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Letter

Finite-Horizon 1,-1, State Estimation for Networked

Systems Under Mixed Protocols

Jiyue Guo, Yuanlong Yue, Baoye Song, and Zhongyi Zhao

Dear Editor,

This letter is concerned with the finite-horizon /p—/, state estim-
ation (SE) problem for a class of networked time-delay systems
where the measurements are transmitted through two individual com-
munication channels. With the aim of preventing the transmitted data
from conflicts, the signal transmissions over such the communica-
tion channels are scheduled by different communication protocols,
namely the stochastic communication protocol (SCP) and Round-
Robin protocol (RRP). A mixed scheduling model is proposed to
describe the transmission behaviors subject to such two protocols.
The objective of this letter is to design an estimator such that the esti-
mation error achieves the desired finite-horizon /,—l, performance in
the mean square. By using the Lyapunov stability theory, a sufficient
condition is proposed to guarantee the existence of the desired esti-
mator. An illustrative simulation example is given to verify the effec-
tiveness and correctness of the proposed design scheme.

In the past decades, the SE problem has become a hot research
topic in the field of signal processing and control leading to a great
number of excellent results published in the literature, see e.g., [1]
and [2]. At the same time, a lot of SE techniques have been reported
such as the set-membership SE [3], /)l SE [4] and variance-con-
strained SE [5]. Among others, the -, SE method has been found
suitable to deal with square-summable noises. Note that due to vari-
ous reasons such as temperature fluctuations and component ageing
[6], almost all practical systems contain certain time-varying parame-
ters. In such a case, the traditional /I, SE technique that is imple-
mented over an infinite-horizon is no longer suitable. Accordingly, it
makes practical sense to study the /-l SE problem over a finite-
horizon.

For two decades, due to the rapid development of network techni-
ques, networked systems (NSs) have received tremendous research
attention leading to a great many references reported [2], [7] and [8].
In NSs, due to the limited bandwidth, it is unrealistic to allow all the
sensors to connect to the shared communication channel simultan-
eously [9]. As such, many communication protocols have been
employed to schedule the order of the sensors such as the RRP [3]
and [10], the SCP [9] and the try-once-discard protocol [11]. It is
worth mentioning that in most existing results concerning the
SE/control problems for NSs with protocols, it is assumed that only
one-type communication protocol is utilized to schedule network
resources. Such an assumption, however, is not always true since it is
necessary sometimes to adopt two or more different protocols
(namely the mixed protocols) simultaneously in some complex wire-
less networks such as heterogeneous wireless networks applied in the
context of 5G networks which contain multiple infrastructure points
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with various wireless access technologies [12] and [13].

Summarizing the aforementioned discussion, it seems interesting to
study the finite-horizon l,—I. SE problem for NSs under mixed pro-
tocols. It is worth mentioning that this is a non-trivial problem since
there are two essential problems to be solved: 1) How to analyze the
Il performance under the effects of mixed protocols? and 2) How
to establish a criterion for the existence of the desired estimator?
Therefore, the main purpose of this letter is to answer the above
questions. The primary contributions of this letter are highlighted as
follows. 1) The finite-horizon l,—I« SE problem is, for the first time,
studied for NSs under mixed protocols. 2) By utilizing the stochastic
analysis technique, a theoretical framework is established to design
the estimator parameters ensuring the finite-horizon /p—lo, perfor-
mance for the estimation error under mixed protocols.

Problem formulation:

Plant: The following NS on the finite horizon [0, N] is considered:

x(s+1) = A(s)x(s) + B(s)x(s —d) + E(s)w(s)

yi(s) = Ci($)x(s) + Di(s)vi(s), =12

2(s) = H(s)x(s)

x(8)=¢(s), —-d<s<0
where x(s) € R™ denotes the system state; y;(s) € R™ represents the
measurement signal of the /th sensor node; z(s) € R’= is the signal to
be estimated; w(s) € L([0,N],R¥) is the process noise;
vi(s) € [L([0,N],R") denotes the measurement noise; d is the known
constant; ¢(s) is a given initial value; and A(s), E(s), B(s), Ci(s),
D(s) and H(s) are known matrices with appropriate dimensions.
Transmission model: Consider the case that the sensors of system
(1) are grouped into two sensor nodes according to their physical
locations. In this situation, two communication channels, namely
Channels 1 and 2, are deployed to transmit the signals from such two
sensor nodes. As discussed in Introduction, the so-called mixed pro-
tocols are utilized to schedule the signal transmissions over Chan-
nels 1 and 2. To be specific, RRP and SCP are employed to schedule
the signal transmissions in Channels 1 and 2, respectively. In the fol-
lowing, let us introduce the transmission behaviors over such mixed
protocols in Channels 1 and 2 in detail.

For the channel /€ {1,2} with the protocol scheduling, only one
measurement output of the sensor node is allowed to utilize the corres-
ponding channel to send its measurement to the remote estimator at
each time instant for the purpose of preventing transmissions from
data collisions. Particularly, letting
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with y; (s) €R being the eth measurement output of the /th sensor
node for e =1,2,...,ny, at a certain time instants. Only one meas-
urement signal y;((s) (€=1,2,...,ny) is permitted to access to the
channel / at each transmission instant. Letting the label of the signal
having right to use channel / at time s be &(s), we have from the
scheduling of the RRP [3] and SCP [9] that

1) £1(s) can be described by

&1(s) =mod(s—1,ny,) + 1. 3)

2) &(s) is governed by a homogeneous Markov chain with the

transition probability matrices I1 = [p; j]ny2 xn, being

Prob{é&r(s+1) = jlé2(s) = i} = pij, i,je€{l,...,ny,} 4
where p;; > 0 is the transition probability from i to ;.
Denote the measurement output after being transmitted at time
instant s via the channel / as y;(s). Then, by employing the zero-order
holder, the update principle of y;(s) can be modeled by

V1(8) = Qg (5yy1(8) + (I — Pgy(5))Ji(s — 1) (5)
where @) = diag{o(&(s) —1),...,0(&(s) —ny,)} and o(a) €{0,1} is

the Kronecker delta function which is a binary function that equals 0
if a = 1 and equals 1 otherwise.
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Structure of estimator:
Denote v(s) = [V (s) vE(9)]7, 5(s) = [57(s) 75()] and y(s) 2
[le(s) yg(s)]r. From (1) and (5), we have

{?(S) =g, (5).65(5)Y(8) + (I = Dy (5).65(5))¥(s = 1) ©)
Y(s) =C(s)x(s) + D(s)v(s)

where C(s), D(s) and @, (5)4,(s) can be straight-forwardly derived
from (1) and (5).

Proposition 1: &(s) € {1,2,...,ny,} and &(s) €{1,2,...,ny,} can be
mapped to the sequence d(s) € {1,2,...,ny,ny,} by the following map-
ping W(-,-):

3(s) = W(&1(5),£2(5)) = &2(8) +(£1(5) — Dy, @)

Moreover, for a given §(s), the values of &(s) and &(s) can be
derived by

&2(s) =¥2(6(5)) = mod(6(s) — 1,ny,) +1

. [0()—1 (®)
&1(s) =¥1(5(s)) = { JH'
Y2
Proof: The proof is quite straightforward and is therefore omitted
for conciseness. |

It is obvious from Proposition 1 that there is a one-to-one corre-
spondence between the pair (£1(s),&2(s)) and the variable d(s).
Hence, we can easily derive from (8) that for Ym,n € {1,2,...,ny,ny,},

Ggmn = Prob{d(s + 1) = n|6(s) = m}
= Prob{£1(s + 1) = ¥1(n)I§1 (s) = Y1 (m)}
X Prob{é2(s+1) = Ya(m)lé2(s) = P2 (m)}

_{ Py ifW1(n) = mod(s,ny, ) + 1
=10

otherwise
where i 2 W5(m) and j 2 W, (n).
According to Proposition 1, we can rewrite y(s) as follow:
V() = Ds(5)y(s) + (I = De(5))F(s — D).
w(s .| x(s
v((s)) ] and n(s) = [y(s(-)l)
(s +1) = As()($)n(s) + B(s)n(s — d) + Cy5)(5)@(s)
F(8) = As(5)(n(s) + Cs(s) (9)(s)
2(s) = H(s)n(s)
where A(s(s)(s), I‘_I(S), B(s), A(s(s)(s), C_'g(s)(s) and Cg(s)(s) can be
straight-forwardly derived from (1), (6) and (10).

Let 7(s) and Z(s) be the estimates of 7n(s)and z(s), respectively.
Then, construct the estimator for system (11) as follows:

s+ 1) = B(s)fi(s — d) + As(s) ($)7i(5)
+ Ks(s5)(5)(F(s) = $(s))
2(s) = H(s)A(s)
where Ks(5)(s) (0(s) € {1,2,...,ny,ny,}) is the estimator gain matrix to
be designed.
Denote z(s) = z(s) —2(s) and e(s) = n(s) —A(s). We have
{e(s+ 1) = B(s)e(s —d) + Ass)(5)e(s) + Cos) ()(s) (13)
2(s) = H(s)e(s)
where AV(;( 5)(8), H(s), éé( 5)(s) and B(s) can be derived straight-for-
wardly from (11) and (12).
Definition 1 [6]: Let the positive integer N and the disturbance

attenuation level y > 0 be given. The SE error system (13) is said to
achieve the finite-horizon /-1 performance index if

)

(10)

Denoting @(s) = [ ], we have

(11)

(12)

N 0
sup B (92(9)} <7 ) 0T @a9)+y* ) WS 1e)  (14)

0<s<N —d
where S| is a given positive definite matrix (PDM).

The purpose of this letter is to design the estimator (12) such that
the SE error system (13) achieves the finite-horizon /)—l., perform-
ance index.

Main results: In this section, We will give a sufficient condition to

¢=0
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guarantee that the system (13) achieves the prescribed finite-horizon
Ir—1 performance index.

Theorem 1: Let the disturbance attenuation level y and the PDM S
be given. Assume that, with the initial conditions max{P(0),

.....

{Pm($)}setony and  {Q()}se(-d,—d+1,...0jujo.N-11a0d  {Z($)}sefo,N-1]
such that the following linear matrix inequalities (LMIs) hold for
VYm,ne€{l,2,...,nyny,}:

“Pu(s)+0(s) 0 0 ARY(s)
* —Q(s— BT K P S
A(s) 2 Q(s—d) 0 BT(s)P(s+1) <0 (15)
* * -1 /\534)(&)
* *® * —[_’(S+1)
H" ()H(s) < ¥*Pu(s) (16)
where

AGD(s) 2 AT B(s+1) - AL ()70 (s)
ASY(s) 2 CT(5)P(s+ 1) CT(5)Z1 (s)
Ty My,

Pls+ )2 " guuPuls+1).
n=1

Then, the SE error system (13) achieves the finite-horizon lr—/
performance index, and the state estimator gains K, (s) can be calcu-
lated as K,,,(s) = (P(s + 1))"1ZL(s).

Proof: We use the following Lyapunov-like functional:

s—1
V(s) = el ()Pso(s)e(s) + D e (DQWe(w).
1=s—d
Denote 6(s) = m and 6(s+ 1) = n. From (13) and (17), we have

E{AV(s) — &7 ()@(s)|6(s) = m}
=E{(V(s+ 1) = V(s) -7 (5)@(s)|5(s) = m}
=E{{" (9Hu(5)((s)l5(s) = m)

(17

(18)

where

FEElel(s) es—d) @' (9]
H,V(s) AL(s)P(s+1)B(s)  AL(9)P(s+1)Con(s)
Hn(s)=| =+ Hi(s)  BIP(s+1)C(s)
* * CL(s)P(s+1)Con(s)~1
Hyy ' (5) 2 =Ppu(s) + Q(s) + A1 (5)P(s + DAn(5)
HG? (5) 2 BT (5)P(s+ 1)B(s) - Q(s — d).

Then, according to the well-known Schur Complement lemma
[14], H(s) < 0 holds if and only if A,,(s) < 0. Therefore, based on
(15) and (18), we can see that

E(AV()} < & (5)a(s). (19)
Summing up (19) on both sides from 0 to r—1 (1 <7< N) with
respect to s gives
-1
V() < BVO)}+ ) &7 (9)a(s).
¢=0

According to (13), (16), (17) and (20) and taking the supremum of

E{z7 (5)z(s)} over the finite horizon [0, N], we have

(20)

N 0
b BE @20} <7? )@ €660+ ) e WS 1. @)
<s< ¢=0 1=—d

As such, there exist the estimator gains K,,(s) which ensure the SE
error system (13) satisfies the finite-horizon /-l performance
index. Moreover, P,(s+ 1) and Z,,(s) are given as part of the recur-
sive LMIs solution, and the estimator gains K (s) are given by
Kin(s) = (P(s + 1)) 7' Z],(s). =

Remark 1: So far, we have designed the desired finite-horizon
Il estimator for NSs under mixed protocols. By means of the Lya-
punov stability theory, a sufficient condition has been derived to
guarantee that the SE error system (13) achieves the finite-horizon
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I>—ls performance index. In addition, the explicit expression of the
filter gain matrices K, (s) (m € {1,2,...,ny ny,}) have been provided
in Theorem 1 according to the solution of certain recursive LMIs.

Numerical example: Consider a NS in the form (1) whose param-
eters are given as follows:

1.05-0.01sin(s) 001 0.01 001 001

0.01 021 001 001 001

A(s) = 0.01 0.0l 039 001 0.01

0.01 0.0l 001 022 001

0.01 0.01 001 001 0.11

028 03 01 03 02

B&=0. C‘(S)‘[o.ls 019 0 023 0.41]

038 0.1 02 02 04

CZ(S)‘[O.zs 0.9 011 03 0.1 ] d=2

0.02 0.01 03 0.7
0.01 ] Da(s) = [ 0.02 ] H‘[ 02 08 ]

ET(s)=[0.02 0.02 0.02 0.01 0.03]

Di(s) = [

H(s)=] 09 001 002 003 004 | ny,=2
¢s)=[01 9 0 0 0], n,=2

§ = diag(50,50,50,50,50,50,50,50,50}

va(s) = vi(s) w(s) = 5cos(=0.15).

The simulation run length is selected as 80. Set the disturbance
attenuation level y = 0.3. Let the initial state be

$=[1 10 0 0 o]T,x(0)=[o.9 99 0 0 o]T.

Based on the derived estimator parameters, numerical simulation
results are shown in Figs. 1 and 2. Fig. 1 plots the state trajectories of
Z2(s)yand  z(s), respectively. Fig.2  gives information about

. T (5)3

¥y é\/ S a).,?(f)’gj(fﬁ;gjj)m o With 50 Monte-Carlo trials. All the-
se figures imply that the proposed estimation method performs
indeed well, therefore verifying the effectiveness and correctness of
the proposed finite-horizon /o~ estimation scheme.

Conclusion: In this letter, the finite-horizon /)—l., SE problem has
been studied for NSs under mixed protocols. Two communication
channels have been considered where the network accessing orders
of the sensor nodes are scheduled by the SCP and RRP, respectively.
A novel finite-horizon /)1 estimator has been designed through the
solution of certain recursive LMIs. The effectiveness of the proposed
scheme has been illustrated through a simulation example. Future
research topics would include the moving horizon estimation prob-
lem under mixed protocols [2] and set-membership filtering subject
to mixed protocols [3] and [15].
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Fig. 1. State trajectories of z(s) and Z(s) under mixed protocols.
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