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Output Feedback Stabilization of High-Order
Nonlinear Time-Delay Systems With Low-Order

and High-Order Nonlinearities
Meng-Meng Jiang, Kemei Zhang, and Xue-Jun Xie

Abstract—In this paper, the output feedback stabilization of
a class of high-order nonlinear time-delay systems with more
general low-order and high-order nonlinearities is investigated.
By constructing the new Lyapunov-Krasovskii functional and
reduced-order observer, based on homogeneous domination the-
ory together with the adding a power integrator method, an
output feedback controller is developed to guarantee the equi-
librium of the closed system globally uniformly asymptotically
stable.

Index Terms—High-order nonlinear time-delay systems, low-
order and high-order nonlinearities, output feedback stabiliza-
tion.

I. INTRODUCTION

IN this paper, we consider high-order nonlinear time-delay
systems as follows:

η̇i(t) = ηpi

i+1(t) + φi(t, η(t), η1(t−τ1(t)), · · · , ηi(t−τi(t))),
i = 1, · · · , n− 1,

η̇n(t) = upn(t) + φn(t, η(t), η1(t−τ1(t)), · · · , ηn(t−τn(t))),
y(t) = η1(t), (1)

where η(t) = [η1(t), · · · , ηn(t)]> ∈ Rn, u(t) ∈ R and y(t) ∈
R are the system state, control input and output respectively,
η2(t), · · · , ηn(t) are unmeasurable. For i = 1, · · · , n, τi(t)
is time-varying delay with 0 ≤ τi(t) ≤ εi, where εi is a
positive constant; pi ∈ R≥1

odd , {p
q ∈ R+: p and q are odd

integers, p ≥ q}; φi : R+ × Rn × Ri → R is an unknown
C function with φi(t, 0, 0) = 0. The system’s initial condition
is η(θ) = ζ0(θ),∀θ ∈ [−εM , 0] with εM = max{ε1, · · · , εn}
and ζ0(θ) being a specified C function. System (1) is called as
high-order system if there exists at least one i ∈ {1, · · · , n}
such that pi > 1.
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Particularly, when τi(t) = 0 for all i = 1, · · · , n, system
(1) becomes

η̇i(t) = ηpi

i+1(t) + φi(t, η(t)), i = 1, · · · , n− 1,
η̇n(t) = upn(t) + φn(t, η(t)),
y(t) = η1(t). (2)

In the literature of output feedback stabilization of high-
order nonlinear system (2), most of these results require that
the nonlinearity φi satisfies certain restrictive conditions, that
is, φi depends on the output y, or the states in the bounding
functions are of an order equal to 1

pj ···pi−1
, or greater than

1
pj ···pi−1

, or less than 1
pj ···pi−1

, e.g., see [1]−[13] and the
reference therein.

Recently, the restrictive condition was relaxed by [14]−[17],
in which all the states in the bounding condition were allowed
to be of both an order greater than 1

pj ···pi−1
and an order

equal to 1
pj ···pi−1

. These assumptions can be summarized as
the following form:

|φi(t, η(t))| ≤ c
i∑

j=1

(|ηj(t)|νlj +|ηj(t)|νuj ), (3)

where low-order νlj = 1
pj ···pi−1

and high-order νuj = r̄i+ω̄2
r̄j

are some ratios of odd integers in [ 1
pj ···pi−1

,+∞) with r̄1 =
1, r̄i+1 = r̄i+ω̄2

pi
and ω̄2 ≥ 0.

For the special case of pi = 1, [18], [19] weakened the
growth condition (3) by allowing both low-order 0 < νlj ≤ 1
and high-order 1 ≤ νuj < +∞, i.e.,

|φi(t, η(t))| ≤ c

i∑

j=1

(
|ηj(t)|

1+iω̄1
1+(j−1)ω̄1 + |ηj(t)|

1+iω̄2
1+(j−1)ω̄2

)
,

− 1
n

< ω̄1 ≤ 0, ω̄2 ≥ 0.

However, for the general case of pi ≥ 1, few further results
on the output feedback stabilization of nonlinear system (2)
have been achieved to relax the condition (3) until now.

For high-order nonlinear systems (1) with τi(t) 6= 0, since
time-delay is always encountered in many practical control
systems and its emergence often causes instability and serious
deterioration in the systems performance, many attention has
been paid on the control design of time-delay system (1) and
there have been some results achieved, see [20]−[24] and the
reference therein. However, [20]−[22] only considered high-
order nonlinearities, [23] only had an order in (0,+∞), [24]
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allowed low-order to be 1
pj ···pi−1

and high-order to take any
value in [ 1

pj ···pi−1
,+∞).

Based on the above discussion, an interesting problem is
immediately proposed: For high-order nonlinear time-delay
system (1), under the condition

|φi(t, η(t), η1(t− τ1(t)), · · · , ηi(t− τi(t)))|
≤ c

i∑

j=1

(|ηj(t)|νlj + |ηj(t)|νuj

+|ηj(t− τj(t))|νlj + |ηj(t− τj(t))|νuj ), (4)

is it possible to relax condition (4) by allowing low-order
νlj and high-order νuj to take any value in (0, 1

pj ···pi−1
] and

[ 1
pj ···pi−1

,+∞), respectively? Under the weaker condition, can
an output feedback controller be designed for system (1)?

This paper will substantially solve this problem. By con-
structing the new Lyapunov-Krasovskii functional and the
reduced-order observer, a global output feedback controller
based on the homogeneous domination theory and the adding
a power integrator method is developed to guarantee the
equilibrium of the closed-loop system globally uniformly
asymptotically stable. The main difficulties in the design and
analysis are:

(i) In this paper, due to pi ≥ 1, the multiple time-varying
delays and the growth condition on nonlinearity φi in (4)
being largely weakened, some substantial obstacles will be
inevitably produced, e.g., the L-K functionals and observers
in the existing results are no longer applicable to system
(1), so a difficult work is how to choose an appropriate L-K
functional and construct an available observer. Besides, many
more complex nonlinear terms will be inevitably produced
due to multiple time-varying delays, low-order and high-order
nonlinearities, how to handle them is challenging.

(ii) How to give the design and rigorous analysis of con-
troller isn’t an easy work.

This paper is organized as follows. Section II gives prelim-
inaries. Section III gives problem statement and assumptions.
Sections IV and V give the design and analysis of the output
feedback controller, following a simulation example in Section
VI. Section VII concludes the paper. Some proofs are given
in the Appendix.

II. MATHEMATICAL PRELIMINARIES

Some notations and lemmas are to be used throughout this
paper.

Notations: R+ stands for the set of all the nonnega-
tive real numbers. For any vector x = [x1, · · · , xn]> ∈
Rn, denote xt = x(t + θ), ‖x‖ = (

∑n
i=1 x2

i )
1
2 ,

‖xt‖C = sup−εM≤θ≤0 ‖x(t + θ)‖. For i = 1, · · · , n, x̄i ,
[x1, . . . , xi]> ∈ Ri, x̄i,t , x̄i(t + θ). A function f : Rn → R
is C if it is continuous and is C1 if it is continuously
differential. K denotes the set of all functions: R+ → R+

that are continuous, strictly increasing and vanishing at zero,
K∞ denotes the set of all functions that are of class K and
unbounded.

The following first five lemmas are the key tools for adding
a power integrator technique. Lemma 6 is used to select
observer gains.

Lemma 1 [25]: For x, y ∈ R, p ≥ 1 is a constant, then
|x + y|p ≤ 2p−1|xp + yp|, (|x| + |y|) 1

p ≤ |x| 1p + |y| 1p ≤
21− 1

p (|x|+ |y|) 1
p .

Lemma 2 [25]: For x, y ∈ R, if p ∈ R≥1
odd, then |x−y|p ≤

2p−1|xp − yp|, |x 1
p − y

1
p | ≤ 21− 1

p |x− y| 1p .
Lemma 3 [25]: If p ∈ R≥1

odd, then |xp − yp| ≤ p|x −
y|(xp−1 + yp−1) ≤ c|x− y||(x− y)p−1 + yp−1| for a constant
c > 0 and x, y ∈ R.

Lemma 4 (Young’s inequality): Let real numbers p ≥ 1
and q ≥ 1 satisfy 1

p + 1
q = 1, then for any x, y ∈ R and any

given positive number γ > 0, xy ≤ γ|x|p + 1
q (pγ)−

q
p |y|q.

Lemma 5 [17]: Let 0 ≤ µ1 ≤ · · · ≤ µn and cj > 0,
j = 1, · · · , n, be real numbers, then c1|x|µ1 + cn|x|µn ≤∑n

j=1 cj |x|µj ≤ (
∑n

j=1 cj)(|x|µ1 + |x|µn) for any x ∈ R.
Lemma 6 [26]: Let the real number r ∈ (0, 1) be a ratio

of odd integers, then for ε ∈ (0, 1) and x ≥ 0, xr +(1−x)r +
ε2x1+r ≥ (2r − 1)ε1−r.

Lemma 7 [27]: Consider system

ẋ = f(xt, t), (5)

where x(t) ∈ Rn and f : R× C → Rn.
Suppose that f : R × C → Rn given in (5), maps every

R× (bounded set in C) into a bounded set in Rn, and that
u, v, w : R+ → R+ are continuous nondecreasing functions,
where additionally u(s) and v(s) are positive for s > 0, and
u(0) = v(0) = 0. If there exists a continuous differentiable
functional V : R× C → R such that

u(‖φ(0)‖) ≤ V (t, φ) ≤ v(‖φ‖C)
and

V̇ (t, φ) ≤ −w(‖φ(0)‖),
then the trivial solution of (5) is uniformly stable. If w(s) >
0 for s > 0, then it is uniformly asymptotically stable. In
addition, if lims→∞ u(s) = ∞, then it is globally uniformly
asymptotically stable.

III. PROBLEM STATEMENT AND ASSUMPTIONS

The purpose of this paper is to design an output feedback
controller for system (1) such that the closed-loop system is
globally uniformly asymptotically stable.

To achieve the purpose, we need the following assumptions.
Assumption 1: For each i = 1, · · · , n, there is a positive

constant γi such that τi : R+ → R satisfies τ̇i(t) ≤ γi < 1.
Assumption 2: For each i = 1, · · · , n, there are constants

c > 0, − 1∑n
l=1 p1···pl−1

< ω̄1 ≤ 0 with p0 = 1 and ω̄2 ≥ 0
such that

|φi(t, η(t), η1(t− τ1(t)), · · · , ηi(t− τi(t)))|
≤ c

i∑

j=1

(
|ηj(t)|

m̄i+ω̄1
m̄j + |ηj(t)|

r̄i+ω̄2
r̄j

+|ηj(t− τj(t))|
m̄i+ω̄1

m̄j + |ηj(t− τj(t))|
r̄i+ω̄2

r̄j

)
, (6)

where m̄i and r̄i are defined as

m̄1 = r̄1 = 1, m̄i+1 =
m̄i + ω̄1

pi
, r̄i+1 =

r̄i + ω̄2

pi
. (7)
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Fig. 1. The value range of low-order and high-order.

Remark 1: Assumption 2 encompasses and extends high-
order and/or low-order results. We discuss this point from two
cases.

Case I: τi(t) ≡ 0 for all i. Condition (6) becomes

|φi(t, η(t))| ≤ c
i∑

j=1

(
|ηj(t)|

m̄i+ω̄1
m̄j + |ηj(t)|

r̄i+ω̄2
r̄j

)
. (8)

(8) includes the following results.
When ω̄1 = ω̄2, (8) reduces to high-order growth condition

in [11] with ω̄2 ≥ 0,

|φi(t, η(t))| ≤ c
i∑

j=1

|ηj(t)|
r̄i+ω̄2

r̄j , (9)

and low-order growth condition in [10] with ω̄1 = 0,

|φi(t, η(t))| ≤ c
i∑

j=1

|ηj(t)|
1

pj ···pi−1 . (10)

When ω̄1 = 0 and ω̄2 ≥ 0, (8) is changed into the
assumptions of both low-order and high-order in the latest
papers [15]−[17],

|φi(t, η(t))| ≤ c
i∑

j=1

(
|ηj(t)|

1
pj ···pi−1 + |ηj(t)|

r̄i+ω̄2
r̄j

)
, (11)

which is a combination of (9) and (10).
We further discuss its significance from value range of both

low-order and high-order. From ω̄1 ∈ (− 1∑n
l=1 p1···pl−1

, 0],
ω̄2 ∈ [0,+∞) and (7), it is easy to see that 0 <
m̄i+ω̄1

m̄j
≤ 1

pj ···pi−1
, r̄i+ω̄2

r̄j
≥ 1

pj ···pi−1
, which implies that

both low-order and high-order in Assumption 2 can take any
value in (0, 1

pj ···pi−1
], [ 1

pj ···pi−1
,+∞), respectively. While for

[15]−[17], low-order is just a fixed point 1
pj ···pi−1

, high-order
r̄i+ω̄2

r̄j
≥ 1

pj ···pi−1
. Fig.1 clearly demonstrates the significance

of Assumption 2.
Case II: τi(t) 6= 0 for some i. Several new results

[20]−[24] have been achieved on feedback stabilization of
high-order nonlinear time-delay systems. The nonlinearities
in [20]−[24] only have high-order terms. The nonlinearities
in [23] only have an order in (0,+∞) by allowing ω̄2 >
− 1∑n

l=1 p1···pl−1
. The nonlinearities in [24] include linear and

nonlinear parts, and their nonlinear parts only allow low-order
νlj = 1

pj ···pi−1
and high-order νuj = r̄i+ω̄2

r̄j
with ω̄2 ≥ 0.

While in this paper, (6) not only includes time-delays but
relaxes the intervals of low-order and high-order. ¤

IV. DESIGN OF OUTPUT FEEDBACK CONTROLLER

A. Change of Coordinates

Introduce the following coordinate transformation

xi(t) =
ηi(t)
Lλi

, i = 1, · · · , n, v(t) =
u(t)

Lλn+1
, (12)

then system (1) is transformed into

ẋi(t) = Lxpi

i+1(t) + fi(t, x(t), x1(t− τ1(t)),
· · · , xi(t− τi(t))), i = 1, · · · , n− 1,

ẋn(t) = Lvpn(t) + fn(t, x(t), x1(t− τ1(t)),
· · · , xn(t− τn(t))),

y(t) = x1(t), (13)

where L ≥ 1 is a constant to be determined, λ1 = 0, λi =
λi−1+1

pi−1
, i = 2, · · · , n + 1, fi = φi

Lλi
.

B. Output Feedback Controller of System (13)

Initial Step. Define ξ1 = x1,

m1 = r1 = 1, mi+1 =
mi + ω1

pi
,

ri+1 =
ri + ω2

pi
, i = 2, · · · , n, (14)

where ω1 and ω2 are both ratios of an even integer over an
odd integer and satisfy − 1∑n

l=1 p1···pl
< ω1 ≤ ω̄1 ≤ 0, ω2 ≥

ω̄2 ≥ 0, respectively. Choose µ = maxi=1,··· ,n+1{ ri

mi
} and

V1(t, ξ1,t) =
ξ2−m2p1+1
1

2−m2p1 + 1
+

ξ2µ−r2p1+1
1

2µ− r2p1 + 1

+
(n + 1)L
1− γ1

∫ t

t−τ1(t)

(
ξ2
1(s)ds + ξ2µ

1 (s)
)

ds

+
nL

1− γ2

∫ t

t−τ2(t)

(
ξ2
1(s)ds + ξ2µ

1 (s)
)

ds.(15)

Obviously, µ,mi and ri, i = 1, · · · , n + 1, are all ratios
of odd numbers and V1 is C1, positive definite and radially
unbounded. From (13), (15), it follows that

V̇1(t, ξ1,t) = L
(
ξ2−m2p1
1 + ξ2µ−r2p1

1

) (
xp1

2 − x∗p1
2

)

+
(n + 1)L
1− γ1

(
ξ2
1 − ξ2

1(t− τ1(t))(1− τ̇1(t))

+ξ2µ
1 − ξ2µ

1 (t− τ1(t))(1− τ̇1(t))
)

+
nL

1− γ2

(
ξ2
1 − ξ2

1(t− τ2(t))(1− τ̇2(t))

+ξ2µ
1 − ξ2µ

1 (t− τ2(t))(1− τ̇2(t))
)

+
(
ξ2−m2p1
1 + ξ2µ−r2p1

1

)
f1

+L
(
ξ2−m2p1
1 + ξ2µ−r2p1

1

)
x∗p1

2 . (16)
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By (6), (7), (14), m2p1 ≤ m̄2p1 ≤ r̄2p1 ≤ r2p1, 1 ≤ r2
m2

≤ µ
and Lemmas 4,5, one has

(
ξ2−m2p1
1 + ξ2µ−r2p1

1

)
f1

≤ g1L
(
ξ2
1 + ξ2µ

1

)
+L

(
ξ2
1(t− τ1(t))+ξ2µ

1 (t− τ1(t))
)

(17)

where g1 > 0 is a constant independent on L. By choosing
the first virtual controller x∗2 = −2

1−m2p1
p1 ( n+1

1−γ1
+ n

1−γ2
+

g1 + n)
1

p1 (ξ1 + ξ
m1r2
r1m2
1 )m2 , −β1(ξ1 + ξ

m1r2
r1m2
1 )m2 , and using

Assumption 1, Lemma 1 and (17), (16) becomes

V̇1(t, ξ1,t) ≤ −nL
(
ξ2
1 + ξ2µ

1 + ξ2
1(t−τ1(t)) + ξ2µ

1 (t−τ1(t))
+ξ2

1(t− τ2(t)) + ξ2µ
1 (t− τ2(t))

)

+L
(
ξ2−m2p1
1 + ξ2µ−r2p1

1

)
(xp1

2 − x∗2
p1). (18)

Inductive Step. Since the design is recursive, we state this
step by the following proposition.

Proposition 1: Suppose at Step k − 1(2 ≤ k ≤ n) , there
exist a C1 function Vk−1(t, ξ̄k−1,t) with

πk−1,1(‖ξ̄k−1‖) ≤ Vk−1(t, ξ̄k−1,t) ≤ πk−1,2(‖ξ̄k−1,t‖C), (19)

and a series of virtual controllers x∗1, · · · , x∗k defined by

x∗1 = 0, x∗i = −βi−1

(
ξi−1 + ξ

mi−1ri
ri−1mi

i−1

)mi

,

ξi−1 = x
1

mi−1
i−1 − x

∗ 1
mi−1

i−1 , i = 2, · · · , k, (20)

such that

V̇k−1(t, ξ̄k−1,t)

≤ −
k−1∑

j=1

L(n− k + 2)
(

ξ2
j + ξ

2µmj
rj

j + ξ2
j (t− τj(t))

+ξ

2µmj
rj

j (t−τj(t)) + ξ2
j (t−τj+1(t))+ξ

2µmj
rj

j (t−τj+1(t))
)

+L

(
ξ
2−mkpk−1
k−1 +ξ

(2µ−rkpk−1)mk−1
rk−1

k−1

) (
x

pk−1
k −x∗k

pk−1
)
,(21)

where πk−1,1(·), πk−1,2(·) are K∞ functions, β1, · · · , βk−1

are positive constants.
Then the kth function Vk(t, ξ̄k,t) = Vk−1(t, ξ̄k−1,t) +

WHk(ξ̄k) + WDk(ξ̄k) + LHk(t) + LDk(t) is a C1 function
and satisfies

πk,1(‖ξ̄k‖) ≤ Vk(t, ξ̄k,t) ≤ πk,2(‖ξ̄k,t‖C), (22)

and we can design a virtual controller x∗k+1 = −βk(ξk +

ξ

mkrk+1
rkmk+1
k )mk+1 with ξk = xk

1
mk −x∗k

1
mk and βk being positive

constant such that

V̇k(t, ξ̄k,t)

≤ −L(n− k + 1)
k∑

j=1

(
ξ2
j + ξ

2µmj
rj

j +ξ2
j (t− τj(t))

+ξ

2µmj
rj

j (t−τj(t))+ξ2
j (t− τj+1(t))+ξ

2µmj
rj

j (t− τj+1(t))
)

+L

(
ξ
2−mk+1pk

k + ξ
(2µ−rk+1pk)mk

rk

k

)
(
xpk

k+1 − x∗pk

k+1

)
, (23)

where πk,1(·), πk,2(·) are K∞ functions, and

WHk(ξ̄k) =
∫ xk

x∗k

(
s

1
mk − x∗k

1
mk

)2−mk+1pk

ds,

WDk(ξ̄k) =
∫ xk

x∗k

(
s

1
mk − x∗k

1
mk

) (2µ−rk+1pk)mk
rk ds,

LHk(t) =
L(n− k + 2)

1− γk

∫ t

t−τk(t)

(
ξ2
k(s) + ξ

2µmk
rk

k (s)
)

ds,

LDk(t) =
L(n−k+1)

1−γk+1

∫ t

t−τk+1(t)

(
ξ2
k(s)+ξ

2µmk
rk

k (s)
)

ds.(24)

Proof: See the Appendix. ¤
Step n. By choosing Vn(t, ξt) = Vn−1(t, ξ̄n−1,t) +

WHn(ξ)+WDn(ξ)+LHn(t)+LDn(t), one can find a series
of virtual controllers x∗1, · · · , x∗n+1 defined by

x∗1 = 0, x∗i = −βi−1

(
ξi−1 + ξ

mi−1ri
ri−1mi

i−1

)mi

,

ξi−1 = x
1

mi−1
i−1 − x

∗ 1
mi−1

i−1 , i = 2, · · · , n + 1, (25)

such that

V̇n(t, ξt)

≤ −L

n∑

j=1

(
ξ2
j + ξ

2µmj
rj

j + ξ2
j (t− τj(t)) + ξ

2µmj
rj

j (t− τj(t))

+ξ2
j (t− τj+1(t)) + ξ

2µmj
rj

j (t− τj+1(t))
)

+L

(
ξ2−mn+1pn
n + ξ

(2µ−rn+1pn)mn
rn

n

) (
vpn − x∗pn

n+1

)
,

where τn+1(t) = 0.
Introduce variables z2, · · · , zn as

x
pi−1
i = (zi+li−1xi−1)

ripi−1
ri−1 +(zi + li−1xi−1)

mipi−1
mi−1 , (26)

where the gains l1 ≥ 1, · · · , ln−1 ≥ 1 are constants to be
determined. By (26), one deduces that

żi = −li−1Lx
pi−1
i − li−1fi−1

+I−1
1,i pi−1x

pi−1−1
i (Lxpi

i+1+fi)(zi+li−1xi−1)
− ω1

mi−1 (27)

where xn+1 = v, I1,i = ripi−1
ri−1

(zi + li−1xi−1)
ω2

ri−1
− ω1

mi−1 +
mipi−1
mi−1

. Based on (26) and (27), the reduced-order observer is
constructed

˙̂zi = −li−1Lx̂
pi−1
i ,

x̂
pi−1
i = (ẑi + li−1x̂i−1)

ripi−1
ri−1 + (ẑi + li−1x̂i−1)

mipi−1
mi−1(28)

where x̂i is the estimate of xi, i = 2, · · · , n, x̂1 = x1. Using
the certainty equivalence principle and (25), we obtain output
feedback controller of system (13):

v(t) = x̂∗n+1 = −βn

(
ξ̂n + ξ̂

mnrn+1
rnmn+1
n

)mn+1

,

ξ̂i = x̂
1

mi
i − x̂

∗ 1
mi

i , x̂∗1 = 0,

x̂∗i+1 = −βi

(
ξ̂i + ξ̂

miri+1
rimi+1
i

)mi+1

, i = 1, · · · , n. (29)

Defining the estimate error as ei = zi−ẑi, i=2, · · · , n, and
using (27), (28) yield

ėi = −li−1L(xpi−1
i − x̂

pi−1
i )− li−1fi−1

+I−1
1,i pi−1x

pi−1−1
i (Lxpi

i+1+fi)(zi+li−1xi−1)
− ω1

mi−1 .(30)
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C. Output Feedback Controller of System (1)

We next give the output feedback controller for system (1)
by determining l1, · · · , ln−1 and L. Introduce a set of C1

functions for the error dynamics (30), which consist of a low-
order part and a high-order part,

Ui(ei) =
mi−1

2− ω1
e

2−ω1
mi−1
i +

∫ ẑi+li−1xi−1

zi+li−1xi−1

(
s

2µ−ripi−1
ri−1

−(zi + li−1xi−1)
2µ−ripi−1

ri−1

)
ds, i=2, · · ·, n. (31)

It is easy to see that Ui is C1. When ẑi > zi, it follows from
Lemma 2 that

∫ ẑi+li−1xi−1

zi+li−1xi−1

(
s

2µ−ripi−1
ri−1 −(zi+li−1xi−1)

2µ−ripi−1
ri−1

)
ds

≥ 21− 2µ−ripi−1
ri−1

∫ ẑi+li−1xi−1

zi+li−1xi−1

(s−(zi+li−1xi−1))
2µ−ripi−1

ri−1 ds

=
21− 2µ−ripi−1

ri−1 ri−1

2µ− ω2
e

2µ−ω2
ri−1

i . (32)

When ẑi ≤ zi, it can be shown that (32) also holds in a similar
way.

It follows from (31) and (32) that Ui(ei) ≥ mi−1
2−ω1

e
2−ω1
mi−1
i +

2
1− 2µ−ripi−1

ri−1 ri−1
2µ−ω2

e
2µ−ω2
ri−1

i . It is easy to see that Ui(ei) ≥ 0 and
Ui(ei) = 0 if and only of ei = 0. Hence Ui is positive definite.

From (13), (26), (27), (30), (31), it follows that

U̇i = −li−1

(
e

2mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)
fi−1 +

(
e

2−mipi−1
mi−1

i

+
2µ− ripi−1

ri−1
ei(zi + li−1xi−1)

2µ−ripi−1
ri−1

−1
)

·I−1
1,i pi−1x

pi−1−1
i (Lxpi

i+1 + fi)(zi + li−1xi−1)
− ω1

mi−1

−li−1L

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)
I2,i

−li−1L

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)
I3,i, (33)

where I2,i = (zi + li−1xi−1)
ripi−1

ri−1 − (ẑi + li−1xi−1)
ripi−1

ri−1 +

(zi + li−1xi−1)
mipi−1

mi−1 − (ẑi + li−1xi−1)
mipi−1

mi−1 , I3,i =

(ẑi + li−1xi−1)
ripi−1

ri−1 − (ẑi + li−1x̂i−1)
ripi−1

ri−1 + (ẑi +

li−1xi−1)
mipi−1

mi−1 − (ẑi + li−1x̂i−1)
mipi−1

mi−1 .
We next give the upper bounds of all the terms on the

right-hand side of (33) by Proposition 2-Proposition 6, whose
proofs are placed in the Appendix. In the following deduction,
hi,j ≥ 1 is used to represent a generic constant related to
l1, · · · , li.

Proposition 2: For i = 2, · · · , n,

−li−1

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)
fi−1

≤ c1hi−1,i−1L
1−ν

(
e

2
mi−1
i +e

2µ
ri−1
i +

i∑

j=1

(
ξ2
j +ξ

2µmj
rj

j

))

+
L

3n

i∑

j=1

(
ξ2
j (t− τj(t)) + ξ

2µmj
rj

j (t− τj(t))

+ξ2
j (t− τj+1(t)) + ξ

2µmj
rj

j (t− τj+1(t))
)

,

where c1 > 0 is a constant independent on l1, · · · , li−1.
Proposition 3: For i = 2, · · · , n− 1,

(
e

2−mipi−1
mi−1

i +
2µ− ripi−1

ri−1
ei(zi + li−1xi−1)

2µ−ripi−1
ri−1

−1
)

·I−1
1,i pi−1x

pi−1−1
i (Lxpi

i+1 + fi)(zi + li−1xi−1)
− ω1

mi−1

≤ Lc2

(
e

2
mi−1
i + e

2µ
ri−1
i

)
+

L

8n

i+1∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)

+
L

3n

i+1∑

j=1

(
ξ2
j (t− τj(t)) + ξ

2µmj
rj

j (t− τj(t))

+ξ2
j (t− τj+1(t)) + ξ

2µmj
rj

j (t− τj+1(t))
)

,

where c2 > 0 is a constant independent on l1, · · · , li−1.
Proposition 4: For i = 2, · · · , n,

−li−1L

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)
I2,i

≤ −L

(
22− 2µ

ri−1

(
2

mipi−1
mi−1 − 1

)
l

2mipi−1
mi−1+mipi−1
i−1 − c3

)

·
(

e
2

mi−1
i + e

2µ
ri−1
i

)
+

L

8n

i∑

j=i−1

(
ξ2
j + ξ

2µmj
rj

j

)
,

where c3 > 0 is a constant independent on l1, · · · , li−1.
Proposition 5: For i = 3, · · · , n,

−li−1L

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)
I3,i

≤ Lc4

(
e

2
mi−1
i + e

2µ
ri−1
i

)
+

L

8n

i∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)

+L
i−1∑

j=2

hi−1,j

(
e

2
mj−1
j + e

2µ
rj−1
j

)
,

where c4 > 0 is a constant independent on l1, · · · , li−1.
Proposition 6: There holds

(
e

2−mnpn−1
mn−1

n +
2µ−rnpn−1

rn−1
en(zn+ln−1xn−1)

2µ−rn−1
rn−1

−1
)

·I−1
1,npn−1x

pn−1−1
n (Lvpn(x̂) + fn)(zn + ln−1xn−1)

− ω1
mn−1

≤ Lc5

(
e

2
mn−1
n + e

2µ
rn−1
n

)
+

L

8

n∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)

+
L

3

n∑

j=1

(
ξ2
j (t− τj(t)) + ξ

2µmj
rj

j (t− τj(t))
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+ξ2
j (t− τj+1(t)) + ξ

2µmj
rj

j (t− τj+1(t))
)

+L
n−1∑

j=2

hn−1,j

(
e

2
mj−1
j + e

2µ
rj−1
j

)
,

where c5 > 0 is a constant independent on l1, · · · , ln−1.
Using Propositions 2-6, it is easy to prove that the derivative

of U =
∑n

i=2 Ui satisfies

U̇ ≤ −L

n−1∑

j=2

(
22− 2µ

rj−1

(
2

mjpj−1
mj−1 − 1

)
l

2mjpj−1
mj−1+mjpj−1
j−1

−hn−1,j − c2 − c3 − c4

)(
e

2
mj−1
j + e

2µ
rj−1
j

)

−L

(
22− 2µ

rn−1

(
2

mnpn−1
mn−1 − 1

)
l

2mnpn−1
mn−1+mnpn−1
n−1 − c3

−c4 − c5

)(
e

2
mn−1
n + e

2µ
rn−1
n

)
+

L

2

n∑

j=1

(
ξ2
j +ξ

2µmj
rj

j

)

+L
n∑

j=1

(
ξ2
j (t− τj(t)) + ξ

2µmj
rj

j (t− τj(t))

+ξ2
j (t− τj+1(t)) + ξ

2µmj
rj

j (t− τj+1(t))
)

+hn−1,1L
1−ν

( n∑

j=2

(
e

2
mj−1
j + e

2µ
rj−1
j

)

+
n∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

))
. (34)

Choose T = U + Vn, then

Ṫ ≤ −L

2

n∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)
+ L

(
ξ2−mn+1pn
n

+ξ
(2µ−rn+1pn)mn

rn
n

)
(vpn − x∗pn

n+1)

−L

(
22− 2µ

rn−1

(
2

mnpn−1
mn−1 − 1

)
l

2mnpn−1
mn−1+mnpn−1
n−1

−c3 − c4 − c5

)(
e

2
mn−1
n +e

2µ
rn−1
n

)

−L
n−1∑

j=2

(
22− 2µ

rj−1

(
2

mjpj−1
mj−1 − 1

)
l

2mjpj−1
mj−1+mjpj−1
j−1

−hn−1,j − c2 − c3 − c4

)(
e

2
mj−1
j + e

2µ
rj−1
j

)

+hn−1,1L
1−ν

( n∑

j=2

(
e

2
mj−1
j + e

2µ
rj−1
j

)

+
n∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

))
. (35)

L(ξ2−mn+1pn
n + ξ

(2µ−rn+1pn)mn
rn

n )(vpn − x∗pn

n+1) in (35) can be
estimated by the following proposition whose proof is in the
Appendix.

Proposition 7: There holds

L

(
ξ2−mn+1pn
n + ξ

(2µ−rn+1pn)mn
rn

n

) (
vpn − x∗pn

n+1

)

≤ Lc6

(
e

2
mn−1
n + e

2µ
rn−1
n

)

+L
n−1∑

j=2

hn−1,j

(
e

2
mj−1
j + e

2µ
rj−1
j

)
+

L

4

n∑

j=1

(
ξ2
j +ξ

2µmj
rj

j

)
,

where c6 > 0 is a constant independent on l1, · · · , ln−1.
With the aid of Proposition 7, (35) is simplified as

Ṫ ≤ −L

4

n∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)
− L

(
22− 2µ

rn−1

(
2

mnpn−1
mn−1 − 1

)

·l
2mnpn−1

mn−1+mnpn−1
n−1 −c3−c4−c5−c6

)(
e

2
mn−1
n +e

2µ
rn−1
n

)

−L
n−1∑

j=2

(
22− 2µ

rj−1

(
2

mjpj−1
mj−1 − 1

)
l

2mjpj−1
mj−1+mjpj−1
j−1

−hn−1,j − c2 − c3 − c4

)(
e

2
mj−1
j + e

2µ
rj−1
j

)

+hn−1,1L
1−ν

( n∑

j=2

(
e

2
mj−1
j + e

2µ
rj−1
j

)

+
n∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

))
. (36)

By determining l1, · · · , ln−1 and L as

ln−1 = max
{(

(c3+c4+c5+c6+1)
(
2

mnpn−1
mn−1 − 1

)−1

·2
2µ

rn−1
−2

)mn−1+mnpn−1
2mnpn−1

, 1
}

,

li = max
{(

(c2+c3+c4+1+hn−1,i+1)
(
2

mi+1pi
mi −1

)−1

·2 2µ
ri
−2

)mi+mi+1pi
2mi+1pi

, 1
}

, i = n− 2, · · · , 1,

L > max
{
(8hn−1,1)

1
ν , 1

}
,

(36) becomes

Ṫ ≤ −L

8

n∑

j=1

(
ξ2
j +ξ

2µmj
rj

j

)
− 7L

8

n∑

j=2

(
e

2
mj−1
j +e

2µ
rj−1
j

)
. (37)

Then, we get the output feedback controller of system (1) with
the form

u(t) = −Lλn+1v(t) = −βnLλn+1

(
ξ̂n + ξ̂

mnrn+1
rnmn+1
n

)mn+1

,

ξ̂i = x̂
1

mi
i − x̂

∗ 1
mi

i , x∗0 = 0,

x̂∗i = −βi−1

(
ξ̂i−1 + ξ̂

mi−1ri
ri−1mi

i−1

)mi

, i = 1, · · · , n, (38)

where x̂2, · · · , x̂n are observed by

˙̂zi = −li−1Lx̂
pi−1
i ,

x̂
pi−1
i = (ẑi+li−1x̂i−1)

ripi−1
ri−1 +(ẑi+li−1x̂i−1)

mipi−1
mi−1 .(39)

V. STABILITY ANALYSIS

We state the main result in this paper.
Theorem 1: If Assumptions 1-2 hold for system (1), the

output feedback controller (38) and (39) guarantees that
(1) All the solutions of the closed-loop system (1), (38) and

(39) are well defined on [−εM ,+∞).
(2) The equilibrium η = 0 of the closed-loop system is

globally uniformly asymptotically stable.
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Fig. 2. The response of the closed-loop system (43), (44).

Proof: (1) Under (38), system (1) can be equivalently
transformed into a ξ-system

ξ̇i(t) = ϕi(t, ξ(t), ξ1(t− τ1(t)), · · · , ξi(t− τi(t)),
ξ1(t− τ2(t)), · · · , ξi−1(t− τi(t)), u(t)), (40)

where ϕi(·) : R+ × Rn × Ri × Ri−1 × R → R is
a C1 function with ϕi(t, 0, 0, 0, 0) = 0. Define Z =
[ξ1, · · · , ξn, e2, · · · , en]>, by the existence and continuation
of the solution, the solution Z(t) of Z-system (30), (40) is
defined on [−εM , tM ) with tM being infinite or not.

Firstly, we prove that T (Z) is C1, positive definite and
radially unbounded.

Proposition 1 and 2−ω1
mi−1

≥ 1, 2µ−ripi−1
ri−1

≥ 1 imply that
T (Z) is C1.

We show that T (Z) is positive definite. On one hand,
Proposition 1 yields that Vn is positive definite, then when
T (Z) = 0, ξ = 0 and Ui = 0, i = 2, · · · , n, then Z = 0.
On the other hand, if Z = 0, T (Z) = 0. So T (Z) is positive
definite.

We know from Proposition 1 that Vn is positive definite
and radially unbounded, so there is a K∞ function πn,1(·)
such that Vn ≥ πn,1(‖ξ‖). From (31) and (32), one has

T (Z) ≥ πn,1(‖ξ‖) +
n∑

i=2

(
mi−1

2− ω1
e

2−ω1
mi−1
i

+
21− 2µ−ripi−1

ri−1 ri−1

2µ− ω2
e

2µ−ω2
ri−1

i

)
, π1(‖Z‖). (41)

Obviously, T (Z) is radially unbounded since πn,1(·) is a K∞
function.

Secondly, we show that η(t) is well defined on [−εM ,+∞).

Noticing that T (Z) and the term −L
8

∑n
j=1(ξ

2
j + ξ

2µmj
rj

j ) −
7L
8

∑n
j=2(e

2
mj−1
j + e

2µ
rj−1
j ) on the right-hand side of (37) are

positive definite and radially unbounded, one can find K∞
functions π2(·) and π3(·) such that

T (Z) ≤ π2(‖Z‖), Ṫ (Z) ≤ −π3(‖Z‖). (42)

Since π1(‖Z‖) is a K∞ function, for any δ > 0, one can
always find a β = β(δ) with β > δ > 0 such that
π2(δ) ≤ π1(β). If ‖Z0(θ)‖C < δ, θ ∈ [−εM , 0], (41) and (42)
yield π1(‖Z‖) ≤ T (Zt(θ)) ≤ T (Z0(θ)) ≤ π2(‖Z0(θ)‖C) ≤
π1(β), ∀t ∈ [0, tM ), which means that ‖Z(t)‖ ≤ β for any
t ∈ [−εM , tM ). Hence, tM is not an escape time, i.e., Z(t) is
well defined on [−εM ,+∞), so is η(t).

(2) Since tM = +∞, according to (41), (42) and Lemma
7, the equilibrium Z = 0 of system (30) and (40) is globally
uniformly asymptotically stable. Since x∗i (ξi−1) is continuous
on ξi−1 and x∗i (0) = 0, by (39) and the globally uniformly
asymptotic stability of system (30) and (40), it is easy to
recursively prove that the equilibrium η = 0 of the closed-loop
system (1), (38) and (39) is globally uniformly asymptotically
stable. ¤

VI. A SIMULATION EXAMPLE

Consider a simple system

η̇1 = η
21
19
2 ,

η̇2 = u +
η

17
23
1 sin η1

3
+

ln(1 + |η1| 2119 )
2(1 + η2

2)
+

η
17
23
1 (t− 1

2 sin2 t)
3
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+
η

21
19
1 (t− 1

2 sin2 t)
2(1 + η2

2(t− 1
2 cos2 t))

,

y = η1, (43)

where p1 = 21
19 , p2 = 1, τ1(t) = 1

2 sin2 t, τ2(t) = 1
2 cos2 t.

Choose ω̄1 = − 2
23 ∈ (− 19

40 , 0], ω̄2 = 2
19 ∈ [0,+∞),

then m̄1 = 1, m̄2 = m̄1+ω̄1
p1

= 19
23 , m̄3 = m̄2+ω̄1

p2
= 17

23 ,
r̄1 = 1, r̄2 = r̄1+ω̄2

p1
= 1, r̄3 = r̄2+ω̄2

p2
= 21

19 . Obviously,
εM = 1

2 , Assumption 1 holds with γ1 = 1
2 , γ2 = 1

2 ,
Assumption 2 holds with φ1 = 0, |φ2| ≤ 1

2 (|η1| 1723 + |η1| 2119 +
|η1(t− 1

2 sin2 t)| 1723 + |η1(t− 1
2 sin2 t)| 2119 ).

Introduce a change of coordinates x1 = η1, x2 = η2

L
19
21

, v =
u

L
40
21

. Following the design procedure in Section IV, by choos-

ing ω1 = ω̄1 = − 2
23 , ω2 = ω̄2 = 2

19 , µ = 483
323 , a direct but

redundant computation leads to an output feedback controller
of system (43) with the form

u = −L
40
21 β2

(
ξ̂2 + ξ̂

21
17
2

) 17
23

,

ξ̂2 = x̂
23
19
2 + β

23
19
1

(
x1 + x

23
19
1

)
,

x̂
21
19
2 = (ẑ2 + l1x1)

21
23 + (ẑ2 + l1x1)

21
19 ,

˙̂z2 = −l1Lx̂
21
19
2 , (44)

where β1 = 2.68, β2 = 600, l1 = 30, L = 3.
From Theorem 1, output feedback controller (44) can

guarantee the globally uniformly asymptotical stability of
system (43). By choosing the initial values η1(θ) = 0.001,
η2(θ) = −0.002, ẑ2(θ) = −0.05, θ ∈ [− 1

2 , 0], Fig.2 verifies
the effectiveness of the control scheme.

VII. CONCLUSION

This paper addresses the global output feedback stabiliza-
tion of high-order nonlinear time-delay systems with more
general low-order and high-order nonlinearities.

Some problems are still remained, e.g., 1) Can we design an
output feedback controller when there are time delays in input?
2) Recently, many results including our papers [28]−[31] on
stochastic high-order nonlinear systems have been achieved,
another problem is whether the result in this paper can be
extended to stochastic nonlinear time-delay systems.

APPENDIX A
PROOF OF PROPOSITION 1

Step 1: We first prove that Vk(ξ̄k) is C1. It’s easy to see that
LHk, LDk is C1. By (14) and the definition of µ, it’s deduced
that 2−mk+1pk ≥ 1 and

(2µ− rk+1pk)mk

rk

=
2mk maxi=1,··· ,n+1{ripi−1}
rk mini=1,··· ,n+1{mipi−1} − rk+1mkpk

rk

≥ mk maxi=1,··· ,n+1{ripi−1}
rk mini=1,··· ,n+1{mipi−1} ≥ 1,

which means that WHk, WDk and then Vk are C1.
Step 2: By (20), (24), and Lemma 2, we have

WHk ≤ |ξk|2−mk+1pk |xk − x∗k| ≤ 21−mk |ξk|2−ω1 ,

WDk ≤ |ξk|
(2µ−rk+1pk)mk

rk |xk − x∗k| ≤ 21−mk |ξk|
(2µ−ω2)mk

rk ,

which and (19) yield

Vk(t, ξ̄k,t)

≤ πk−1,2(‖ξ̄k−1,t‖C)+21−mk

(
|ξk|2−ω1 +|ξk|

(2µ−ω2)mk
rk

)

+(2n− 2k + 3)
∫ t

t−εM

(
ξ2
k(s) + ξ

2µmk
rk

k (s)
)

ds

≤ πk−1,2(‖ξ̄k−1,t‖C)+21−mk

(
|ξk|2−ω1 +|ξk|

(2µ−ω2)mk
rk

)

+(2n− 2k + 3)εM

((
sup

−εM≤θ≤0
|ξk(t + θ)|

)2

+
(

sup
−εM≤θ≤0

|ξk(t + θ)|
) 2µmk

rk

)

≤ πk−1,2(‖ξ̄k,t‖C) +21−mk

(
‖ξ̄k,t‖2−ω1

C + ‖ξ̄k,t‖
(2µ−ω2)mk

rk

C

)

+(2n− 2k + 3)εM

(
‖ξ̄k,t‖2C + ‖ξ̄k,t‖

2µmk
rk

C

)

, πk,2(‖ξ̄k,t‖C). (45)

Obviously, πk,2(·) is a K∞ function.
When xk > x∗k, it follows from Lemma 2 that

WHk ≥ 2
(2−mk+1pk)(mk−1)

mk mk

2− ω1
|xk − x∗k|

2−ω1
mk ,

WDk ≥ 2
(2µ−rk+1pk)(mk−1)

rk rk

2µ− ω2
|xk−x∗k|

2µ−ω2
rk . (46)

When xk ≤ x∗k, it can be shown that (46) also holds in a
similar way.

From (19), (24), (46), it follows that

Vk(t, ξ̄k,t)

≥ πk−1,1(‖ξ̄k−1‖) + 2
(2−mk+1pk)(mk−1)

mk
mk

2−ω1
|xk − x∗k|

2−ω1
mk

= πk−1,1(‖ξ̄k−1‖) +2
(2−mk+1pk)(mk−1)

mk
mk

2−ω1

·
∣∣∣∣
(
ξk+x∗k

1
mk

)mk − x∗k

∣∣∣∣
2−ω1
mk

, Wk(ξ̄k). (47)

We know that Wk(ξ̄k) ≥ 0 and Wk(ξ̄k) = 0 if and only if
ξ̄k = 0, i.e., Wk(ξ̄k) is positive definite.

We next show that Wk(ξ̄k) is radially unbounded. ‖ξ̄k‖ →
+∞ includes three cases.

Case 1): ‖ξ̄k−1‖ → +∞ and |ξk| → +∞, then
lim‖ξ̄k‖→+∞Wk(ξ̄k)≥ lim‖ξ̄k‖→+∞πk−1,1(‖ξ̄k−1‖)=+∞.

Case 2): ‖ξ̄k−1‖ → +∞ and |ξk| ≤ M1, we have the same
analysis as case 1).

Case 3): ‖ξ̄k−1‖ ≤ M2 for a positive constant M2 and
‖ξk| → +∞, since x∗k(ξk−1) is continuous in ξk−1, and
|ξk−1|≤‖ξ̄k−1‖≤M2, one has

lim
‖ξ̄k‖→+∞

Wk(ξ̄k) ≥ 2
(2−mk+1pk)(mk−1)

mk mk

2− ω1

lim
‖ξ̄k‖→+∞

∣∣∣
(
ξk+x∗k

1
mk

)mk−x∗k
∣∣∣
2−ω1
mk

= +∞. (48)
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Since Wk(ξ̄k) is radially unbounded, there is a K∞ function
πk,1(·) such that

πk,1(‖ξ̄k‖) ≤ Wk(ξ̄k) ≤ Vk(t, ξ̄k,t). (49)

Combining (45) with (49) leads to (22).
Step 3: We prove (23). From Assumption 1 and (21), (24),

we can get

V̇k(t, ξ̄k,t)

≤ −L(n− k + 2)
k−1∑

j=1

(
ξ2
j + ξ

2µmj
rj

j + ξ2
j (t− τj(t))

+ξ

2µmj
rj

j (t−τj(t)) + ξ2
j (t−τj+1(t)) + ξ

2µmj
rj

j (t− τj+1(t))
)

+L

(
ξ
2−mk+1pk

k + ξ
(2µ−rk+1pk)mk

rk

k

) (
xpk

k+1 − x∗pk

k+1

)

+L

(
ξ
2−mk+1pk

k + ξ
(2µ−rk+1pk)mk

rk

k

)
x∗pk

k+1

−L(n−k+2)
(

ξ2
k(t−τk(t)+ξ

2µmk
rk

k (t−τk(t))
)

−L(n−k+1)
(
ξ2
k(t− τk+1(t))+ξ

2µmk
rk

k (t− τk+1(t))
)

+L

(
n+k−2
1+γk

+
n+k−1
1+γk+1

)(
ξ
2−mk+1pk

k +ξ
(2µ−rk+1pk)mk

rk

k

)

+L

(
ξ
2−mkpk−1
k−1 +ξ

(2µ−rkpk−1)mk−1
rk−1

k−1

)
(xpk−1

k − x∗k
pk−1)

+
(

ξ
2−mk+1pk

k + ξ
(2µ−rk+1pk)mk

rk

k

)
fk

+
k−1∑

l=1

(
∂WHk

∂xl
+

∂WDk

∂xl

)
ẋl. (50)

For proceed further, we next estimate the last three terms on
the right-hand side of (50).

Firstly, by Lemmas 2,4,5, there is a constant gk,1 > 0
independent on L such that

L

(
ξ
2−mkpk−1
k−1 + ξ

(2µ−rkpk−1)mk−1
rk−1

k−1

) (
x

pk−1
k −x∗k

pk−1
)

≤ 21−mkpk−1L

(
|ξk−1|2−mkpk−1 + |ξk−1|

(2µ−rkpk−1)mk−1
rk−1

)

·|ξk|mkpk−1

≤ L

3

(
ξ2
k−1 + ξ

2µmk−1
rk−1

k−1

)
+ Lgk,1

(
ξ2
k + ξ

2µmk
rk

k

)
. (51)

In view of (14), we can deduce that

m̄i =
1

p1 · · · pi−1
+ ω̄1

i−1∑

l=1

1
pl · · · pi−1

,

r̄i =
1

p1 · · · pi−1
+ ω̄2

i−1∑

l=1

1
pl · · · pi−1

,

mi =
1

p1 · · · pi−1
+ ω1

i−1∑

l=1

1
pl · · · pi−1

,

ri =
1

p1 · · · pi−1
+ ω2

i−1∑

l=1

1
pl · · · pi−1

. (52)

Define a function ψ(s) = 1+s
∑i

l=1 p1···pl−1

pj ···pi−1(1+s
∑j−1

l=1 p1···pl−1)
, which

is monotonically increasing on s obviously. By (52) and
ω1 ≤ ω̄1 ≤ ω̄2 ≤ ω2, we have

mi + ω1

mj
= ψ(ω1) ≤ m̄i + ω̄1

m̄j
= ψ(ω̄1)

≤ r̄i + ω̄2

r̄j
= ψ(ω̄2) ≤ ri + ω2

rj
= ψ(ω2). (53)

Recall − 1∑n
l=1 p1···pl−1

<ω1≤0 and ω2≥0, (52) implies that
for i = 1, · · · , n, j = 1, · · · , i− 1,

rimj −mirj

=
(

1
p1 · · · pi−1

+ ω2

i−1∑

l=1

1
pl · · · pi−1

)

·
(

1
p1 · · · pj−1

+ ω1

j−1∑

l=1

1
pl · · · pj−1

)

−
(

1
p1 · · · pi−1

+ ω1

i−1∑

l=1

1
pl · · · pi−1

)

·
(

1
p1 · · · pj−1

+ ω2

j−1∑

l=1

1
pl · · · pj−1

)

=
ω2 − ω1

p1 · · · pj−1

i−1∑

l=j

1
pl · · · pi−1

≥ 0. (54)

Using (20), (52)-(54), fi = φi

Lλi
, L ≥ 1, Lemmas 1,5, one has

|fk(t, x(t), x1(t− τ1(t)), · · · , xk(t− τk(t)))|
≤ c

k∑

j=1

(
L
−λk+

λj(m̄k+ω̄1)
m̄j

(
|xj(t)|

m̄k+ω̄1
m̄j

+|xj(t−τj(t))|
m̄k+ω̄1

m̄j

)
+L

−λk+
λj(r̄k+ω̄2)

r̄j

(
|xj(t)|

r̄k+ω̄2
r̄j

+|xj(t− τj(t))|
r̄k+ω̄2

r̄j

))

≤ αL1−ν

( k∑

j=1

(
|ξj |mk+1pk + |ξj |

mjrk+1pk
rj

+|ξj(t− τj(t))|mk+1pk + |ξj(t− τj(t))|
mjrk+1pk

rj

)

+
k−1∑

j=1

(
|ξj(t−τj+1(t))|mk+1pk+|ξj(t−τj+1(t))|

mjrk+1pk
rj

))
,(55)

where ν = min{1− λj
r̄k+ω̄1

r̄j
+ λk, 1 ≤ j ≤ k, 1 ≤ k ≤ n} >

0, we use α to exemplify a finite positive constant that may
be implicitly changed in various places and is independent on
L. By (55), Lemmas 4,5, we get

(
ξ
2−mk+1pk

k + ξ
(2µ−rk+1pk)mk

rk

k

)
fk

≤ L

2

k−2∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)
+

L

2

k−1∑

j=1

(
ξ2
j (t− τj(t))

+ξ

2µmj
rj

j (t− τj(t)) + ξ2
j (t− τj+1(t))

+ξ

2µmj
rj

j (t− τj+1(t))
)

+ Lgk,2

(
ξ2
k + ξ

2µmk
rk

k

)

+L

(
ξ2
k(t− τk(t)) + ξ

2µmk
rk

k (t− τk(t))
)
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+
L

3

(
ξ2
k−1 + ξ

2µmk−1
rk−1

k−1

)
, (56)

where gk,2 > 0 is a constant independent on L.
We estimate the last term of (50). From (13), (20), (54) and

(55), Lemmas 1,4,5, it follows that
∣∣∣∣∣
∂x∗k

1
mk

∂xl

∣∣∣∣∣ |ẋl|

≤
k−1∏

j=l

(
1+|ξj |

mjrj+1
rjmj+1

−1
)
|xl|

1
ml
−1(L|xl+1|pl +fl)

≤ αL
k−1∏

j=l

(
1+|ξj |

mjrj+1
rjmj+1

−1
)(

|ξl|+|ξl−1|+|ξl−1|
ml−1rl
rl−1ml

)1−ml

(
|ξl+1|ml+1pl +

l∑

j=1

(
|ξj |ml+1pl + |ξj |

mjrl+1pl
rj

+|ξj(t− τj(t))|ml+1pl + |ξj(t− τj(t))|
mjrl+1pl

rj

)

+
l−1∑

j=1

(
|ξj(t−τj+1(t))|ml+1pl +|ξj(t−τj+1(t))|

mjrl+1pl
rj

))

(1)

≤ αL

k−1∏

j=l+1

(
1+|ξj |

mjrj+1
rjmj+1

−1
)( l+1∑

j=1

(
|ξj |m2p1

+|ξj |
mj
rj

(
rl+1
ml+1

+ω2

))
+

l∑

j=1

(
|ξj(t− τj(t))|m2p1

+|ξj(t−τj(t))|
mj
rj

(
rl+1
ml+1

+ω2

))
+

l−1∑

j=1

(
|ξj(t−τj+1(t))|m2p1

+|ξj(t−τj+1(t))|
mj
rj

(
rl+1
ml+1

+ω2

)))

...
(i)

≤ αL
k−1∏

j=l+i

(
1 + |ξj |

mjrj+1
rjmj+1

−1
)( l+i∑

j=1

(
|ξj |m2p1

+|ξj |
mj
rj

(
rl+i
ml+i

+ω2

))
+

l∑

j=1

(
|ξj(t− τj(t))|m2p1

+|ξj(t−τj(t))|
mj
rj

(
rl+i
ml+i

+ω2

))
+

l−1∑

j=1

(
|ξj(t−τj+1(t))|m2p1

+|ξj(t−τj+1(t))|
mj
rj

(
rl+i
ml+i

+ω2

)))

...
(k−1)

≤ αL

( k∑

j=1

(
|ξj |m2p1 +|ξj |

mj
rj

(
rk
mk

+ω2

))

+
l∑

j=1

(
|ξj(t−τj(t))|m2p1 +|ξj(t−τj(t))|

mj
rj

(
rk
mk

+ω2

))

+
l−1∑

j=1

(
|ξj(t− τj+1(t))|m2p1

+|ξj(t− τj+1(t))|
mj
rj

(
rk
mk

+ω2

)))
, (57)

where
∏k−1

j=k(1 + |ξj |
mjrj+1
rjmj+1

−1) = 1, for i = 1, · · · , k − 1, if
l = k− i, (57) stops at inequality (i). By (57), Lemmas 2,4,5,

we have
k−1∑

l=1

(
∂WHk

∂xl
+

∂WDk

∂xl

)
ẋl

≤ α

(
|ξk|2−mk+1pk−1 + |ξk|

(2µ−rk+1pk)mk
rk

−1

)

·|xk − x∗k| ·
k−1∑

l=1

∣∣∣∣∣
∂x∗k

1
mk

∂xl

∣∣∣∣∣ |ẋl|

≤ αL

(
|ξk|2−m2p1 + |ξk|

(2µ−rk+1pk)mk
rk

+mk−1

)

·
k−1∑

l=1

( k∑

j=1

(
|ξj |m2p1 + |ξj |

mj
rj

(
rk
mk

+ω2

))

+
l∑

j=1

(
|ξj(t− τj(t))|m2p1 + |ξj(t− τj(t))|

mj
rj

(
rk
mk

+ω2

))

+
l−1∑

j=1

(
|ξj(t− τj+1(t))|m2p1

+|ξj(t− τj+1(t))|
mj
rj

(
rk
mk

+ω2

)))

≤ L

2

k−2∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)
+

L

2

k−1∑

j=1

(
ξ2
j (t− τj(t))

+ξ

2µmj
rj

j (t− τj(t)) + ξ2
j (t− τj+1(t))

+ξ

2µmj
rj

j (t− τj+1(t))
)

+ Lgk,3

(
ξ2
k + ξ

2µmk
rk

k

)

+
L

3

(
ξ2
k−1 + ξ

2µmk−1
rk−1

k−1

)
, (58)

where gk,3 > 0 is a positive constant independent on L.
Substituting (51), (56) and (58) into (50), one has

V̇k(t, ξ̄k,t)

≤ −L(n− k + 1)
k−1∑

j=1

(
ξ2
j + ξ

2µmj
rj

j + ξ2
j (t− τj(t))

+ξ

2µmj
rj

j (t−τj(t))+ξ2
j (t−τj+1(t))+ξ

2µmj
rj

j (t−τj+1(t))
)

+L

(
ξ
2−mk+1pk

k + ξ
(2µ−rk+1pk)mk

rk

k

)
(xpk

k+1 − x∗pk

k+1)

−(n− k + 1)L
(

ξ2
k(t− τk) + ξ

2µmk
rk

k (t− τk(t))

+ξ2
k(t− τk+1(t)) + ξ

2µmk
rk

k (t− τk+1(t))
)

+L

(
ξ
2−mk+1pk

k +ξ
(2µ−rk+1pk)mk

rk

k

)
x∗pk

k+1+L

(
n− k + 2

1− γk

+
n− k + 1
1− γk+1

+ gk,1 + gk,2 + gk,3

)(
ξ2
k + ξ

2µmk
rk

k

)
.

Using Lemmas 1,4,5 and choosing x∗k+1 = −2
1−mk+1pk

pk

· (n−k+2
1−γk

+ n−k+1
1−γk+1

+ gk,1 + gk,2 + gk,3 + n− k + 1)
1

pk

· (ξk + ξ

mkrk+1
rkmk+1
k )mk+1 , −βk(ξk + ξ

mkrk+1
rkmk+1
k )mk+1 lead to

V̇k(t, ξ̄k,t)

≤ −L(n− k + 1)
k∑

j=1

(
ξ2
j + ξ

2µmj
rj

j + ξ2
j (t− τj(t))
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+ξ

2µmj
rj

j (t−τj(t))+ξ2
j (t−τj+1(t)) + ξ

2µmj
rj

j (t−τj+1(t))
)

+L

(
ξ
2−mk+1pk

k + ξ
(2µ−rk+1pk)mk

rk

k

)
(xpk

k+1 − x∗pk

k+1).

APPENDIX B
PROOF OF PROPOSITION 2

By (26), then

|zi + li−1xi−1| ≤ min
{
|xi|

mi−1
mi , |xi|

ri−1
ri

}
. (59)

Using (20), (54), (55), (59), Lemmas 1,4,5, one leads to

−li−1

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)
fi−1

≤ αli−1L
1−ν

(
|ei|

2−mipi−1
mi−1 + |ei|

2µ−ripi−1
ri−1

+|ξi|
(2µ−ripi−1)mi

ri + |ξi−1|
(2µ−ripi−1)mi

ri

+|ξi−1|
(2µ−ripi−1)mi−1

ri−1

)
·

i−1∑

j=1

(
|ξj |mipi−1 + |ξj |

mjripi−1
rj

+|ξj(t− τj(t))|mipi−1 + |ξj(t− τj(t))|
mjripi−1

rj

+|ξj(t− τj+1(t))|mipi−1 + |ξj(t− τj+1(t))|
mjripi−1

rj

)

≤ c1hi−1,i−1L
1−ν

(
e

2
mi−1
i + e

2µ
ri−1
i +

i∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

))

+
L

3n

i∑

j=1

(
ξ2
j (t− τj(t)) + ξ

2µmj
rj

j (t− τj(t))

+ξ2
j (t− τj+1(t)) + ξ

2µmj
rj

j (t− τj+1(t))
)

.

APPENDIX C
PROOF OF PROPOSITION 3

By (20), (54), (55), (59), Lemmas 1,4,5, one knows that for
i = 2, · · · , n− 1,

(
e

2−mipi−1
mi−1

i +
2µ− ripi−1

ri−1
ei(zi+li−1xi−)

2µ−ripi−1
ri−1

−1
)

I−1
1,i pi−1x

pi−1−1
i (Lxpi

i+1+fi)(zi+li−1xi−1)
− ω1

mi−1

≤ α

(
|ei|

2−mipi−1
mi−1 |zi + li−1xi−1|

mi−1−mipi−1
mi−1

+|ei||zi + li−1xi−1|
2µ−2ripi−1

ri−1

)(
|ξi|mi(pi−1−1)

+|ξi−1|mi(pi−1−1)+|ξi−1|
mi−1ri(pi−1−1)

ri−1

)

·
i+1∑

j=1

(
|ξj |mi+1pi + |ξj |

mjri+1pi
rj + |ξj(t− τj(t))|mi+1pi

+|ξj(t− τj(t))|ri+1pi + |ξj(t−τj+1(t))|mi+1pi

+|ξj(t− τj+1(t))|
mjri+1pi

rj

)

≤ αL

(
|ei|

2−mipi−1
mi−1

(
|ξi|mi−1−mipi−1 + |ξi−1|mi−1−mipi−1

+|ξi−1|
mi−1ri(mi−1−mipi−1)

ri−1mi

)
+ |ei|

(
|ξi|

(2µ−2ripi−1)mi
ri

+|ξi−1|
(2µ−2ripi−1)mi

ri + |ξi−1|
(2µ−2ripi−1)mi−1

ri−1

))

i+1∑

j=1

(
|ξj |mipi−1+ω1 + |ξj |

mj(ripi−1+ω2)
rj

+|ξj(t− τj(t))|mipi−1+ω1 + |ξj(t− τj(t))|
mj(ripi−1+ω2)

rj

+|ξj(t− τj+1(t))|mipi−1+ω1

+|ξj(t− τj+1(t))|
mj(ripi−1+ω2)

rj

)

≤ Lc2

(
e

2
mi−1
i + e

2µ
ri−1
i

)
+

L

8n

i+1∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)

+
L

3n

i+1∑

j=1

(
ξ2
j (t− τj(t)) + ξ

2µmj
rj

j (t− τj(t))

+ξ2
j (t− τj+1(t)) + ξ

2µmj
rj

j (t− τj+1(t))
)

.

APPENDIX D
PROOF OF PROPOSITION 4

Firstly, by Lemma 2,

−li−1L

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)(
(zi + li−1xi−1)

ripi−1
ri−1

−(ẑi + li−1xi−1)
ripi−1

ri−1

)

≤ −li−1L

(
|ei|

2−mipi−1
mi−1 + 21− 2µ−ripi−1

ri−1 |ei|
2µ−ripi−1

ri−1

)

·21− ripi−1
ri−1 |ei|

ripi−1
ri−1

≤ −22− 2µ
ri−1 li−1Le

2µ
ri−1
i . (60)

Secondly, from the definition of ei,

−li−1L

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)(
(zi + li−1xi−1)

mipi−1
mi−1

−(ẑi + li−1xi−1)
mipi−1

mi−1

)

≤ −li−1Le

2−mipi−1
mi−1

i

(
(zi + li−1xi−1)

mipi−1
mi−1

−(zi + li−1xi−1 − ei)
mipi−1

mi−1

)
. (61)

When ei 6= 0, by Lemma 6, letting x = zi+li−1xi−1
ei

,

ε = l

−mi−1
mi−1+mi−1pi−1
i−1 and r = mipi−1

mi−1
, we have

−li−1Le

2−mipi−1
mi−1

i

(
(zi + li−1xi−1)

mipi−1
mi−1

−(zi + li−1xi−1 − ei)
mipi−1

mi−1

)

≤ −L

(
2

mipi−1
mi−1 − 1

)
l

2mipi−1
mi−1+mipi−1
i−1 e

2
mi−1
i

+Ll
ω1

mi−1+mipi−1
i−1 (zi+li−1xi−1)

mipi−1
mi−1

+1
e

2−mipi−1
mi−1

−1

i .(62)
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When ei = 0, (62) holds automatically. By (25), (54), (59),
Lemmas 1,4, one gets

Ll
ω1

mi−1+mipi−1
i−1 (zi + li−1xi−1)

mipi−1
mi−1

+1
e

2−mipi−1
mi−1

−1

i

≤ Lα

(
|ξi|mipi−1+mi−1 + |ξi−1|mipi−1+mi−1

+|ξi−1|
rimi−1(mipi−1+mi−1)

ri−1mi

)
|ei|

2−mipi−1
mi−1

−1

≤ L

8n

i∑

j=i−1

(
ξ2
j +ξ

2µmj
rj

j

)
+Lc3

(
e

2
mi−1
i +e

2µ
ri−1
i

)
. (63)

Combining (61), (62) and (63), we have

−li−1L

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)(
(zi + li−1xi−1)

mipi−1
mi−1

−(ẑi + li−1xi−1)
mipi−1

mi−1

)

≤ −L

(
2

mipi−1
mi−1 − 1

)
l

2mipi−1
mi−1+mipi−1
i−1 e

2
mi−1
i

+
L

8n

i∑

j=i−1

(
ξ2
j + ξ

2µmj
rj

j

)
+Lc3

(
e

2
mi−1
i +e

2µ
ri−1
i

)
.(64)

Put (60), (64) together and notice 22− 2µ
ri−1 (2

mipi−1
mi−1 −

1)l
2mipi−1

mi−1+mipi−1
i−1 ≤ 22− 2µ

ri−1 , 22− 2µ
ri−1 (2

mipi−1
mi−1 − 1) ·

l

2mipi−1
mi−1+mipi−1
i−1 ≤ (2

mipi−1
mi−1 − 1)l

2mipi−1
mi−1+mipi−1
i−1 , Proposition 4

holds.

APPENDIX E
PROOF OF PROPOSITION 5

By the inductive argument, we firstly claim that for i =
2, · · · , n,

|xi − x̂i|
≤ α|ei|

mi
mi−1

(
1 + |ei|

ri
ri−1

− mi
mi−1 +

i∑

j=i−1

(
1

+|ξj |
mjri−1

rj

(
ri

ri−1
− mi

mi−1

)))
+

i−1∑

j=2

hi−1,j |ej |
mi

mj−1

·
( i−1∑

l=2

hi−1,l

(
1 + |el|

rj−1
rl−1

(
ri

rj−1
− mi

mj−1

))

+
i∑

l=1

(
1 + |ξl|

mlrj−1
rl

(
ri

rj−1
− mi

mj−1

)))
. (65)

Using (26), (54), (59), Lemmas 1-5, one has

|x2 − x̂2|
=

∣∣∣∣∣
(
(z2 + l1x1)

r2p1
r1 + (z2 + l1x1)

m2p1
m1

) 1
p1

−
(
(ẑ2 + l1x1)

r2p1
r1 + (ẑ2 + l1x1)

m2p1
m1

) 1
p1

∣∣∣∣
≤ α

∣∣∣∣(z2 + l1x1)
r2p1

r1 − (ẑ2 + l1x1)
r2p1

r1

+(z2 + l1x1)
m2p1

m1 − (ẑ2 + l1x1)
m2p1

m1

∣∣∣∣
1

p1

≤ α|e2|
m2
m1

(
1 + |e2|

r2
r1
−m2

m1 + |x2|
r1
r2

(
r2
r1
−m2

m1

))

≤ α|e2|
m2
m1

(
1 + |e2|

r2
r1
−m2

m1

+
2∑

j=1

(
1 + |ξj |

mjr1
rj

(
r2
r1
−m2

m1

)))
,

which implies that (65) is true for i = 2.
Suppose that (65) holds for i = k − 1. Then at step i = k,

by (26), (54), (59), Lemmas 1-5, it can be deduced that

|xk − x̂k|
=

∣∣∣∣
(

(zk+lk−1xk−1)
rkpk−1

rk−1 +(zk+lk−1xk−1)
mkpk−1

mk−1

) 1
pk−1

−
(

(ẑk+lk−1x̂k−1)
rkpk−1

rk−1 +(ẑk+lk−1x̂k−1)
mkpk−1

mk−1

) 1
pk−1

∣∣∣∣
≤ α|ek|

mk
mk−1

(
1 + |ek|

rk
rk−1

− mk
mk−1 + |zk+

lk−1xk−1|
rk

rk−1
− mk

mk−1

)
+ α|lk−1(xk−1−x̂k−1)|

mk
mk−1

·
(

1+|ek|
rk

rk−1
− mk

mk−1 + |zk + lk−1xk−1|
rk

rk−1
− mk

mk−1

+|lk−1(xk−1 − x̂k−1)|
rk

rk−1
− mk

mk−1

)

≤ α|ek|
mk

mk−1

(
1 + |ek|

rk
rk−1

mk
mk−1 +|ξk|

mkrk−1
rk

(
rk

rk−1
− mk

mk−1

)

+|ξk−1|mk−1

(
rk

rk−1
− mk

mk−1

))
+

k−1∑

j=2

hk−1,j |ej |
mk

mj−1

·
( k−1∑

j=l

hk−1,l

(
1 + |el|

rj−1mk
rl−1mk−1

(
rk−1
rj−1

−mk−1
mj−1

))

+
k−1∑

l=1

(
1 + |ξl|

mlrj−1mk
rlmk−1

(
rk−1
rj−1

−mk−1
mj−1

)))

·
( k−1∑

l=2

hk−1,l

(
1 + |el|

rk−1
rl−1

(
rk

rk−1
− mk

mk−1

))

+
k∑

l=1

(
1 + |ξl|

mlrk−1
rl

(
rk

rk−1
− mk

mk−1

)))

≤ α|ek|
mk

mk−1

(
1 + |ek|

rk
rk−1

− mk
mk−1

+
k∑

j=k−1

(
1+|ξj |

mjrk−1
rj

(
rk

rk−1
− mk

mk−1

)))
+

k−1∑

j=2

hk−1,j |ej |
mk

mj−1

·
( k−1∑

l=2

hk−1,l

(
1 + |el|

rj−1
rl−1

(
rk

rj−1
− mk

mj−1

))

+
k∑

l=1

(
1 + |ξl|

mlrj−1
rl

(
rk

rj−1
− mk

mj−1

)))
. (66)

Clearly, (66) implies that (65) holds for i = k.
Using (54), (66) and Lemmas 1−5, we have

−li−1L

(
e

2−mipi−1
mi−1

i + (zi + li−1xi−1)
2µ−ripi−1

ri−1

−(ẑi + li−1xi−1)
2µ−ripi−1

ri−1

)
I3,i
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≤ li−1L|li−1(xi−1 − x̂i−1)|
mipi−1

mi−1

·
(

1 + |li−1(xi−1 − x̂i−1)|
ripi−1

ri−1
−mipi−1

mi−1

+|ei|
ripi−1

ri−1
−mipi−1

mi−1 + |ξi|
miri−1

ri

(
ripi−1

ri−1
−mipi−1

mi−1

)

+|ξi−1|mi−1

(
ripi−1

ri−1
−mipi−1

mi−1

))

·
(
|ei|

2−mipi−1
mi−1 + |ei|

2µ−ripi−1
ri−1

+
i∑

j=i−1

(
|ξj |2−mipi−1 + |ξj |

(2µ−ripi−1)mj
rj

))

≤ Lc4

(
e

2
mi−1
i + e

2µ
ri−1
i

)
+

L

8n

i∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)

+L
i−1∑

j=2

hi−1,j

(
e

2
mj−1
j + e

2µ
rj−1
j

)
.

APPENDIX F
PROOF OF PROPOSITION 6

We claim that for i = 2, · · · , n + 1,

|x̂∗i |
1

mi ≤ α
i−1∑

j=1

(
|ξj |+ |ξj |

mjri
rjmi

)

+α
(
|ei−1|

1
mi−2 + |ei−1|

ri
miri−2

)

+
i−2∑

j=2

hi−2,j

(
|ej |

1
mj−1 + |ej |

ri
mirj−1

)
. (67)

Obviously, (67) holds for i = 2 due to

|x̂∗2|
1

m2 =
∣∣∣∣− β

1
m2
1

(
ξ̂1 + ξ̂

m1r2
r1m2
1

)∣∣∣∣ ≤ α

(
|ξ1|+ |ξ1|

m1r2
r1m2

)
.

Using (20), (28), (59), (65) and Lemmas 1−5, it is easy to get

|x̂k−1|
1

mk−1 =
∣∣∣∣(ẑk−1 + lk−2x̂k−2)

rk−1pk−2
rk−2

+(ẑk−1 + lk−2x̂k−2)
mk−1pk−2

mk−2

∣∣∣∣
1

mk−1pk−2

≤
(∣∣∣∣(ẑk−1 + lk−2x̂k−2)

mk−1pk−2
mk−2

−(zk−1 + lk−2xk−2)
mk−1pk−2

mk−2

∣∣∣∣
+

∣∣∣∣(ẑk−1 + lk−2x̂k−2)
rk−1pk−2

rk−2

−(zk−1 + lk−2xk−2)
rk−1pk−2

rk−2

∣∣∣∣
+|zk−1 + lk−2xk−2|

mk−1pk−2
mk−2

+|zk−1 + lk−2xk−2|
rk−1pk−2

rk−2

) 1
mk−1pk−2

≤ α
k−1∑

j=1

(
|ξj |+ |ξj |

mjrk−1
rjmk−1

)

+α

(
|ek−1|

1
mk−2 + |ek−1|

rk−1
mk−1rk−2

)

+
k−2∑

j=2

hk−2,j

(
|ej |

1
mj−1+|ej |

rk−1
mk−1rj−1

)
. (68)

Suppose (67) holds for i = k−1. At step i = k, by (67), (68),
Lemmas 1,5, it can be shown that

|x̂∗k|
1

mk =
∣∣∣∣− β

1
mk

k−1

((
x̂

1
mk−1
k−1 − x̂

∗ 1
mk−1

k−1

)

+
(

x̂
1

mk−1
k−1 − x̂

∗ 1
mk−1

k−1

)mk−1rk
rk−1mk

)∣∣∣∣

≤ α

(
|x̂k−1|

1
mk−1 + |x̂k−1|

rk
rk−1mk

+
k−1∑

j=1

(
|ξj |+|ξj |

mjrk
rjmk

)
+|ek−2|

1
mk−3+|ek−2|

rk
mkrk−3

+
k−3∑

j=2

hk−3,j

(
|ej |

1
mj−1 + |ej |

rk
mkrj−1

))

≤ α
k−1∑

j=1

(
|ξj |+ |ξj |

mjrk
rjmk

)

+α
(
|ek−1|

1
mk−2 + |ek−1|

rk
mkrk−2

)

+
k−2∑

j=2

hi−2,j

(
|ej |

1
mj−1 + |ej |

rk
mkrj−1

)
,

which implies that (67) holds for i = k.
Using (29), (67) and (68), we have

vpn = −β
1

mn+1
n

(
ξ̂n + ξ̂

mnrn+1
rnmn+1
n

)mn+1pn

= −β
1

mn+1
n

((
x̂

1
mn
n − x̂

∗ 1
mn

n

)

+
(

x̂
1

mn
n − x̂

∗ 1
mn

n

)mnrn+1
rnmn+1

)mn+1pn

≤ α

((
|x̂n|

1
mn + |x̂n|

rn+1
rnmn+1

)mn+1pn

+|x̂∗n|
mn+1pn

mn + |x̂∗n|
rn+1pn

rn

)

≤ α
n∑

j=1

(
|ξj |mn+1pn + |ξj |

mjrn+1pn

rj

)

+α

(
|en|

mn+1pn
mn−1 + |en|

rn+1pn
rn−1

)

+
n−1∑

j=2

hn−1,j

(
|ej |

mn+1pn
mj−1 +|ej |

rn+1pn
rj−1

)
. (69)

With the aid of (25), (55), (59), (69) and Lemmas 1,4,5,
(

e

2−mnpn−1
mn−1

n +
2µ− rn−1

rn−1
en(zn+ln−1xn−1)

2µ−rn−1
rn−1

−1
)

I−1
1,npn−1x

pn−1−1
n (Lvpn(x̂)+fn)(zn+ln−1xn−1)

− ω1
mn−1

≤αL

(
|en|

2−mnpn−1
mn−1

(
|ξn|mn−1−mnpn−1 +|ξn−1|mn−1−mnpn−1

+|ξn−1|
mn−1rn(mn−1−mnpn−1)

rn−1mi

)
+|en|

(
|ξn|

(2µ−2rnpn−1)mn
rn

+|ξn−1|
(2µ−2rnpn−1)mn

rn + |ξn−1|
(2µ−2rnpn−1)mn−1

rn−1

))

·
(
|ξn|mn(pn−1−1) + |ξn−1|mn(pn−1−1)+|ξn−1|

mn−1rn(pn−1−1)
rn−1

)

·
(

α
n∑

j=1

(
|ξj |mn+1pn +|ξj |

mjrn+1pn

rj +|ξj(t−τj(t))|mn+1pn
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+|ξj(t− τj(t))|
mjrn+1pn

rj +|ξj(t− τj+1(t))|mn+1pn

+|ξj(t−τj+1(t))|
mjrn+1pn

rj

)
+α

(
|en|

mn+1pn
mn−1 +|en|

rn+1pn
rn−1

)

+
n−1∑

j=2

hn−1,j

(
|ej |

mn+1pn
mj−1 + |ej |

rn+1pn
rj−1

))

≤ Lc5

(
e

2
mn−1
n +e

2µ
rn−1
n

)
+

L

8

n∑

j=1

(
ξ2
j +ξ

2µmj
rj

j

)

+
L

3

n∑

j=1

(
ξ2
j (t− τj(t)) + ξ

2µmj
rj

j (t− τj(t))

+ξ2
j (t− τj+1(t)) + ξ

2µmj
rj

j (t− τj+1(t))
)

+L
n−1∑

j=2

hn−1,j

(
e

2
mj−1
j + e

2µ
rj−1
j

)
.

APPENDIX G
PROOF OF PROPOSITION 7

We firstly prove that for i = 2, · · · , n,

|ξi − ξ̂i|
≤

i∑

j=2

[
α|ej |

mj
mj−1

(
|ej |

1
mj−1

− mj
mj−1 +|ej |

ri
rj−1mi

− mj
mj−1

+
j−1∑

l=2

hj−1,l

(
|el|

mj−1
ml−1

(
1

mj−1
− mj

mj−1

)

+|el|
rj−1
rl−1

(
ri

rj−1mi
− mj

mj−1

))
+

j∑

l=1

(
|ξl|mj−1

(
1

mj−1
− mj

mj−1

)

+|ξl|
mlrj−1

rl

(
ri

rj−1mi
− mj

mj−1

)))

+
j−1∑
q=2

hj−1,q|eq|
mj

mq−1

(
|ej |

mq−1
mj−1

(
1

mq−1
− mj

mq−1

)

+|ej |
rq−1
rj−1

(
ri

rq−1mi
− mj

mq−1

)
+

j−1∑

l=2

hj−1,l

(
|el|

mq−1
ml−1

(
1

mq−1
− mj

mq−1

)

+|el|
rq−1
rl−1

(
ri

rq−1mi
− mj

mq−1

))
+

j∑

l=1

(
|ξl|mq−1

(
1

mq−1
− mj

mq−1

)

+|ξl|
mlrq−1

rl

(
ri

rq−1mi
− mj

mq−1

)))]
. (70)

By (20), (26), (28), (29), (54), (59), and Lemmas 1-5, we have

|ξ2 − ξ̂2|
≤ α|x2 − x̂2|

(
|x2 − x̂2|

1
m2
−1 + |x2|

1
m2
−1

)

≤ α

( ∣∣∣(z2 + l1x1)
m2p1

m1 − (ẑ2 + l1x1)
m2p1

m1

∣∣∣

+
∣∣∣(z2 + l1x1)

r2p1
r1 − (ẑ2 + l1x1)

r2p1
r1

∣∣∣
) 1

p1

·
((∣∣∣∣(z2 + l1x1)

m2p1
m1 − (ẑ2 + l1x1)

m2p1
m1

∣∣∣∣

+
∣∣∣∣(z2 + l1x1)

r2p1
r1 − (ẑ2 + l1x1)

r2p1
r1

∣∣∣∣
) 1

m2p1
− 1

p1

+|ξ2|1−m2 + |ξ1|1−m2 + |ξ1|
m1r2(1−m2)

r1m2

)

≤ α|e2|
m2
m1

(
1 + |e2|

r2
r1
−m2

m1 + |ξ2|
m2r1

r2

(
r2
r1
−m2

m1

)

+|ξ1|m1

(
r2
r1
−m2

m1

))(
|e2|

1−m2
m1 + |e2|

r2(1−m2)
m2r1

+|ξ2|1−m2 + |ξ1|
m1r2(1−r2)

r1m2

)

≤ α|e2|
m2
m1

(
|e2|

1
m1
−m2

m1 + |e2|
r2

m2r1
−m2

m1

+
2∑

l=1

(
|ξl|m1

(
1

m1
−m2

m1

)
+ |ξl|

mlr1
rl

(
r2

m2r1
−m2

m1

)))
,

which implies that (70) is true for i = 2.
Suppose that (70) holds for i = k − 1, by (25), Lemma 3,

then

|ξk − ξ̂k|
≤

∣∣∣∣x
1

mk

k − x∗k
1

mk −
(

x̂
1

mk

k − x̂
∗ 1

mk

k

)∣∣∣∣
≤ α|xk−x̂k|

(
|xk−x̂k|

1
mk

−1+|xk|
1

mk
−1

)
+ α|ξk−1−ξ̂k−1|

·
(

1+|ξk−1−ξ̂k−1|
mk−1rk
rk−1mk

−1+|ξk−1|
mk−1rk
rk−1mk

−1
)

. (71)

From (26), (28), (54), (59), (65), and Lemmas 1,4,5, it follows
that

α|xk − x̂k|
(
|xk − x̂k|

1
mk

−1 + |xk|
1

mk
−1

)

≤ α|ek|
mk

mk−1

(
|ek|

1
mk−1

− mk
mk−1 + |ek|

rk
rk−1mk

− mk
mk−1

+
k−1∑

l=2

hk−1,l

(
|el|

mk−1
ml−1

(
1

mk−1
− mk

mk−1

)

+|el|
rk−1
rl−1

(
rk

rk−1mk
− mk

mk−1

))
+

k∑

l=1

(
|ξl|mk−1

(
1

mk−1
− mk

mk−1

)

+|ξl|
mlrk−1

rl

(
rk

rk−1mk
− mk

mk−1

)))

+
k−1∑

j=2

hk−1,j |ej |
mk

mj−1

(
|ek|

mj−1
mk−1

(
1

mj−1
− mk

mj−1

)

+|ek|
rj−1
rk−1

(
rk

rj−1mk
− mk

mj−1

)

+
k−1∑

l=2

hk−1,l

(
|el|

mj−1
ml−1

(
1

mj−1
− mk

mj−1

)

+|el|
rj−1
rl−1

(
rk

rj−1mk
− mk

mj−1

))
+

k∑

l=1

(
|ξl|mj−1

(
1

mj−1
− mk

mj−1

)

+|ξl|
mlrj−1

rl

(
rk

rj−1mk
− mk

mj−1

)))
. (72)

By (54), (70) and Lemmas 1,4,5, we have

α|ξk−1 − ξ̂k−1|
(

1 + |ξk−1 − ξ̂k−1|
mk−1rk
rk−1mk

−1

+|ξk−1|
mk−1rk
rk−1mk

−1
)

≤
k−1∑

j=2

[
α|ej |

mj
mj−1

(
|ej |

1
mj−1

− mj
mj−1 +|ej |

rk
rj−1mk

− mj
mj−1

+
j−1∑

l=2

hj−1,l

(
|el|

mj−1
ml−1

(
1

mj−1
− mj

mj−1

)

+|el|
rj−1
rl−1

(
rk

rj−1mk
− mj

mj−1

))
+

j∑

l=1

(
|ξl|mj−1

(
1

mj−1
− mj

mj−1

)
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+|ξl|
mlrj−1

rl

(
rk

rj−1mk
− mj

mj−1

)))

+
j−1∑
q=2

hj−1,q|eq|
mj

mq−1

(
|ej |

mq−1
mj−1

(
1

mq−1
− mj

mq−1

)

+|ej |
rq−1
rj−1

(
rk

rq−1mk
− mj

mq−1

)
+

j−1∑

l=2

hj−1,l

(
|el|

mq−1
ml−1

(
1

mq−1
− mj

mq−1

)

+|el|
rq−1
rl−1

(
rk

rq−1mk
− mj

mq−1

))
+

j∑

l=1

(
|ξl|mq−1

(
1

mq−1
− mj

mq−1

)

+|ξl|
mlrq−1

rl

(
rk

rq−1mk
− mj

mq−1

)))]
. (73)

Substituting (72), (73) into (71) yields (70) with i = k.
Applying Lemmas 4,5 to (70), one has

|ξn − ξ̂n|
≤ α

(
|en|

1
mn−1+|en|

rn
mnrn−1

)
+

n−1∑

j=2

hn−1,j

(
|ej |

1
mj−1

+|ej |
rn

mnrj−1

)
+

n∑

j=2

(
|ξj |+|ξj |

mjrn

rjmn

)
. (74)

By (54), (74), Lemmas 1,3,4,5, then

L

(
ξ2−mn+1pn
n + ξ

(2µ−rn+1pn)mn
rn

n

)
(vpn − x∗pn

n+1)

≤ αL

(
ξ2−mn+1pn
n + ξ

(2µ−rn+1pn)mn
rn

n

) (
|ξn − ξ̂n|

+
∣∣∣∣ξ

mnrn+1
rnmn+1
n − ξ̂

mnrn+1
rnmn+1
n

∣∣∣∣
)mn+1pn

≤ αL|ξn − ξ̂n|mn+1pn

(
|ξn|2−mn+1pn + |ξn|

(2µ−rn+1pn)mn
rn

)

·
(

1 + |en|
rnmn+1pn

rn−1mn

(
mnrn+1
rnmn+1

−1
)

+
n−1∑

j=2

hn−1,j

(
1 + |ej |

rnmn+1pn
rj−1mn

(
mnrn+1
rnmn+1

−1
))

+
n∑

l=1

(
1 + |ξl|

rnmjmn+1pn

rjmn

(
mnrn+1
rnmn+1

−1
)))

≤ Lc6

(
e

2
mn−1
n + e

2µ
rn−1
n

)
+ L

n−1∑

j=2

hn−1,j

(
e

2
mj−1
j + e

2µ
rj−1
j

)

+
L

4

n∑

j=1

(
ξ2
j + ξ

2µmj
rj

j

)
.
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