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Letter

Prescribed-Time Stabilization of Singularly

Perturbed Systems

Yan Lei, Yan-Wu Wang, Xiao-Kang Liu, and Wu Yang

Dear Editor,

This letter investigates the prescribed-time stabilization of linear
singularly perturbed systems. Due to the numerical issues caused by
the small perturbation parameter, the off-the-shelf control design
techniques for the prescribed-time stabilization of regular linear sys-
tems are typically not suitable here. To solve the problem, the decou-
pling transformation techniques for time-varying singularly per-
turbed systems are combined with linear time-varying high gain feed-
back design techniques. A composite linear time-varying state feed-
back controller is designed, and the existence of the time-varying
Chang transformation matrix for decoupling the slow and fast
dynamics is guaranteed. As a result, the prescribed-time stability is
ensured. Finally, a numerical example is provided to illustrate the
effectiveness of the results.

Recently, the finite-time stabilization problem has attracted a lot of
attention in control community due to its wide applications [1]-[3],
such as spacecrafts, mobile robots and underwater vehicles. Noted
that, by finite-time stabilization, the settling-time would grow to
infinity when initial state grows to infinity. Thus, the fixed-time sta-
bilization problem was further studied, where the settling time is uni-
formly bounded and independent of the initial condition. Many
mature effective tools such as homogeneous approach [4] and [5],
implicit Lyapunov function approach [6] and [7] and Lyapunov
based approach [8] and [9], have been developed for analysing the
finite-time and fixed-time stability. Furthermore, considering the
problem that the true settling time is predefined exactly, the pre-
scribed-time stabilization problem was investigated, where the time-
varying high-gain feedback approaches have been developed as an
effective tool for achieving the prescribed-time stabilization of linear
systems [10] and nonlinear systems [11] and [12]. However, all these
works on prescribed-time control design focus on single-time-scale
systems.

In practical, dynamic systems exhibiting two-time-scale feature
appear in many applications [13]-[15], e.g., electrical circuits, power
systems and robot systems, and can commonly be modeled as singu-
larly perturbed systems, where the small positive parameter multiply-
ing the derivative of the fast state can be used to describe the time-
scale separation between slow and fast dynamics. Many valuable
results on the asymptotic or exponential stability of singularly per-
turbed systems have emerged [16]-[18]. However, as far as we
know, the results on the finite-time stability of singularly perturbed
systems are still limited. In [19], the fixed-time stabilization is
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achieved for linear singularly perturbed systems with assuming that
the control matrix is of full row rank. It is worth noting that, although
the expected settling time can be adjusted by suitably choosing the
control parameters in [19], the true settling time can not be prede-
fined exactly due to the conservatism of the theory.

In this letter, the prescribed-time stabilization of linear singularly
perturbed systems is investigated by linear time-varying feedback.
Due to the numerical issue caused by the small positive parameter,
the techniques for the prescribed-time stabilization of single time
scale systems are not applicable here. To handle the above problem,
the decoupling transformation techniques for time-varying singularly
perturbed system are combined with linear time-varying feedback
design techniques. It is noted that, to ensure the prescribed-time sta-
bility, the time-varying control gain would commonly go to infinity
in finite time, which would bring the difficulty of decoupling the sin-
gularly perturbed systems into slow and fast dynamics. Especially,
the standard model reduction techniques cannot be directly resorted
here. To handle it, a time-varying Chang transformation matrix is
introduced, where the existence of such matrix is guaranteed. Corre-
spondingly, a composite linear time-varying state feedback con-
troller is design and the prescribed-time stability is ensured. The
main contributions of this letter is twofold.

1) The prescribed-time stabilization problem is handled for singu-
larly perturbed systems. Compared with [19], a more general linear
singularly perturbed system is considered where the control matrix is
not required to be full row rank, and the true convergence time can
be predefined exactly regardless of the initial condition.

2) The time-varying Chang transformation is introduced to sepa-
rate the linear singularly perturbed systems with linear time-varying
high gain feedback controller into slow and fast dynamics. Moreover,
the existence of such transformation matrix is guaranteed.

Problem formulation: Consider the following singularly per-
turbed system:

{ x(1) = A11x() +Aqpz(t) + Bu(t) 1)
€4(1) = Ap1 x(1) + Axpz(t) + Bou(t)
where x(¢) € R™, z(f) € R": are the slow and fast states, respectively,
&> 0 is a small perturbation parameter, u(t) € R? is the control input,
matrices A;j, B;, i,j= 1,2, are known constant matrices of appropri-
ate dimensions.
The objective is to design a linear time-varying controller
u=Ki(t)x+ K0z )
such that the origin of the closed-loop system (1) and (2) is 7-global
finite-time stable where T > 0 is user-defined, as formalized next.

Definition 1: The origin of system (1) and (2) is 7 -global pre-
scribed-time stable if there exists £ > 0 such that for any € € (0,£] and
any initial condition, it is globally asymptotically stable and there
exists a settling-time function 7, :R™*= — R, U{0} such that
T =inf 7 with T = {T),r € Ry : Tp(x0,20) < Tpus, ¥(x0,20) € R}

Problem 1: Given T > 0, design a bounded controller (2), so that
the origin of system (1) and (2) is 7-global prescribed-time stable.

Noted that, the true settling time can be arbitrarily and exactly pre-
defined regardless of the initial condition here, which is different
from finite/fixed-time stability. To solve Problem 1, the next stan-
dards assumptions and one lemma are introduced.

Assumption 1: The matrix Ay; is invertible.

Assumption 2: The pairs (Ag, Bg) and (A2, B>) are controllable, wh-
ere Ag=A1 —A12A521A21, By=B, —14121452l Bs.

Assumption 1 and 2 are standard and commonly used in the singu-
larly perturbed literature [13] and [14].

Lemma 1 [10]: Suppose Assumption 2 holds. Consider the para-
metric Lyapunov equations (PLEs)

AV P+ PyA)— P ByBL Py = —yPs
AL P+ PpAy —PrByBI Py = —yPy.

3)
“)
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1) The PLEs (3) and (4) both have unique solutions if and only if

mln Re(/L (A22))} } 5)

..........

and Py(y) = W;l('y) >0and Pr(y) = fl(V) >0 with
(Ao + 21, )Wy + WytAo + 21,07 = BB} ©
(A2 + L1 )Wy + WyAn + 21,07 = BB, @

2) Suppose (5) is satisfied and denote my(y)=2tr(Ag)+nyy,

7r(y) = 2tr(A22) +nyy. Then, there exist constants ds and 7, which
are independent of y, such that
Pi(y) < dPi(y) < 51'1’[(7)’ _s.f ®)
mi(y) dy mi(y)

Besides, tr(B! PyBy) =y and tr(B] Py By) = 7¢.

Main results: In this section, the prescribed-time control of sys-
tem (1) is studied.

Block-diagonal model: Firstly, we introduce the time-varying
Chang transformation to separate the slow dynamics from the fast
ones, which is given by

xs(M) |\ _ 1 x()
(z_fm )‘ ‘ (’)( 0 ) ©
| In, eH(t) .
where T.(t) = ( L) I —sLOH() ), and L, H satisfy

el(t) = Ap(DL(1) = Ao1 (1) — eL(OA 11 (D) + eL(DA12(DL(D)
—eH() = HDA2 () — A0 —eA 11 (OH()
+eA12(OLMOH () + eH) L) A12(0) (10)
where A;j(t) = A;j+BiK;(t), i,j=1,2. It is noted that the existence
of the matrices L(¢) and H(r) satisfying (10) will be ensured, and the
details can be seen in the proof of Theorem 1.

Remark 1: Noted that the decoupling transformation technique for
linear time-varying systems in [13] is only applied when the system
matrix is continuously differentiable and bounded. However, to
achieve the prescribed-time stability, the control gain would com-
monly go to infinity in finite time. The existence of such matrices L
and H should be re-discussed, which is one of the challenges here.

With state transformation (9), It has

sz _ As O Xy
(505 205
where As =A; + BsK;, Af Af +BfK2, Ay —AO 8A|2A L(A[]
ApL) —8A12A521L, Ar=Axn+elAyp, Bg=By— 8A12A22 LBl, By =
By +¢LBy, Ks = K1 — K, L. Then, the next theorem is presented.
Theorem 1: Given T > 0, suppose Assumptions 1, 2 hold. There
exists & > 0 such that for any ¢ € (0, &];
1) There exist matrices L(f) = A5 (A2| +ByKy)+O0(e), H(t)=
A12A22 + O(e) satisfying (10) for r € [0 T);
2) Problem 1 is solved
when Ki=01+ KQA BQ)KQ + K2A A21, Ko = —B P, K» ——szf,
where Pyand Py satlsfy PLEs (3) and (4) with y(t) MT—_;}ﬁ,yo,

: . . L (2ir(Ag) 2tr(An
@= mm{—z(nilml)’ 2(n:l+af) }73 = mm{ _rfgx 2, —r(nf )},70 > max {¢(A0),

?(A2), Nf% ,and &y, 05 are constants defined in Lemma 1.
Proof: Firstly, the existence of L(r) and H(¢) satisfying (10) is

proved. Inspired by [13, Chapter 5], the form of L and H can be taken
in the series form L = Ly + &Ry, and H = Hy + Ry, where

(1D

0=AxnLly—Az, O0=HoAn-Ap (12)
&R = ApRp— Lo+ fi(Lo) +ef2(Rr, Lo, &) 13)
—&eRy=RyAxn+Ho+g1Lo, Ho)+eg2Rp, Ry, Ho, Lo, 6) (14)

where fi = —Lo(A21 — A21 — A12loy), fo=—RpA1+Ri A Lo+
LoA1aRL+eRLA12RL, g1=HoLoA12—(A11—A12L0)Hp, g2=RpLoX
A|2 + H()RLA|2 - A[]RH + A]zRLH() + A]zLoRH + SRHRLA]2 +

eANRLRy. From (12), it has Lg= AEZI(AQI +BrKp)and Hy =
A12A£21. Then, it turns into proving the existence of Ry, Ry satisfy-
ing (13) and (14).

From (13), denote the integral equation Ry (f) = S Ry (t), where

1 ot .

SR = . fo O, )(f1(7) — Lo(T) + efo(RL)(7))dT
and @(z,7) is the transition matrix of &zy=Anzy.
L =A{Ry :|IRL|| < p}, where p would be defined later.

Choose the Lyapunov-like function Vy(t,zy)=éen f(y)zTP r2f-
With a similar proof of Theorem 2 in [12], it can be obtained that
(n+ )y = XG0

n(a+y)
From the definition of y(?), it has () < By(a +y). Thus,

(15)

Denote

Viltzg) < V(t,z¢).

. 1
Vi(t,zp) < (1 - —))/Vf(l‘ Zf).

[C= l)y(r) Amax (P
Then, ol l! 240 (DO 1 0 rom 5,
Amax (P (¥(1)))

()P(y) () 37Py(0)
j“ AL ydy < Pr(y(n) < j“ UL 4y, Thus, TP <

RSO
7 Py Then !
f AainPr(y0) *

s S Amax (PRI (y(1) |
o1 < mmd»( ! ) (16)
1o ollset Toin P10 (/)
By integrating (8) it can be obtained that
2tr(Ag) + nyy(7)
(1P (7(7'))||<—1 (m)ﬂps(VO)H 17)
f . [ 2tr(A22) + nzy(7)
1Pyl sn—zln(m)lle(Vo)ll. (18)

Then, from (16)—(18), it has, for any R;,Ry,,Rr, € Land t €[0,7T),
there exist positive constants ki, k, k3, k4, such that ||SRy, (1)—
SR, Il < kiR, —Rp,|l, and ||SRL||<8k2p+8 k3p +k4. Choos-

ing p>2ksand 0<ég <m1n{%,¢, ,/4]( } then for all e<¢g,

ISR., (1) =SRr, (Il < %HRLl —Rp,lland [ISR.||<p. Thus, SRy is a
contraction mapping on £, the integral equation Ry (f) = SRz (¢) has a
unique solution in £, which is the solution of (13) and bounded. Sim-
ilarly, there exits 0 < &5 < &1, such that (14) has solution Ry, and Ry, is
bounded. Thus, for € < &, (10) has solution L(¢) = Agzl (Ay1 + By Ky)+
O(e), H() = A12A3) + O(e).

Then, from (17), (18) and the definition of L(¢) in above, it has
As =(1+0(e))(Ag + BoKp) and Ay =(1+0(e))(Axn + B2K). Choose
the Lyapunov-like functions V(z,xs) = név(y)xsTPsxs and Vy(t,zf) =
en f(y)ngfz - Then, it has

(nx +05)y — (1 + 0(e)ms(y)y

Vs(tsxx) = ) ﬂs()’)xsTPsxs
. (n;+6¢)y—(1+0
Vit,2) _snz +65)y nic - (8))7Tf(7)77rf (y)zJTf Py,

Thus, form the definition of & and £, there exists 0 < & < &5, such
that, for any e<&;, V(t,x;)<0and V(t,z5) < (1-DyV(t,zy).

Thus, it can be obtained that |[x(7)|| < q%nxs(mu,
‘A yy9)ds [ AmaxPryoDT00)
||Zf(t)||SeIT(2 32)y(8)ds /lmm(P/—(yo))ﬂ/(Y(’))”Zf(o)”' Then, from (9),

(17), (18) and the definition of L and H, it has,
li <l Hzsl| =
ILII;IIXII < ti)n;llxs||+||8 zfll=0

Jim flzf} < Tim [ILfllbxsll + 1+ ell L DIzl = 0. (19)

Thus, the origin of system (1) and (2) is 7-global finite-time stable.
Similarly, it has |[lim;,7 ||| = 0. The control signal will not go to
infinity with bounded initial states. |

Remark 2: From Theorem 1, the matrices H(f) and L(t) are not
bounded for 7€ [0,7T). The prescribed-time stabilization of system
(11) can not be directly equivalent to solving problem 1. Thus, (19) is
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further proved to guarantee the prescribed-time stability property.

Remark 3: Different from [19], the prescribed-time stabilization
problem is considered, where the true settling time can be predefined
exactly regardless of the initial condition. Beside, benefiting from
linear time-varying feedback design, the additional assumptions that
the control matrix is full row rank can be removed. It is also worth
noting that numerical problem caused by y(f) has been discussed in
Remark 1 of [12] and an effective method has been established to
overcome it, thus corresponding discussion is omitted here.

Ilustrative example: Consider the singularly perturbed system (1)
with £ = 0.1 and

25 -6 2 3 -4
A11=(_ 4 ) A12=(0 2 ) Bl=( | )

05 2 -2 1 1
A21=( 1 1),A22=( 0 3), Bz=(])

where x = (x1,x2), 2= (21,22) are the slow and fast states, respec-
tively. Then, A, is invertible and Assumption 1 holds. Moreover, we
have that the pairs (Ag, Bg) and (Asz, By) are controllable, i.e., Assu-

1.6667  2.6667 B = -1.6667
-1.3333 33333 ) 727\ 03333
From Theorem 1, let T =8, y9 = 10, @ = 0.025, 8 = 1. Similar to [12],
let (1) = 57—y, for 1€[0,79], and y(1) = —5=h=yo. for
t>709.

The simulation results with different initial conditions are pre-
sented in Figs. 1 and 2, which show that the origin of the system is 7-
global prescribed-time stable, and the control signal is bounded,
regardless of the initial condition.

\9)

mption 2 holds, where Ay = (

104
300 - S
250 Lo x107° - —u(t
200" —xu) 20
150 > (1) 15
2 100| 0= 20] 5
s 50 -5 %1.0
@ 20170 75 80 85 9.0 = 05
- .
—50 Iy 0
~100
~150 ~05
012345672809 012345672809

Time ¢ (s)
(a) Evolution of (x, z)

Time ¢ (s)
(b) The controller signal

Fig. 1. The simulation results with small initial state value.
8
3010 2510
251 3 x10 2.0
2.0 % s
Y — s
& 104 =
g 052 &lo
2770 75 80 85 90] T s
05/ 0 =0 .
-1.0 20 =00
-1.5 -0.5
01234567389 012345673289

Time ¢ (s)
(a) Evolution of (x, z)

Time 7 (s)
(b) The controller signal

Fig. 2. The simulation results with large initial value.

Conclusion: In this letter, the prescribed-time stabilization prob-
lem is investigated for linear singularly perturbed systems. By com-
bining the decoupling transformation techniques and linear time-
varying high gain feed back design techniques, a composite linear
time-varying state feedback controller is designed, so that the pre-
scribed-time stability is ensured. It would be interesting to further
consider output feedback control and address cyber attacks.
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