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Output Feedback Stabilization of High-Order
Nonlinear Time-Delay Systems With Low-Order
and High-Order Nonlinearities

Meng-Meng Jiang, Kemei Zhang, and Xue-Jun Xie

Abstract—In this paper, the output feedback stabilization of
a class of high-order nonlinear time-delay systems with more
general low-order and high-order nonlinearities is investigated.
By constructing the new Lyapunov-Krasovskii functional and
reduced-order observer, based on homogeneous domination the-
ory together with the adding a power integrator method, an
output feedback controller is developed to guarantee the equi-
librium of the closed system globally uniformly asymptotically
stable.

Index Terms—High-order nonlinear time-delay systems, low-
order and high-order nonlinearities, output feedback stabiliza-
tion.

I. INTRODUCTION

N this paper, we consider high-order nonlinear time-delay
systems as follows:

ni(t) = nhiq () + ¢a(t,n(t), m(t—71(t)), -, mi(t—Ti(1))),
i=1,- n—1,

nn(t) = ufr (t) + ¢n(t777(t)’771(t_7—1(t))a T 777n(t_7-n(t)))7
y(t) =m(t), ¢))

where n(t) = [m1(t), - ,n.(t)]T € R, u(t) € R and y(t) €
R are the system state, control input and output respectively,
N2(t), -+ ,mn(t) are unmeasurable. For i = 1,--- ,n, 7;(¢)
is time-varying delay with 0 < 7,(¢t) < &;, where ¢; is a
positive constant; p; € Rfdld = {f e R*: p and ¢ are odd
integers, p > q}; ¢; : RT x R" x R* — R is an unknown
C function with ¢;(¢,0,0) = 0. The system’s initial condition
is n(0) = (o(0),V0 € [—enm, 0] with epr = max{ey, -+ ,e,}
and (o (0) being a specified C function. System (1) is called as
high-order system if there exists at least one ¢ € {1,--- ,n}
such that p; > 1.
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Particularly, when 7;(¢) = 0 for all ¢ = 1,--- ,n, system
(1) becomes
nl(t)_nfj»l(t)—"_(bl( 777(t>)7 Z:17 : 7n_1a
Tin (t) =uf (t) + on ,Tl(t) y
y(t) =m(t) (2)

In the literature of output feedback stabilization of high-
order nonlinear system (2), most of these results require that
the nonlinearity ¢; satisfies certain restrictive conditions, that
is, ¢; depends on the output y, or the states in the bounding
functions are of an order equal to — —» Or greater than
ﬁ, or less than p]mﬁ, e.g., see [1]—[13] and the
reference therein.

Recently, the restrictive condition was relaxed by [14]—[17],
in which all the states in the bounding condition were allowed
to be of both an order greater than ﬁ and an order
equal to ﬁ These assumptions can be summarized as

the followi]ng form:

it ()] < e (I (0" +[n; (1)),

3)
j=1
where low-order v; = —LX— and high-order v,; = Z1t%2
PjPi-1 : 7
are some ratios of odd integers in [m, +o00) with 7 =
j i—

17771‘-4—1 = 72’;71&)2 and wo Z 0.

For the special case of p; = 1, [18], [19] weakened the
growth condition (3) by allowing both low-order 0 < v;; <1
and high-order 1 < v,,; < +o00, i€,

7
1+iw 1+i
6t n()] < ¢ (Iny () 70751 4 g ()] TFO-57 ),
j=1
1 _
—— <w1 L0, Wy >0.
n

However, for the general case of p; > 1, few further results
on the output feedback stabilization of nonlinear system (2)
have been achieved to relax the condition (3) until now.

For high-order nonlinear systems (1) with 7;(¢) # 0, since
time-delay is always encountered in many practical control
systems and its emergence often causes instability and serious
deterioration in the systems performance, many attention has
been paid on the control design of time-delay system (1) and
there have been some results achieved, see [20]—[24] and the
reference therein. However, [20]—[22] only considered high-
order nonlinearities, [23] only had an order in (0, 4+00), [24]



allowed low-order to be —t

value in [p] > T00).

Based on the above discussion, an interesting problem is
immediately proposed: For high-order nonlinear time-delay
system (1), under the condition

@3 (6, n(),m (& =71 (), -+ mat =
< ey (O + [ny ()]

Hmy =) + Iyt — m@)"), @

is it possible to relax condition (4) by allowing low-order
v; and high-order v,; to take any value in (0, ;—-—7] and
[pj o , +00), respectively? Under the weaker condition, can
an output feedback controller be designed for system (1)?

This paper will substantially solve this problem. By con-
structing the new Lyapunov-Krasovskii functional and the
reduced-order observer, a global output feedback controller
based on the homogeneous domination theory and the adding
a power integrator method is developed to guarantee the
equilibrium of the closed-loop system globally uniformly
asymptotically stable. The main difficulties in the design and
analysis are:

(1) In this paper, due to p; > 1, the multiple time-varying
delays and the growth condition on nonlinearity ¢; in (4)
being largely weakened, some substantial obstacles will be
inevitably produced, e.g., the L-K functionals and observers
in the existing results are no longer applicable to system
(1), so a difficult work is how to choose an appropriate L-K
functional and construct an available observer. Besides, many
more complex nonlinear terms will be inevitably produced
due to multiple time-varying delays, low-order and high-order
nonlinearities, how to handle them is challenging.

(ii)) How to give the design and rigorous analysis of con-
troller isn’t an easy work.

This paper is organized as follows. Section II gives prelim-
inaries. Section III gives problem statement and assumptions.
Sections IV and V give the design and analysis of the output
feedback controller, following a simulation example in Section
VI. Section VII concludes the paper. Some proofs are given
in the Appendix.

— and high-order to take any

7i(1)))|

II. MATHEMATICAL PRELIMINARIES
Some notations and lemmas are to be used throughout this

paper.

Notations: R stands for the set of all the nonnega-
tive real numbers. For any vector = [z1,---,x,|" €
R, denote z; = x(t + 0), |z = (Xr, 2?3,
[zelle = sup_.,,<g<oll(t + 0)|. For i = 1,--- n, z; &

[z1,...,7]" € R', #;y £ Z;(t + 0). A function f: R" — R
is C if it is continuous and is C! if it is continuously
differential. K denotes the set of all functions: Rt — R*
that are continuous, strictly increasing and vanishing at zero,
Ko denotes the set of all functions that are of class K and
unbounded.

The following first five lemmas are the key tools for adding
a power integrator technique. Lemma 6 is used to select
observer gains.
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Lemma 1 [25]: For z,y € R, p > 1 is a constant, then
|iv ylP < 227 Ya? + P, (2| + W)e < lalF + lyl?
> (Je] + [y])?.
Lemma 2 [25]: For T,y € R, 1fp € RZ, odd> then |z —y|P <
2 -1op — g, [2F —y}| <2 o —y|s.

Lemma 3 [25]: If p € R, then |zP — y?| < plz —
y|(xP~ L +yP~Y) < clz —y||(z — y)P = + yP | for a constant
c>0and z,y € R.

Lemma 4 (Young’s inequality): Let real numbers p > 1
and ¢ > 1 satisfy % + % =1, then for any z,y € R and any
given positive number v > 0, zy < v|z|P + %(p’y)_% ly|2.

Lemma 5 [17]: Let 0 < py < -+ < pyp and ¢; > 0,
j = 1,---  n, be real numbers, then c;|z|** + ¢,|z|t» <
S0 eglal® < (50 ¢) (2l + o) for any @ € R

Lemma 6 [26]: Let the real number r € (0,1) be a ratio
of odd integers, then for ¢ € (0,1) and z > 0, 2"+ (1 — )"+

21,1—1-7' Z (27 _ 1)51—7'.
Lemma 7 [27]: Consider system

i:f($t7t)v (5)

where z(t) € R" and f: R xC — R™.

Suppose that f : R x C — R™ given in (5), maps every
Rx (bounded set in C) into a bounded set in R™, and that
u,v,w : RT — R™ are continuous nondecreasing functions,
where additionally u(s) and v(s) are positive for s > 0, and
u(0) = v(0) = 0. If there exists a continuous differentiable
functional V' : R x C — R such that

u(lle(0)[)) <V (£, ¢) < v(ll¢lle)

and

V(t,¢) < —w([¢(0)]1),

then the trivial solution of (5) is uniformly stable. If w(s) >
0 for s > 0, then it is uniformly asymptotically stable. In
addition, if lims_, . u(s) = oo, then it is globally uniformly
asymptotically stable.

III. PROBLEM STATEMENT AND ASSUMPTIONS

The purpose of this paper is to design an output feedback
controller for system (1) such that the closed-loop system is
globally uniformly asymptotically stable.

To achieve the purpose, we need the following assumptions.

Assumption 1: For each i = 1,--- | n, there is a positive
constant «; such that 7; : RT — R satisfies 7;(t) < ; < 1.

Assumption 2: For each i =1, -- ,n, there are constants
1

C>0,—m<@1§0W1thp0=1and@220
such that
|4 (t, 77( )m(t—7i(t),- - mit — (1))
my oy ]
< cZ <m o

mita; Fit@n
+|nj(t—fj(t))| St — ) ) ®)

where m; and 7; are defined as

m; + Wi Ty + W2
y Ti41l =
Di Di

my =71 =1, My = )
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low-order v, ¢ ( 0, ] in this paper

Py P

1
DDy

high-order v, ¢ ( ,+ oo] in this paper

£

0 /’K

in [15]-[17]

low-order v, =

i i
Fig. 1. The value range of low-order and high-order.
Remark 1: Assumption 2 encompasses and extends high-
order and/or low-order results. We discuss this point from two
cases.

Case I 7;(t) =0 for all 7. Condition (6) becomes

i (t, m(t) |<cz<|m e +|nj()| B ) (8)

(8) includes the following results.

When w; = w9, (8) reduces to high-order growth condition
in [11] with wy > 0,

w +

|<cZ|m e )

i (L, m(t)

and low-order growth condition in [10] with w; =0,

|<CZ|773

When w; = 0 and wy > 0, (8) is changed into the
assumptions of both low-order and high-order in the latest
papers [15]—[17],

6n(t (1) |<c2(|m

which is a combination of (9) and (10).
We further discuss its significance from value range of both
low-order and high-order. From @, € (—m,o],
[0, —|—oo) and (7), it is easy to see that 0 <
l T‘1+UJ2 > 1

| (t, m(t (10)

1 Tit®g
T 0 7). a

Wy €
mz+w1 <

1 1
717""pi71]’ [pg "Pi—1
[15]—[17], low order is just a fixed pomt

T +w2 >
Pj pl
of Assumptlon 2.

Case II: 7;(t) # O for some 4. Several new results
[20]—[24] have been achieved on feedback stabilization of
high-order nonlinear time-delay systems. The nonlinearities
in [20]—[24] only have high-order terms. The nonlinearities
in [23] only have an order in (0,4+oc0) by allowing &gy >

ﬁ The nonlinearities in [24] include linear and
nonlinear parts, and their nonlinear parts only allow low-order
p,___lpi_l and high-order v,; = ’+°J2 with @y > 0.

While in this paper, (6) not only 1ncludes time-delays but
relaxes the intervals of low-order and high-order. (]

value in (0 , +00), respectlvely While for

, high-order
. Fig.1 clearly demonstrates the significance

v =

1
ppe

high-order v, < ( S+ oo] in [151-[17]

IV. DESIGN OF OUTPUT FEEDBACK CONTROLLER
A. Change of Coordinates

Introduce the following coordinate transformation

=t o) = 5
then system (1) is transformed into

'7'5%( ) foil( )+fz( ’m(t)vxl(t_

(t ()))7i:17"'vn_17
Tn(t) = t) + fn(t,x(t), z1(t —
(t_Tn( ) )»
y(t) :xl(t)a

where L > 1 is a constant to be determined, A\; = 0, \; =

Ai—1t+1l i
Pio1 2227"' 7’I’L+1, fz: [(Ib/\,f

12)

/Upn (

(13)

B. Output Feedback Controller of System (13)
Initial Step. Define & = x1,

m; + wq
mp; =11 = ]., mzqu =,
rit :’"i*i‘*’{ i=2, ..

Y2

where w; and wy are both ratios of an even integer over an
odd integer and satisfy — L <w <@ <0,wy >

] Yy PP :
wy > 0, respectively. Choose ;1 = max;—q.... n+1{%} and

(14)

gffmzpﬂrl g%H*szlJrl
Vi(t, =
1E: 1) 2(—mzp)1+1t 2 —ropy +1
n+1 L/ 9 2
+— 1(s)ds + &7(s) ) ds
el SN GOLEHO)
nL

t
2 2
1— /t—w) (51 (s)ds + glu(s)) ds.(15)

Obviously, pu,m; and r;,7 = 1,--- ,n + 1, are all ratios
of odd numbers and V; is C!, positive definite and radially
unbounded. From (13), (15), it follows that

Vl(tvgl,t) = L (52—m2p1 + £2M—sz1) (xgl _ x;pl)
+ (q - }Y) (& - &t —m(t)(1 —1(t))
i L (=T (0)(1 = 7(t))
+q(§% — &t — ()1 - 72(1)
FEH 6 — (1) (1 — T2(t)))
+ (52—m2p1 +£2,Ll.—'r‘2pl) 3

+L (52 mapi1 +§2# 7‘2171) x;m' (16)



By (6), (7), (14), map1 < mopy < Tap1 S 1op1, 1 < 22 < p
and Lemmas 4,5, one has

where g; > 0 is a constant independent on L. By choosing
1—y1 1—2
Assumption 1, Lemma 1 and (17), (16) becomes

( 2—map; +£2M—T2p1 f
1 1 1
< gL (&8 + € )4L (0t = n)+€"(t — n (1)) a7
the first virtual controller z} = o (2L 4 4
g1+ n)ﬁ(& + &) £ By (& + €12 )™2, and using
Vilt:&0) < —nL(E +&" + & (t-n(t) + " (t-n(t)
+HEE(t = 2(1) + &7 (E = (1))

47 (ﬁ*mzm + é‘%ﬂ*’f‘Qpl) (a2 — 257). (18) of virtual controllers z7, - - -

Inductive Step. Since the design is recursive, we state this
step by the following proposition.

Proposition 1: Suppose at Step k¥ — 1(2 < k < n) , there
exist a C! function Vi1 (t,&x—1,4) with

To—11(1€e—11) < Vo1 (& t) < mom1,2([|€k—1.4llc)s  (19)
, 27, defined by

and a series of virtual controllers z7, - -

x] =

mi—17q \ M
Ti_1m;
07 .’L':f = _52’71 (é-il +§ii11 L) )

1

o—1
mi_1 mi_q

§im1 = T, 1 —T,_1 =2 » (20)

R

such that
Vi1 (t, &e—1,¢)
2pm;

k—1 2um
< —ZL<n—k+2>(f?+5j T (- 7(0)
j=1

Q;Lm,j

+& 7 (t=75(1) + & (t—Tia () +E; 7 J (f—TjH(t)))

o

where 7,_11(+), Tk—1,2() are Ko functions, f1,--- , Br_1
are positive constants.

Then the kth function Vk<t, 719,,3) = Vk,l(t,fk,u) +
Wei(€r) + Wpi(&r) + Lig(t) + Lpg(t) is a C function
and satisfies

) Curgpp—1)mE—1
~M Pk — T Dk — Pk—
i k 1+£k—1 k—1 ) (xk l_xlt k 1)(21)

1 (1861 < Vit E.t) < mr2(ll€rellc), (22)
and we can design a virtual controller z;_ , = —fG(& +
’VTLka+1
LETEE M with &, = ey —:v,’;%c and (3, being positive
constant such that
Vi(t, )
k 2um;
<-Lin-k+1)) (g; +& 7 (- T()

Jj=1
2;”nj

T O - T (D)1 (- Tj“(t)))

) (:17?_7_1 — zZﬁ_’“l) , (23)

Qu—rp11PE) My

+L (Eimk+lpk +€k Tk
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where 7 1(+), Tk 2(-) are Ko functions, and

3

2—Mk+1Pk
) S’

(2p—rp 1 1PR) My

(
WDk(Ek) = /:k (s”ik — ) vik) e
k

ds,

Lin—k+2) [ 2my
L) = 25D (6 46,7 () 0
L(n—klkl) o o
LDk(t)zl_i/ (f,?(s)—k&k Tk (s))ds.(24)
ryk"l‘l t~r;€+1(t)

Proof: See the Appendix. (]

Step n. By choosing V,,(t,&) = Vio1(t,&n14) +
W (&) +Wp, (&) + Ly, (t) + Lp,(t), one can find a series
, @y defined by

mi 17\ M
7 =0, 27 = —Fi1 (€¢—1 + Ei”_llm’) ,
§i-1= x"i{ — x_"}* i=2,---,n+1, (25
such that
Viult, &ZL - o
<L (8467 +8u-n@)+E T (- n)
j=1

szj
+E- )46 (=)
+L ggfmn#»lpn + é‘n Tn > (,U;Dn _ x:f‘:l) ,

where 7,41 (t) = 0.
Introduce variables zo,--- , z, as

TiPi—1 miPi—1

V= (zitlicawioa) Tt (2 Liawy) T, (26)

Ty

where the gains [y > 1,---,[,_1 > 1 are constants to be
determined. By (26), one deduces that

S Pi—1
Zi=—liLa; ™ —licifica .

— i— -1 i *m,il
Iy P T (Lalty + fi) (zi+liamioq) ™t (27)
wy i
where Tpt1 = ’Uvz-l,i = Tilz%ll(zz + li_lxi_l)ri—l mio1 4
% Based on (26) and (27), the reduced-order observer is
constructed

2=l Lal ",
Pi1 R R riPi-1 . A mipi_1
z; = (Zz + li_lzi_l) Timl o 4 (Zz + li_lzi_l) ™i-1(28)

where z; is the estimate of x;, i = 2,--- ,n, £ = x1. Using
the certainty equivalence principle and (25), we obtain output
feedback controller of system (13):

MnTn4+1 Mn41
7ﬁn (én + érznmn-u ) )

. 1 1
AT AT my A%
i =T, =z, 17 =0,
miTi41 N\ Mi+1
2%k _ = Srymipq .
i =—0i (§i+§i ) , i=1,---,n. (29)
Defining the estimate error as e; =z;—2;, ©=2,---,n, and

using (27), (28) yield
o= AL ) b fo

L . S
Iy piaa? T (Lal ) (zeHia ) T (30)

%
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C. Output Feedback Controller of System (1)

We next give the output feedback controller for system (1)
by determining I,---,l,_1 and L. Introduce a set of C!
functions for the error dynamics (30), which consist of a low-
order part and a high-order part,

2-wy Zit+li—1xioa 2p—ripi
U O Mi—1 my v K %
i(e) = e; + S
zZ

2—w itlic1Tioa

2u—riPi—1

—(zi +li—1wi—y) Tt )ds7 i=2,---,n.(31)

It is easy to see that U; is C'. When 2; > z;, it follows from
Lemma 2 that

Zitli—1zi—1 2p—ripi_1 2p—r;pig
/ s it —(zitliami) T |ds
z

itlic1zioa

| 2r—Tipioi iHi—1Ti—1 2p—r;p;_1
>2 i1 / (s—(zitli-1wi—1)) "t ds
zitHi—1Ti—1
1_2u*mm—1 5
ol T Ty, e
=2 - Tt (32)
2”—602

When 2; < z;, it can be shown that (32) also holds in a similar
way.

2—wq
It follows from (31) and (32) that Uj(e;) > 2=te," " +
L 2MoTipiy 2—wy !
22%;”7161- "= Itis easy to see that U;(e;) > 0 and

“w
Ui(e;) = 0if and only of e; = 0. Hence Uj is positive definite.
From (13), (26), (27), (30), (31), it follows that

. 27:1”" L 2u—ripi_1
i—1
Ui = —limale;, "7 +(zi tlicwio) 7t
2p—rip;_1 2—m;p;_1
5 e mi1
—(Zi + li—iwi—y) it )fil +le
20 —ripi—1 oTibicl g
+————e(z +li1mi—y) it
Ti—1 o
-1 Pi—1— D Tmi1
I ipiaa) T T (Lalh + fi) (i Lioami) e
2*::;% 2u—ripi_1
—liaLle; T A (2t L) T
2p—ripi—1
—(Zi+lisamimg) Tt I,

2—m;p;_1q 2h—ripi1
mi—1 = .1
—li1L<€i ' + (2 +lic1zi—1) Tt

28TiPio1
—(Zi +liciziog) it )I&i, (33)
TiPi—1 TiPi_1
where IQ’L - (ZZ+£Z 1L45— 1) Tl (Zz+lz 1Ti— 1) Ti-1
miPi—1 miPi—1
(27, + lz 15— 1) ’.”1 11 — (zl —|— llilwlil)rr.r;llill s 1'3’7; —

(Zi + l“%ﬁ@*%) -l — (% + lvgﬁplijf*l) e 4 (3 +
lLicawioy) ™t = (2 lioa@iog) T

We next give the upper bounds of all the terms on the
right-hand side of (33) by Proposition 2-Proposition 6, whose
proofs are placed in the Appendix. In the following deduction,
h;; > 1 is used to represent a generic constant related to
STRREI AR

Proposition 2: For i =2,--- n,

2mmipio1 2p—ripi_1
_li—l(ei T (z L) T

2H—TiPi—1
—(Z+licimiy) it )fi—l

2
S Clhifl’iflLl_y (6:”1 +€;i7 +
I B
+3n <§2 (t —7;(t) + &

+€]2'(t —7(t) +& 7

2-mipi_1

mi_1

Il i Pi—1Z;

2pm

2;Lm7

Tt

—7;(1))

(1= 13200

where ¢; > 0 is a constant independent on Iy, -+ ,l;_
Proposition 3: Fori=2,---

1.
n—1,
A — 1505 2p—TiPi—1
+ Mez(% + li—lxi—l) Ti—1
Ti—1 w1
A (szl 1 + fl)(zl + lz 1T5— 1) M-t
2 2u L i+1 2“‘"’1
<LCQ( L1+eiri1)+8nz<£?+€j” )
j=1
2;rm

= §f( ) +&

+E3(t

—Ti1(t) + 7

2/_mnj

J

7n’

2u—ripi_1
—(& 4+ licimig) i Lo

2 iPi—1
<-L|2°” <2m 1>

i ), L
¢ 8n

.<6

where c3 > 0 is a constant independent on I1,--- ,1;—
Proposition 5: For i =3,---

3

9

>

j=i—1

’n7

2 TiPi—1
—(Zi+ licamimq) T I3,

L 2u L 7 2pmy
<LC4( vi— 1+6iT1—1)+&LZ<§?+€jrj >

j=

+LZhZ 1 <

Proposition 6: There holds

2—mppy_1
(en o+

Mp—1

2—TpPn—1
Tn—1

Tt =7(1)

(1= 1320

where c; > 0 is a constant independent on Iy, -+ ,1;_
Proposition 4: For i =2,---

2H—TiPi—1

2-mipi—1
my .
—li—1L(€i T (a L) T

2m;p;_1

lmz 1+mip;_1

2pm

<532‘ +& 7

2p—riPi—

2—m;p;_1
i v
_li1L<ez’ ' + (zi +lic1imim1) i

1
2 2
1 1
. —|—eJ ),

where ¢4 > 0 is a constant independent on l1,--- ,1;—

1-

%>

)

1

1-

1-

2p—rp_1

en(zn“i’lnfll'nfl)

Tn—

1

)

2

@1

'Ilivlzpnfletnfl_l(ljvpn (2) + fu)(zn + lno1p_1) ™t

+

L
3

J

>

n

1

(ge-no)+¢”

n

j=1

2pm;

2/_mnj

2 24 L -
é LCS <en no +€nn1> + *Z <£]2 +£j !

(t—75(1))

)



2pm

HEF (=T (1) + & 7

(i - ml(t)))
n—1 2 2p
+L Z Po1 (e;’z_l + ef”) 7

=2

where c; > 0 is a constant independent on /g, - - -

7ln71~

Using Propositions 2-6, it is easy to prove that the derivative

of U =31 ,U, satisfies

n—1
-LY <22u1
j=2

mag_
—hp_1;—ca—c3— C4> <ej Tl te

) mipj_1 2m;pj—1

U < 9Tmi1 1 l J 1tmipj—1
2 2p

’f‘g_l

J

2mpppy 1

mMmnPp — - =
o=l lmn 1+mnpy 1

9 M, 1

2
_L(2¥ ™5 - 1) s

2 2 I 2um;
—04—Cs> (6 " tben 1> +§Z (f?-i—fj ’ )

Jj=1

(t —7(1))

2;47nj

Y (a-r)+g

Jj=1

2um;

(=T () £ 67 (- Tj+1(t)))

Jth—l,lLlfy < Z (e;-n"zl + 6;;51 >
J =2

+Z (5 +&

7))
Choose T'=U + V,,, then

P o< Z<§2+5 >+L(ggmn+wn

(2u Tn41Pn)Mmn
™ P *Pn,
+én " )(U "t =)
2mnpp—1

o Mp Py _1 __ 2MmnPn-1
—L 2 T 2 mp—1 ] lmn 1+mMnPp_1
2 24
e ) Gl
n—1 U 2mipj—1
24 miPj—1 Jiﬂ
3 (A ()
Jj=2
2 2u
_ o _ _ my—1 Ti-1
Np—1,; —C2 —c3 C4> (e] +e; )
m 2 2p
— ma__ T
+hn71,1L1 D(E (ej it +ej] 1)
j=2
2
+§ (5 +¢ "

(35)

7))

(2p—rpp1Pn)mn
L(gh™ M g )P — P ) in (35) can be
estimated by the following proposition whose proof is in the
Appendix.
Proposition 7: There holds

(2p—rpp1Pn)mn
L (é'g_m'rH»lpn + é‘n T™n ) (,Upn _ x:ﬂztl)

2 2p
< LC6 < Mnp—1 + e'r"Lnl)

T < —gz <§J2-+§j N )—78LZ (ej
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L n Q;L'mj
2 : 2 T

j=1

+L2hn 1’J( 71+671)

where cg > 0 is a constant independent on Iy, -+ ,l,,_1.
With the aid of Proposition 7, (35) is simplified as

L < 2*::'77' Mnpp_1
(o) (e )
j=1
_2 2
63646506) <6n " 1+672" 1)
2/

2mnpp—1

n—1 5 . mypj_1 2m; pj—1
—Lg 27 -1 2 M-t

j=2

T <

lmn—ﬁmnpn—l
o= y—
_ l)lmj 1 iPj
j—1

n—1
j_
_2u
mi_q 1
—hp_1,; —c2—c3— C4> (e] i +e; i )

n 2u
+hn1,1L1V<Z (ej e )

Jj=2

+Z<§§+§j >)

Jj=1

By determining [y,--- ,l,,—; and L as

MnPnp—1
lp—1 = max { ((63+C4+C5+06—|—1) (2 M1

My _1+mnpPp_—1

2n o 2mnpp 1
Q-1 ,]_ ,

(34) mit1P; -1
[; = max (CQ+03+C4+1+hn,1,i+1>(2 ™4 —1)

77Li+7ni+1pi
2o\ Tmiani ,
27y ,1 ,Z:n_2a"'a1a
L > max {(8]171—1,1)%7 1}’
(36) becomes

2 24
T ) @
=1 i=2

Then, we get the output feedback controller of system (1) with
the form

C maragi Magr
u(t) = _L/\n+1 '[}(t) = _ﬂnLAn+1 (é-n + é-’,;nm"+1) 7

élzgam% — 8, 6=0,
&7 = —fi- 1(& 1+£”11m1> LJ':L"',n, (38)
where o, - - , 2, are observed by
=l La]"t,
ffFl = (Zi‘f'lifli'ifl)zii_ll +(2i+li71£i71)7zii_ll -(39)

V. STABILITY ANALYSIS

We state the main result in this paper.

Theorem 1: If Assumptions 1-2 hold for system (1), the
output feedback controller (38) and (39) guarantees that

(1) All the solutions of the closed-loop system (1), (38) and
(39) are well defined on [—& s, +00).

(2) The equilibrium 7 = 0 of the closed-loop system is
globally uniformly asymptotically stable.

(36)
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0.4 0
n, ()

0.2

0 0.1 0.2 0.3 0.4
Time (s)

0.02

£, )

-0.02

-0.04

—-0.06

0 0.1 0.2 0.3 0.4
Time (s)
Fig.2. The response of the closed-loop system (43), (44).

Proof: (1) Under (38), system (1) can be equivalently
transformed into a £-system

&) = @it &(t), &t — (1), , &t — 7i(1)),
fl(t—Tz(t)),"' 751—1(t_7—l(t))7 ())7 (40)
where (1) : RT" x R" x R* x R"! x R — R is

a C' function with ;(¢,0,0,0,0) = 0. Define Z =
[€1, -+ ,&n, €2, ,e,] T, by the existence and continuation
of the solution, the solution Z(¢) of Z-system (30), (40) is
defined on [—eps, tpr) with ¢p; being infinite or not.

Firstly, we prove that T(Z) is C!, positive definite and
radially unbounded.

Proposition 1 and 2= “L> 1, 2 SrPi=t > 1 imply that

T(Z)is CL.

We show that T(Z) is positive definite. On one hand,
Proposition 1 yields that V,, is positive definite, then when
T(Z) =0, =0and U; = 0,i = 2,--- ,n, then Z = 0.
On the other hand, if Z =0, T(Z) = 0. So T'(Z) is positive
definite.

We know from Proposition 1 that V,, is positive definite
and radially unbounded, so there is a K, function 7, 1(-)
such that V;, > m, 1(||¢]]). From (31) and (32), one has

2—wq

mi—1

T(2) > ma(l€l) + Z (2 :wl e
=2

_2p—ripi—1

1 2p—w

2 Ti—1 Ti—1 f.712 A

2 Tt A1z, @l
e m(12l). @

Obviously, T'(Z) is radially unbounded since 7, 1(+) is a Koo
function.

0.02

2,()

-0.02

-0.04

—-0.06

0 0.1 0.2 0.3 0.4
Time (s)

200

100

-100

-200

0 0.1 0.2 0.3 0.4
Time (s)

Secondly, we show that n(t) is well defined on [—& s, +00).

2;nnj
. Ln o2
Noticing that T'(Z) ar’zl,(} the term —g > 0 (& +& 7 ) —

2
YT (e + ;77" ) on the right-hand side of (37) are
positive definite and radially unbounded, one can find K
functions 7o (+) and 73(+) such that

T(z) < m(lIZ]),

T(Z) < —m5(|| Z])). (42)

Since (]| Z]|) is a Ko function, for any § > 0, one can
always find a S B(6) with 8 > § > 0 such that
m2(0) < 7 (B8). If || Z0(0)|lc < I, 0 € [—enr, 0], (41) and (42)
yield (| Z])) < T(2,(0)) < T(26(6)) < ma(|Z0(8)]lc) <
m1(8), ¥t € [0,tpr), which means that ||Z(t)|| < 8 for any
t € [—en, tar). Hence, t)s is not an escape time, i.e., Z(t) is
well defined on [—ep/, +00), so is 7(t).

(2) Since tj; = +0o0, according to (41), (42) and Lemma
7, the equilibrium Z = 0 of system (30) and (40) is globally
uniformly asymptotically stable. Since x}(&;_1) is continuous
on &1 and z7(0) = 0, by (39) and the globally uniformly
asymptotic stability of system (30) and (40), it is easy to
recursively prove that the equilibrium 7 = 0 of the closed-loop
system (1), (38) and (39) is globally uniformly asymptotically
stable. ]

VI. A SIMULATION EXAMPLE

Consider a simple system

V)

1

BN
=)

771:77 )
17

17
ngsinn;  In(1+ \771| 15 ) et —5 sm t)
3 2(1 "‘772) 3

o=

'f]2=u+



N nfg(t—%sin%)
2(1+n3(t — & cos?t))

Y =m, (43)
where p1 = 2, py = 1,7(t) = Lsin’t,7(t) = 1 cos?t
Choose @, = f% € (f_%, |, Wy = %_ E_[O,Jroo),
then m; = 1,77?2 = m1p+1w1 = %’ﬁ}S = 2ngl = %,
1 = 1,772 = Tlt‘“ 1,73 = "2;2“’2 = 2=, Obviously,
em = +, Assumption 1 holds with v; = 1,45 = 1

Assumptlon 2 holds with ¢ = 0, |¢2\ < 2(|771|23 + || 3 j_

Im(t — 1sin 245 + m(t— 3 1sin 24)|19).
Introduce a change of coordlnates T =N, = %5, 0=

%. Following the design procedure in Section IV, by2éhoos—

ing wy = = —Z,wo =y = 15,11 = 353, a direct but

redundant computation leads to an output feedback controller
of system (43) with the form

-
<

N

3

=L (6&+E)"

£:x2 +ﬂ (I’1+I%),
21 21
£y = (224—11351)23 + (22 + lizy) 70,
3y = —zngzzw, (44)

where (1 = 2.68, B2 = 600,{; = 30, L = 3.

From Theorem 1, output feedback controller (44) can
guarantee the globally uniformly asymptotical stability of
system (43). By choosing the initial values n;(6) = 0.001,
n2(0) = —0.002,25(0) = —0.05,6 € [—3,0], Fig.2 verifies
the effectiveness of the control scheme.

VII. CONCLUSION

This paper addresses the global output feedback stabiliza-
tion of high-order nonlinear time-delay systems with more
general low-order and high-order nonlinearities.

Some problems are still remained, e.g., 1) Can we design an
output feedback controller when there are time delays in input?
2) Recently, many results including our papers [28]—[31] on
stochastic high-order nonlinear systems have been achieved,
another problem is whether the result in this paper can be
extended to stochastic nonlinear time-delay systems.

APPENDIX A
PROOF OF PROPOSITION 1

Step 1: We first prove that V3 (£;) is C1. It’s easy to see that
Ly, Lpy is C'. By (14) and the definition of y, it’s deduced
that 2 — mpy1pr > 1 and

(24 = Trg1pE) Mk

Tk
2my, max;—_i,...

7n+1{7nipi71} _ Tk+1MEPE

T MiNG—1 ... 1 {MDi—1 } Tk
Mg MAXi=1, 1 {TiPio1) 1
T orpming—y .. ppi{mpic1} T

which means that Wy, Wpy, and then Vj, are CL.
Step 2: By (20), (24), and Lemma 2, we have

Wi < |27 1Pk |2y, — | < 217k gy |27,
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@Cu—rE41PR)ME

Wpr < [&k]
which and (19) yield

Vie(t, E.t)
_ — . @u—wy)my
< mro12([[€k—1,elle) +2 197 e N 1

(2pn— wz)mk

|k — ag] < 27 g ;

t 2pmy
v [ (G016 ()
_ t_mi_mk 2wy w
< Tr—1,2([€k—1,tllc)+2 €k +[€x]
2
+(2n—2k’+3)€M( ( sup |§k(t+0)|>
—enm <6<0

2pmy,
Tk
+( sup 5k<t+e>|) )
—en<0<0
_ 9w 2u— wg)'rnk
1 ™
< mcsallurlle) 427 (16l + 16l © )

2pmy,
<|£kt||c T )

+(2n — 2k 4+ 3)enm

R _
= 7,2 ([|€k.tllc)- (45)
Obviously, 7 2(+) is a Ko function.
When zj, > xj, it follows from Lemma 2 that
(2—mp 1 1pE)(mp—1)
mp mp 2—wy
Whr > |z — ap 7,
2 — w1
(2p—rp1pE)(mE—1)
Tk Tk « 2p—wy
Wpk > |og—ap| T* (46)

20 — wo

When z;, < zj, it can be shown that (46) also holds in a
similar way.
From (19), (24), (46), it follows that

Vk(t7gk,t)

_ Compn ) (mi=h) -y *|
>meaa(l@al)+2 e g — o]

_ CompapR) (m=)
= 1,1 ([[€pall) +2 o 2

—w1
2—wq
*L M * " A ¢
: (§k+iEkmk) -y, = Wi (8k)- “7)

We know that Wy (£;) > 0 and W, (&) = 0 if and only if
& =0, ie., Wi (&) is positive definite.

We next show that W (&) is radially unbounded. ||&x|| —
—+00 includes three cases.

Case 1): ||&—1]] — +oo and |&| — +oo,
ol (€)= Mg, oo T, 1 (€2 ) = 0.

Case 2): ||€k—1]] — +o0 and || < M7, we have the same
analysis as case 1).

Case 3): ||€x—1]| < M; for a positive constant My and
l€x] — oo, since zj(&x—1) is continuous in &4, and

then

one has
(2=—mp1pE)(mp—1)
. F e mg
Clim - Wi(§) >
1€k || —+o0 2 — w1
2—wy
. L L\™E | Ty
tim | (gerap ) -y
1€k || —+o0
= +4o0. (48)
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Since W}, (Ek) is radially unbounded, there is a K, function

71 (+) such that

T (1€ 1D < Wi(&k) < Vie(t, Ext)- (49)

Combining (45) with (49) leads to (22).
Step 3: We prove (23). From Assumption 1 and (21), (24),
we can get

Vie(t, &) - ,
<—L(n—k+2) (53- + @TJ + &t —7(1)
j=1
+@U(t7ﬂw)+§@qﬂa»+£j”(tn+dﬂ0

@p—rp41pE)my
Tk _ 2 *Pk
(xk+1 ‘Tk+1)

(2p—rp1pp)mg

+L( 2— ME4+1Pk +§k Tk

+L(£2 ME+1Pk +§-

*Pr
Lht1

(- (0))
= mea0)

2pmi),

e

—L(n—k+2) (g,%(t—rk(t)

—L(n—k+1) (5,%(1? — Th1(t)+&, ™

k—2 k—1 —m o L b

—|—L<n+ _|_n+ )< 13 k+1Pk +£k Tk >

I+ 1+

Cp—rppp_1)mi_1
+L( 2— mkpk 1+§k—1 Th—1 ('rik 1 _x;;pk—l)
) (2p—rp 1K) mp,

+< f ME+1Pk +£k; Tk >fk

Wy, aWDk .

50

o3 (T e &

For proceed further, we next estimate the last three terms on
the right-hand side of (50).
Firstly, by Lemmas 2,4,5, there is a constant gr; > 0
independent on L such that
) et

2—mppr—1
L < k-1
@Cu—rEPr_1)mE—1

< 21—mkpk—1L |£k71|2_mkl)k—1 + |§k71| Th—1

p—rgpr_1)mE_1

+€k71 Tk—1 *Pk—l)

— Tk

)

|€k|mkpk71
2pmp_q 2umy,
(€k & )+L9k,1(€ﬁ+fk” ) (51)
In view of (14), we can deduce that
. 1 . i—1 1
m; = + w1
P1-Pi-1 =1 “Pi-1
1 = 1
pre-pic —prepic
1 = 1
i ra Y
P i—1 =1 PU Pl
1 = 1
ry = +wr Y (52)
P Pi-1 = Pt Pi-1

e
Define a function 1(s) = FElioapinPiol yhich
pjpim1(l+s 72 p1-

is monotonically increasing on s 0bV10usly By (52) and
w1 < w1 < wy < wq, we have

m; +w m; +w
— L = y(wr) < _71 = h(w1)
L Tiw
< = g(w) € 2 =P(wa).  (53)
rj Tj
Recall — L <w; <0 and wy >0, (52) implies that

fori:1,~-- ,n7j:17~-~ ;1 — 1,
rimg — Myr;
i—1 1
= —’—w2 )
(pl"'pi—1 ;pl' Pi—1

1 1 1
_( s )
b1 Pi—1 = br-pPi—1
—1
1 2 1
( s )
P1--Pj—1 1= Pt Pi-1

(54)

Using (20), (52)-(54), f; = L > 1, Lemmas 1,5, one has

L/\ )
[ filt, 2(8), 20t = 71(8)), -, 2t = 7k (1))

o1
Q@w|mf

7>\k+ Aj(my+@1)

Sc;( ST

J
My +@y a4 N TEt@2) Tp o2
Ha(t—m @) ™ )+LT T <|$j(t)| i
Tr+@2
(= m(e) ™5 )
k miTE4 1P
< aﬂ”(Z <|Ej|m“1” + 161
j=1
m MTR 1Pk
H&@w@»l“”k+&@n@M’ﬁ)

k-t ™1 PE
'QS(&@THQWWMM+Q@fm@N g )ﬁ&

Jj=1

where v = min{1l — ]T’“+‘”1+)\k 1<j<k1<k<n}>
0, we use « to exemphfy a finite positive constant that may
be implicitly changed in various places and is independent on
L. By (55), Lemmas 4,5, we get

o p—rp41PE)ME
Mk+1Pk Tk
31 +¢&,

)i

k—2 k—1

2um

L o L
§22x$+gj)+22($%ww)
j=1 j=1
+gmlu—na»+sﬁr—nﬂu»
+5 7 (t— Tj+1(t))) + Lg,2 (513 +&, " )

2pumy

+L@ﬂr~wm>+@% @—nﬁD>



2pmy_q

(fk 1+60 ) (56)
where g 2 > 0 is a constant independent on L.

We estimate the last term of (50). From (13), (20), (54) and

(55), Lemmas 1,4,5, it follows that

3a:k

|1

miTi41

< H<1+€]| it
j=l
k—1 i
<aoL][] <1+|§
j=l
mir41P]

,]mm
l
|£l+1|mz+1pz+z <|§jmz+1pz, + |£J| =

j=1

1
>|x1|”” YLz P+ £)

™17y 1-my
1My

) <€l|+51—1|+€z 1

N

HE = O 4 e - 7)) ")
— miTi4+1PL
+ZX@uﬂwamwm+@aﬂwﬁm”»
j=1

1) kol miTi41 41
or T (vt (52
J=1

l

2.

j=I+1
O@t—% ))|mar
Jj=1

H I ()
e (- ry ) 7 (P )+§j(@t/a+m>wmm
=)

m;

Tl+1

He (1= ()] (5

(z) k—1 myr; I+
Zun ] (110585 (5 (e
j=l+i l
+g| 7 (e )+§j@@@7 i
j=1
HE (t=7;(2)) e >+Z (|€y (=742 (2))|"*"

Tl414
mygg;

e (=i (1)) 7

+w2)>)
(g 7 ) )

(Ifyt 5 (8)2P € (t— Tj(t))|"”(7?’§;+wz))

(k<1 al ( Z
j=1
l
2

j=1
-1
" Qat—nﬂ<mmm
j=1
my5 l_}rw
et — 7)) (5 9)) 7"
T
where H L (14 g7 ) =1fori=1,--- k—1,if

l=k—i, (57) stops at inequality (¢). By (57), Lemmas 2, 4 5,
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we have
k—1
> OWhy | OWpy\ .
T
=1 axl 81}1 l
Sa@Qmwm1+mumrwmwtﬁ
k—1
oxrmr
‘%—xﬂz k ‘| X
1=1

@p—rg41pR)my
Tk

gaLQaFWM+mk
k—l( k
=1 Nj=1
l
+>
_l’_

= (Igj (t = (1)
+&;(t - Tj+1(t))|7?(;i+w2))>

+m— 1>

ngwu%@|< *”U

<|§g (t— TJ NP+ |£J(t —Tj (t)>|mj(7:i+W)>

—~,
[l
o=

k—2 2;LmJ k—1
<2 (g+67 )+EX (€e-n)
Jj=1 j=1

r

+¢; 7ot —1i(t) + EF (= Ty (t))
pm 2pumy,
+& 7 (t - Tj+1(t))> + Lgk,3 <§;f +& " >
2pmy 1
(é-k 1 + gk; i >a
where g;, 3 > 0 is a positive constant independent on L.
Substituting (51), (56) and (58) into (50), one has
Vk (tv gk,t)
k—1 2pm
<-Lin—k+1)) (5§+§j "
j=1

2um

+¢; 7

(58)

+&(t—7(t)

(b= (0) +E2(t— i (D)4,

)

. Cuzrkpary)my

+L@ MR g T ) (@l - )
2uimy,

—(n—k+1)L (f,%(t 1)+ & (t— (1))

2pumy,

+E(t = Tha () + &,

(¢~ ()

0 Qu—rgp1pp)mg
m p ™
+L( & TG, » )

*Pk

k+1+L<

n—k+1 Zumg,
+9k1+ g2+ gk,B) (fz% +&, " ) .
L= Yet1
. . 1-mEg+1Pk
Using Lemmas 1,4,5 and choosing a:*,;H = -2 P
1
: ("f,’ij;2 + 1= ,fktll +9k1+ Gr2 + grs+n—k+ 1)
’"’k'k+ NLkrk+1
(fk +€1kmk+l )mk+1 é 75]@(5]@ + é.7kmk+1 )mk+1 lead to
Vie(t, Ex.t)

2pm

<—Ln—k+1) Z<§§+§j”
j=1

€t —7(t)
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2pm;

+¢; 7

2pm

(t=7(t) +& (t=7j51(1) + &

(t-ry01(0))

. (2p—"pp1PK)ME
+L (5 B )(wﬁil R4
APPENDIX B
PROOF OF PROPOSITION 2
By (26), then
|z + li—12i—1| < min {|a:Z e } . (59)

Using (20), (54), (55), (59), Lemmas 1,4,5, one leads to

2-mipi—1
mi_1
lz—l €,

—(Zi + licazic)

2p—riPi—1

+ (2 + lie sl

2u—riPi—1
Ti—1

1%’—1)

Ji

2-mipi1 2h—TiPi—1

Sal; L'V (e i 4 e i
(2p—r;p;_1)m; (2p—rip;_1)m;
+&] + &
(2p—ripi_1)m;_1 i1 . m;irTiPi—1
+1&i-1] o ) > (|§j|m"p‘1 + 1§07

J=1
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