0.33

T1 = 75.5 0.49 Max. T without reaching imx
pk for any k (conventional) 0 ≈ 1.0 0.74 0.53 0.33

T2 = 103 0.67 Max. T without exceeding imx
rms for any k 23 1.0 1.0 0.92 0.74

T3 = 80 0.52 Max. T without ripple in Tf 0 1.0 0.78 0.59 0.38
T4 = 90 (Tth = 10) 0.59 Max. T with Tf ripple under Tth = 10 Nm 10 1.0 0.90 0.77 0.56
T4 = 100 (Tth = 20) 0.65 Max. T with Tf ripple under Tth = 20 Nm 20 1.0 0.98 0.89 0.70
T4 = 110 (Tth = 30) 0.72 Max. T with Tf ripple under Tth = 30 Nm 30 1.0 1.05 0.99 0.82
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Fig. 15. Block diagram of T ∗∗∗ hold function for Fig. 14.

Fig. 14). This factor γ is multiplied by the sign σt of the
torque reference and then subtracted from it.2 In this manner,
when any of the phase-current rms values exceed their upper
bound, the torque reference is gradually decreased until none
of them do. The dynamics of this loop can be set by Krms so
as to obtain the desired overload time, which depends on the
thermal behavior and is out of the scope of this paper.

When T ∗ is saturated by the torque-ripple limitation (|T ∗| >
|T |), further rise of the original torque reference T ∗∗∗ (priorly
set externally) is not translated into a T increase, but it may
affect the dynamics of the rms-current limitation in Fig. 14.
For instance, the integrator may need to generate a very large
γσt, and this accumulated value can cause excessive reduction
of T once T ∗∗∗ returns to a feasible range. To avoid this
behavior, the block shown at the top-left corner of Fig. 14 is
included, whose content is detailed in Fig. 15. This function
begins to hold the T ∗∗∗ value in its output T ∗∗ if there is
T ∗ saturation (|T ∗| > |T |), or if γ > 0 for a longer time
than a threshold tγ , until T ∗∗∗ decreases down to T again.
In addition, the latter condition is indicated by setting to one
the auxiliary variable ρ, which is also employed to reset the
integrator from Fig. 14. Thanks to these operations, the torque-
ripple and rms-current limitation functions can work properly
in combination.

For instance, for the example under consideration, if T is
greater than T2 = 103 Nm (see Table V), e.g., T = 110 Nm,
there is rms-current excess (rms over 1 p.u.) in the two phases
adjacent to the faulty one, implying εrms > 0. Consequently,
the scheme from Fig. 14 reduces T until it eventually equals
T2 = 103 Nm, so that the largest phase-current rms values are

2A z−1 delay may be added at this point (after the subtraction) to avoid
algebraic loops.

Fig. 16. Experimental setup. 1) Six-phase PMSM. 2) Encoder. 3) DC
generator. 4) Generator dc excitation. 5) Loading resistor. 6) DC-link pro-
grammable supply. 7) Six-phase inverter. 8) Control platform (dSPACE 1202
MicroLabBox). 9) dSPACE interface board. 10) Host PC (ControlDesk).

TABLE VI
MAIN PARAMETERS OF THE PMSM IN THE EXPERIMENTAL SETUP

Parameter (unit) Value

Number of poles 10
Number of slots 12
Rated phase current imx

rms (A) 3.2
Rated phase voltage (V) 110
Rated speed (r/min) 1200
Rated torque (Nm) 16.7
Stator inductance in the main (α-β) plane (mH) 16.5
Stator leakage inductance in the secondary subspaces (mH) 17.0
Stator resistance (Ω) 1.1

limited to 1 p.u. and thus εrms = 0.

VII. EXPERIMENTAL RESULTS

A. Experimental Setup and General Description of the Results

The experiments are performed by means of a six-phase
surface-mounted PMSM (see Fig. 16) with double-layer
fractional-slot concentrated windings, and asymmetrical wind-
ing arrangement (two three-phase sets displaced by π/6 [2]).
The PMSM parameters are summarized in Table VI. Note that
imx
rms = 3.2 A. The back-EMF e signals and their spectrum are

shown in Fig. 17. These per-phase waveforms are stored in a
look-up table so that they can be swept based on the position
measurement from the encoder [44]. Other details about the
PMSM are given in [31].

As shown in Fig. 16, this PMSM is driven by a six-leg
voltage-source converter based on insulated-gate bipolar tran-
sistors (IGBTs), with dc-link voltage of 300 V. It is controlled
by a dSPACE 1202 MicroLabBox, using rotor field-oriented
control with inner finite-control-set model-predictive current
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Fig. 17. Back-EMF e of PMSM for the experimental tests. (a) Per-phase
waveforms normalized by speed. (b) Spectrum at rated speed.

control. The latter is implemented using two-step ahead pre-
diction, the vector-space decomposition, no weighting factors,
and only the so-called large voltage vectors [45]. Sampling
frequencies of 10 kHz and 50 kHz are used for the current-
reference generation and for the model predictive control,
respectively. The external torque reference T ∗∗∗ (see Fig. 1)
is directly set in open-loop manner, without speed control, in
order to focus the analysis on the response to T ∗∗∗. The six-
phase PMSM is mechanically loaded by a dc generator, which
is connected to a variable resistor.

In the following, when expressed in p.u. and unless other-
wise said, the torque values are normalized by the rated torque,
the rms current is normalized by imx

rms, the SCL is normalized
by 6(imx

rms)
2, and the current instantaneous and peak values

are normalized by imx
pk , which is assumed to match the peak

value of the stator current for the machine rated conditions and
healthy drive, i.e., 4.34 A.3 The experimental torque Texp is
estimated based on the measured phase currents using (2), as
often done in the literature on the subject [20], [21], [23], [28],
[29]. This approach gives a reliable assessment of the torque
ripple due to the currents, without the attenuation caused
by the reduced bandwidth of torque meters, and without the
pulsation produced by other sources such as cogging torque
[42]. The peak current is computed in the results after applying
a moving-average filter of 0.1 ms to the phase currents in
order to attenuate the switching ripple, since the overload time
of IGBTs is typically similar or slightly longer. A moving-
average filter of 1 ms is used for Texp. Unless otherwise
said, the tests are performed with phase a open and setting
Tth = 0.12 p.u. = 2 Nm, Krms = 1 and tγ = 5 s. The

3It is reasonable to assume that, to optimize the efficiency, a practical drive
is designed so that the switch rated current imx

pk satisfies this condition [16].
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Fig. 18. Experimental transient results for consecutive gradual increase and
reduction of the torque reference T ∗∗∗, with phase a open.

results saved by the dSPACE platform are shown rather than
oscilloscope captures because of the high number of signals
involved, with many of them being internal control variables.

B. Current, Torque and SCL for Phase a Open
1) Current and Torque for Gradual T ∗∗∗ Variation and at

Steady State: As shown in Fig. 18, initially T ∗∗∗ is raised
progressively up to 16 Nm, while the load resistance of the
generator is maintained. After several seconds, T ∗∗∗ is reduced
again. The other torque-reference signals (T ∗∗, T ∗ and T ) used
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Fig. 19. Experimental results corresponding to four T values of Fig. 18, in steady state. For the phase currents, the reference and actual currents are represented
by thick dark and thin bright lines, respectively. (a) Maximum T without reaching imx

pk in any phase (maximum of conventional method), T1 = 0.53 p.u.
(b) Maximum T without exceeding imx

rms in any phase, T2 = 0.67 p.u. (c) Maximum T without Tf ripple during overload, T3 = 0.71 p.u. (d) Maximum
T with Tf ripple below Tth during overload, T4 = 0.83 p.u.

as intermediate steps in the proposed scheme (from Fig. 14), as
well as the torque Tf (see Fig. 10) produced by the final current
references, vary accordingly in Fig. 18. The most relevant
T values (T1 = 0.53 p.u., T2 = 0.67 p.u., T3 = 0.71 p.u.
and T4 = 0.80 p.u.) are indicated at the top of Fig. 18,
and steady-state results (at 600 r/min) corresponding to them
are shown in Fig. 19. Some figures of merit for these four
steady-state scenarios are summarized in Table VII, where
the definitions of T1-T4 are also recalled. According to these
definitions, the values of T1-T4 are assessed based on the
reference torque and current signals instead of the measured
ones, for a more accurate and general assessment, without
the influence of measurement noise and control tracking error.
In any case, although this paper is focused on the current-

reference generation and not on the current/torque control, it
may be noted that the resulting currents track their references
reasonably well, as shown in Fig. 19. This is so despite
the speed variation. The current ripple that can be observed
in Fig. 19 is due to the converter switching. The average
switching frequency for Fig. 19(a)-(d) is 11.4 kHz, 11.5 kHz,
11.3 kHz and 10.7 kHz, respectively, i.e., around 11 kHz in all
cases. The experimental torque Texp, also included in Figs. 18
and 19, follows Tf to a good extent as well. A certain (small)
steady-state error is present due to the limitation of finite-
control-set model predictive control in this regard [10], [46];
it could be corrected by an outer closed-loop speed/torque
(e.g., proportional-integral) control [47] or by a disturbance
estimator [48] if desired in a practical application (out of
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the scope of this paper). Based on these results, the most
important aspects of the behavior of the proposed NSBE-
FRML reference-generation method are discussed next.

When the torque reference starts to rise in Fig. 18, all the
currents increase linearly with it, and none of the peaks reach
imx
pk (1 p.u.), up to T = T1. At T1, one of the phase currents

(phase b) reaches 1 p.u., as shown in Fig. 19(a). Thus, for
T ≤ T1 the proposed method is equivalent to the conventional
MTPR one from [23] (or similar ones), described in Section II.
The latter cannot achieve T > T1, unless some phase-current
peaks surpass 1 p.u. (in this case, overcurrent in phase b) or
certain Tf ripple is allowed [23]. In contrast, the proposal
yields greater T than T1 without excessive peak current in any
phase or Tf pulsation, thanks to its ability to keep certain phase
currents at 1 p.u. while the other ones adaptively ensure ripple-
free Tf . This behavior can be seen in Fig. 19(b) and (c), as well
as in Fig. 18, for torque references up to T3. Regarding the rms
current, to obtain higher torque values than T2, the rms needs
to be temporarily raised over 1 p.u. in some phases, while
respecting the maximum peak current, as shown in Fig. 18
and Table VII. Over T2, the algorithm for rms limitation (from
Fig. 14) starts to reduce T ∗ below T ∗∗ slowly in Fig. 18 as γ
accumulates the rms excess. Above T3, the torque reference T
cannot be attained (Td = 1) in the entire fundamental cycle,
and certain ripple arises in Tf . Although T ∗∗∗ keeps rising,
T is effectively limited at T4 = T3 + Tth by the proposal
so that the Tf pulsation never surpasses Tth. Accordingly, the
oscillations in Texp are also restricted to a similar extent. When
this happens, T ∗∗ is held by the algorithm from Fig. 15, while
T continues being reduced exponentially by γ toward T2 to
limit the highest phase-current rms to 1 p.u. in steady state.
Finally, as soon as T ∗∗∗ decreases and reaches T , γ is reset
and all torque-reference signals match again. In summary, the
admissible torque has been extended by the proposal from
T1 to T2 (steady state) or T3 (transient overload) without Tf

ripple, and to even higher torque values (such as T4) with
limited torque pulsation.

2) SCL Versus Torque: It should be remarked that, un-
like MTPP strategies [17]–[20], where the current is equally
(highly) distorted for any load, the proposed NSBE-FRML
reduces the current distortion as the torque decreases from
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Fig. 21. Experimental transient results for sudden increase of the torque
reference T ∗∗∗, with phase a open.

its maximum (see Fig. 19) so as to minimize the SCL per
torque, in FRML manner. This FRML behavior is verified by
comparing the SCL versus torque T of various approaches in
Fig. 20, which is analogous to the theoretical ones from Figs. 2
and 14. Since the existing MTPP methods [17]–[20] are not
suitable for six-phase machines under an OPF because of their
lack of generality, the MTPP current references in Fig. 20 are
obtained by rescaling with T those of the proposal for the
highest ripple-free torque T3, similarly to the existing MTPP
ones. Most importantly, in this figure the SCL of the proposed
NSBE-FRML is indeed minimized for each load value, being
lower than the SCL of the MTPP method and matching the
conventional MTPR [23] for T ≤ T1, providing the intended
FRML characteristic. In other words, both maximum torque
range and minimum SCL per torque are accomplished.

It is also worth highlighting that, when the maximum
torque is achieved during overload (T3 or greater), the peak
currents of all (or all but one) healthy phases match imx

pk [see
Figs. 18, 19(c) and 19(d)]. At the maximum steady-state torque
after overload (i.e., T2), the largest rms of the phase currents
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TABLE VII
EXPERIMENTAL PERFORMANCE OF THE PROPOSED METHOD IN STEADY-STATE AT T1-T4 FOR PHASE a OPEN (CORRESPONDING TO FIG. 19)

Torque ri- Peak cu- Phase-current rms (p.u.)
T (Nm) T (p.u.) Description pple (Nm) rrent (p.u.) b c d e f SCL (p.u.)

< T1 < |ik| < imx
pk for any k (conventional) 0 < < < < < < <

T1 = 8.8 0.53 Max. T without reaching imx
pk for any k (conventional) 0 ≈ 1 0.87 0.57 0.56 0.58 0.63 0.36

T2 = 11.2 0.67 Max. T without exceeding imx
rms for any k 0 ≈ 1 1.00 0.78 0.79 0.80 0.85 0.60

T3 = 11.8 0.71 Max. T without ripple in Tf 0 ≈ 1 1.01 0.86 0.86 0.88 0.94 0.69
T4 = 13.8 0.83 Max. T with Tf ripple under Tth 2 ≈ 1 1.05 1.06 1.00 0.99 1.13 0.91

TABLE VIII
EXECUTION TIME (µs) OF CURRENT-REFERENCE GENERATION IN STEADY-STATE AT T1-T4 FOR PHASE a OPEN (CORRESPONDING TO FIG. 19)

Method Conventional Proposed

T T1 T1 T2 T3 T4

i Tth rms i Tth rms i Tth rms i Tth rmsBlock Total gen. lim. lim. Total gen. lim. lim. Total gen. lim. lim. Total gen. lim. lim. Total

Max. 3.1 3.6 0.2 1.2 5.0 4.6 0.2 1.2 6.0 6.4 0.2 1.2 7.8 6.7 0.2 1.2 8.1
Avg. 2.9 3.4 0.2 0.3 3.9 3.7 0.2 0.3 4.2 3.9 0.2 0.3 4.4 4.4 0.2 0.3 4.9
Min. 2.7 3.2 0.2 0.3 3.7 3.2 0.2 0.3 3.7 3.2 0.2 0.3 3.7 3.2 0.1 0.3 3.6

TABLE IX
VALUES OF T1 , T2 , T3 AND T4 OF THE TORQUE REFERENCE T FOR VARIOUS SCENARIOS OF THE EXPERIMENTAL SETUP

Phases with OPFs
T Description None a ab ac ad af abc abd ace acf abcd abce abde abcf

T1 (p.u.) Max. T without reaching imx
pk for any k (conventional) 1.00 0.53 0.24 0.48 0.47 0.51 0.10 0.16 0.47 0.38 0.00 0.00 0.00 0.00

T2 (p.u.) Max. T without exceeding imx
rms for any k 1.00 0.67 0.44 0.52 0.56 0.52 0.28 0.32 0.49 0.45 0.06 0.24 0.28 0.18

T3 (p.u.) Max. T without ripple in Tf 1.08 0.71 0.28 0.55 0.54 0.56 0.10 0.16 0.47 0.38 0.00 0.00 0.00 0.00
T4 (p.u.) Max. T with Tf ripple under Tth T3 + Tth

equals imx
rms, but this does not necessarily occur in the other

healthy phases [see Figs. 18 and 19(b)]. The latter suggests
that, although the proposed NSBE-FRML ensures that the
torque capability is fully exploited during overload and the
SCL is minimized at all times, there might still be room
for further increasing the achievable torque in steady state
while complying with the rms-current limitation. Optimizing
the instantaneous currents with any degree of distortion during
an entire fundamental cycle while considering the rms limits
as inequality constraints in FRML fashion is far from being
straightforward. It may be addressed in subsequent work. In
any case, the increase in ripple-free torque reference attained
by the proposal with respect to the conventional method is
significant, both during (T3 ≫ T1) and after (T2 ≫ T1)
overload.

3) Dynamic Response to Sudden Torque Step: Fig. 21
shows the response of the proposed NSBE-FRML method
when the torque reference T ∗∗∗ is increased from below T1

to over T4 suddenly instead of gradually as in Fig. 17. It may
be observed in Fig. 21 that the phase-current references, as
well as the resulting current and torque, rise immediately with
T ∗∗∗ as soon as it changes. In particular, the phase-current
waveform shapes change very fast between those correspond-
ing to Fig. 19(a) and (d). Furthermore, T is effectively limited
to T4 in Fig. 21 by the torque-ripple limitation block within
half a fundamental cycle (τ1/2), so that the torque oscillation
remains within Tth.

C. Execution Time

Table VIII reflects the execution times in µs of the con-
ventional (see Section II) and proposed (i.e., NSBE-FRML)
methods of current-reference generation obtained for T1-T4

with phase a open at steady state (as in Fig. 19). For the
proposal, the time is shown separately for each of the three
blocks of the method that are depicted in Fig. 6, using the
same colors. The time corresponding to the generation of the
back-EMF from the rotor position is also considered for both
techniques, and for the NSBE-FRML it is included as part of
the per-sample i generation (orange) block from Fig. 6. For
each case in Table VIII, the maximum, average and minimum
execution times per fundamental cycle are given.

It can be seen in Table VIII that the total execution time
of the proposal is moderately longer than for the conventional
approach, and it tends to increase with T . Based on the times
of each block, it may be concluded that this increase is mainly
due to the per-sample i generation block, whose associated
time is the greatest and is the only one that rises notably
with T . The latter fact is because, as the torque reference
rises, a greater number of phase currents need to be iteratively
limited to imx

pk in Fig. 7, which implies more iterations and
hence increased operations. Nonetheless, the total required
time is still acceptable, even in the most unfavorable conditions
(8.1 µs).
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D. Torque Range for Other Scenarios
Table IX displays the values of T1, T2, T3 and T4 for other

scenarios. Other possibilities of OPFs are equivalent to these
ones, because of symmetry [11]. For any of these situations,
the proposal achieves larger torque than the conventional tech-
nique, which is limited to T1. In four cases of single or double
OPFs, the maximum ripple-free torque is increased noticeably
both during overload (T3 > T1) and after it (T2 > T1), as
for phase a open. Without OPFs and overload, the attained
ripple-free torque is not larger than with the conventional
method (T2 ≈ T1 < T3), but during overload it is considerably
increased (T3 > T1). Something similar happens for phases a
and f open. In 8 cases that are particularly demanding (mostly
of 3 or 4 OPFs), the highest ripple-free torque is not raised
(T3 ≈ T1), but the average torque is made greater by allowing
certain torque pulsation without rms excess (T2, T4 > T1, T3).
In conclusion, the proposed NSBE-FRML extends the torque
range in all the scenarios, while respecting the drive limits and
ensuring minimum SCL and torque ripple per average torque.

VIII. CONCLUSIONS

This paper has proposed a general online method to generate
current references for fault-tolerant multiphase PMSMs with
negligible saliency ratio and with nonsinusoidal back-EMF:
the NSBE-FRML. Minimum SCL is attained when the torque
reference is feasible, while maximizing the achievable value of
the latter for given rated peak current, in FRML manner. For
a higher torque reference, the instantaneous torque deviation
is minimized. The torque reference is saturated in consecutive
samples to limit the torque pulsation if a pre-specified ripple
threshold is surpassed. Furthermore, the phase-current rms
is limited to its rating after overload (e.g., during vehicle
overtaking) by automatically decreasing the torque reference in
a gradual fashion. The proposed NSBE-FRML can be applied
to PMSMs of any power and phase number and with either
symmetrical/asymmetrical windings, to both healthy and (any)
OPF conditions, and to any back-EMF harmonics. The method
is also suitable for PMSMs with sinusoidal back-EMF, as a
particular case. It is especially convenient for electric vehicles,
where high torque capability and transient overload are crucial.

In summary, the main novelty of the new NSBE-FRML
technique is that it ensures FRML, i.e., it combines the
minimization of the SCL per torque and the maximization
of the torque range. This kind of feature was available in
the past for machines with sinusoidal back-EMF, but not
for nonsinusoidal back-EMF, where special care needs to be
paid to suitably shape the current waveforms with optimum
harmonics. Moreover, this FRML property was also combined
here with other desirable characteristics that were absent from
most of the previous approaches: generality, lack of offline
optimization, possible allowance of (limited) torque ripple
for extended torque range, and automatic gradual transition
from transient overload to steady state. These improvements
are obtained at the expense of additional complexity and
computational burden, but it is acceptable for modern digital
signal processors.

The functionality of the proposed NSBE-FRML method has
been verified by experimental tests with a six-phase PMSM

with significant back-EMF harmonics (trapezoidal back-EMF).
For instance, compared with the conventional technique for
minimum SCL, under an OPF the maximum ripple-free torque
was raised by 34% and 26% during and after overload,
respectively; by allowing some (limited) torque pulsation, the
torque increase was even greater.

Some subjects of future research are extending the NSBE-
FRML to PMSMs with saliency, taking into account the
effect of temperature or magnetic saturation on the back-
EMF, considering the torque ripple due to converter switching
and cogging torque, incorporating a limitation to the voltage
constraints for high speeds, or exploiting the maximum rms
of all phases simultaneously in continuous operation.
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