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Explicit Symplectic Geometric Algorithms for
Quaternion Kinematical Differential Equation

Hong-Yan Zhang, Zi-Hao Wang, Lu-Sha Zhou, Qian-Nan Xue, Long Ma, and Yi-Fan Niu

Abstract—Solving quaternion kinematical differential equa-
tions (QKDE) is one of the most significant problems in the au-
tomation, navigation, aerospace and aeronautics literatures. Most
existing approaches for this problem neither preserve the norm
of quaternions nor avoid errors accumulated in the sense of long
term time. We present explicit symplectic geometric algorithms
to deal with the quaternion kinematical differential equation
by modelling its time-invariant and time-varying versions with
Hamiltonian systems and adopting a three-step strategy. Firstly,
a generalized Euler’s formula and Cayley-Euler formula are
proved and used to construct symplectic single-step transition
operators via the centered implicit Euler scheme for autonomous
Hamiltonian system. Secondly, the symplecticity, orthogonality
and invertibility of the symplectic transition operators are proved
rigorously. Finally, the explicit symplectic geometric algorithm
for the time-varying quaternion kinematical differential equa-
tion, i.e., a non-autonomous and non-linear Hamiltonian system
essentially, is designed with the theorems proved. Our novel
algorithms have simple structures, linear time complexity and
constant space complexity of computation. The correctness and
efficiencies of the proposed algorithms are verified and validated
via numerical simulations.

Index Terms—Linear time-varying system, navigation system,
quaternion kinematical differential equation (QKDE), real-time
computation, symplectic method.

I. INTRODUCTION

UATERNIONS, invented by the Irish mathematician W.
R. Hamilton in 1843, have been extensively utilized in
physics [1], [2] aerospace and aeronautical technologies [3]—
[12], robotics and automation [13]—[17], human motion cap-
ture [18], computer graphics and games [19]—[21], molecular
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dynamics [22], and flight simulation [23]—[26]. Quaternions
have no inherent geometrical singularity as Euler angles when
parameterizing the 3-dimensional special orthogonal group
manifold SO(3,R) with local coordinates and they are useful
for real-time computation since only simple multiplications
and additions are needed instead of trigonometric relations.
Almost all of the researches available about the applications
of quaternions focus on these two merits and the fundamental
quaternion kinematical differential equation (QKDE) [1], [3],
[8]. In [1], Robinson presented the following QKDE

dg _ 1 .
W AW a1 N
q(to) = do

where t, is the initial time, w = [w; (), wa(t), ws(t)]” is the
angular velocity vector, q = [eq, €1, €e2,e3]” is the matrix
representation of the quaternion g with scalar part ey as well
as vector part [e1, e, e3]”, and

A= Aw() = B ‘[Z]TX] _ AT
0 —Wws3 w2
W]y = | ws 0 —w| =—(wx)T. )
—W w1 0

Formally, (1) is a linear ordinary differential equation
(ODE) and its numerical solution should be easily determined
in practical engineering applications. However, as Wie and
Barbar [3] pointed out, the coefficients wi, w2, ws, or equiv-
alently the angular rate vector w = [wq,ws,ws]”, are time-
varying and the matrix A has the repeated eigenvalues

+jllw| = +jy/w} + wi + w}

where ||| denotes the ¢2-norm. This implies that the linear
time-varying system, i.e., the QKDE described by (1), is
critically (neutrally) stable and the numerical integration is
sensitive to the computational errors. Therefore, it is necessary
to find a robust and long time precise integration method
for solving (1). Many researchers have studied this problem
with the traditional finite difference method since 1970s.
Hrastar [27], Cunningham et al. [28] and Wie and Barbar [3]
used the Taylor series method. Miller [29] tried the rotation
vector concept. Mayo [30] adopted the Runge-Kutta [31] and
the state transition matrix method. Wang and Zhang [32]
compared the Runge-Kutta scheme with symplectic difference
scheme, and Funda et al. [14] used the periodic normalization
to unit magnitude. However, even for the time-invariant w, the
traditional numerical schemes for QKDE are sensitive to the
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accumulative computational errors in the sense of long time
term.

In the past 30 years, the symplectic geometric algorithms
(SGA) were originally proposed by Feng [33] and Ruth
[34] independently and developed systematically by other
researchers [35]—[39]. The advantage of SGA is that it can
be used to solve the Hamiltonian system efficiently with a
non-dissipative numerical scheme which avoids accumulative
computational errors. For the ODE of time-varying system,
the Gauss-Legendre (G-L) difference scheme [40], [41], an
accurate and implicit Runge-Kutta method, is an implicit
symplectic geometric algorithm (ISGA) essentially. However,
it needs an extra iterative process to solve the numerical
solution (NS). Its computational complexity is O(n?) [42] and
thus, it is not appropriate for real-time applications.

We solve (1) via explicit symplectic geometric algo-
rithms (ESGA) which overcomes the disadvantages of tradi-
tional non-symplectic difference schemes and symplectic G-
L method. Firstly, we consider the autonomous QKDE (A-
QKDE) with constant parameters w , ws and ws. The A-QKDE
can be modelled with autonomous Hamiltonian system and
solved by the SGA. Secondly, we discuss the non-autonomous
QKDE (NA-QKDE) where w1 (t), w2 (t),ws(t) depend on time
explicitly and design efficient difference scheme with symplec-
tic method.

The main purpose of this paper is to propose ESGAs for
solving the general NA-QKDE while preserving long time
precision and the norms of quaternions automatically with
linear time computation complexity. The contents of this
paper are organized logically. The preliminaries of ESGA are
presented in Section II. Section III deals with the ESGA for
the A-QKDE. In Section IV we cope with the ESGA for
NA-QKDE. The simulation results are presented in Section
V. Finally, Section VI gives the summary and conclusions.

II. PRELIMINARIES
A. Hamiltonian System

W. R. Hamilton introduced the canonical differential equa-
tions [43], [44]

dpi _ OH dai _OH . ., Ny

dat — 0gq;’ dt  9p;’
for problems of geometrical optics, where p; are the general-
ized momentums, ¢; are the generalized displacements and H

=H(p1,-..,PN,q1,---,qn) is the Hamiltonian, viz., the total
energy of the system. Let p = [p1,...,pn]|T € RVX! g =
[q1, ... qn]T € RN> and z = [p1,...,pN, Qs - - qn] T =
pT,q7]" € R2NX! then H = H(p,q) = H(z) can be

specified by z in the 2N-dimensional phase space. Since the
gradient of H is

T
H, = M{,...,E)H,E)H,...,M] € RZV*1L,
op1 Opn’ Oq1 oqn
Then, the canonical equation is equivalent to
dz 1 _|On Iy
y =Jon~ - Hy(2), Jon = [IN On 3
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where I is the N x N identical matrix, O is the N x N zero
matrix and Jop is the 2Nth order standard symplectic matrix
[33], [37]. For simplicity, the subscripts in Iy, Ion and Jon
may be omitted. Any system which can be described by (3)
is called a Hamiltonian system. There are some fundamental
properties for the canonical equation of Hamiltonian system
[43], [45]—[47]:

1) it is invariant under the symplectic transform (phase
flow);

2) the evolution of the system is the evolution of symplectic
transform;

3) the symplectic symmetry and the total energy of the
system can be preserved simultaneously and automatically.

B. Transition Matrix

The SGA was motivated by the three fundamental properties
1)—3). Ruth [34] and Feng [33] emphasized two key points
in their pioneering works:

a) SGA is a kind of difference scheme which preserves the
symplectic structure of Hamiltonian system;

b) the single-step transition matrix is a symplectic transform
(matrix) which preserves the symplectic structure of the dif-
ference equation (discrete version) of the continuous form of
3).

Let 7 be the time step and z[k] = z(¢o + k7) be the sample
value at the discrete time t = tg + k7. With the initial
condition

2[0] = [p1(to), ..., pn(to), q1(to), - -nan(to)]” (@)
the symplectic difference scheme (SDS) for (3) is given by

zlk+1]=g,2[k], k=0,1,2,...
_ Oz[k+1]  O(g.2[k]) INX2N
Cr="0201 ~ oz % )

where g : R2V*1 — R2NX1 jg the transition operator, also

named the transition mapping, and G is the transition matrix
(Jacobi matrix) of g at z[k] such that G, is symplectic, viz.,

GriGc.=1J. (6)

Equivalently, we have G, € Sp(2N,R) C GL(2N,R) C
R2NV*2N “in which Sp(2N,R) is the symplectic transform
group and GL(2N,R) is the general linear transform group
[48]—[50]. When designing SGA, the key problem is to
determine the g or its Jacobi matrix G, since both of them
can be used to construct the SDS of interest. In this paper, we
will find the symplectic matrix G, and we always have g =
G since (1) is a linear ODE.

For the general non-linear and non-separable Hamiltonian
system, the centered Euler implicit scheme (CEIS) is a widely
used SGA with second order precision. It is described by [37]

plk+ 1]~ plk] _

- _Hq(zk)
Q[k + 1] — q[k] — Hp(zk) (7)

in which the midpoint zj, is defined by
_ z[k+ 1]+ z[K]
k= -

5 (®)
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The CEIS can be used to find the transition matrix G . Let

B =J 'H,,(z) 9)

2
where H,,(-) = (%)QNx2N is the Hessel matrix at the
. . _ Kt
midpoint 2y, and

14+ A _
o) = =0+1N1-N"" (10)
be the Cayley transform. Then, for small 7 such that I — T
is non-singular, we have [37]
T T T -
Gr=o(3B) = [1+3B] - [1-3B] . ap

Note that although (11) is an approximate result in the sense
of approximate conservation [33] for the general non-linear
Hamiltonian system (linear Hamiltonian system requires that
the Hessel matrix H,,(-) is symmetric), it could be a precise
solution for some special cases.

III. SYMPLECTIC ALGORITHM FOR A-QKDE
A. A-QKDE and Autonomous Hamiltonian System

When the matrix A in (1) is time-invariant, or equivalently
the parameters w1, wsy and ws are constants, we can model (1)
with the autonomous Hamiltonian system. Putting N = 2, p

= [p17p2]T = [eo,el]T, q= [q17q2]T — [62,63] ,q = [pT’
q7)" = z, we can obtain

dz 1 1

at J " H.(z) = §A(w)z (12)

by (1) and (2). We remark here that the notation 2 is usually
used in the literatures about SGA while notation ¢ is used
in references about quaternions. The equivalence shows that
q and z can be used alternatively if necessary. From (12) we
can find that J ™' H,(z) = 1 Az. Therefore

A=2]""H,,(2)

1
Hu(2) = 5JA

B=J'H,(z) = %A (13)
according to (9). Note that JA # AJ, so the Hessel matrix
H,,(2) is not symmetric, which means that the Hamiltonian
system here is nonlinear by definition [37]. Obviously, the A-
QKDE is an autonomous Hamiltonian system and the SGA
can be adopted.

B. Symplectic Transition Matrix

We now prove some interesting lemmas and theorems for
constructing the SDS for A-QKDE.

Lemma 1 (Generalized Euler’s formula): Suppose matrix M
€ R™*" is skew-symmetric, i.e., M T—_Mm s anq there exists
a positive constant ~ such that M? = —~2I. Let M = v~ ' M,

then M2 = —I. For any = € R, we have
exp(xM) = cos(x7)I + sin(zy) M. (14)

Proof:

o0
B (xM)k
exp(zM) = Z o
k=0
(oo}
xM 2k+1
DI e
— (2k +1)!
i 22k
prs (2k +1)!
M e (x,y)2k+1
SR e L
!
k=0 7 =0 (2k +1)!
= cos(xy)I + Msin(x'y).
|
Lemma 2 (Cayley-Euler formula): Suppose matrix M €
R™*" is skew-symmetric, i.e., MT = —M, and there exists a

positive constant v such that M? = —~2I. Let M = v~ M,

then M~ = —I. Let ¢(A) be the Cayley transformation, then
for any x € R the Cayley-Euler formula

I+axM

o@M) = 7
1
1 +a
= cos 0(x, 7)1 + sin 0(x, 7 )M

= exp(8(x,7)M)

—[(1 — a)I 4 22M]

5)

holds, in which 6 = f(x,v) = 2 - arctan(zvy) and o = 2242,
Furthermore, ¢(xM) is an orthogonal matrix.

Proof: 1t is trivial that M = -M and M - —1I. For
any = € R, we find that (I — xM)(I +zM) = (1 + 22y?)I.
In consequence (I —azM) ' = I +x2 = (I + xM). Hence the
Cayley transformation ¢(xzM) can be simplified as following

p(aM) = T — z2M)" (I +zM)
1

= 1+a[(1—a)1—|—2:¢M]

(16)

where v = 2°y*. Let tan(6/2) = x, then by the trigonomet-
ric identity, M = yM and Lemma 1, we immediately have

HaM) = 151 = 2 + 2090
= cos 0(z,7)I + sin 0(x, v)M
= exp(6(z,7)M). a7
Moreover,
[o(zM)]" - (zM)
— [cos O(, ) + sin 6(x, ) M] "
- [cos O(x, y)I + sinO(x,v)M ]
= cos? 0(z,y)I — sin® 0(x, v )M
Similarly, we can obtain ¢(zM) - [¢(zM)]" = I. Hence

¢(xM) is orthogonal by definition. |
Theorem 1: For any time step 7 and time-invariant vector
w, the transition matrix G for the A-QKDE is
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1
T 14«

=cosO(w, ) - I +sinf(w,7)-A
= exp(f(w, 7)A)

G?

[(1—a)I+%A

(18)

in which o = 72|jw|2/16, 6 = 2arctan(r|w|/4), A = A/
~2
|lw| and A = —

Proof: With the help of (11) and (13), the transition matrix
will be GI = ¢ (3B;) = ¢ (3A). Let z = 7/4, M = A,
v = |jw]|, then a = 2?4? = |lw|?72/16. Thus the theorem
follows from Lemma 2 directly. ]

Theorem 2: For any w € R3*1 and 7 € R, the transition
matrix G7 is an orthogonal transformation and an invertible
symplectic transformation with second order precision, i.e.,

GHIGE =T, [GI7' =G, =[G (19

Proof: For a constant vector w, we can find the function 6

= 2arctan(7||lwl||/4) is an odd function of time step 7. By

utilizing A =-Tand A =—-A we immediately obtain
(G = [cos O(w, )T + sinB(w, 7)A]

= cos O(w, 7)I — sin (w, 7)A

= cos(—0O(w, 7))I + sin(—0(w, ))
= cos O(w, —7))I + sin (w, —7)A
=G4,

which implies that the transition matrix is invertible. Moreover,
G? is orthogonal by Lemma 2. In consequence, [G"E}T =G4,

= (G?)_l. Furthermore, simple algebraic operation implies
that
JA—AJ = o H(JA AJ)=0
AJA= ——AJA=
IIw I

and A
[G7]

! - _A. Therefore,

TJ[GY) = (cosOI + sin GA)TJ(COS 0I + sinHA)

= (cos 0T — sin BA)J (cos O + sin HA)

= cos? 0J — sin? 0AJA + cosOsinO(JA — AJ)
=J.

Hence G is a symplectic matrix. Since the G¥ is con-
structed from CEIS directly, it must be a second order preci-
sion scheme. u

C. Comparison With Analytic Solution

Fortunately, the analytic solution (AS) for A-QKDE can be
found without difficulty. In fact for any ¢ € [to,¢s] where to
and t; denote the initial and final time respectively, we have

q(t):exp(;A-(t—t0)>-q(to), Leftouts].  (20)
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Let z = (t — to)/2 and A = A/||w||, then A® = —|w]||2I
implies that
t—t t—t
exp (Az) = cos <|w(2 O)) I +sin (” ”(2 O)> A
by Lemma 1. Thus for t — tg = 7, the AS to the transition
matrix for the A-QKDE is

|lwl

+ Asi

NIV

GE,AS = I cos 21

At the same time, for sufficiently small 7 in (18) we have
G} = Icos (2 arctan —— lwlir ) + Asin (2 arctan |w47')

llwli o @l

~ I cos + Asi (22)

for sufficiently small x = |wT|| since
fi(z) = cos L cos (2 arctan E)
2 4
zt " 43z5 15728
192 © 92160 5160960

10
14173z (12
7431782400

fa(z) = sing — sin (2 arctan %)

3 132 31127 28332” "
= — - + - +O(z™).
96 7680 2580480 371589120
Let r = max,cp+{|f1(z)], | f2(z)|}, then we have r < 1.25
x 107* for # < 0.2 and < 1.57 x 1078 for z < 0.01.
Therefore, the G ;¢ can be approximated by G7 with an

acceptable precision when time step 7 < 1/(5||w]|).

D. Explicit Symplectic Geometric Algorithm for A-QKDE

The ESGA for A-QKDE based on CEIS, ESGA-I for
brevity, is given in Algorithm 1 by the explicit expression
of G7 obtained.

Algorithm 1 Explicit Symplectic Geometric Algorithm for A-QKDE
(ESGA-I)

Require: The time-invariant vector w € R3*1, time step 7 and the initial

quaternion qo at initial time ¢g.
Ensure: Numerical solution to the A-QKDE % = %A(w)q for t > to
with second order SDS.
1: Set matrix A with vector w = [w1,wa, wg}T via (2).
2: Set parameter o with w and 7, viz. @ = 1—167'2||w||2 = %7’2@4}%
+ wi + wj).
3: Compute the transition matrix: G2 = ﬁ [(1—a)I+ ZA].
4: Set the initial condition ¢[0] = q(t0) = qo.
5: Tterate: qlk + 1] = Giqlk], k=0,1,2,....

Suppose that the time consumed for the multiplication and
addition of real numbers are d; and ds, respectively, the
function invoking time is ignored and there are n iterations in
Step 5. Table I shows that the total time consumed (without
optimization) is 20(28; + d2) + (1651 + 1262)n = O(n).
Therefore, the time complexity is linear. Moreover, we have to
store wy,ws,ws, A, 7,a,G7, k and q[k]. Note that all of the
q[k] share a common storage and only 43 real numbers should
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be stored in this algorithm. Obviously, the space complexity
is constant, i.e., O(1).

TABLE 1
TIME AND SPACE CONSUMPTIONS OF ESGA-I

Step Time for = Time for + Real numbers to be stored
0 - - to, T, w1, w2, w3
1 - - A € R4x4
2 651 205 «
3 3461 1862 G% € R4x4
4 - q[0] € RAx1
5 16md1 12nd2 k, qlk]

IV. SYMPLECTIC GEOMETRIC METHOD FOR NA-QKDE
A. Time-dependent Parameters and NA-QKDE

For the time-varying vector w = w(t), (1) implies 2 =
J'H,(2) = LAw(t))z, where H = H(p1,p2,q1,,1t)
= H(egp,e1,e2,e3,t). Hence the NA-QKDE is a non-
autonomous Hamiltonian system essentially and the corre-
sponding SGA can be obtained via the concept of extended
phase space [37]. Let p3 = h, g3 = t, where h is the negative
of the total energy. Let 2 = [p1, p2, h, q1,¢2, t]7 = [p*, h,q",
1T € REN+DX1 K(2) = h 4+ H(p1,p2,q1,q2,t) = h +
H(p, q, t) = h+ H(q,t), then we have the time-centered
Euler implicit scheme (T-CEIS) with fourth order [37],

z[k + 1] — z[K]

T

Ve {[Ha (2] Hax (1) (31 }

= J ' H,(z) — e
= z\<%k 2%
(23)

Equation (23) shows that for the time-varying problems,
H,.(zy) is replaced by H,(Z,t;) where * may be p, q or t.
In order to guarantee the duality of the phase space, we take
z = [pT,qT}T. The symplectic scheme for the NA-QKDE as
(23) can be simplified as

_ 2 2
T 2 96
where t = t[k] + 7/2, wyp = w(ty), Ar = A(wy) and
O = wa (k). (25

By taking the similar procedure as we do in finding the
transition matrix for SDS of the A-QKDE, we can obtain

-1
Gik+1k) = [I-TB] [I1+IB] @6
where By, is a skew-symmetric matrix such that
1 T2 |lwy ]| T
B,=-A,——————J=-B,. 27
k=5 Ak 96 J k (27
According to Lemma 2, there exists a series of 7 such that
B} = —4I. (28)
Theorem 3: For the NA-QKDE % = lAfw(t)]q, let
2 2
Br = =G Wllwe*, 7% = g llwn|*—Beu+5, ar = i =

202
167 w1+ 55~

i U7 N> 1
W)’ Bk = VTBk’ then for k =

0,1,2,..., the transition matrix G3(k+1|k) : z[k] — z[k+1]
will be

GH(k + 1|k) =

1 +ak [(1 —Ozk)I—FTBk]

= cosf (wy,7) I +sinf (wy, 7) Bwy) (29)
such that

G2 (k +11k)]" - T - [G2(k +1]k)] = J (30)

_ 7wl 72 02 4 02 2
where ¢ = 2arctan | =5 /14 Z3Q0 + 5357l lwr [ |-

We remark that this SDS is a fourth order scheme according
to [37]. In addition, since w(t) is time-dependent and w(t[k] —
7/2) # w(t[k]+7/2) for positive 7 in general, we can deduce
that G*_(k + 1|k) # [GZ(k + 1|k)] " although G2 (k + 1]k)
is also a symplectic and orthogonal transformation.

B. Explicit Symplectic Geometric Scheme for NA-QKDE

The ESGA for NA-QKDE based on T-CEIS, ESGA-II
for brevity, is presented in Algorithm 2. With the similar
complexity calculations for Algorithm 1, we can find that the
time complexity and space complexity of Algorithm 2 are also
O(n) and O(1), respectively.

Algorithm 2 Explicit Symplectic Geometric Algorithm for NA-
QKDE (ESGA-II)

Require: The time-varying vector w(t) € R3*1, initial time to, initial

quaternion go and time step 7.
Ensure: Numerical solution to the NA-QKDE % = %A(w(t))q for
t > to with fourth order SDS.
1: Set the initial condition g[0] = q(to) = qo.
2:set & = to + (k+ 1/2)7.
3: Set matrix Ay with vector wy = [w1(Ex),w2(Ey),ws(Ex)]T
according to (2) and Qp = wa(¥x) by (25).
4: Calculate the norm of wy:
k2 = w1 (B + [wa(B)]? + [ws ()]
5: Set parameters (3 and ay:

2
Br = — 55 e llwr |I?

o = 272 (3 lwi |2 — QuBe + BE).
6: Set matrix By, with wy and 7 according to (27).
7: Compute the transition matrix:

G(k + 1|k) = 175 [(1 — ax)I + 7By].

1+ayp,
8: Iterate: qlk + 1] = GX(k + 1|k)qg[k], k=0,1,2,....

We remark here that w, = w(ty) = w(tk] + 7/2)
relates the fractional interval sampling, which will increase
the complexity of the hardware implementation. However, if
the sampling rate fs = 1/7 is large enough, the w(t) will vary
slowly in each short time interval [¢[k], t[k + 1]] and the linear
interpolation can be considered here. This is to say that for ¢
€ [t[k], t[k + 1]]

w(tk + 1)) — w(t[k])

T

w(t) ~w(t[k]) + t. (31)
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w(tk + 1)) — w(t[k])
T

with acceptable precision. In this way the fractional interval

sampling can be avoided and the complexity of the hardware

implementation can be reduced.

w(te) ~w(tk]) + tk (32)

V. NUMERICAL SIMULATION
A. Key Issues for Verification and Validation

Although the algorithms are designed according to the
proved lemmas and theorems, it is still necessary to verify
them with concrete examples by numerical simulation. Unfor-
tunately, each quaternion has four components, thus it is not
convenient for visualization. However, it is still possible to
check the algorithms proposed with the following facts:

1) the norm can be used as a necessary condition for
validating the correctness of the algorithms proposed since
the transition matrices G2 are orthogonal and the norm of the
quaternions should be preserved as ||q(¢)|| = 1;

2) the relation of stability, accumulative errors and time step
of ESGA can be compared with other numerical methods;

3) the asymptotic behavior can be identified clearly when
w(t) approaches to a constant vector (thus the NA-QKDE may
degenerate to A-QKDE asymptotically);

4) for some special cases, we can compare the AS and NS
conveniently;

5) the time complexity of ESGA and ISGA can be compared
for the same NA-QKDE and configuration of parameters.

For A-QKDE, the w is time-invariant and w = |jw|| is a
constant. Since the eigen-values of matrix A(w) are 4-jw, then
the general solution to A-QKDE must be

e;(t) =ccos(wt +p;), teR, i=0,1,2,3 (33)

in which the amplitudes c; and phases ¢; can be determined
by the initial condition.

For NA-QKDE, if we choose the functions ws(t) and w3 (t)
such that for sufficient large ¢, wa(t) — 0 and ws(t) — 0,
then (1) shows that there exists ¢, € R such that

d €| 0 —1w1 €0
alol =l Lo
d les| 0 Lwi] [ez
alad=la Wl e

for t > t, since q = [eg, €1, €2, e3]” . Hence €2(t) + €2(t) =
e3(0) + €%(0) and e2(¢) + €2(t) = €2(0) + €2(0) asymptot-
ically. If wq(t) — a asymptotically (where a is a constant),
then we have
d2€i(t)
dt?
where 0; = a/2. In other words, each e;(t) can be described
by (33) asymptotically.

Without loss of generality, we can set the initial condition
as q(0) = [1,0, O,O]T for the verification, thus we just need
to consider eg(t) and ey (¢). Let x = 7/2, t, = t[k] + 7/2, v
= wi(fx)/2, M = —yJo, M = —J and tan(0/2) = vy =
Tw1 (tx)/4, then Lemma 2 implies that

G2 (k + 1]k) = ¢p(xM) = cos 0I5 — sin 0J 5

+62e;(t) =0, t>t,, i=0,1,23  (36)

(37)
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where 0 = 2arctan(ws (f)7/4). Obviously, G2°°* (k + 1|k)
is a symplectic matrix by (6).

B. Numerical Examples

We now demonstrate the intuitive ideas and show the
performance of ESGA with concrete examples. All of the
numerical experiments in this subsection are implemented in
MATLAB and run on a desktop PC equipped with Intel®
Core™ {7-3770 CPU @3.4 GHz and 4 GB RAM.

1) Numerical Solution vs. Analytical Solution: Fig.1 il-
lustrates the performance of ESGA-II with an AS. We set
the parameters as wy = 2w, 8 = 7/80, initial state q[0] =

[cos(3/2), 0,sin(8/2),0] and
w(t) = [ — wo(l — cos 3),
— wy sin Bsin(wot), wo sin 3 cos(wot)]

NA-QKDE, ¢[0] = [cos(8/2), 0, sin(5/2), 0]

4 107107 1
S
10 12 1
" | . | |
]O]O2 10! 10° 10! 102 10
1(s)
(@) E%(tr=0.01) = [eg() ~ e3*(D)
. NA-QKDE, g[0] = [cos(8/2), 0, sin(5/2), 0]
10 T T T .
z_10+
T
=
—10°
S ‘ . l s
1010’2 107! 10° 10! 10* 10
t{s)
(b) EN#|]z=0.01) = e/(#) — &™)
o0 NA-QKDE, ¢[0] = [cos(8/2), 0, sin(8/2), 0]

o 1
(c) E*(1]r = 0.01)=e;"(1)-e;" (1)
NA-QKDE, ¢[0] = [cos(8/2), 0, sin(8/2), 0]

1072 107! 10° ) 10! 10 108
t{s)

(d) E(t]r=0.01) = [e5%() — (1)
Fig. 1. Absolute errors of NS by Algorithm 2 (SGA-NA-QKDE) with wg =
27w, 8 =7/80, 7 = 0.01s, to = 0, ty = 1000s.
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such that the AS is

a(t) =leo(t), ex(t), e2(t), es(t)]”

- [ (g) 0, sin (5) cos(wot), sin (g) sin(wot)]T.

The absolute value of error between the NS and AS for the
ith component and fixed time step is defined by

Ei(tr) = [e*(t) —eN5(t)], i€{0,1,2,3}.  (38)

E(t|T) is computed with ESGA-II for each e;(t), see Fig. 1.
We find that all these errors of NS are stable and small when
the time step 7 = 0.01 second (a low data sampling rate) and
time duration is 1000 seconds. This implies that the accuracy
and stability of SGA remain well for NA-QKDE.

2) Asymptotic Performance — Connection of A-QKDE and
NA-QKDE: Fig.2 demonstrates the asymptotic performance
of ESGA for QKDE. We find that for different w(t), we have
lag(t) = 1] for any t and there are no accumulated errors.
On the other hand, the solutions to QKDE will have different
properties for different w(¢):

a) In Fig.2 (a), each e;(t) is a cosine function since w; is a
constant according to (33).

b) In Fig.2(b), eg(t) and e;(t) vary like cosine curves
asymptotically because wy(t) — 0 asymptotically. Moreover,
it is trivial that e3(t) = e3(t) = 0 since wo(t) = w3(t) =0
and e2(0) = e3(0) = 0 by (35).

¢) In Fig.2(c), w1 (t) — 2,ws(t) — 0,ws(t) — 0 when t —
oo. It is easy to find that each e;(t) varies periodically when ¢
> 10 by (36). We remark that at t = 0, w2(0) # 0, w3(t) # 0,
which leads to positive feedbacks for e2(t) and es(t) and the
increasing of their amplitudes.

d) In Fig.2(d), w(t) has no asymptotic behavior but it is
periodic. Although each ey (t) varies independently, we still
have q(t) = 1.

3) Stability, Accumulative Errors and Time Step: Fig.3
shows the precision and stability with the time step. We find
that the four-stage explicit Runge-Kutta (RK4) method works
well only when the time step is small and the time duration
is relatively short (about 15s), otherwise the norm cannot be
kept well. Furthermore, the Euler-Backward (EUB) method
always leads to serious accumulative errors. Fortunately, both
ESGA and ISGA work well and there is no computational
damp since the norm ||q|| remains constant.

4) Computational Complexity — ESGA vs. ISGA (G-L
Method): Fig.4 represents the time complexity of ESGA for
NA-QKDE in comparison with that of ISGA, i.e., G-L method.
We solved the (1) with the same parameters w(t) and q[0] as
that in Fig. 1. For each fixed time step 7 and component e;(t),
the maximum error is defined by

El . (1) = max [e(t)—eN3(t).

max t€to.ty] i

(39)

The maximum errors and computing time of the two meth-
ods are calculated with different time step 7. Although the
precision of ESGA is worse than that of ISGA for the same
time step, the time complexity of ESGA is far lower than
that of G-L method. For example, the time consumed in G-L
method is about 10 times of our ESGA as shown in the figure

for 7 = 0.01. Actually, the computing time of ESGA is almost
less than 1 second for most cases in our experimental setup,
however it is about 7s for the G-L method. This implies that
the ESGA is much better than ISGA if the time consumption
is a key issue for hardware or software implementation. The
linear time complexity O(n) of our algorithms is essential
for the real-time applications such as navigation and control
system.

A-QKDE, ¢[0] =[1,0.0.0]
1
= 0,5
S
Iz 0
E
T 05
-1 A . X
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(@) @ =1[2,10, 3], = 0.01
NA-QKDE, ¢[0] = [1, 0, 0, 0]
1 ——ey (1) ]
e zz‘;
= L e {f) |
T 05 e (1)
s g o
g0 1
¥ 05
71,
0 5 25 30

f(\)
[2(1 +sinse? ), 0, 0], 7= 0.01
NA-QKDE, ¢[0] = [1, 0, 0, 0]

byo=

<
[

ety and llg (9|
(=}
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15
1(s)
(d) & = [sin{107) — 2, 2sin(f) + 1.4, 4 — 0.2c0s(3/)]", = 0.05

Fig.2. NS to QKDE for different w(t) and q[0] = [1,0,0,0]T.

VI. CONCLUSIONS

In this paper we proposed a key idea of solving the QKDE
with symplectic method: each QKDE can be described by an
autonomous or non-autonomous Hamiltonian system and the
CEIS or T-CEIS can be used to design ESGA for QKDE. The
generalized Euler’s formula and Cayley-Euler formula for the
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NA-QKDE, q[0] =11, 0, 0, 0]
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Fig.3. Performances of SGA, RK4 and EUB for NA-QKDE with periodic
w(t) = [sin(10t) — 2,2sin(t) + 1.4,4 — 0.2 cos(3t)] 7.
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7(s)
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0.08 0.1 0.12
Fig.4. Maximum errors EO_ (7) and E2 . (7), and computing time of
ESGA-II and ISGA (G-L method) with wg = 27, 3 = 7/80, to =0, ty =
500s.

symplectic transition matrix play a key role in designing
ESGAs with first and second order precision. The correctness
and efficiencies of the ESGAs presented are verified and
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demonstrated by asymptotic analysis and comparison with AS
and NS.

Compared with the traditional difference scheme such as
RK4 and EUB, our ESGA-I for A-QKDE and EGSA-II for
NA-QKDE are symplectic and can avoid the accumulative
errors in the sense of long time term. On the other hand,
our explicit symplectic method is better than the implicit
symplectic method because of its linear time complexity and
potential applications for real-time systems.

As part of future work, we will investigate the high-
order precision ESGA for QKDE, the robustness of ESGA-II
perturbed by noise, the applications of ESGA to more general
linear time-varying system and its combination with precise-
integration method. Additionally, we will also design second
order precision symplectic-precise integrator to solve the linear
quadratic regulator problem and the matrix Ricatti equation
since they play an important role in automation.
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