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Abstract—Communication between nanomachines is still an
important topic in the construction of the Internet of Bio-Nano
Things (IoBNT). Currently, molecular communication (MC) is
expected to be a promising technology to realize IoBNT. To
effectively serve the IoBNT composed of multiple nanomachine
clusters, it is imperative to study multiple-access MC. In this
article, based on the molecular division multiple access technol-
ogy, we propose a novel multiuser MC system, where information
molecules with different diffusion coefficients are first employed.
Aiming at the user fairness in the considered system, we investi-
gate the optimization of molecular resource allocation, including
the assignment of the types of molecules and the number of
molecules of a type. Specifically, three performance metrics
are considered, namely, min–max fairness for error probability,
max–min fairness for achievable rate, and weighted sum-rate
maximization. Moreover, we propose two assignment strategies
for types of molecules, i.e., best-to-best (BTB) and best-to-worst
(BTW). Subsequently, for a two-user scenario, we analytically
derive the optimal allocation for the number of molecules when
types of molecules are fixed for all users. In contrast, for a three-
user scenario, we prove that the BTB and BTW schemes with the
optimal allocation for the number of molecules can provide the
lower and upper bounds on system performance, respectively.
Finally, numerical results show that the combination of BTW
and the optimal allocation for the number of molecules yields
better performance than the benchmarks.
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I. INTRODUCTION

S INCE 2020, COVID-19, a pandemic declared by the
World Health Organization (WHO), has been terrifying

the worldwide human health. Researchers from all areas,
including information and communications technology (ICT)
and the Internet of Things (IoT) [1], [2], are striving for pro-
viding the cutting edge solution to curb the catastrophic effects
of COVID-19. Among these studies, the Internet of Medical
Things (IoMT), an extension and specialization of IoT in the
medical industry, has been considered as a promising technol-
ogy to realize the remote health diagnosis and monitoring in
the time of COVID-19, while reducing the risk of infection and
the burden on the healthcare systems [3]–[6]. IoMT is built
upon a variety of technologies, including advanced sensors,
especially biosensors. Recently, various novel work aimed at
the implementation of nanotechnologies, especially biological
nanosensors to help in various disease diagnosis and treatment,
forming the Internet of Bio-Nano Things (IoBNT) [7]–[9]. At
this point, IoBNT can be envisioned as a special realization
of IoMT in the nanolayer.

In the literature, a series of communication technologies
for biological nanosensors, such as molecular communication
(MC), electromagnetic communication, and acoustic commu-
nication, was proposed. Unlike the conventional communica-
tion methods, MC is a bioinspired communication paradigm,
whose carrier of information is chemical signals. This means
MC has the following properties: 1) small size; 2) energy effi-
ciency; and 3) excellent biocompatibility. Owing to the above
advantages, MC is considered to have the potential to coordi-
nate larger groups of nanomachines to perform complex tasks
in IoBNT [7]–[9]. On the other hand, as an interdisciplinary
communication mode, MC is capable of serving biomedical
fields, such as targeted drug delivery [10], [11], disease diag-
nosis [12], [13], and health monitoring [14]–[16]. Moreover,
during the outbreak of COVID-19, MC can also be employed
as an effective tool to model the spread of infections and dis-
eases via aerosols [17]–[20]. In this context, MC can pave the
way for IoMT in the nanolayer.
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Despite these advantages, how nanomachines or nanousers
share a common MC medium to correctly implement their
own functions is still a great challenge for IoBNT. Inspired by
wireless communications, some multiple-access technologies
have been proposed in MC, which mainly include molecular
code division multiple access (MCDMA), molecular time
division multiple access (MTDMA), molecular space divi-
sion multiple access (MSDMA), and molecular division
multiple access (MDMA). Analogous to optical CDMA,
Zamiri-Jafarian et al. [21] first proposed MCDMA to com-
bat the interuser interference in multiuser MC systems, where
each user is assigned a unique binary sequence as their sig-
nature code. Subsequently, in [22], a realistic propagation
model for MCDMA systems was built using the experi-
mental apparatus. Moreover, molecule shift keying (MoSK)
modulation was introduced in MCDMA [23], [24]. In the
literature, MTDMA has also been investigated, where users
share the channel by dividing up time among users [25]–[30].
Balasubramaniam et al. [25] considered a group of bio-
nanomachines that multiplex their transmission using TDMA
to prevent interference among different sources. Motivated by
a network of neurons, Tezcan et al. [26] and Yu et al. [29]
presented an MTDMA-based network transmission scheme.
Suzuki et al. [28] and Rudsari et al. [30] studied the related
MTDMA optimization. Considering in MC that the chan-
nel impulse response is highly sensitive to the transmission
distance, MSDMA thereby was proposed, in which users
can identify transmitters based on their locations [31], [32].
Moreover, Giné and Akyildiz [33] proposed the MDMA
technique, which uses pheromone diversity to perform sev-
eral simultaneous transmissions, sharing the same medium
without interfering with each other. Following this idea, ref-
erences [34]–[37] also suggested to use different types of
molecules or different receptors and associated molecules for
each receiver connection to create orthogonal channels, so
as to achieve multiple access among nanomachines. Among
the schemes achieving multiple access, MDMA is generally
recognized to be the most straightforward one.

The concept of multiple types of molecules has also been
widely used in molecular modulation, forming the MoSK
modulation [33], [36], [38], [39]. We noticed that in all the sce-
narios introducing multiple types of molecules for modulation
or multiple access, a common diffusion coefficient is always
assumed for all molecules. For isomers, this assumption is
reasonable [39]. However, for the IoBNT constructed by a
group of nanomachines, it may be difficult to have the required
and possibly a big number of isomers to serve the network.
Furthermore, due to the identical molecular formula, isomers
may share very similar chemical or physical properties, lead-
ing to low distinguishability in detection. For example, the
mass spectrometer involved in [40] and [41] cannot be used
as a detector for isomers. Additionally, in multiple access, user
fairness is always one of the key issues to be addressed. In
multiple access systems, using different types of molecules
with nondifferential diffusion coefficients to distinguish users
imposes the challenge to coordinate the performance between
strong and weak users. Against this background, there-
fore, in this article, we propose a multiuser MC system
based on MDMA, where multiple types of molecules

with different diffusion coefficients are employed to serve
users.

As in wireless communications, resource allocation among
multiple nanousers for them to attain the best possible
performance is an important optimization problem in MC
systems. To address this issue, when given a limited energy
budget, Kuran et al. [42] proposed to maximize the channel
capacity and data rate by adjusting the detection threshold
and symbol duration. In [43], a game-theoretic framework was
designed for distributed resource allocation in MC systems to
achieve high system efficiency, while ensuring fairness among
different nanomachines. To minimize the expected error proba-
bility of each hop, Ahmadzadeh et al. [44] derived the optimal
number of molecules released by the transmitter and the optimal
detection threshold of the receiver in a multihop MC frame-
work. In a drug delivery system, to optimize the number of
released molecules and symbol durations, the multiobjective
optimizations were formulated in [30]. Moreover, constrained
by the number of molecules available, which is caused by the
finite availability of molecule synthesizing energy and limited
storage capabilities of reservoir, Tiwari et al. [45] and Fang
et al. [46] both optimized the molecular resource allocation
among nanousers to improve the error performance for a coop-
erative MC system. Nevertheless, compared with the traditional
multiple access in electromagnetic communication, the resource
allocation issue in molecular multiple access networks has so
far only received little research attention and in particular, for
the multiuser networks with different diffusion coefficients,
there are no published works found. Therefore, based on the
proposed MDMA system, we study the optimization of molec-
ular resource allocation, including the assignment of the types
of molecules and the number of molecules of each of the types.
The contributions of this article are summarized as follows.

1) We propose a novel MDMA system, where information
molecules with different diffusion coefficients are
employed to serve users. For signal detection, we derive
a closed-form expression and find the approximately
optimal detection threshold.

2) We propose and investigate three different optimization
criteria that lead to different problem formulations,
including the min–max fairness for error probability,
max–min fairness for achievable rate, and weighted
sum-rate maximization. Two assignment strategies for
the types of molecules, i.e., best-to-best (BTB) and
best-to-worst (BTW), are proposed. After the types of
molecules are determined for all users, we optimize the
number of molecules for each type of molecules, and
correspondingly, provide the semiclosed solutions to the
optimization problems.

3) We perform Monte Carlo simulations to evaluate the
effectiveness of the proposed resource allocation meth-
ods with different optimization objectives. Simulation
results show that the combination of BTW and the
optimal allocation of the number of molecules can
exhibit better performance than other schemes.

The remainder of this article is organized as follows.
In Section II, we describe the proposed multiuser MC
system and introduce various resource optimization prob-
lems. Section III details the joint resource allocation for all
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considered optimization objectives. The performance of the
proposed assignment strategies is evaluated in Section IV, and
finally, the conclusion is drawn in Section V.

II. PROBLEM STATEMENT

A. System Model

Based on the MDMA technology, in this subsection, we
consider a multiuser downlink diffusion MC system, which
consists of a point transmitter and K spherical passive
receivers/users, as illustrated in Fig. 1. For implementation
of the considered scenario, we assume that a transmitter can
store (or generate) K types of information molecules for com-
municating with the K users, and the kth spherical passive
receiver or user uk is capable of recognizing and distinguish-
ing a specific type of molecules via, such as the sensors
attached with the receiver, where k = 1, 2, . . . , K. Different
from the conventional multiuser or multiple-molecules MC
systems [33]–[39], in this article, we relax the assumption
that all molecules have a common diffusion coefficient, even
though this is reasonable for isomers. Instead, we assume
that different types of molecules may have different diffusion
coefficients. Therefore, in the considered system, we employ
K types of molecules {M1, M2, . . . , MK} with the diffusion
coefficients {D1, D2, . . . , DK} to serve users {u1, u2, . . . , uK}.
Without loss of generality, we assume that D1 ≤ D2 ≤ · · · ≤
DK and du1 ≤ du2 ≤ · · · ≤ duK , where duk represents the
transmission distance from the transmitter to the center of the
kth user for k = 1, 2, . . . , K. Moreover, it is also assumed
that the receiving capability of all users is the same, i.e.,
Vu1 = Vu2 = · · · = VuK or ru1 = ru2 = · · · = ruK , where
Vuk and ruk denote the volume and radius of the kth user,
respectively. According to the fact described in [47] that the
concentration of molecules inside the passive receiver can be
well approximated as uniform distribution when the radius of
the receiver is no more than 15% of the distance from the
center of the receiver to the transmitter, we can define the
probability of observing a given Muk molecule, emitted from
the transmitter at t = 0, inside Vuk at time t as

puk(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Vuk
(
4πDuk t

)3/2 e

(

− d2
uk

4Duk t

)

, if
ruk
duk

≤ 0.15

1
2 (erf(τ1) + erf(τ2))

+
√

Duk t

duk

√
π

(
e−τ 2

1 − e−τ 2
2

)
, if

ruk
duk

> 0.15.

(1)

Here, τ1 = (ruk + duk)/(2
√

Duk t), τ2 = (ruk − duk)/(2
√

Duk t),
and Duk is the diffusion coefficient of type Muk molecules,
where Muk ∈ {M1, M2, . . . , MK} denotes the type of molecules
assigned to uk for k ∈ {1, 2, . . . , K}.

During the diffusion phase in an unbounded 3-D environ-
ment, it is assumed that the transmitter can emit K types of
molecules simultaneously and all information molecules do
not react with each other. For simplicity, in this work, we
consider that the ON/OFF keying (OOK) modulation is used
to map the user information, which can be represented by a
binary information sequence, i.e.,

xuk =
{

x(1)
uk

, x(2)
uk

, . . . , x(l)
uk

, . . .
}

(2)

Fig. 1. Schematic for multiuser downlink transmission scenario.

where x(l)
uk ∈ {0, 1} is the lth symbol of user uk conveyed by

the transmitter. Per the rules of OOK, the transmitter releases
Quk molecules of type Muk to convey information symbol “1”
for user uk, and releases no molecules of type Muk to convey
information symbol “0.” Then, when lTs < t < (l+1)Ts, where
Ts is the symbol duration, the number of type Muk molecules
measured by user uk can be expressed as

y(l)
uk

(t) =
l∑

j=1

Quk

[
puk(t − jTs) + n(j)

uk
(t)
]
xuk(j) (3)

where n(j)
uk (t) is the counting noise due to the transmis-

sion of a molecule for the jth symbol, which takes into
account of the distortion unpredictable by Fick’s law of dif-
fusion. Additionally, as seen in (3), the terms corresponding
to j = 1, . . . , l − 1 generate ISI on the transmission of the lth
symbol.

As shown in [48], when an impulse of molecules is emitted
at t = 0, the concentration reaches its peak at tuk = d2

uk
/6Duk .

In order to derive the expressions for detecting the lth sym-
bol, we assume that all users can be synchronized with the
incoming signal,1 and are capable of sampling for the con-
centrations at t = lTs + t̂uk , where t̂uk is the estimate of tuk .
Then, following [48] and [53], it can be shown that the num-
ber of molecules observed within Vuk at t = lTs + t̂uk can be
expressed as

y(l)
uk

=
l∑

j=1

[
puk

(
[l − j]Ts + t̂uk

)+ n(j)
uk

(
lTs + t̂uk

)]
Quk x(j)

uk

=
l∑

j=1

[
puk,l−j + n(j)

uk

(
lTs + t̂uk

)]
Quk x(j)

uk
(4)

where puk,l−j = puk([l − j]Ts + t̂uk) for l = 1, 2, . . . , and
k = 1, 2, . . . , K. When l is large, we should expect that the ISI
imposed by the symbols sent well before the lth symbol can be

1Several works aiming at the synchronization in MC have been proposed
recently. As some examples, synchronization in MC can be achieved by means
of external signals [49], [50] or a blind synchronization algorithm [51], [52].
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ignored. For this sake, let us assume that the maximum length
of ISI is L symbols. Following [54], L can be determined by

L = arg max
i

{
puk,i

puk,0
≥ ξ

}

(5)

where ξ is the percentage level that ISI can be ignored.
By introducing the maximum length of ISI L, (4) can be
expressed as

y(l)
uk

=
l∑

j=max{1,l−L}

[
puk,l−j + n(j)

uk

(
lTs + t̂uk

)]
Quk x(j)

uk
. (6)

Moreover, as discussed in [44] and [55], in diffusive MC,
y(l)

uk can be well approximated by a Poisson random variable
(R.V.), i.e.,

y(l)
uk

∼ P

⎛

⎝�uk(l) =
l∑

j=max{1,l−L}
λuk(j)x

(j)
uk

⎞

⎠ (7)

where λuk(j) = Quk puk,l−j. For simplicity, we define �uk,z as
the conditional mean when x(l)

uk = z, where z ∈ {0, 1}.
According to [54], for OOK, the detection threshold relative

to the peak Quk puk,0 can be written as

CT,uk = αuk Quk puk,0 (8)

where αuk can be referred to as the normalized threshold, and
generally, 0 ≤ αuk ≤ 1. Furthermore, by comparing the corre-
sponding observation with the threshold, the receiver can make
the decision of a bit stream as

x̂(l)
uk

=
{

1, when y(l)
uk ≥ CT,uk

0, when y(l)
uk < CT,uk

(9)

where k = 0, 1, . . . , K and l = 1, 2, . . . Based on [56], assum-
ing l > L, we can express the miss probability PM,uk and the
false-alarm probability PF,uk for user uk as follows:

PM,uk = P
(

x̂(l)
uk

= 0 | x(l)
uk

= 1
)

=
∑

xL
uk

∈βL

P
(
xL

uk

)
P
(

y(l)
uk

≤ CT,uk | xL
uk

, x(l)
uk

= 1
)

(10)

PF,uk = P
(

x̂(l)
uk

= 1 | x(l)
uk

= 0
)

=
∑

xL
uk

∈βL

P
(
xL

uk

)
P
(

y(l)
uk

≥ CT,uk | xL
uk

, x(l)
uk

= 0
)

(11)

where β = {0, 1}, xL
uk

= {x(l−L)
uk , . . . , x(l−1)

uk } is the ISI
sequence, and P(xL

uk
) is the probability of the occurrence of a

specific sequence of xL
uk

. When assuming that P(0) = P(1) =
0.5, we have P(xL

uk
) = (1/2L). Furthermore, we can use the

probability mass function of y(l)
uk with the Poisson distribution

to obtain the closed-form expressions of PM,uk and PF,uk , i.e.,

PM,uk = 1

2L

∑

xL
uk

∈βL

⌈
CT,uk

⌉

∑

n=0

�n
uk,1

e−�uk ,1

n!
(12)

PF,uk = 1 − 1

2L

∑

xL
uk

∈βL

⌈
CT,uk

⌉

∑

n=0

�n
uk,0

e−�uk ,0

n!
. (13)

The bit error rate (BER) of user uk employing OOK modula-
tion can be given by

Puk = P
(

x(l)
uk

= 1
)

P
(

x̂(l)
uk

= 0 | x(l)
uk

= 1
)

+P
(

x(l)
uk

= 0
)

P
(

x̂(l)
uk

= 1 | x(l)
uk

= 0
)

= 1

2

(
PM,uk + PF,uk

)
. (14)

Applying (12) and (13) into (14), the closed-form expression
of BER for user uk can be obtained. To the best of our knowl-
edge, the values of thresholds in OOK impose a high impact
on the BER performance. Therefore, it is necessary to derive
the optimal CT,uk (or αuk ). To find the optimal detection thresh-
old, we take the discrete partial derivative of (14) with respect
to CT,uk , which, in turn, requires the discrete partial derivative
of (12) and (13) with respect to its first elementary variable,
CT,uk . However, it is difficult to obtain the first discrete deriva-
tive of PM,uk and PF,uk , since they need to consider all possible
xL

uk
to obtain the corresponding �uk,1 and �uk,0. Given that

ISI symbols are unknown for users, according to [57], we can
approximate �uk,z as �̄uk,z, expressed as

�̄uk,z = E
[
�uk,z

]

= Quk

⎛

⎝
1

2

l∑

j=max{1,l−L}
puk,l−j + zpuk,0

⎞

⎠ (15)

for z ∈ {0, 1}. Furthermore, following [44], we can use the
Stirling formula to approximate the factional term, i.e., n! �
(2πn)1/2(n/e)n. Moreover, based on the fact described on [44]
that the discrete cumulative distribution function (CDF) of the
Poisson R.V. can be approximated as a continuous CDF, PM,uk

and PF,uk can be rewritten as

PM,uk �
∫ ⌈CT,uk

⌉

0

e

(
n−�̄uk ,1

)(
�̄uk ,1

n

)
(

n+ 1
2

)

√

2π�̄uk,1

dn

PF,uk � 1 −
∫ ⌈CT,uk

⌉

0

e

(
n−�̄uk ,0

)(
�̄uk ,0

n

)
(

n+ 1
2

)

√

2π�̄uk,0

dn. (16)

Substituting the above equations into (14) can obtain its
approximation, and the optimal CT,uk can be solved by tak-
ing the derivative of the approximate expression of (14) with
respect to CT,uk , i.e.,

⌈
CT,uk

⌉ = 1

ln

(
�̄uk ,1

�̄uk ,0

)
(
�̄uk,1 − �̄uk,0

)
. (17)

In other words, the optimal αuk can be defined as

αopt
uk

= 1

ln

(
�̄uk ,1

�̄uk ,0

) . (18)

To facilitate the analysis in the sequel, for large Quk , we
further approximate y(l)

uk as a Gaussian R.V., expressed as

y(l)
uk

∼ N
(
�uk(l),�uk(l)

)
. (19)
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By using the probability density function of y(l)
uk with the

Gaussian distribution, PM,uk and PF,uk can be expressed as

PM,uk = 1 − 1

2L

∑

xL
uk

∈βL

Q
(√

Qukηuk,1

)
(20)

PF,uk = 1

2L

∑

xL
uk

∈βL

Q
(√

Qukηuk,0

)
(21)

where

ηuk,0 =
(
αuk puk,0 − puk,1x(l−1)

uk

)

√

puk,1x(l−1)
uk

ηuk,1 =
((

αuk − 1
)
puk,0 − puk,1x(l−1)

uk

)

√(
puk,0 + puk,1x(l−1)

uk

) (22)

and Q(·) denotes the Gaussian Q-function. Considering 0 ≤
αuk ≤ 1, we can find that ηuk,1 ≤ 0 always holds; while
for ηuk,0, if

αuk >
puk,1

puk,0
(23)

is satisfied, ηuk,0 > 0. On the one hand, according to (1),
we can find (puk,1)/(puk,0), the ratio of the ISI generated by
previous symbols to the current symbol, is relatively small.
Therefore, (23) can be easily satisfied, especially when the
optimal αuk derived in (18) is employed. For clarity, in this
article, we assume ηuk,1 ≤ 0 < ηuk,0.

Applying (20) and (21) into (14), the closed-form expression
of BER for user uk can be updated

Puk = 1

2
+ 1

2L+1

∑

xL
uk

∈βL

{
Q
(√

Qukηuk,0

)
− Q

(√
Qukηuk,1

)}
.

(24)

Afterward, we can obtain the mutual information (rate) Iuk for
the kth user as

Iuk =
∑

x(l)
uk ,x̂(l)

uk ∈β

P
(

x̂(l)
uk

|x(l)
uk

)
P
(

x(l)
uk

)
log2

P
(

x̂(l)
uk |x(l)

uk

)

P
(

x̂(l)
uk

) . (25)

Here, following the above derivation of the error probability,
P(x̂(l)

uk |x(l)
uk ) and P(x̂(l)

uk ) involved in (25) can be acquired.

B. Problem Formulation

For a multiuser MC system with given environmental
parameters, its performance relies on the molecular resource
allocation, which includes the assignment for the types of
molecules and the number of molecules for each of the types.
In this article, we investigate the optimization of molecular
resource allocation for the proposed scheme in Section II-A.
For this purpose, we consider the following optimization
problems.

1) First, we impose the min–max fairness criterion to pro-
vide BER fairness for all users. The corresponding

resource allocation problem is given by

min
Qu1 ,Qu2 ,...,QuK

max
{
Pu1 , Pu2 , . . . , PuK

}
. (26)

2) In addition to BER performance, user fairness can also
be reflected by their achievable rates. Therefore, we can
also use the max–min fairness criterion to achieve user
fairness, which is mathematically expressed as

max
Qu1 ,Qu2 ,...,QuK

min
{
Iu1, Iu2 , . . . , IuK

}
. (27)

3) Furthermore, in multiuser communication system, one
of the well-known optimization objectives is to
maximize the sum rate of all users. Additionally, to avoid
that the resource is assigned to only a fraction of users,
maximization of the weighted sum rates of all users can
be considered [58]. Hence, in this article, we consider
the weighted sum-rate maximization problem of

max
Qu1 ,Qu2 ,...,QuK

K∑

k=1

μuk Iuk

s.t. μuk > 0 (28)

where μuk is the weight for user uk.
Additionally, achieving the above objectives should be under

the constraint that the total number of molecules is a given
number. However, within a symbol duration, the transmitted
sequence {x(l)

u1 , x(l)
u2 , . . . , x(l)

uK } is unknown, indicating that the
total number of molecules successfully emitted at the transmit-
ter is not a constant. Therefore, we limit the average number
of molecules released, i.e.,

E

[
K∑

k=1

Quk x(l)
uk

]

≤ Q̄, Quk > 0 (29)

where E[·] is the expectation operation and Q̄ denotes the
maximum average number of molecules released by the trans-
mitter. Assuming P(x(l)

uk = 0) = P(x(l)
uk = 1) = (1/2), (29) can

be rewritten as
K∑

k=1

Quk ≤ Q, Quk > 0 (30)

where Q = 2Q̄ is the total number of molecules released per
transmission.

III. OPTIMIZATION ANALYSIS

Note that in the proposed system, the optimization for the
allocation of types of molecules and the associated number
of associated molecules is, unfortunately, a mixed problem,
which is not convex. Finding the jointly optimal solution
requires an exhaustive search, which results in prohibitive
computational complexity. Therefore, in practice, we tend
to first fix the assignment for the types of molecules and
then optimize the number of molecules assigned to different
types. Moreover, per the corresponding optimization criterion,
we can obtain the optimal solutions from all possible com-
binational allocation strategies, which can also be referred
to as the jointly suboptimal allocation strategy. Hence, to
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reduce the complexity, in this section, we only consider the
received signal composing of the current and previously trans-
mitted symbol, yielding �uk(l) = λuk(l)x

(l)
uk + λuk(l − 1)x(l−1)

uk .
Furthermore, for simplicity, we take K = 2 as an example to
illustrate the principles of molecular resource allocation, while
the general optimization analysis for the multiuser scenario
will be detailed in Remark.

A. Optimization for Min–Max Fairness

In this subsection, we consider the molecular resource allo-
cation to achieve the BER fairness in the proposed scheme.
First, when information molecules are fixed for all users, we
can list all the possible allocation strategies, i.e., BTW and
BTB. With BTW, the best type of molecules with the largest
diffusion coefficient is assigned to the worst user with the max-
imum transmission distance, the second best type to second
worst user, and so on. In contrast, when BTB is employed, the
allocation of types of molecules to users is opposite to BTW,
i.e., best type to the best user and worst type to the worst
user.2 After allocation of the types of molecules to users, then,
we can derive the optimal allocation results for the number
of molecules to different users. Moreover, by comparing the
performance of BTB and BTW associated with the allocation
of the number of molecules, the jointly suboptimal allocation
strategy can be determined.

1) Best-To-Worst: Assuming that the BTW scheme is
employed in the proposed system, we have Duk = Dk for
k = 1, 2, . . . , K. According to the aforementioned, we can
rewrite (26) for K = 2 as

min
ρ

max
{
Pu1 , Pu2

}

s.t. Qu1 + Qu2 ≤ ρQ + (1 − ρ)Q = Q
0 < ρ < 1 (31)

where ρQ and (1 − ρ)Q are the number of molecules allo-
cated to users u1 and u2, respectively, and ρ is the allocation
coefficient.

Proposition 1: Suppose that type M1(M2) molecules serve
user u1(u2). Then, the optimal solution to (31) is given by
ρ = ρopt, where ρopt can be obtained by solving the following
equation:

∑

k∈{1,2}
(−1)k+1{PM,uk + PF,uk

} = 0. (32)

Considering it is mathematically intractable to derive a closed-
form expression for ρopt from (32), we resort to the bisection
method or Newton iterative methods to solve (32) and obtain
ρopt. Note that this operation is still applicable to (34) and (37)
to solve ρopt.

Proof: See Appendix A.
2) Best-To-Best: In the context of the BTB scheme, we

have the kth user served by type MK−k+1 molecules for k =
1, 2, . . . , K. Following the derivation of the BTW scheme, the
optimal allocation coefficient ρ = ρopt can be obtained by
solving (32) with setting Duk = DK−k+1.

2If some users have the same transmission distance or some types of
molecules have the same diffusion coefficients in the proposed scheme,
random ordering for these users or these types of molecules will be performed.

Finally, we determine the jointly suboptimal allocation strat-
egy by first applying all the optimal ρ to max{Pu1, Pu2}, and
then comparing the values among all max{Pu1, Pu2}. The allo-
cation strategy attaining the smallest max{Pu1, Pu2} represents
a better allocation.

B. Optimization for Max–Min Fairness

Similar to the optimization for min–max fairness, we first
employ the BTW scheme to assign the information molecules,
yielding Duk = Dk for k = 1, 2, . . . , K. For K = 2, (27) can
be rewritten as

max
ρ

min
{
Iu1, Iu2

}

s.t. Qu1 + Qu2 ≤ ρQ + (1 − ρ)Q = Q
0 < ρ < 1. (33)

Proposition 2: Suppose that type M1(M2) molecules serve
user u1(u2). Then, the optimal solution to (33) is given by
ρ = ρopt, where ρopt yields
∑

k∈{1,2}
(−1)k+1{PM,uk log2Mk + PF,uk log2Fk + log2Tk

} = 0

(34)

where

Mk = PM,uk

(
1 − PM,uk + PF,uk

)

(
1 − PF,uk + PM,uk

)(
1 − PM,uk

)

Fk = PF,uk

(
1 − PF,uk + PM,uk

)

(
1 − PM,uk + PF,uk

)(
1 − PF,uk

)

Tk = 4
(
1 − PF,uk

)(
1 − PM,uk

)

(
1 − PF,uk + PM,uk

)(
1 − PM,uk + PF,uk

) . (35)

Proof: See Appendix B.
Following the above procedure, the optimal ρ in the case

of BTB can also be obtained. Finally, the jointly suboptimal
allocation strategy can be obtained by comparing the values of
Iu1 (or Iu2 ) when BTB and BTW are, respectively, employed.
In other words, the jointly suboptimal allocation strategy is
given by the combination of the assignment method for the
types of molecules that yield the largest Iu1 and the associated
ρopt for allocation of the number of molecules to each of the
two types.

C. Optimization for Sum-Rate Maximization

According to (28), when given the assignment for the
types of molecules to K = 2 users under the BTW scheme,
the problem of maximizing the weighted sum rate can be
described as

max
ρ

μu1 Iu1 + μu2Iu2

s.t. Qu1 + Qu2 ≤ ρQ + (1 − ρ)Q = Q
{
μu1 , μu2

}
> 0, 0 < ρ < 1. (36)

Proposition 3: Assume that type M1(M2) molecules serve
user u1(u2). Then, the optimal solution to (36) is given by
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Fig. 2. BER performance of user u1 as function of the normalized detection
threshold αu1 , where Du1 = 3 × 10−9 m2/s.

TABLE I
SYSTEM PARAMETERS

ρ = ρopt with ρopt satisfying

∑

k∈{1,2}

{
P′

M,uk

2
log2Mk + P′

F,uk

2
log2Fk

}

= 0. (37)

Proof: See Appendix C.
Similarly, we can also derive the optimal ρ when the BTB

scheme is employed to assign the two types of molecules to the
two users. Moreover, by comparing the results obtained by the
BTB and BTW schemes with the associated optimal values of
ρ, we can find the jointly suboptimal allocation strategy under
the considered situations.

Remark: When K > 2, it is clear that we are unable to
obtain a closed-form expression for the optimal ρ in the above
optimization problems. In the general case of K users, there
are K! possible assignment ways for types of molecules. The
jointly optimal or suboptimal allocation strategy can only be
obtained via exhaustive search, whose computational com-
plexity is extreme, if the value of K is relatively large. In
Section V, we will take K = 3 as an example to perform the
optimization analysis through the numerical results and prove
that the BTB and BTW schemes are capable of providing
the lower and upper performance bounds on the systems with
different optimization objectives, when the optimal allocation

for Q is employed for all assignment strategies about types of
molecules.

IV. NUMERICAL RESULTS

In this section, performance results are obtained with the
aid of Monte Carlo simulations to verify the feasibility of the
proposed resource optimization method. In our simulations,
we consider both the two-user and three-user scenarios to per-
form the optimization analysis, in which the detailed system
parameters are listed in Table I. For comparison, in the fol-
lowing, we also consider the equal allocation of the number of
information molecules, i.e., ρk = (1/K), as the baseline cases,
noted as “Equal BTB/BTW” in the figures. Correspondingly,
the optimal allocation of the number of information molecules
is noted as “Optimal BTB/BTW.” Note that for all simulation
results or predefined detection thresholds, we use (5) to deter-
mine the maximum ISI length L; while for the optimization
analysis in Section III, we set L = 1.

A. Validation of Optimal Detection Threshold

In this subsection, we take user u1 as an example to assess
the accuracy of the optimal normalized detection threshold
α

opt
u1 derived from (18). First, Fig. 2 shows that both the theo-

retical and simulated α
opt
u1 are almost independent of the total

number of transmitted molecules Q, but inversely proportional
to the symbol duration Ts, corroborating the conclusion in [54].
Moreover, we can observe that when Ts = 0.1 s, the theoreti-
cal α

opt
u1 is not consistent with the simulated counterpart, with

an error of about 9%. As Ts goes large to 0.3, we can see that
the analytical α

opt
u1 perfectly matches to the simulated value

due to the reduced effect of ISI. Therefore, for accuracy, we
set Ts = 0.3 s in the sequel. Alternatively, the theoretically
optimal αuk is employed in all simulations.

B. Two-User Optimization

In this subsection, we perform the optimization analysis for
a two-user scenario, when assuming that type M1 molecules
and type M2 molecules are deployed. Specifically, for BTB,
we have Du1 = D2 and Du2 = D1; for BTW, let Du1 = D1
and Du2 = D2. Moreover, for clarity, we use the bisection
method to obtain the optimal allocation coefficients ρopt for
all optimization objectives.

In Figs. 3 and 4, we demonstrate the optimization for min–
max fairness on BER. Specifically, Fig. 3 shows the maximum
BER performance of a two-user system as a function of the
allocation coefficient ρ. From Fig. 3, we can find that similar
to α

opt
u1 , the optimal allocation coefficient is nearly the same

for different Q values, explaining that the optimal allocation
coefficients are robust to the number of emitted molecules per
symbol. Moreover, it is clear that the analytical ρopt agrees
well with the simulation counterparts for both BTB and BTW,
validating the effectiveness of (32). However, we should note
that the accuracy of ρopt is inversely proportional to the ISI
length L. Furthermore, Fig. 3 depicts that BTW with the
optimal allocation coefficient performs better than BTB also
with optimal allocation coefficient. This can be understood by
the fact that the maximum BER performance for a two-user
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Fig. 3. Maximum BER performance of two-user system as function of the
allocation coefficient ρ.

Fig. 4. BER performance comparison of “Equal BTB/BTW” and “Optimal
BTB/BTW” with the total number of transmitted molecules Q.

system is always dominated by the worse user. In this sub-
section, we can regard user u2 with the longer transmission
distance as the worse user. With BTW, we assign the types of
molecules with the larger diffusion coefficient (i.e., type M2)
to user u2, which mitigates the BER performance degradation
caused by the longer communication distance. In contrast, in
BTB, the performance of user u2 deteriorates rapidly, and may
become unable to guarantee the normal communication. This
is because the longer transmission distance and a smaller dif-
fusion coefficient (D1) make it very difficult for the number
of molecules to reach the detection threshold within a symbol
duration.

To further investigate the performance of the optimal
BTW, in Fig. 4, we compare the optimal BTW and “Equal
BTW/BTW,” where ρopt = 0.16. As can be seen from Fig. 4,
when the optimal BTW strategy is employed, the BER curve

Fig. 5. Comparison of minimum achievable rate of “Equal BTB/BTW” and
“Optimal BTB/BTW.”

of user u1 perfectly matches with that of user u2, corroborat-
ing the proof of Proposition 1 and achieving the ideal user
fairness in terms of BER. As for the benchmarks, we can
find that the gap between the two users’ performance is large.
Specifically, at BER = 10−2, the performance gap is about
1.5 × 104 molecules for the equal BTW. Furthermore, for the
equal BTB, error floor occurs for user u2 at BER ≈ 0.5. We
thereby conclude that for the optimization of min–max fair-
ness, the best allocation strategy is BTW with the optimal
allocation for Q.

Fig. 5 depicts the minimum achievable rate of a two-user
system using the optimal/euqal BTB/BTW, where the optimal
allocation coefficients ρopt(s) calculated by (34) are 0.04 and
0.16, respectively, for BTB and BTW. Similarly, ρopt under the
max–min fairness criterion is independent of Q. As expected,
all BTW schemes outperform the corresponding BTB, which
is also because user u2 in BTW can obtain a relatively large
diffusion coefficient to compensate for the defect of long
transmission distance, when compared with user u2 in BTB.
Moreover, it is clearly seen that due to the use of optimal allo-
cation for Q, the optimal BTB/BTW is better than the equal
allocation counterparts. We also note that the performance gap
between the optimal and equal BTW is tailing off gradually
as Q increases. In summary, the optimal BTW is capable of
realizing a better performance under the max–min fairness
rule.

In Fig. 6, we plot the sum rate of a two-user system using
BTB/BTW versus the allocation coefficient ρ for different val-
ues of Q. Unlike ρopt for the pervious optimization objectives,
ρopt decreases with the increase of Q when maximizing the
sum rate is considered. This can be understood by the follow-
ing facts: 1) as Q goes larger, user u1 can reach the limit of
mutual information with a smaller allocation coefficient ρ and
2) to maximize the sum rate, user u2 will be assigned a larger
number of molecules to improve its data rate, i.e., increas-
ing 1−ρopt. For the same reason clarified earlier, the obtained
results show that BTW attains better sum-rate performance
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Fig. 6. Sum rate of the two-user system as function of the allocation
coefficient ρ.

Fig. 7. Sum rate comparison of “Equal BTB/BTW” and “Optimal
BTB/BTW.”

than BTB for all considered Q. Meantime, Fig. 6 reveals that
the sum-rate function is concave with respect to the allocation
coefficient ρ for both BTB and BTW.

To illustrate the performance characteristics of BTB/BTW,
in Fig. 7, we further compare the sum rate achieved by
the optimal BTB/BTW and that achieved by the equal
BTB/BTW schemes. One can observe that the optimal BTW
exhibits the maximum sum rate, while the equal BTB
performs worse, when Q ≥ 0.7 × 104. Compared with
the equal BTB/BTW, the reason for the performance loss
of the optimal counterparts is that considering ρopt is a
variable with respect to Q, we select ρopt when Q =
1.5 × 104 as a globally optimal allocation coefficient for
all Q. Specifically, ρopt is set to 0.16 and 0.24, respectively,
for BTB and BTW.

In summary, numerical results in Figs. 3–7 show that the
best resource allocation among the considered schemes is the

TABLE II
ALL POSSIBLE ASSIGNMENT RULES FOR TYPES OF MOLECULES

BTW with the optimal allocation for Q. With the aid of ρopt
provided in Propositions 1–3, the jointly suboptimal resource
allocation strategy for a two-user system can be predesigned
to enhance system’s performance, either user fairness or sum
rate.

C. Multiuser Optimization

In this subsection, we focus on a three-user network (i.e.,
users u1, u2, and u3) to perform the optimization anal-
ysis. Note again that the basic simulation parameters are
listed in Table I. Moreover, ρ1 and ρ2 denote the allo-
cation coefficients of the numbers of released molecules
for users u1 and u2, respectively, and we also have 0 ≤
ρ1 + ρ2 ≤ 1. Hence, the allocation coefficient of user u3
is 1 − (ρ1 + ρ2).

Fig. 8 depicts the maximum BER of the three-user network
with all possible assignment strategies for the types of
molecules, where the detailed strategies are given in Table II.
From Fig. 8, we can find the minimum value of the max-
imum BER, and thus obtain the optimal allocation about
Q for all users. For clarity, in Fig. 9, we further employ
the optimal allocation coefficients ρ1 and ρ2 obtained from
Fig. 8 to investigate the performance of all assignment strate-
gies. As anticipated, the BTB and BTW schemes provide the
lower and upper bounds on the performance for the consid-
ered system, when the optimal allocation for Q is employed
for all assignment strategies about the types of molecules.
However, different from the two-user network, the optimal
allocation for Q cannot be predesigned via a detailed expres-
sion in a multiuser system. To effectively obtain the optimal
ρ1 and ρ2 in BTB/BTW, it is necessary to introduce some
initialization procedures. Moreover, for the remaining two
optimization objectives, we can also acquire a similar con-
clusion as described in Fig. 9, i.e., the performances of the
BTW and BTB schemes with the optimal allocation for Q
are the upper and lower bounds of the system performance.
This is accounted for the fact that for the optimization
objectives considered in our work, the system performance
is mainly determined by worse users, and thereby, how to
improve the performance of these users is the focus of our
optimization. BTB and BTW denote two extreme matching
strategies for worse users, i.e., the worst and best matching.
Specifically, BTW can mitigate the performance loss of worse
users by employing the types of molecules with larger diffu-
sion coefficients, while BTB further lowers the performance
of these users.
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(a) (b) (c)

(d) (e) (f)

Fig. 8. Maximum BER performance of three-user system versus the allocation coefficients ρ1 and ρ2, where all possible molecule assignment strategies are
considered and Q = 3 × 104. (a) BTW. (b) Matching 1. (c) Matching 2. (d) Matching 3. (e) Matching 4. (f) BTB.

Fig. 9. Maximum BER of three-user network as a function of the total
number of released information molecules Q.

V. CONCLUSION

In this article, we investigated the molecular resource allo-
cation for the MDMA-based MC systems, in which the
information molecules with different diffusion coefficients are
considered. For the proposed system, we considered three
kinds of performance measures to obtain the jointly suboptimal
allocation for the types of molecules and the associated
number of molecules per type. Specifically, two assignment

strategies, namely, BTB and BTW, for the types of molecules
were considered. Furthermore, for a two-user scenario, we pro-
vided the semiclosed-form solutions to the optimal allocation
of numbers of molecules for different optimization objec-
tives with BTW/BTB. In contrast, in the three-user cases, we
verified that BTB and BTW with the optimal allocation of
numbers of molecules are capable of providing the lower and
upper bounds on the system’s performance. Finally, numerical
results illustrated that the jointly suboptimal allocation method
among those considered is the BTW scheme associated with
the optimal allocation of the number of emitted molecules.

APPENDIX A

From the principles of min–max (or max–min)-based allo-
cation [58]–[60], we can know that the allocation coefficient ρ

satisfying Pu1 = Pu2 is optimal, i.e., ρ = ρopt when Pu1 = Pu2 ,
where Pu1 and Pu2 are given in (24). Therefore, the only thing
we need to do is to verify the presence of ρopt.

The first step is to investigate the monotonicity of Pu1 and
Pu2 with respect to the allocation coefficient ρ, which can
be determined by checking whether its first derivative with
respect to its variable (i.e., ρ) is positive or not. Taking the first
derivative of Pu1 with respect to ρ, we can obtain the following
equation:

dPu1

dρ
= 1

4

∑

x(l−1)
u1 ∈β

√
Q

8ρπ

(

ηu1,1e
− 1

2 ρQη2
u1,1 − ηu1,0e

− 1
2 ρQη2

u1,0

)

.

(38)
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Considering ηu1,1 ≤ 0 < ηu1,0, we, thereby, obtain

ηu1,0e
− 1

2 ρQη1
u1,0 > ηu1,1e

− 1
2 ρQη2

u1,1 ∀x(l−1)
u1

∈ β. (39)

Applying the above equation to (38), we can obtain
(dPu1)/(dρ) < 0, indicating that Pu1 is degraded with the
growth of ρ.

For Pu2 , we can use a similar method to analyze its mono-
tonicity. First, the first derivative of Pu2 with respect to ρ is
given by

dPu2

dρ
= 1

4

∑

x(l−1)
u2 ∈β

√
Q√

8π(1 − ρ)

(

ηu2,0e
− 1

2 (1−ρ)Qη2
u2,0

−ηu2,1e
− 1

2 (1−ρ)Qη2
u2,1

)

. (40)

For ηu2,1 ≤ 0 < ηu2,0, we also obtain

ηu2,0e
− 1

2 ρQη2
u2,0 > ηu2,1e

− 1
2 ρQη2

u2,1 ∀x(l−1)
u2

∈ β (41)

and we, thereby, have (dPu2/dρ) > 0. As a result, Pu2 is an
increasing function of ρ.

Moreover, we need to find the values of Pu1 and Pu2 , respec-
tively, when ρ → 0 or ρ → 1. Applying ρ → 0 or ρ → 1
into (24), we can easily obtain limρ→0 Pu1 = limρ→1 Pu2 =
(1/2). Meanwhile, since Q(x) is a decreasing function, we
have Q(

√
ρQηuk,0) − Q(

√
ρQηuk,1) < 0 for ∀x(l−1)

uk ∈ β with
k = 1, 2, and hence, we can obtain limρ→1 Pu1 < (1/2) and
limρ→0 Pu2 < (1/2).

Finally, considering that limρ→0 Pu1 > limρ→0 Pu2 ,
limρ→1 Pu1 < limρ→1 Pu2 , and the monotonicity of Pu1 and
Pu2 about ρ, we can conclude that there is always ρ = ρopt
such that Pu1 = Pu2 .

APPENDIX B

First, we prove the monotonicity of Iu1 and Iu2 with respect
to the variable ρ. Taking the first derivative of Iuk with respect
to ρ, we can obtain the following equation:

dIuk

dρ
= P′

M,uk

2
log2Mk + P′

F,uk

2
log2Fk (42)

where for user u1, we have

P′
M,u1

= 1

2

√
Q
8π

∑

x(l−1)
u1 ∈β

√
1

ρ
ηu1,1e

− 1
2 ρQη2

u1,1

P′
F,u1

= −1

2

√
Q
8π

∑

x(l−1)
u1 ∈β

√
1

ρ
ηu1,0e

− 1
2 ρQη2

u1,0 (43)

while for user u2, we have

P′
M,u2

= −1

2

√
Q
8π

∑

x(l−1)
u2 ∈β

√
1

1 − ρ
ηu2,1e

− 1
2 (1−ρ)Qη2

u2,1

P′
F,u2

= 1

2

√
Q
8π

∑

x(l−1)
u2 ∈β

√
1

1 − ρ
ηu2,0e

− 1
2 (1−ρ)Qη2

u2,0 . (44)

To proceed, we first investigate (dIu1)/(dρ). According to
ηu1,1 ≤ 0 < ηu1,0, we can obtain P′

M,u1
< 0 and P′

F,u1
< 0.

Then, whether log2M1 and log2F1 are positive or negative,
we can show that if

PM,u1 + PF,u1 < 1 (45)

both log2M1 and log2F1 are negative. This can be obtained
by substituting (20) and (21) into (45), which obtains

∑

x(l−1)
u1 ∈β

Q
(√

Qu1ηu1,0

)
− Q

(√
Qu1ηu1,1

)
< 0. (46)

Since ηu1,1 ≤ 0 < ηu1,0, (45) can be shown satisfied. As
a result, we have (dIu1)/(dρ) > 0, indicating that Iu1 is an
increasing function with respect to ρ. Similarly, for the user
u2, we have P′

M,u2
> 0 and P′

F,u2
> 0 due to ηu2,1 ≤ 0 < ηu2,0,

and log2M2 and log2F2 can also be shown to be nega-
tive. Consequently, we can obtain that (dIu2)/(dρ) < 0 and
therefore, Iu2 is degraded with the increase of ρ.

Moreover, we can prove that there is an intersection between
Iu1 and Iu2 , i.e.,

(

lim
ρ→0

Iu1, lim
ρ→1

Iu1

)

∩
(

lim
ρ→0

Iu2, lim
ρ→1

Iu2

)

�= {∅, 0}. (47)

Note that limρ→0 Iu1 = limρ→1 Iu2 = 0 can be easily obtained.
Assuming ρ → ∞, we have PM,u1 → 0 and PF,u1 → 0,
and thus, limρ→∞ Iu1 → 1. Considering that Iu1 increases
with the increase of ρ, we can obtain limρ→1 Iu1 ≤ 1.
Similarly, we can also have limρ→0 Iu2 ≤ 1. At this point, (47)
can be successfully proved. Finally, according to the prin-
ciples of min–max (or max–min)-based allocation described
in [58]–[60], the crossover point of Iu1 and Iu2 , i.e., ρopt, is
the optimal solution to (33).

APPENDIX C

Applying the allocation coefficient ρ to (25), we can explic-
itly show that (36) is a function of ρ, expressed as �(ρ) =
μu1Iu1 + μu2 Iu2 . First, let us first show that �(ρ) is a concave
function. To this purpose, we calculate the second derivative
of �(ρ), which is

d2 �(ρ)

dρ2

= 1

2

∑

k

μuk

⎧
⎪⎨

⎪⎩
P′′

M,uk
log2Mk + P′′

F,uk
log2Fk

+ 1

ln 2

⎛

⎜
⎝

(
P′

M,uk

)2

PM,uk

(
1 − PM,uk

) −
(

P′
M,uk

− P′
F,uk

)2

Wk

⎞

⎟
⎠

+ 1

ln 2

⎛

⎜
⎝

(
P′

F,uk

)2

PF,uk

(
1 − PF,uk

) −
(

P′
F,uk

− P′
M,uk

)2

Wk

⎞

⎟
⎠

⎫
⎪⎬

⎪⎭

(48)
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where Wk = (1 − PF,uk + PM,uk)(1 − PM,uk + PF,uk).
Specifically for user u1, we have

P′′
M,u1

= −1

4

√
Q
8π

∑

x(l−1)
u1 ∈β

ηu1,1e
− 1

2 ρQη2
u1,1

×
(

1
√

ρ3
+ 1√

ρ
Qη2

u1,1

)

> 0

P′′
F,u1

= 1

4

√
Q
8π

∑

x(l−1)
u1 ∈β

ηu1,0e
− 1

2 ρQη2
u1,0

×
(

1
√

ρ3
+ 1√

ρ
Qη2

u1,0

)

> 0. (49)

For user u2, we also have

P′′
M,u2

= −1

4

√
Q
8π

∑

x(l−1)
u2 ∈β

ηu2,1e
− 1

2 (1−ρ)Qη2
u2,1

×
⎛

⎝
1

√

(1 − ρ)3
+ Qη2

u2,1

√
1

1 − ρ

⎞

⎠ > 0

P′′
F,u2

= 1

4

√
Q
8π

∑

x(l−1)
u2 ∈β

ηu2,0e
− 1

2 (1−ρ)Qη2
u2,0

×
⎛

⎝
1

√

(1 − ρ)3
+ Qη2

u2,0

√
1

1 − ρ

⎞

⎠ > 0. (50)

Substituting the above results into (48) and considering
PM,uk +PF,uk < 1 as demonstrated in Appendix B, we can see
that the first two terms on the right-hand side of (48) are nega-
tive, whist the last two terms are positive. However, it is highly
involved to directly determine the sign of (d2 �(ρ))/(dρ2).
Therefore, we verify this by numerical results. As shown in
Section IV (numerical results, Fig. 6), when the assignment for
the types of molecules is fixed, the objective function of (36)
with respect to ρ is a concave function.

To go forward, we verify that there is a ρ, i.e., ρ = ρopt
such that (d �(ρ))/(dρ) = 0, where

d�(ρ)

ρ
=
∑

k

μk
dIuk

dρ
. (51)

Based on the previous analysis, it is obvious that
(dIu2)/(dρ) < 0 < (dIu1)/(dρ). Moreover, considering that
(d�(ρ))/(ρ) is a continuous function over the entire domain,
we can conclude that if

μ1

(

lim
ρ→0

dIu1

dρ
, lim
ρ→1

dIu1

dρ

)

∩

μ2

(∣
∣
∣
∣ lim
ρ→0

dIu2

dρ

∣
∣
∣
∣,

∣
∣
∣
∣ lim
ρ→1

dIu2

dρ

∣
∣
∣
∣

)

�= {∅, 0} (52)

there is a ρ = ρopt making (d �(ρopt))/(dρopt) = 0.
Furthermore, for user u1, we can obtain

lim
ρ→0

dIu1

dρ
= Q

(8 ln 2)π
ε2, lim

ρ→1

dIu1

dρ
= 0 (53)

while for user u2, we can obtain

lim
ρ→0

dIu2

dρ
= 0, lim

ρ→1

dIu2

dρ
= − Q

(8 ln 2)π
θ2 (54)

where

ε =
∑

x(l−1)
u1 ∈β

(
ηu1,1 + ηu1,0

)

θ =
∑

x(l−1)
u2 ∈β

(
ηu2,1 + ηu2,0

)
. (55)

At this point, we can conclude that in all the cases there is
ρ = ρopt to make (d �(ρopt))/(dρopt) = 0 hold. Additionally,
given (d2�(ρ))/((ρ)2) < 0, we further conclude that ρopt is
the optimal solution to (36).
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