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Dear editor,

Primal-dual dynamics (PDD) and its variants are prominent first-
order continuous-time algorithms to determine the primal and dual
solutions of a constrained optimization problem (COP). Due to the
simple structure, they have received widespread attention in various
fields, such as distributed optimization [1], power systems [2], and
wireless communication [3]. In view of their wide applications, there
are numerous theoretic studies on the convergence properties of PDD
and its variants, including the exponential stability analysis [4]-[9].

In [4], an asymptotically convergent PDD is proposed to solve the
optimization problems with equality and inequality constraints.
Especially for equality COPs, the exponential convergence of the
proposed PDD is established under the assumption that the equality
constraint matrix has a full row rank. For COPs with linear equality
and inequality, PDDs with exponential convergence are respectively
designed under the full row rank assumption in [5]. Besides, an
extended augmented PDD is provided to solve linear equality and
nonlinear inequality COPs, and the semi-global exponential stability
is established in [6]. To solve a special class of COPs with separable
cost function and equality constraint, [7] provides a Lagrangian-
based PDD, and [8] gives a partial PDD. Moreover, with full row
rank assumption, their exponential convergence are proved. In [9], a
fixed-time convergent PDD has been proposed for equality COPs.

In this letter, we investigate a modified primal-dual dynamical
system (PDDS) for COPs with linear equality and inequality
constraints, and establish the exponential convergence of
corresponding PDDS under weaker conditions. The obtained
theoretical results without requiring a rank condition on equality
constraint matrix can be used to improve the convergence results of
[8] and [9].

Problem statement:

Consider the following COP.

fopt = ?g]g}f(x)’ (D

where f: R" — R is a convex function, A € R™*" A, € R"2*"
b1 € R"™ and b, € R™2. Throughout the letter, we give the following
assumption.

Assumption 1: The cost function f(x) is ur-strongly convex with
an [¢-Lipschitz continuous gradient. The optimal set X™ is nonempty
and closed, and the optimal value f,; is finite.

For problem (1), the Lagrangian is given as follows:

L(x,2) = f(x)+ AT (Hx—h) )
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s.t. Aix=by, Apx< by
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where A = (¢,p) € D := R™ xR is the dual variable, H = [AT,
Ag]T, and h = [bT,bg 17, Assumption 1 implies that strong duality
holds: fops = max ep d(A), where d(A) = minyegrr L(x,4) is the
dual function of (1), and the optimal solution set A* of the dual
problem is nonempty. (x*,1%) € X* X A* is the pair of primal-dual
optimal solution iff x* is feasible and x* = argmin, L(x, 1*), which
means that one can recover a primal optimal point x* from a dual
optimal point A* by solving the equation V f(x*) + HT A* = 0.

By Assumption 1 and the definition of conjugate function, d(1) is
lz-smooth, and d(A) = —f*(—=HT 1) = h" A, where f* is the convex
conjugate of /. However, —d(1) may not be strongly convex, because
only when H has full row rank, f*(—H? ) is strongly convex. For ex-
ample, if f*(y) = (1/2)|lyl|> and H is row rank deficient, f*(~H' 1) =
(1/2)||H T/l||2 is not strongly convex. Therefore, without strong
convexity of the dual function —d(A1), the establishment of the
exponential convergence of PDDS for the problem (1) is naturally
difficult. To deal with this difficulty, [4]-[9] assume that H has full
row rank, and [10] limits the initial condition of the dual variable
A(0) to the column space of H. Different from these studies, this
letter neither assumes that A has full row rank nor restricts A(0) to
the column space of H.

Main results: This section considers the exponential convergence
of PDDS to solve the COP (1) and then consider the case with
equality constraints alone.

COPs with equality and inequality constraints:

Consider the problem min{f(x): Ajx=>b1,Ax<by}. Let
S={xeR" A x=b1,Apx <bp} denote the constraint set.
Throughout this subsection, suppose that the set S C R" satisfies
strong Slater assumptions, i.e.,

Assumption 2: A has full row rank, and there exists a feasible
point X such that A| X = by and A>X < b;.

Under Assumptions 1 and 2, A* is nonempty, convex, and
bounded, which is particularly significant in the analysis of the
convergence properties of the following projected dual gradient
dynamics.

x(t) = argmﬂi{r'} L(s,A(t))

. €)
A1) = =) +Po(A0) +v-Vd(A(1)), A(0) €D

where 0 < v < 1/l;, and Pp(A) denotes the projection of 1 onto D.
By [11, Theorem 5.2], for any initial condition A(0) € D, the solution
of (3) exists globally. Moreover, any solution A(f) of (3) with
A(0) € D is bounded, and satisfies that A(¢) € D for all £ > 0. Then,
we give the following theorem to show the convergence properties of
algorithms of (3), and provide the exponential convergence of
Jopr = d(A(D), IPp(Hx(7) — h)ll, and | f(x(1)) = fopl-

Theorem 1: Supposing that Assumptions 1 and 2 holds, the
trajectory A(f) of (3) converges exponentially to A* with any initial
condition A(0) € D. Furthermore, there exist @ >0, §>0andy >0
such that the following convergence properties hold.

fopr—dQA@®) <a-eP', Y120 4)
IPo(Hx) -l <\ 2%, V20 )
. 20 _p,
llx(2) = X7l < w/_'e 2, 120 (6)
My
)~ fopd S ye™H, 120, ™

Proof: See Appendix A. |
Noting that if —d(A) is strongly convex, or if —Vd(Q) is strongly
pseudomonotone and A* is a singleton, the projected dynamics (3) is
exponentially convergent [11], [12]. In contrast, for the PDDS (3),
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we eliminate these assumptions and thus extend these results.
COPs with equality constraints:

In this subsection, without strong Slater assumptions, we consider
the special case of (1), where H = AIT and h = blT. Here, the matrix
Ay is not required to have full row rank, and the PDDS (3)
degenerates into the following form.

x(t) = arg msinL(s,/l(t)) (8a)
A(t) = Vd(A(D)). (8b)
The dual function of this problem is d(1) =—f *(—AlT/l)—

(x*)TAlT/l, where x* € X*. If Aj is row rank deficient, the negative
dual function —d(A) is not strongly convex. Moreover, A* would be
unbounded: for any A* € A*, the whole affine manifold
A* +Null(A1T) would be in A*, where Null(AlT) ={a: AIT/l =0}.
Therefore, the Theorem 1 is no longer applicable.
Next, we analyze the convergence of (8) under weaker conditions.
By [13, Theorem 9], —d(A) has quadratic gradient growth, i.e.,
A=Y= > ©)
where [A]" is the projection of 1 onto A* and w is a constant only
related to Aj. Moreover, it can be shown that there exists a unique

s* € R" such that AlT/l* = 5" for any A* € A*, and the set A* can be

characterized as the following polyhedron: A* ={A: AlT/l =s*}.
Through the above analysis, we provide the following theorem to
show that the PDDS (8) is globally exponentially convergent without
strong Slater assumptions.

Theorem 2: Supposing that Assumption 1 holds, the trajectory A(?)
of dynamics (8) converges exponenually to A* for any A(0) e R™.
Furthermore, there exist @, B8, &, 8, % > 0 such that the following
convergence properties hold.

Qlrw)lia =[]

fopr—d@A@) <@-eP, 120 (10)

A —bill < ly@-e~3', 120 (1)

||x(t)—x*||s,/i—je—§’, 120 (12)
B

|f(x(0) = fopel <572, 120. (13)

Proof: See Appendix B. |

From a practical perspective, the assumption of full row rank can
not be sufficed easily, such as distributed optimization. For
distributed optimization problems over an undirected and connected
network, several primal-dual approaches have been provided in
[14]-[17]. In these literature, by introducing the oriented incidence
matrix B or the Laplacian matrix £ of the considered network, the
consensus constraints can be equivalently formulated as B'x=0or
Lx =0, which not only simplifies the consensus equality constraint,
but also makes it can be handled in a distributed manner. However,
both B and L are row rank deficient. Therefore, Theorem 2 is
significant in theory and practice.

In the comparison, several PDDs provided in [4], [5], [7] for
equality COPs employ the technique that the smooth part of
L(x,A(t)) is replaced by the quadratic approximation centered at
x(t—=1), T>0, ie, L(x,A®0)~ (VL(x(t—1), A1) (x - x(t—
)+ (1/270)||x — x(t —7)|]>. And they have been proven exponen-
tially convergent under full row rank assumption. In Theorem 2, we
not only establish the exponential convergence of the PDDS (8)
under weaker conditions, but also fully discuss its convergence
properties.

Then, applying the analysis techniques in Theorem 2 to some
existing primal-dual dynamics systems [8], [9], we establish their
exponential and fixed-time convergence respectively under weaker
conditions and improve their convergence results.

In [8], the following separable problem is considered.
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min__ fi(x1) + f2(x2), (14)
X1 EX,X2€Q.

where x; € X cRM, x, e Q cRM, is closed and convex, A; €
RMXNi Ay € RM*N2 and C € RM . The Lagrangian of this problem
is L(x1,x2, ) = fi(x1) + fo(x2) + /IT(Alxl +Ayxy —C), where A €
RM is the dual variable. Define X7 X X3 X A* as the set of saddle-
points of L(x,x3,4) on XXQXRM It assumes that fi is pp-
strongly convex, twice differentiable and smooth, f; is Lipschitz
continuous and strongly convex on Q, and A; has full row rank. To
solve the problem (14), it provides the following PDDS.

x1(f) = argmin{ fi(s) + A0 Ays)

s.t. Aixi+Ayx, =C

12(1) € Pro (e (~9f2(x2(1) = A7 A1)

A(t) = VOU(D) + Arxp (1) = C
where To(xp(f)) is the tangent cone to Q at xp(1),
DO(A(F)) = mingex{ f1(s) + (A()T Ay s}. In [8, Theorem 7], it shows
that the trajectory (x2(f),A(f)) associated with PDDS (15) is
exponentially convergent under the above assumptions, without
giving the convergence rate of x1 (). Via similar analysis technology
with Theorem 2, the convergence properties of the PDDS (15) is
explored without the assumption that A1 has full row rank.

Corollary 1: Supposing that f is yf-strongly convex and smooth,
f> is Lipschitz continuous and strongly convex on Q. Given
x(0)eQ, 20)eRM, the solution of PDDS (15) converges
exponentially to X’ ; X A¥, i.e., there exist vq, v > 0 such that

llx2(8) = 5| + 1A = [AT*[| S vie™?,  120.
Moreover, there exist v2,v3 > 0 such that
O([A]") = D) S v3-e7*,

(15)

t>0,

4y 1)
her () =61l < —; e,
1
Proof: See Appendix C. |
Next, we reanalyze the convergence of the fixed-time convergent
PDDS provided in [9] without the assumption that A has full row
rank. Consider the following dynamical system:

t>0.

. Vg(a Vg1
AN = —ci il 21,2 - Gl iﬂ (16)
IVe(DIIP=T VgDl

where g(1) = —d(1), c1,¢2 >0, p1 >2,and 1 < pr < 2. Similar as
the proof of [9] and Theorem 2, we have the following corollary.
Corollary 2: Supposing that Assumption 1 holds, the trajectory A(f)
of dynamics (16) converges to A* within a fixed time for any initial
condition A(0) € R™. Moreover, there exists T3 > 0 such that

lim fopr—d(A(H)) = 0, lim [|A,x(t)— bl — 0
t—T, —T,

Jim [£x(0) = fopr| = 0.

Furthermore, it holds that Ty <4/k1 (2 — a1)+4/k>(ap—2), where
=2-(p1=2)/(p1— 1 and ar =2-(p2-2)/(p2—-1), k1 =
612(2+al)/4(21 l2 2) (@1/2) and k2 _ C22(2+a2)/4(2[ l2 2) (a/2/2)
Ilustrative examples

In this subsection, we conduct two numerical experiments to
corroborate our theoretical analysis. Firstly, consider the COP:
minyern(1/2)[[Ux—V]|?, s.t. Ax=b, Cx>0, where UeR2000x100,
VeRIO A CeRIO0XI0 5n4 beRY which are generated
randomly. The numerical results are shown in the left of Fig. 1,
which illustrates the exponential convergence of PDDS (3).

Then, consider the distributed optimization over the undirected
and connected network with N computational agents: x* €
argmin 20 Z J(2DNUix=V; |12, where U; € R20%20 is the mea-
surement matrix generated randomly such that U; TU;is positive defi-
nite, and V; € R?° generated randomly is the noise vector. Here, we
set the communication topology as a line graph with 4 nodes. By [16],
the problem is equivalent to min F(x) = Z?:] (1/DNU:ix = Vi|2, s.t.

lim ||x(t) - x*|| = 0,
t—T,
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Fig. 1. The numerical results of considered examples.

—VL®Iox =0, where L is the Laplacian matrix of the considered
network, X' €R? is the local variable of agent i, and x=
(DT, HTT. Let p= VL®Iod, where A=[(A)T,...,
(AHT)T, and A’ is the local dual variable. Then the PDDS (8) for this
problem is

x'(1) = argmin{fi(s) -7/ ()T s}, i=1,...,4
4

W0 == Ly V@O, i=1,....4 (17)
j=1
where fl* is the conjugate function of (1/2)||U;x— Vi|[2. The state
transient behaviors of the 4 agents and the performance of the
algorithm (17) are shown as in the right of Fig. 1.

Conclusions: In this letter, we have studied the convergence
properties of PDDS (3) and (8) to solve COPs with linear constraints.
Under weaker assumptions, we have shown the exponential
convergence of (3) and (8). In addition, applying the analysis
technique in Theorems 1 and 2, the convergence results in [8] and [9]
have been improved.
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Appendix A:

Proof of Theorem 1: Consider a Lyapunov function as follows,
Vi) = vg() — vg([A]*) —v(d— [A]") Vg([A]") + (1/2)|1A = [A]*]3
where g(1) =—d (). Since g(A) is convex, one has g(1) — g([1]*)—
(A=[ATVg(A]*) =0, which implies that V(1) > (1/2)||1-
[A]*||?. On the other hand, by the [;-smoothness of g(A), it holds that
gD = g([A") = (A= [ Vg([AT) < (la/DIA = [A*|P. Thus, it
deduces that (1/2)[|4—[A]*]]> < V1(A) < ((vlg+ 1)/2)]|A—[A]*].
Differentiating V(1) along the solutions of (3), one gets

d
Vi ===V =P) P - [A]) - =PI

—u(® - [A1") V([T - (V) - V() (A-[A])
where P = P(1+v-Vd(Q)). By the basic property of projection
operator, one has (1 — vVg(1) = P)T (P —[A]*) > 0. Since [A]* € A*,
it holds that (P —[A]*)T Vg([A]*) > 0. Moreover, the convexity of
g(1) implies that (Vg(2)—Vg([A]*)T(1—[1]")>0. Under
Assumption 1 and strong Slater conditions, by [18, Theorem 3.2],
it gives that the following global error bound like property:

kA=A < ”/I—PD(/H u- Vd(/l))”2, YieD

where k > 0 is a constant independent on 4. Hence, it holds that

(18)

d
ALLE —[IA=PI < —llA = [AT*|* < =28V1(A)

where B =«k/(vlg+1). Then, it holds that V() < Vi(1(0))-
exp(—Bt),Yt > 0. By %II/I— [A*|? < Vi(A), it has dist(A(r), A*) <
V2V1(A(0))-exp(—Bt), VYt =0. It implies that A(f) converges to
A* exponentially, and convergence rate is no less than £. In the next,
we fully consider the convergence properties of PDDS (3).

Step 1: Show the exponential convergence of f,,,, — d(A(?)). Since
—d(d) is lg-smooth, it has that g(1) — g([A]*) — (1-
[T Vg([A]") < (Lg/2)l|A—[A]*||. Thus,

I .
Fopt —d(2) < (A= [T Ve([A]") + §||A— LA

I
< Myl =[]+ E"u,l— IR <a-e®, VYi>0

where a = 2max{M; V2V1(1(0)), V1(1(0))l4},
maxea+ [[Vg(DI|.

Step 2: Show the exponential convergence of ||Pp(Hx(t) — h)|.
By the basic property of projection operator, it gives that
A=P)T(1=P) <vVg(A)T (A1-P). Thus, it holds that

IP - AlI* < 2uVg(D)T (A-P) - |IP - AlI*

M, =

= (lqv = DIP = AP = 20(Vg() P - 2) + %"HP—AHZ).

Since v < 1/l;, and g(A) is lz-smooth, it gives that [;u—1<0
and g(P) —g(1) — (P - 1)TVg(A) < (I4/2)|A = P> Then, it holds
that || — AI* < 20(g(1) = g(P)) < 2u(fop — d(A).

Then, to prove the exponential convergence of ||Pp(Hx(t) — h)||, it
is sufficient to show that v||Pp(VdAO)I? < (1/v)l|A() - Pl
Inspired by [18], we will prove this inequality componentwise. First,
recalling that D =R"™ X R’fz, for i=1,...,mp, it gets that
v-Vid(l) =P;— ;. Thus, it holds that v-|Pr(V;d(A(D))* =
v-|Vid(A0))P? = (1/v)|2; — P;|*. Then, set the disjoint sets as

I_={ie[m +1,m +ma]: Vid(1) < 0}
I ={ie[m +1,m +m]: Vid(2) > O}.

It gives that v-|[Pg, (Vid(D)> =0 < (1/v)l; =P, Viel..
On the other hand, for any i €/, one has U-IPR+(Vid(/l))|2 =
v-|Vid(D)P = (1/v)|4; = P;*. In summary, it obtains

1 1
ullPo(Hx(1) - h)|* < ~llaw - Pl < = 20(fopi = d().

Then, (5) immediately holds.

Step 3: Show the exponential convergence of |[|x(f)—x*||. It
follows from f is py-strongly convex that L(x,A(?)) = f(x)+
ADOT(Hx—h) is uy-strongly convex in the variable x. Then, it
deduces that

%IIX(D =X < L, A1) = LK), A1),

On the other hand, x(f) = argmingern L(s,A(¢)) implies that
d(A®) = fF(x() + AT (Hx(f)—h) and Vd(A(®r)) = Hx(t) - h.
Thus, it concludes that L(x*,A(t)) — L(x(2),A(?)) = fopi—
d) + AT (Hx* — h). Since Ajx* = by, and Apx* < by, one has
AT (Hx* —h) = ()T (Ayx* — b>) < 0. Hence, (6) holds.

Step 4: Show the exponential convergence of | f(#) — fo|. For any
A* € A¥, it follows from x(f) = arg minegn L(s, A(?)) that

Jopr = F@)+ @) (Arx=b1) + (@) (Azx—b).

Since ¢* €R}?, it can be shown that (1*)T (Hx(t)—h) <
AT Po(Hx(t)—h). Then, it holds that f,, — f(x(r) <
My ||Pp(Hx(t) - h)||, where M> = maxepx||4]|. Since f(x)—
FO)=(x=x)TVF(x*) < Ur/2Dllx— x*|1%, and x* = argmin f(x)+
(AT (Hx—h), it holds that Vf(x*) = H 1*, which implies that
JO) = fopr < M|lx(0) = x*[| + (L5 /2)l|x() — x*|[*, where M3 =
max e« |[HT A||.  Therefore, it holds that |f(x(f))— Jopil <
yexp(—pBt/2), t 2 0,wherey = 3-max{M, V2a/v, M3 \[{2a/uy},
alp/ugl. u

Appendix B:

Proof of Theorem 2: First, we show the exponential convergence of
dual variable. Consider the Lyapunov function E(1) = (1/2)||1—
[A]*|I”. Since g(1) = —d(Q), differentiating E(A) along the solu-
tion of (8b) yields %E(/l) =-(1-[1)TVg) < —(1/2lfw)|| A~
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[/l] ||2 The first inequality holds due to (9). Thus, it holds that

E(/l) <—(1/lfw)E(A). Then, one has dls_t(/l(t),/\ )<
cx exp(—fBt/2), t>0,where &= ||A(0)~[2]*||,and B = 1/lrw. 1t
implies that A(f) converges to A* exponentially.

Step 1: Show the exponential convergence of fi,, —d(A(1)).
Consider another Lyapunov function G(A) = (1/2)(g(Ad) = gops),
where g,, pt = —fop:- Differentiating G(4) along the solution of (8b)
yields dtG(/l) (g—gop,)-IIVgHz. It follows from (9) that (41—
A1V > 1/Q2lrw)llA - [A]*|I?>. By Cauchy-Schwartz, one has
(IVg(DIl = (1/2lfw)||A = [A]*]|. Then, by the smoothness of g and
Vg([A]*) = 0, one has g(A) — gopr < 2le2 2.|[Vg()|*. Therefore,

it holds that £G(4) < —((g— gopt)z/Zldlz w?) ——(G(/l)/ldlz w?).

Thus, there exist @&>0 and ,8 >0 such that
Jopr—d(A@) < @- exp(—[?t), V>0, where @&=g(0)—gop, and
B= (2le2 w7l

Step 2: Show the exponential convergence of ||[A1x(f) —bq]|. It
follows from Vd(A) = A1 x(f) — by that ||[A1x(t) — A1 x*|| = |[Vg(D)—
V([N < Ll|A@) = [AT*]| < lg@-exp(=Bt/2), t = 0. The first
inequality holds due to the smoothness of g(d), and the second
inequality holds due to the exponential convergence of dual variable.
Thus, A1 x(¢) — b is exponentially convergent.

Step 3: Show the exponential convergence of ||x(¢) — x*||. Similar
as the proof of Theorem 3.1 — Step 3, it can be proved that
(ur/2)|x(0) - x> < Jopt —d(A). Hence, it holds that (uz/2)|x(£)—
x| < fopr —d(A) < @-exp(=ft/2), ¥t > 0.

Step 4: Show the exponential convergence of | f(Z) — fo|. Similar
as the proof of Theorem 3.1 — Step 4, it can be proved that for any
A" e N*, it follows from x(¢f)=argmingern L(s,A(t)) that
fopt S@) < |Is* || ll(e) = x*l, Y2 2 0. Since Vf(x*) = AT A* =
s* ,whichimpliesthatf (x(£)) = fopr < 15| - [|x() — x ||+(lf/2)||x(t)—
x*||2. Therefore, it holds that [f(x(®)— fop,|<yexp(—ﬁt/2) t>0,
where ¥ = 2 -max{||s*|| \2&/pz, Lpé@/pr). |

Appendix C:

Proof of Corollary 1: First, we show the exponential convergence of
PDDS (15) without the assumption that A has full row rank. Since
f1 and f> are strongly convex, the problem (14) has a unique solution
(x7],x5). Consider the following equality constraints problem.

)Tcneig(fl(X1)+fz(XZ), =C - Axx;. (19)

The Lagrangian of this problem is L(x1,x3,4) = f1(x1) + f2(x3)+
/lT(A1 X1 +A2x; — (). It holds that the optimal solution of problem
(19) is XT' Moreover, problem (14) and problem (19) have the same
dual optimal solution set A*. Define the dual function of (19) as
O = —fl*(—AlT/l) -(C —Azx;)T/l, where f;' is the convex
conjugate of fi. Because fi is strongly convex and smooth, the
function fl* is strongly convex and smooth. Thus, by [13, Theorem 9],
it holds that there exists a constant & > 0 only related to A1 such that
(A=[A)TV(=D)(A) > k||A = [A]*||*, where [A]* is the projection
of Z onto A*, and V(=®(1)) = -A1 (V)= AT/l)+(C Azxz) By
KKT condition, one has Ajx]+Axx;—C = 0 Thus, V(=®(1)) =
V(-D(1)) +A1)c1 Then, we can prove that V(— O))) =
V(—O(A(1)) = V(=D([A]*)), which implies that (A(f)—[A]*)T x
(V(=D)AD) - V(~=D)([A])) = &4 - []"]*.

Then, define the Lyapunov function candidate V(xp,4)=
(1/2)||x2 —x;H2 +(1/2)||[A=[A]*|], similar as the proof of [8,
Theorem 7], it can be shown that there exists v1,v> > 0 such that

s.t. Arxp
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ll2e2(8) = 31+ 1A = [ < vie™™, 120.

It implies that (x2(2), A(7)) converges to X3 X A" exponentially. In
the next, similar as the proof of Theorem 2, we consider other
convergence properties of PDDS (15). Then, similar as the proof of
Theorem (2), we can complete the rest of the proof. |

References

[1] W. Lin, Y. Wang, C. Li, and X. Yu, “Distributed resource allocation via
accelerated saddle point dynamics,” IEEE/CAA Journal of Automatica
Sinica, vol. 8, no.9, pp. 1588-1599, 2021.

[2] C. Xu and X. He, “A Fully distributed approach to optimal energy
scheduling of users and generators considering a novel combined
neurodynamic algorithm in smart grid,” [EEE/CAA Journal of
Automatica Sinica, vol. 8, no.7, pp. 1325-1335, 2021.

[3] Z. Liu, Y. Yuan, X. Guan and X. Li, “An approach of distributed joint
optimization for cluster-based wireless sensor networks,” IEEE/CAA
Journal of Automatica Sinica, vol.2, no.3, pp.267-273, 2015.

[4] J. Cortés and S. K. Niederldnder, “Distributed coordination for
nonsmooth convex optimization via saddle-point dynamics,” J.
Nonlinear Sci., vol. 29, pp. 1247-1272, 2019.

[5] G. Qu and N. Li, “On the exponential stability of primal-dual gradient
dynamics,” IEEE Control Syst. Lett., vol.3, no. 1, pp.43-48, 2019.

[6] Y. Tang, G. Qu, and N. Li, “Semi-global exponential stability of
augmented primal-dual gradient dynamics for constrained convex
optimization,” Syst. Control Lett., vol. 144, Article No. 104754, 2020.

[7]1 X. Chen and N. Li, “Exponential stability of primal-dual gradient
dynamics with non-strong convexity, ” in Proc. American Control
Conf., IEEE, 2020, pp. 1612-1618.

[8] Z. Wang, W. Wei, C. Zhao, Z. Ma, Z. Zheng, Y. Zhang, and F. Liu,
“Exponential stability of partial primal-dual gradient dynamics with
nonsmooth objective functions,” Automatica, vol.129, Article No.
109585, 2021.

[9] K. Garg and D. Panagou, “Fixed-time stable gradient flows:
Applications to continuous-time optimization,” [EEE Trans. Autom.
Control, vol. 66, no. 5, pp.2002-2015, 2021.

[10] S. A. Alghunaim and A. H. Sayed, “Linear convergence of primal-dual
gradient methods and their performance in distributed optimization,”
Automatica, vol. 117, Article No. 109003, 2020.

[11] W. Bian and X. Xue, “Asymptotic behavior analysis on multivalued
evolution inclusion with projection in Hilbert space,” Optimization,
vol. 64, no.4, pp.853-875, 2015.

[12] N. T. T. Ha, J. J. Strodiot, and P. T. Vuong, “On the global exponential
stability of a projected dynamical system for strongly pseudomonotone
variational inequalities,” Optim. Lett., vol. 12, pp.1625-1638, 2018.

[13] L. Necoara, Y. Nesterov, and F. Glineur, “Linear convergence of first
order methods for non-strongly convex optimization,” Math. Program.,
vol. 175, pp.69-107, 2019.

[14] C. Shi and G. Yang, “Augmented lagrange algorithms for distributed
optimization over multi-agent networks via edge-based method,”
Automatica, vol. 94, pp.55-62, 2018.

[15] S. S. Kia, J. Cortés, and S. Martinez, “Distributed convex optimization
via continuous-time coordination algorithms with discrete-time
communication,” Automatica, vol. 55, pp.254-264, 2015.

[16] Q. Liu and J. Wang, “A second-order multi-agent network for
boundconstrained ~ distributed  optimization,”  IEEE Trans. Autom.
Control, vol. 60, no. 12, pp.3310-3315, 2015.

[17] B. Gharesifard and J. Cortés, “Distributed continuous-time convex
optimization on weight-balanced digraphs,” [EEE Trans. Autom.
Control, vol.59, no. 3, pp. 781-786, 2014.

[18] I Necoara and V. Nedelcu, “On linear convergence of a distributed dual
gradient algorithm for linearly constrained separable convex problems,”
Automatica, vol. 5, no.5, pp.209-216, 2015.



