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   Dear Editor,

This  letter  deals  with  the  set  stabilization  of  stochastic  Boolean
control  networks (SBCNs) by the pinning control  strategy,  which is
to realize the full control for systems by imposing control inputs on a
fraction  of  agents.  The  pinned  agents  are  determined  based  on  the
information on the network structure, rather than the whole state tran-
sition, of an SBCN. Regarding each pinned agent, a mode-dependent
pinning  controller  and  a  more  economical  mode-independent  pin-
ning controller are designed to stabilize SBCNs towards a given state
set.  Finally,  a  90-nodal  T-cell  receptor  signaling  network  is  pre-
sented to illustrate the theoretical validity of the obtained results.

SBCN  is  a  stochastic  and  controlled  counterpart  of  Kauffman’s
Boolean  networks  (BNs)  [1]  to  model  gene  regulatory  networks
under  uncertain  gene  interactions  and  therapeutic  interventions.  In
the SBCN model,  the expression of genes is  quantified as states “1”
(ON)  and “0” (OFF),  and  the  state  update  obeys  logical  functions,
randomly  selected  from  a  candidate  set  at  each  time  step.  Beyond
biological systems, the SBCN model has attracted considerable atten-
tion  in  potential  games  [2],  multi-agent  systems  [3],  networked
knowledge  [4],  and  smart  home  [5].  Stabilization,  as  an  essential
issue in SBCNs, reveals the ability of systems to reach and stay at a
desired attractor (fixed state or state set) [6]–[8]. As discovered in the
large  granular  lymphocyte  [9],  the  full-zero  steady  state  manifests
programmed cell death, while some states indicate healthy and bene-
ficial situations.

Recent  efforts  towards  addressing  SBCN-related  problems  are
mainly  based  on  the  algebraic  state  space  representation  (ASSR)
approach [10]. The main idea of this approach is to convert the logi-
cal  function  into  an  algebraic  form with  a  state  transition  matrix  of
exponential dimension. Although this approach facilitates the analy-
sis  and  control  of  SBCNs,  it  encounters  a  high  computational  com-
plexity,  which  restricts  the  application  to  small-scale  networks.
Lately, a remarkable framework is established in [11]–[13] to handle
the (set) stabilization, controllability, and their minimal node control

problems  of  large-scale  BNs  by  integrating  the  information  on  the
network structures. It not only mitigates the uncertainties in the nodal
dynamics  but  also  maintains  the  time  complexity  of  designing  pin-
ning  controllers  for  BNs  at  a  relatively  low  level.  However,  these
works focus on deterministic BNs, rather than a more general SBCN
model.

2n

Motivated by the above discussion, this letter aims to design a dis-
tributed pinning control scheme to stabilize SBCNs towards a given
state set from the network-structural viewpoint. Key novelties of this
scheme are three aspects: 1) The pinned agent is determined by find-
ing the arcs from the non-functional agent set to the functional agent
set,  the minimum feedback arc set,  and the agent  with an undesired
steady  state.  Compared  with  the  pinned  agent  selection  in  [14]  and
[15],  our  method  only  uses  the  information  of  the n-nodal  network
structure  instead  of  the -nodal  state  transition,  which  extremely
reduces  the  time  complexity.  2)  Mode-dependent  pinning  controller
to  stabilize  SBCNs is  proven to  exist.  To  reduce  the  control  cost,  a
mode-independent  pinning  controller  is  further  designed.  3)  A  bio-
logical example is presented to reveal that this control design scheme
is applicable to therapeutic interventions for large-scale T-cell recep-
tor signaling networks.
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Notations: Throughout  this  letter, ;  is  the  modular
addition  operation  over  the  field ; ;  is  the
k-th column of the n-dimensional identity matrix; 

;  is  the  semi-tensor  product  of  matrices;  is  the
Kronecker  product  of  matrices; ;

 is the i-th column of matrix A;  is the cardinality of set S.
mProblem  statement: Consider  the  SBCN  with n agents  and 

modes as
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where  is the state variable of agent i;  is the set of
in-neighbors  for  agent i;  is  the  switching  signal;

 is a logical function;  is the control input;
 is  the  binary  Boolean  operator  that  couples

control input  and original dynamic equation . Here, the set
of  agents  that  should  be  imposed  controller  is  denoted  by  Λ  and  is
hereafter called pinned agent set.

Many  dynamics  issues,  including  synchronization,  observability,
output  tracking,  and  stabilization  to  a  single  state,  can  be  trans-
formed into a  set  stabilization problem [16].  Before proceeding fur-
ther, we define set stabilization of SBCN (1) under pinning control.

S ⊆ Bn

T > 0 Pr {x(t) :=
(x1(t), x2(t), . . . , xn(t))T ∈ S

}
= 1 t ≥ T

Definition  1  [16]:  Given  a  state  set ,  SBCN  (1)  is  said  to
achieve  the  finite-time S-stabilization  with  probability  one  by  pin-
ning  control  if  there  exists  an  integer  such  that 

 holds for all .
S ⊆ BnMain  results: Given  a  desired  state  set ,  the  feasible  pin-

ning controller to S-stabilize SBCN (1) can be designed by two steps:

S ⊆ Bn N[1:n]
Ωc

Step  1:  Determine  the  pinned  agent  set  Λ.  Regarding  the  desired
state set ,  we first divide the agent set  into two disjoint
subsets Ω and  as
 

Ω :=
{
i ∈ N[1:n] | x ∈ S, x+B δin ∈ S

}
, Ωc := N[1:n] \Ω. (2)

Ωc

Ξ1
Ωc

Ξ1

It indicates that the agent in Ω could be in an arbitrary state, that is, 1
or  0,  which  does  not  affect  the S-stabilization  of  SBCN  (1).  In
reverse, agents in  should maintain their states to realize the S-sta-
bilization  of  SBCN  (1).  In  this  case,  we  denote  by  the  arc  set,
which  contains  the  arcs  from  the  agents  in  Ω  to  the  agents  in .
After that, collect the ending vertices of arcs in  into the set 
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Λ1 :=
{
i ∈Ωc | Nσ(t)

i ∩Ω , ∅, σ(t) ∈ N[1:m]
}
. (3)

G := (V,E) V := N[1:n] E := {e j→i | j ∈ Nσ(t)
i ,σ(t) ∈ N[1:m],

i ∈ N[1:n]} Ωc G
GΩc := (VΩc ,EΩc ) VΩc := Ωc EΩc := E∩ (Ωc ×Ωc)

GΩc Ξ2
GΩc

Ξ2

Next,  we denote  the  network structure  of  SBCN (1)  by  a  digraph
 with  and 

.  Regarding ,  we  further  denote  a  sub-digraph  of  by
 with  and . Here, we

find the minimum feedback arc set in  as , which contains the
minimum number of arcs whose deletion can make  acyclic. The
algorithm  for  finding  the  minimum  feedback  arc  set  in  a  given
digraph please refer to [13]. Subsequently, let the agent set that con-
tains the ending vertices of arcs in  be
 

Λ2 :=
{
i ∈Ωc | e j→i ∈ Ξ2

}
. (4)

i ∈Ωc N̂σ(t)
i
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κ
i

)
∩Ω = ∅

i ∈Ωc κ ∈ N[1:m]

ακi ∈ B ακi = f κi

(
[ακj] j∈N̂κi

)
Finally,  for  agent ,  its  in-neighbor  set  becomes  after

deleting  the  in-arcs  in .  It  indicates  that .
Denote  the  steady  state  of  each  agent  in  mode  by

,  which  satisfies .  Accordingly,  we  denote
by
 

Λκ3 := Ωc \
{
i ∈Ωc | x ∈ S, (δin)T x = ακi

}
(5)

the  set  of  agents  whose  steady  state  is  unequal  to  the  desired  state.
Combined with the above results, the pinned agent set is obtained as
 

Λ = Λ1∪Λ2∪
 m∪
κ=1

Λκ3

 . (6)

uσ(t)
i ⊙σ(t)

i
uσ(t)

i

Step  2:  Construct  control  input  and  logical  coupling .
Here, the mode-dependent control input  is in the feedback form
 

uσ(t)
i (t) = hσ(t)

i

(
[x j(t)] j∈Nσ(t)

i

)
(7)

hσ(t)
i

i ∈ Λ
uσ(t)

i ⊙σ(t)
i

where  is  a  logical  function.  As  proved  in  [14],  regarding  each
pinned agent , feasible mode-dependent pinning controllers (that
is,  and ) always exist.

i ∈ Λ
By  resorting  to  the  ASSR  approach  [10],  the  algebraic  form  of

dynamics (1) for  is derived as
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where , , and  are the structure matrices of , ,
and , respectively. Note that  and  can uniquely deter-
mine  and , respectively. Furthermore, after deleting the in-
arcs  in  and  shifting  the  steady  state  of  agents  in ,  the
dynamics for  are turned to
 

xi(t+1) = ⊘σ(t)
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i
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¬ i ∈ Λσ(t)
3

where  is a logical function, and  is a conditional operator,
which is assigned NOT operator “ ” if  and vanishes other-
wise. Its algebraic form is derived as
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where  is the structure matrix of  for  and of 
for  others,  and  is  the  dummy matrix,  whose  construction  can
be referred to [13]. In what follows, we present the feasible pinning
control design scheme for S-stabilizing SBCN (1).

S ⊆ Bn

⊙σ(t)
i , hσ(t)

i (i ∈ Λ)

Theorem 1: Given a state set , SBCN (1) is finite-time S-sta-
bilized  with  probability  one  under  the  pinning  controller  with  Λ
determined as (6) and  solved from the equations
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Ξ1∪Ξ2 Ξ1

Proof: Under such designed pinning controllers, the dynamic equa-
tion  of  pinned agent  turns  to  (8).  In  this  case,  the  in-neighbor
set  for  agent  turns  to ,  which  is  obtained  from  by
deleting the in-arcs in .  Deleting the in-arcs in  eliminates
the impact of agents in Ω on the controlled agent i.  Without loss of

p ∈ Nσ(t)
i ∩Ωgenerality, assume . It holds
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)
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a j ∈ B, j ∈ N[1:n] \ {p} η0
p := (a1,a2, . . . ,ap = 0, . . . ,an)T ∈ S

η1
p := (a1,a2, . . . ,ap = 1, . . . ,an)T ∈ S. η0

p
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From  the  definition  of  Ω  in  (2),  there  exists  a  series  of  entries
,  such  that 

and  Starting  from  state  (or
), the next state of SBCN (1) obeying mode  is defined as

 (or ). If  (or ), it must hold
 (or ) owing to  and (10). It leads to the

observation that SBCN (1) will be unstable although it reaches a sta-
ble state  (or ) in S.

Ξ2 GΩc GΩc

m m
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Ωc Gκ
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ακi ∈ B i ∈ Λσ(t)
3 α
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i

¬ασ(t)
i σ(t) i ∈ Λσ(t)

3

Furthermore, deleting the arcs in  makes  acyclic. Since 
is  the  union  of  network  structures  corresponding  to  modes  of
SBCN  (1),  then,  for  each  mode ,  its  network  structure
induced  by  the  agents  in ,  denoted  by ,  is  also  acyclic.  Note
that . By referring to [17], one can draw the conclu-
sion that, regarding each mode , agent  is stabilized at
a  fixed  state,  termed  as .  If ,  steady  state  is  not
the  value  of  the i-th  entry  of  a  state  in S and  should  be  shifted  to

.  Therefore,  in  mode ,  the  dynamic  equation  for 
has an additional NOT operator. ■

i ∈ Λ

Theorem  1  provides  a  way  to  solve  all  feasible  mode-dependent
pinning controllers,  which exist  for  any SBCN (1).  To save switch-
ing devices, we prioritize imposing the following mode-independent
pinning controller on :
  uσ(t)

i (t) = ui(t) := hi
(
[x j(t)] j∈Ni

)
,

⊙σ(t)
i = ⊙i,

∀ σ(t) ∈ N[1:m] (11)

Ni :=
∪m
κ=1N

κ
i hi ⊙iwhere ,  is  a  logical  function,  and  is  the  binary

Boolean operator. Next, we explore the existence condition of feasi-
ble mode-independent pinning controllers to S-stabilize SBCN (1).

i ∈ Λ

i ∈ Λ

Theorem 2: To transform the dynamics of agent  into (8) such
that  SBCN (1)  is S-stabilized,  mode-independent  pinning  controller
is feasible for agent  if and only if it holds
 

N[1:2|Ni |] ∈ {Θa
i ∪Θ

b
i | a,b ∈ N[1:4]} (12)

with
 

Θ1
i := { j | Col j(Fκi Ŵκi ) = Col j(F̂κi W̆κi ), κ ∈ N[1:m]}
Θ2

i := { j | Col j(Fκi Ŵκi ) , Col j(F̂κi W̆κi ), κ ∈ N[1:m]}
Θ3

i := { j | Col j(F̂κi W̆κi ) = δ12, κ ∈ N[1:m]}
Θ4

i := { j | Col j(F̂κi W̆κi ) = δ22, κ ∈ N[1:m]} (13)
Ŵκi W̆κiwhere  and  are dummy matrices.

i ∈ Λ
Proof: According to Theorem 1, a mode-independent pinning con-

troller is feasible to transform the dynamics of agent  into (8) if
and only if the following equations are solvable:
 

MiHi[I2|Ni | ⊗ (Fκi Ŵκi )]Φ2|Ni | = F̂κi W̆κi , κ ∈ N[1:m], i ∈ Λ (14)
Mi Hi ⊙i hi

Fκi Ŵκi F̂κi W̆κi
Θ1

i , Θ
2
i , Θ

3
i Θ4

i
Mi =: [M1

i ,M
2
i ] M1

i M2
i δ2[1,2], δ2[2,1], δ2[1,1]

δ2[2,2]

Θ1
i , Θ

2
i , Θ

3
i Θ4

i

where  and  are the structure matrices of  and . The relation
between the columns of matrices  and  has four possible
cases,  indicated  by ,  and .  They,  respectively,  induce

 with  and  valued from  ,
and . Therefore, equations (14) are solvable if and only if all
the columns can be fully contained by at most two of the cases indi-
cated by , and , that is, Condition (12). ■

O(|S|n+∑i∈Ωc |Ni||Λ|+n2 + |Λ|2max
i∈Λ
|Ni |) O(2n)

Remark  1:  Regarding  SBCN  (1),  its  distributed  pinning  control
design  based  on  network  structure  makes  the  time  complexity  be

.  It  breaks -barrier  in
traditional pinning control design methods (see, e.g.,  [14] and [15]),
and thus can be applied to large-scale systems.

x1

Biological example: Consider a 90-nodal T-cell receptor signaling
network, whose logical rule governing the state update of each node
is shown in [18]. Since costimulatory molecule CD28 ( ), corecep-
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x2 x3

S = {(1,1,1, x4, . . . , x90)T | x4, . . . ,
x90 ∈ B} x13 x14 x80

8

tors  CD4 ( ),  and TCRlig ( )  have an impact  on the activation of
key transcription factors in T cells [18],  their desired states are ON,
and the target state set is assigned as 

. Besides, camk2 ( ), camk4 ( ), and rlk ( ) are Kinase
molecules  [18].  Their  different  combinations  of  states  can  induce 
possible modes of an SBCN.

Ω = N[4:90] Ωc = {1,2,3}
Ξ1 = {e14→2,e15→2} Λ1 = {2}

GΩc

Ξ2 = {e1→1,e2→2} Λ2 = {1,2}
1, 2, 3

The process of determining the pinned nodes is illustrated in Fig. 1.
First, by (2), one can calculate  and . As indi-
cated in Fig. 1(a),  it  derives ,  and thus .
Furthermore, one can obtain sub-digraph  as Fig. 1(b). It derives

,  and  thus .  The  dynamics  of  agents
 are, respectively, established as

 

x+1 = x1, x+2 =
{
¬x15∧ [x1∨ (¬x1∧ x2)], σ = 1,2,5,6,
¬x15∧ x1∧ x2, σ = 3,4,7,8,

x+3 = x2

x+ f1(x1 = 1) =
1 f2(x1 = 1, x2 = 1, x15 = 0) = 1 f2(x1 = 1, x2 = 1, x15 =1) = 0
f3(x2 = 1) = 1 Λκ3 = {2}, κ ∈ N[1:8]

Λ = {1,2}

where  represents the state at the next time step. Since 
, , ,  and

, one obtains .  Therefore,  the pinned
node set is .
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G GΩc

Fig. 1. Illustration of pinning controlled T-cell receptor signaling network. (a)
Sub-digraph ; (b) Sub-digraph .
 

Fκ1 = δ2[1 2]
F̂κ1Wκ1 = δ2[1 1] κ ∈ N[1:8] Fκ2 = δ2[2,1,2,1,2,1,2,2]
F̂κ2Wκ2 = δ2[1,1,1,1,1,1,1,1] κ = 1,2,5,6 Fκ2 = δ2[2,1,2,2,
2,2,2,2] F̂κ2Wκ2 = δ2[1,1,1,1,2,2,2,2] κ = 3,4,7,8

Θ3
1 = N[1:2] 2

Θ1
2 = {2,6} Θ

2
2 = {1,3} Θ

3
2 = {1,2,3,4}

Θ4
2 = ∅ M1 =

δ2[1,1,1,2] H1 = δ2[2,1] ⊙1 = ∨
u1 = ¬x1

κ = 1,2,5,6 Mκ2 = δ2[1,1,1,2] Hκ2 = δ2[1,2,1,2,1,1,1,1]
⊙κ2 = ∨ uκ2 = ¬x1∨ x15 κ = 3,4,7,8 Mκ2 = δ2[1,2,2,1]

Hκ2 = δ2[2,1,2,2,1,1,1,1] ⊙κ2 =↔ uκ2 = ¬x1∨
(¬x15∧ x2)

According  to  Theorem  1,  we  calculate  that  and
 for  all ;  and

 for ,  while 
 and  for .  By  The-

orem 2, mode-independent pinning controller is feasible for Agent 1
owing  to  but  is  infeasible  for  Agent  since  Condition
(12)  does  not  hold  for , , ,  and

.  By  solving  (9),  one  can  obtain  a  feasible  solution  as 
 and ,  which  correspond  to  and

.  Then,  by  solving  (14),  one  can  obtain  a  feasible  solution
as,  for ,  and ,
that is,  and ; for , 
and ,  that  is,  and 

.

(x1(t), x2(t), x3(t)) (1,1,1)

Under  the  above-designed  pinning  controller,  the  state  transition
graph of SBCN (1) is derived as Fig. 2. Fig. 2(a) indicates the global
state  transition  with  398  cyclic  attractors,  and Fig. 2(b)  shows  that

 starting from any state will evolve into .

Conclusion: This letter has investigated the problem of stabilizing
SBCNs via  a  distributed  pinning  control  strategy.  The  pinned agent

O(n2) O(2n)

set  has  been determined based on the  network structure,  and subse-
quently,  mode-dependent  and mode-independent  pinning controllers
have  been  constructed.  A biological  example  indicates  that  stabiliz-
ing  a  90-nodal  T-cell  receptor  signaling  network  to S can  only
impose  controllers  on  two  agents.  Besides,  the  maximum  in-degree
of all agents being 4 contributes to the time complexity of controller
design here being , which is much less than  in [14] and
[15].
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Fig. 2. Illustration of pinning controlled T-cell receptor signaling network.
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