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Dear Editor,

This letter is concerned with quadratic £, performance (quadratic
stability and £, gain) for switched uncertain linear systems (SULS)
with norm-bounded uncertainties. Assuming that no single uncertain
subsystem achieves quadratic £, performance y but a convex combi-
nation of the subsystems can make it, we propose a state-dependent
switching law such that the SULS achieves the desired quadratic £,
performance. The discussion is extended to the SULS with state feed-
back control, and a sufficient condition is proposed to design the
state feedback gains and the switching law simultaneously.

There have been a few references studying quadratic stability/sta-
bilization of switched certain linear systems. Reference [1], [2] show
that if there exists a stable convex combination of subsystem matri-
ces, then a state-dependent switching law can be proposed with a
quadratic Lyapunov function to stabilize the switched system. Refer-
ence [3] investigates quadratic stability/stabilization of a class of
switched nonlinear systems by using a nonlinear programming
(Karush-Kuhn-Tucker condition) approach. Reference [4] extends
the discussion and results in [1], [2] to achieve quadratic stability for
switched linear systems with norm-bounded uncertainties, and a
state-dependent switching law has been proposed for quadratic stabi-
lization. Recently, [5] extends the discussion and results in [1], [2],
[4] to output dependent switching law design for quadratic stabiliza-
tion of switched linear systems with norm-bounded uncertainties. In
both [4] and [5], a matrix inequality approach is used for the convex
combination of subsystems to design the Lyapunov matrix in the
switching law. Note that the motivation of dealing with switched
uncertain systems is both theoretical and practical, when a single
uncertain subsystem can not achieve certain desired performance.

In this letter, we polish the quadratic stability/stabilization result in
[4], [5], and extend the discussion to quadratic £ performance anal-
ysis and design for SULS. It is noted that such control problem has
been studied in [6] for a class of switched non-linear systems with
norm-bounded uncertainties, and the main approach is the average
dwell time method. In that context, exponential stability of the
switched system and a weighted £, performance is obtained. Here,
under the assumption that no single subsystem achieves certain
quadratic £, performance, we propose an extended convex combin-
ation based condition and a state-dependent switching law such that
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the switched system achieves the desired quadratic £, performance.
The extended convex combination is a major extension to the one
proposed in [4], [5], which incorporates both uncertainties tolerance
and disturbance attenuation. It is emphasized that since the switching
law can not use either the uncertainty term or the disturbance input,
we extend the existing switching law by incorporating the corre-
sponding system matrices. Moreover, the established condition and
the switching law are extended to the case of SULS with state feed-
back control in a natural and reasonable manner.

Concerning the comparison with more references in the literature,
References [7] and [8] have considered robust H,, stabilization of
switched linear uncertain systems, but the assumption on each sub-
system and the technical approach is different. For example, the dis-
cussion in [7] is based on the design of multiple Lyapunov functions,
and the subsystems in [8] are assumed to have certain quadratic £,
performance so as to deal with the affine terms. Reference [9] has
considered the problem of disturbance tolerance/rejection for a fam-
ily of linear systems (without uncertainties) subject to actuator satu-
ration and disturbances, where state-dependent switching laws are
proposed for bounded state stability and £, gain analysis. Since the
approach is based on multiple Lyapunov functions, the design condi-
tion is reduced to solving a set of complicated matrix inequalities,
which is different from the convex combination approach in this let-
ter.

Problem formulation: We consider the SULS described by

{X(I) =(Ag + Do Fo(D)Eq) x(1) + Bow(1) (1

1) = Cox(t)
where x(r) € R" is the system state, w(¢) € R" is the disturbance input,
and z(r)eR? is the controlled output. The index function
o():R—-> Sy ={1,...,N} is the switching law (signal) defining
which subsystem is activated at the time instant 7, and N is the num-
ber of subsystems. The constant matrices A; € R™", B; e R™7,
C; eRP*" D; e R"™ E; e R represent the dynamics of the i-th
subsystem, and F;(7) e R denotes the norm-bounded uncertainty
satisfying Fi()TFi(r) < {zlk, where (is a given positive scalar.

Definition 1 [5], [10]: The SULS (1) is said to be quadratically sta-
ble if there exist a quadratic function V(x) = x” Px with P> 0 and a
positive scalar € such that when w(f) =0, V(x) < —eV(x) is satisfied
for all nonzero x(f) of the system (1) with any uncertainties
Fi)"Fi() < &l

The derivative of V(x) may not exist at some switching points
since the right-hand side of (1) is not continuous in our problem set-
ting. For this purpose, we choose the Filippov solutions introduced in
[11]. That is, when a switching occurs at time instant f;, we define
the derivative of V(x) at 7, by

Vum»=s%thﬂ§»+ﬂ—mWMiw
neLy,

where V(x(t;)) = leik%k LV(x(t)), and V(x(t])) = t_}llik{Ill>rk LV (x(1)).

Definition 2 [8], [12]: The SULS (1) is said to achieve quadratic
L, performance y if it is quadratically stable with a quadratic func-
tion V(x) = xT Px, and

Iot ZT(T)Z(T) dr < V(x(0))+ 72 Iot wl (w(r)dr 3)

holds for any time >0 and any disturbance input w(r) satisfying
fooo WT(T)W(T) dr < oo,

The control problem in this letter is for given positive scalar v,
assuming that each subsystem in (1) does not achieve quadratic £,
performance y, we propose a state-dependent switching law such that
the SULS (1) achieves quadratic £, performance .

Remark 1: The assumption that each subsystem in (1) does not
achieve quadratic £, performance y is motivated by one of the three
basic problems in switched systems and control. In such situation, we
can not activate only one subsystem, and it is also not possible to
only use the (average) dwell time approach for desired performance
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of the entire switched system. Moreover, since both quadratic stabi-
lization and £, gain are considered, the cases involved in the above
problem formulation are multi-faced. The subsystems in the SULS
may not be quadratically stable, or the £, gain of certain subsystem
may be greater than y even if it is quadratically stable.

Quadratic £, performance analysis: We first state the following
design condition, which plays a central rule throughout this letter.

Design condition: Find a set of scalars 4; >0 (i = 1,...,N) satisfy-

ing Z,A:/l A; = 1 such that
N
A= Z AiA; 4)
i=1
is Hurwitz, and furthermore

I gj [st-an™[ 02 LBy || <1 (5)

where B, C,, D,, E, are constant matrices satisfying
N N
B,BY = ZA,»B,-B,.T, clc, = Z/licfc,-,
i=1 i=1
N N
D,D! = Zﬁ,-D,-Dl.T, EVEy = Z/l[EiTE;. (©6)
i=1 i=1

The condition (4) and (5) requires a kind of “Hurwitz convex com-
bination with L performance 1”. The form is similar to the
quadratic stability condition [10] of single system with matched
norm-bounded uncertainty, but the matrices in (4) and (5) are con-
structed by the convex combination (6). Therefore, although we have
assumed that each single subsystem does not achieve quadratic £,
performance p, the design condition requires that a kind of convex
combination of subsystems should achieve quadratic £, perfor-
mance y. It is noted that the concept of Hurwitz convex combination
A, has been proposed and used in the literature [1], [2], [8], [13], and
the convex combination triple (A, D,, E,) has been proposed in [4],
[5] to deal with stabilization of SULS with norm-bounded uncertain-
ties (without disturbance input). The idea of the convex combination
(4) and (5) with (6) presents a major extension to the above refer-
ences. This is illustrated by the following observation: if one can find
a Hurwitz convex combination A,, then the norm condition (5) is
always true for small or zero ¢ and released (large enough) £, per-
formance index y. Moreover, when B; =0, C; = 0, the condition (5)
shrinks to ||[Ey(sI, —A)) ™' Dylleo < ¢!, which is exactly the condi-
tion established in [4], [5].

Now, we give some discussion on how to check the above design
condition. According to the bounded real lemma [10], the condition
(5) together with A, being Hurwitz is equivalent to finding P > 0 and
A;'s such that

[ He{PA,)

pP( ¢D; 1By
+ETE +CTCy ) (¢ vB1 )

<0 7
1 pT —Al+r
yBa
or equivalently,
He{PA) +ETE +CICy
1
+P(§2D,1D£+—2313§ P<0. ®)
Y

The condition (7) is a bilinear matrix inequality (BMI) w.r.t. P >0
and 4;’s, and generally is not easy to solve globally. It is noted that
one necessary condition for (7) is Zt/'\:/l AiHe{PA;} <0 or He{PA,} <
0, which is equivalent to A, being Hurwitz. This motivates that if we
can manage to find the scalars 4; such that A, is Hurwitz, we can use
those scalars to solve the inequality (7) with respect to P > 0. How-
ever, it is commonly known that to find the set of stabilizing scalars
A; is generally difficult. One comparatively efficient strategy to
achieve such task is the so-called gridding method (or traversal
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search), which is based on the observation of A; > 0 and Zf’zl Ai=1.
Here, we extend the gridding method in the following algorithm to
solve (7) with respect to 4;’s and P> 0. Due to continuity with
respect to the scalars A;, if the matrix inequality (7) is feasible, the
algorithm will succeed when the division integer m is large enough.

Algorithm for solving (7):

Step 1: Set the division number m of the interval [0, 1] as a moder-
ate integer, for example, m = 10, and define M={0, 1/m,...,(m—
1)/m}.

Step 2: Equation (1) choose 4; from M in ascending order; (2) fix
A1 and choose 1; from M in ascending order under the constraint
A1+ A3 <1; (3) fix 4, A2 and choose A3 from M in ascending order
under the constraint A; + Ao + A3 < 1; ... (i) fix Ay,...,4;-1 and choose
A; from M in ascending order under the constraint 23:1 4; <1, and
so on, until A/ is chosen.

Step 3: Solve (7) with the A;’s chosen in Step 2. If (7) is feasible,
record the solution and end the algorithm. If (7) is not feasible, go
back to Step 2 for another set of A;’s. Or, go back to Step 1 to
increase the division integer m.

With the positive definite matrix P satisfying (7), we define our
state dependent switching law as

SW1: o(x)=arg glsingi(x) )
&SN

gi(x) = x [He{PA} + E] E; +CT C;
1
+ P(_{zD,-DiT + —ZB,-B,.T)P]x. (10)
%
Under SW1, we obtain that for any x and any i € S p,
' |He(PA} + EJEs+CLCor

1
+ P(§2D(,D£ + —23035) Px
Y
< xT[He{PA,»} +E'E;+CT¢

(1)

Multiplying both sides of (11) by non-negative scalars A; and sum-
ming up the inequalities from i = 1to i = N leads to

" [HelPAs) + EgEg +CLC,

o

1
+ P({zDiDiT + —zBiBiT) P]x.
Y

1
+ P(gzDD.Dg + —ZB(,Bg) P]x
y
< xT[He{PA,i} +ETE +Cley

+P(§2D1D§+ %BABI)P])C. (12)
We are ready to state and prove the main theorem in this letter.
Theorem 1: The SULS (1) under the state-dependent switching law

SW1 (9) achieves quadratic L, performance y.

Proof: We prove quadratic stability and £, gain of the switched
system by using the Lyapunov function candidate V(x) = x7 Px,
where P > 0 is the matrix satisfying (7) (equivalent to (8)).

First, according to (8), one can always find a scalar € > 0 satisfying

HelPA} +ETE +CTCy

(13)

Combining the above inequality with (12), we reach that under the
switching law SW1,

xT[He{PA(T} +E'E, +CLc,

1
+P(§2D1D§ + —ZB,IB/{)P+ eP<0.
Y

1
+ P({ZDUDg + —23035) Plx < —ex” Px (14)
Y
holds for any non-zero x.
Next, the derivative of V(x) along the trajectories of the SULS (1)
for the activated subsystem is computed and evaluated by
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. d
V(x) = thTPx = He{x! P}

= He{x” P(Ayx + Dy FEyx + Byw)}
= xT (He{PAy}+ He{PDyFE4})x
+x' PByw+ WTBZ.PX

< x"(He{PAs}+*PDyDLP+ EZ.EU)x
1 1 T
- (—xTPB(T - wa) (—xTPBU - )/WT)
y y

1
+ —2xT PBngpx + xTch(rx 7+ ’)/2WTW
Y

< xT(He{PAO-} +ETE,+CTc,
1
+P(*D,DL + —2B(,-B£)P)x L z+y?wlw
y

<—eV) - z+v*ww (15)
for any non-zero x, where the final inequality is obtained by (14).
Thus, (15) is true for any time ¢ except the switching time instants #.
Moreover, since (15) holds at any 7 < #; and any ¢ > f, by combining
the Filipov definition (2) with (15) for the continuous function V(x),
we immediately obtain (15) also holds at the switching time instant
tr.. Therefore, (15) holds at any time instant.

When w(f) = 0, we obtain V(x) < —€V(x) from (15), and thus the
SULS (1) is quadratically stable with the quadratic Lyapunov func-
tion V(x) = X! Px.

Moreover, (15) leads to V(x(1)) < —zL (0)z(t) + y*w! (t)w(t) for
any 7> 0. Integrating both sides of this inequality from 7=0 to
7 =t, with the fact of V(x(r)) > 0 for any ¢, we obtain the inequality
(3), which implies that the SULS (1) achieves quadratic £, perfor-
mance j. |

Remark 2: The design condition (5) is reduced to the matrix
inequality (7), which is equivalent to

He{PAj} PD, PB; C! ET
DTP -7 0 0 0
BTP 0 -2, 0 0 |<oO. (16)
Ca 0 0 -1, 0
E, 0 0 0 -I

Multiplying the first row and column of (16) by Q = P~! and rear-
ranging the order of rows/columns, we obtain

He{A:0) OC] QE] By Dy
Qe -1, O 0 0
E Q 0 - 0 0 |<0 (17
BT 0 0 2 0
Dj 0 0 0 =7

which, together with Q >0, 4; >0, Z{\:/ 14i =1, is also equivalent to
the design condition (5).

Remark 3: Since (16) is linear with respect to % and ¢~2, if we
wish to find smaller £, performance index y, then we proceed to
solve the optimization problem
2

min y
N
st (16), P>0, 420, > =1,
i=1
Or, if we need to tolerate larger uncertainty, we may deal with the
optimization problem

(18)

min

2
N
st (16), P>0, 420, > =1, (19)
i=1
Furthermore, a weighted cost function min ay? +b¢ =2 with a >0
and b >0 can also be designed if we desire to incorporate both the
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L, performance index and the uncertainty tolerance in a balanced
manner.
Numerical simulation: Consider the SULS (1) where

A | 1608 2544 1 [ 3696 -30.72
L71 2544 -3092 |° 27| 30,72 -19.04
1 -1
m=l o] me| 7
c1=[05 15], c2=[—1.0 0.5]
11 1 4
=[5y ] o] 3
05 0 05 -05
El‘[ 05 05 ] EZ‘[ 05 1.0 ]
and
0.8 -0.5 cost —sint
Fl(t)_[ 0.5 0.8 H sinf  cost ]
0.3 -0.7 cost —sint
FZ(t)_[ 0.7 0.5 H sint  cost ]

Then, FT (1)F;(t) < {*I> holds with ¢ = 1.

Since A and A, are not Hurwitz, each subsystem can not achieve
any quadratic performance level. By using the algorithm proposed in
the previous section, we find that the matrix inequality (7) is feasible
with 41 =2/3, 1, =1/3,y=0.2 and

p= 0.4076 —0.0117
“| -0.0117 04164 |
To confirm the design condition (4) and (5), we have
2 1 -23.04 6.72
Ar=zAit 3= [ 672 -26.96 ]

and use the Cholesky decomposition method in MATLAB to obtain
for (6),

5 —| 1:0000 0 [ 07071 0
171 203333 04714 |7 "7 04714 1.1667
b, | 26458 0 [ 07071 03536
171 21418 19355 |* 717 0 06770 |

Then, it is confirmed the norm condition (5) holds with y = 0.2.

Using the switching law (9) for the SULS with the initial state
x(0)=[1 —1]7 and the disturbance input w(r) = 2¢7% cos 51, we
obtain Fig. 1, where the state trajectories of the SULS converge to
zero. And, (3) holds for any ¢ > 0, which implies the desired £, per-
formance has been achieved.

Extension to feedback controller design: We now extend the dis-
cussion to the SULS with control input

{X([) =(Ag + Do F () Eq) X(t) + Bow(t) + Hou(t)
z2(t) = Cax(1)
where x(r), w(t), z(¢), y(f) and the corresponding matrices are the
same as in (1), while u(f) € R™ is the control input to be designed and
H; € R™™ is a constant matrix.

The control problem is to design a switching state feedback
u(t) = Kyx(t) such that the switched closed-loop system achieves
quadratic £, performance y. Note that the state feedback gains K;
and the switching law ¢ should be designed simultaneously in this
formulation. The control problem is practical and not trivial when the
design condition in Theorem 1 is not feasible (and thus, the SULS (1)
without control input can not achieve the desired quadratic £, per-
formance y).

Now, the closed-loop system composed of (20) and the switching
state feedback is

{x(t) =(Ag+Hy Ky + Dy Fy(t)Es) x(£) + Bow(t)
) =Ggx(1).

Replacing Ay in (17) with A/1+Z{\:/l AiH;K; and then letting

(20)

e2))
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Fig. 1. State trajectories in the numerical simulation.

K;Q = M;, we obtain the following design condition:

Qu  QC; QE] By Dy

CQ -1, 0 0 0

E:Q 0 ~Ii 0 0 <0 (22)
BT 0 0 =L 0

DT 0 0 0 =%

where Q| = He{A,lQ + Zﬁl/liHiMi}.

Theorem 2: There is a switching state feedback for the SULS (20)
such that the switched closed-loop system (21) achieves quadratic £,
performance y, if there are matrix Q > 0, matrix M; and non-negative
scalars /; satisfying the matrix inequality (22).

When (22) is feasible, the feedback gain matrices are computed by
Ki= MilQ’l, and the switching law is given by (9) and (10) with
P=0"".

Conclusion: We have dealt with the quadratic £, performance
analysis problem for switched uncertain linear systems. Under the
assumption that no single uncertain subsystem achieves quadratic £,
performance y but a convex combination of the subsystems can make
it, we have proposed a state-dependent switching law such that the
SULS achieves the desired quadratic £, performance. We have also
extended the discussion to the design of switching state feedback
controller, together with its application to the quadratic stabilization
of a boost converter. Our future work will consider the applicability
and extension of such convex combination approach to practical dis-
turbance attenuation [14] and [15], switched affine systems [16],
[17], switched dynamical output feedback [18], and event-triggered
control [19] and adaptive tracking control [20] for SULS.
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