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Abstract—Nonorthogonal multiple access (NOMA) is a promis-
ing candidate for future wireless networks due to its ability
to improve the spectral efficiency and network connectivity.
Nevertheless, the error rate performance of NOMA depends sig-
nificantly on the power assignment for each user, which requires
accurate knowledge of the channel state information (CSI) at
the transmitter, which can be challenging for several applica-
tions, such as wireless sensor networks (WSNs) and Internet of
Things (IoT). Therefore, this article proposes a power-tolerant
NOMA by adaptively changing the signal power of each user
to reduce the system sensitivity to inaccurate power assignment.
The power adaptation in the power-adaptive NOMA (PANOMA)
is performed based on the transmitted data, and it does not
require accurate CSI. To quantify its potential, the bit error rate
(BER) and the lower bound capacity performance, over Rayleigh
fading channels, are derived in exact closed forms for two and
three users scenarios. The results demonstrate that PANOMA
provides a tangible BER performance improvement over conven-
tional power-domain NOMA when both schemes use suboptimal
power assignment, which is typically experienced in practical
scenarios involving channel time variation and CSI estimation
errors. Specifically, it will be shown that both schemes provide
similar BERs using optimal assignment, but the PANOMA offers
BER reduction by a factor of 10 for certain scenarios when sub-
optimal power values are assigned. The integrity of the analytical
results is verified via matching extensive Monte Carlo simulation
experiments.

Index Terms—Interference alignment, interference man-
agement, nonorthogonal multiple access (NOMA), power
assignment, sum rate.

I. INTRODUCTION

IT IS widely acknowledged that the number of devices
connected to mobile networks will continue to grow at

a tremendous pace. According to [1], by the end of 2020,
the number of devices will reach 25 billion, which is far
beyond the number of devices connected to wireless networks
a few years back. The reason for this substantial increase
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is the unfolding evolution of traditional cities and homes
toward becoming smart. This includes applications under
the umbrella of the Internet-of-Things (IoT) and machine-
to-machine (M2M) communications, which play a central
role in many applications, such as waste management, smart
transportation systems, and smart buildings [2]–[5]. To sup-
port these applications, the fifth generation (5G) of wireless
networks is designed to provide an agile data transport
infrastructure with capabilities that include massive connec-
tivity, larger spectral efficiency, and low latency [6]. For
instance, according to the 5G standard, narrowband IoT (NB-
IoT) will support the massive connectivity of low-cost-low-
capability devices [7], which are known to have low data-rate
requirements akin to wireless sensor networks (WSNs) [8].
The responsibility to satisfy such requirements lies mostly
within the multiple access functionality of the communication
system [9]. In current and previous mobile communication
systems, orthogonal multiple access (OMA) techniques are
mostly used, which include frequency-division multiple access
(FDMA), time-division multiple access (TDMA), and orthog-
onal FDMA (OFDMA). Moreover, code-division multiple
access (CDMA) can also be considered an OMA technique
when orthogonal spreading sequences are used. In general,
most wireless standards, including 5G, can be considered
OMA based, where the resources are allocated to the users
of one cell in such a way to prevent mutual interference.

Meanwhile, recent advances in nonorthogonal multiple
access (NOMA), particularly interference cancellation (IC)
to separate the users’ signals at the receiver. IC techniques
include parallel IC (PIC) and successive IC (SIC), with the
usual benchmark being the optimum maximum-likelihood
detector (MLD) [5]. It is shown in [5] that SIC outper-
forms PIC when each user is allocated a unique power value.
Furthermore, PIC can be computationally inefficient as it
requires a large number of iterations to provide an accept-
able bit error rate (BER) [10]. In [11], it is claimed that SIC
can overcome propagation errors using an iterative approach.

As a key performance metric, the BER of NOMA has been
considered by several researchers [12]–[18]. In [14], an exact
closed-form solution is derived for the downlink BER of two-
user NOMA in a single-input–single-output (SISO) Rayleigh
fading broadcast channel with imperfect SIC. The exact BER
for two- and three-user downlink NOMA is derived in [15]
for Nakagami-m fading channels using quadrature phase-shift
keying (QPSK). In [18], the BER for downlink NOMA with
an arbitrary number of users is derived for the Rayleigh
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fading channel where all users adopt binary phase-shift keying
(BPSK). The analysis is extended for the quadrature ampli-
tude modulation (QAM) in [19]. The BER results presented
in [12]–[19] show that the BER of NOMA systems degrades
by IUI, which can be significant if the users’ power allocation
is not performed diligently.

Power assignment in NOMA can be generally designed
to be fixed or dynamic. Fixed power assignment has
low complexity and does not require prior knowl-
edge of the channel state information (CSI) at the
transmitter [12], [13], [16], [18], [20]. However, it can-
not satisfy the users’ BER requirements or minimize the
average BER. Alternatively, dynamic power assignment has
the potential to satisfy Quality-of-Service (QoS) requirements
and minimize the BER. Dynamic power assignment typically
uses the instantaneous or statistical CSI to allocate the power
for each user [14], [15], [17], [21]. The assigned power can
be considered optimum if it is used to minimize certain
performance metrics such as the BER. Because the power
assignment is performed at the transmitter side, accurate CSI
should be priorly available at the transmitter, which is highly
challenging for mobile channels and requires substantial
feedback overhead. Adaptive power assignment with in
accurate or outdated CSI will not be optimal and may cause
severe BER degradation. In the literature, very little work
has considered reducing the BER sensitivity to nonoptimal
power assignment. For example, interference alignment is
proposed in [21] to improve the symbol error rate (SER) and
support high-reliability low-latency IoT systems. Dynamic
power allocation is applied using statistical CSI to minimize
the average asymptotic SER. Although the system offers SER
improvement and resilience to nonoptimal power assignment,
the system requires significant computational complexity, the
detection process requires pilot symbols to avoid detection
ambiguity, and the system is limited only to a two-user
NOMA. Robust NOMA design with respect to sum rate and
energy efficiency is considered in [22]–[24]. However, such
schemes are not generally applicable to the BER scenario,
and they require substantial computational power.

Other approaches for improving the BER of NOMA include
applying a particular phase rotation for each user while keep-
ing the power for each user fixed, as well as incorporating
signal space diversity through inphase/quadrature interleav-
ing [25]. The presented results show that a gain of about 1.3 dB
can be obtained, but only for one of the users. Furthermore,
the achieved gain depends on the time/frequency selectivity
of the channel, and becomes less significant in flat fading
channels. It is worth noting that this approach increases the
transmitter and receiver complexity due to the additional oper-
ations required to modulate and recover the data symbols.
Qiu et al. [26] proposed a class of NOMA schemes where
all users’ signals are mapped into n-dimensional constella-
tions that correspond to the same algebraic lattices to enable
every user achieve full diversity. The presented results show
a significant BER improvement at the expense of substantial
additional complexity. Such design is based on the assump-
tion that each symbol experiences independent and identically
distributed (i.i.d.) channels, which is a limiting assumption as

the channel coefficients are highly correlated in slow-fading
channels, unless interleavers with very depth are used.

A. Motivation and Contribution

As can be noted from the aforementioned discussions, the
BER of NOMA is highly sensitive to the users’ power assign-
ment, particularly for IoT systems, where accurate CSI is
typically difficult to obtain [8]. Moreover, most IoT applica-
tions are based on short-length packets and, thus, frequent
CSI feedback may degrade the system efficiency significantly.
For example, in fourth generation (4G) and 5G networks, the
CSI feedback typically requires 22 bits [27]. Consequently,
link adaptation in IoT applications should be designed to be
robust to inaccurate CSI conditions. Therefore, this article pro-
poses a power-tolerant data-aware adaptive power assignment
technique to improve the BER performance of power-domain
NOMA in scenarios where optimal power allocation cannot
be maintained. The overall idea is motivated by the fact that
prior knowledge of IUI is available at the transmitter, hence
it can be utilized to adapt the power per NOMA symbol
depending on whether IUI is constructive or destructive. It is
shown that the proposed data-aware power-adaptive NOMA
(PANOMA) scheme maintains the signal-to-noise ratio at
the receivers almost unchanged and, hence, the BER and
capacity experience negligible degradation as compared to
NOMA.

The contributions of this article can be summarized as
follows.

1) We propose a data-aware power assignment for power-
domain NOMA IoT systems to improve the system
robustness to imperfect power assignments.

2) We derive closed-form BER expressions for the NOMA
and PANOMA for two and three users cases using
BPSK.

3) We evaluate the impact of nonoptimal power assignment
on the NOMA and PANOMA systems.

4) We extend the proposed system to QPSK mod-
ulation and determine the BER performance
gain. Interestingly, it is shown that the inphase
and quadrature components for each user
should be assigned different power to minimize
the BER.

5) We evaluate the overall lower bound capacity of both
systems and quantifying the PANOMA gain for BPSK
and QPSK.

B. Article Organization

The remainder of this article is organized as follows. In
Section II, the system and the channel models are introduced.
In Section III, conditional BER expressions are derived for
two users NOMA and PANOMA, while Section IV handles
the three users case. Section V derives the unconditional BER,
while Section VI presents the basic formulas used to find
the lower bound capacity. Section VII presents the analyti-
cal and Monte Carlo simulation results. Finally, Section VIII
concludes this article with a summary of the main findings
and future work.
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Fig. 1. Illustrative diagram of a NOMA-IoT system where users are clustered
in groups of three users and served by one NOMA signal.

Fig. 2. Constellation diagram of the transmitted signal when BPSK is used
by all users. (a) N = 2. (b) N = 3.

II. SYSTEM AND CHANNEL MODELS

A. Conventional Power-Domain NOMA

As depicted in Fig. 1, this work considers the downlink of
an IoT network where a control center communicates with a
large number of IoT devices, also denoted as users, which
are mostly actuators. To increase the system spectral effi-
ciency, NOMA is deployed at the base station where each
group of N IoT devices is configured to share the same trans-
mission resources simultaneously. Therefore, the base station
multiplexes the information symbols of N devices by assign-
ing each user a distinct power coefficient based on the channel
conditions. Without loss of generality, we assume that the N
users are ordered in ascending order of their channel enve-
lope, i.e., |H1| > |H2| > · · · > |HN |, where Hn, 1 ≤ n ≤ N, is
the complex channel gain of the link between the base station
and the nth user, which is denoted as Un. Therefore, the power
allocation is performed such that a user with severe fading con-
ditions is assigned higher power than a user with good channel

conditions [14], [15]. In such scenarios, the power coefficients
{α1, α2, . . . , αN} are assigned such that α1 < α2 < · · · < αN ,
where

∑N
n=1 αn = 1. The SC process at the base station is

described by

xSC =
N∑

n=1

√
αnxn (1)

where xn is the information symbol of the nth user drawn uni-
formly from an M-ary phase-shift keying (MPSK) or QAM
constellation χn. The average power of the transmitted NOMA
symbols is normalized to unity such that E[|xSC|2] = 1, where
xSC is the transmitted NOMA symbol, and E[·] denotes the
expected value. Fig. 2 shows the constellation diagram of
the resultant superposition NOMA symbol for N = 2 and 3
using BPSK modulation. For N = 2, the NOMA constellation
consists of four constellation points, with four different ampli-
tudes. Moreover, it can be noted that the leftmost bit belongs
to U1, while the rightmost bit belongs to U2. The same argu-
ment applies for cases where N > 2, and when the modulation
orders are more than 2.

At the receiver front end, the received baseband signal in
flat fading channels is written as

yn = HnxSC + Wn (2)

where Wn ∼ CN (0, σ 2
Wn

) is the additive white Gaussian noise
(AWGN). In channels with small-scale Rayleigh fading and
large-scale path loss, the channel gain Hn = √

βn × hn, hn ∼
CN (0, σ 2

hn
), βn = d−λ

n , dn is the distance between the base sta-
tion and Un, and λ is the path-loss exponent. The small-scale
fading of different users is considered i.i.d. [25], [26]. Given
that CSI is known perfectly at the receiver, the information
symbols can be recovered using the joint-multiuser MLD
(JMLD)

{̂x1, x̂2, . . . , x̂N} = arg min
xi∈χi

∣
∣
∣
∣
∣
yn − Hn

N∑

i=1

√
αixi

∣
∣
∣
∣
∣

2

(3)

where {̂x1, x̂2, . . . , x̂N} are the jointly detected N users’ sym-
bols. Alternatively, the SIC detector can be applied where the
symbols of the user with maximum power UN is detected
first using a single-user (SU) MLD while considering all other
users’ signals as unknown noise. For the user with the second
highest power, UN−1, it has to detect and subtract the symbols
of UN , and then apply an SU MLD to detect its own symbols.
The minimum power user U1 has to detect and subtract the
symbols of N −1 users before it can detect its own symbols. It
is worth noting that the SIC and JMLD detectors have identical
BER performance, but the SIC has lower complexity [28].

The power assignment for each user may have a significant
effect on the performance of all users, and inappropriate power
assignment can therefore result in noticeable performance
degradation. Therefore, extensive research has been focused
on optimal power assignment as reported in [14], [15], [17],
and the references listed therein. For the BER case, the power
optimization problem is nonlinear hence it is typically solved
using certain searching methods, which achieve near-optimal
solutions. Moreover, optimal power assignment requires per-
fect knowledge of the channel statistical information [14], [15],
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Fig. 3. Euclidean distance versus deviation from optimal power at
Eb/N0 = 35 dB.

which is typically very challenging to obtain, particularly in
time-varying channels.

B. PANOMA Scheme

To simplify the presentation of the proposed PANOMA
scheme, we consider the two users scenario using BPSK
modulation. As can be noted from (1) and Fig. 2(a), the con-
stellation points of the two rightmost NOMA symbols are
A11 = (

√
α1 + √

α2) and A01 = (−√
α1 + √

α2). Therefore,
the error event with respect to U1 is largely determined by the
Euclidean distance DC

1 = |A11 − A01| = 2
√

α1. Given that the
value of α1 is selected to minimize the BER, the value of DC

1
will be maximized. However, a small deviation in α1 from the
optimal value will reduce DC

1 from its maximum value and
cause BER degradation.

Inspired by the interference alignment principle [29], [30],
the power assignment is performed adaptively based on the
values of the transmitted symbols of both users. Therefore,
the power is assigned based on the user index and values of
the information symbols of the two users. Consequently, the
transmitted PANOMA symbol is written in a conditional form
to capture the dependency of the power on the information
symbols. Therefore

xSC =
N∑

n=1

√
(αn|[x1, x2, . . . , xN])xn. (4)

To reduce the sensitivity of the BER to power assignment
process, the power for certain symbols is fixed regardless
of the channel conditions, while the power for the remain-
ing symbols can be selected to minimize the average BER.
For example, given that N = 2 and BPSK is used for both
users, the power assignment for the identical symbols cases
can be performed such that α1|[1, 1] = α1|[−1,−1] = 0.5

TABLE I
OPTIMAL POWER ASSIGNMENT FOR PANOMA USING

VARIOUS Eb/N0, N = 2

which is always fixed. However, the power assignment for the
symbols with opposite polarities, α1|[1,−1] and α1|[−1, 1],
can be selected to minimize the average BER using the for-
mula derived in Section III. Therefore, the transmitted NOMA
symbol can be expressed as

xSC =
{√

1
2 x1 +

√
1
2 x2, x1 = x2√

α1x1 + √
α2x2, x1 = −x2.

(5)

It is worth noting that the equal power selection α1 = α2 =
1/2 for the case of x1 = x2 maximizes the NOMA symbol
power for the identical symbols case, which can be verified
by computing

∂

∂α1
x2

sc|[x1 = x2] = 1 − 2α1√
α1(1 − α1)

(6)

which is maximum when α1 = 1/2. Similar to the con-
ventional NOMA case, the average power of the PANOMA
symbols should be normalized to unity. By comparing the
Euclidean distance of the rightmost PANOMA symbols DP

1 =
|A11−A01| = √

2+√
α1−√

α2 to DC
1 = 2

√
α1, it can be noted

that the constant scalar in DP
1 limits its variation with α1.

The optimal power assignment of U1 and U2 for various
Eb/N0 is shown in Table I given that β1 = 0 dB and β2 = 6 dB
where SNR � 1/σ 2

W . Fig. 3 shows the distance D1 and D2 for
NOMA and PANOMA versus the deviation from the optimal
power, where D2 = |A01 − A10|. As can be noted from the
figure, D1 and D2 for PANOMA change at a lower rate than
NOMA, implying that they remain close to the optimum val-
ues. The same conclusion can be made by noting the optimal
power values in Table I, where the values of α1 for Cases 2 and
3 remain roughly unchanged when Eb/N0 is changed from 15
to 35 dB. Following the same approach for N = 2, PANOMA
can be applied to N = 3. The optimal power coefficients
for all users at various Eb/N0 are shown in Table II where
β1 = 0 dB, β2 = 6 dB, and β3 = 12 dB, and Fig. 2(b) shows
the constellation diagram.

The PANOMA principle can be extended to higher modu-
lation orders such as QPSK where the inphase and quadrature
components are assigned different power factors by treating
each dimension independently. Therefore

xSC =
N∑

n=1

√
α�

n |�[x1, x2, . . . , xN]�(xn)

+ j
√

α�
n |�[x1, x2, . . . , xN]�(xn) (7)
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TABLE II
OPTIMAL POWER ASSIGNMENT FOR PANOMA USING VARIOUS Eb/N0, N = 3

where α�
n and α�

n are the power coefficients for the inphase
and quadrature components, and �(·) and �(·) represent the
real and imaginary parts, respectively.

As can be noted from (4) and (5), the data symbols of
U2 can be detected similar to conventional NOMA, i.e.,
using SU MLD while considering all other users’ sym-
bols as unknown noise. For U1, the SIC detector cannot be
applied directly because the power assigned to U1 might
be either 0.5 or α1. Therefore, the JMLD shown in (3)
can be applied by considering the SC process in (4), or
equivalently, a modified SIC detector can be applied. For
example, when BPSK with N = 2 is used, as shown in
Fig. 2(a), the interference can be canceled by computing
ỹ = y1 − 0.5H1(

√
2 + √

α2 − √
α1)x̂2. Then, an SU MLD can

be used to extract the data symbols of U1. The same approach
can be applied for the case where N > 2 and using higher
order modulations. Therefore, the proposed system complex-
ity is identical to conventional NOMA. It is worth noting that
the systems proposed in [21] and [25] require pilot sequences
to perform the detection process, which affects the spectral
efficiency. Moreover, the receiver complexity is higher than
conventional NOMA.

III. CONDITIONAL BER ANALYSIS, N = 2

The analysis in this article focuses on BPSK for both the
NOMA and PANOMA, and it is straightforward to extend it
to QPSK. These modulation schemes are adopted in various
standards, such as the NB-IoT and WiFi standards [7], [31]
to provide reliable communications over severe channels. The
analysis is general in the sense that can be applied to NOMA
and PANOMA regardless the power assignment, which is
unique for each particular system. There are four possible
cases for each user as shown in Fig. 2(a) where the constel-
lation points of the SC signal are specified. The BER can be
obtained by considering all the possible cases. For equally
probable symbols, the conditional BER is

PBn |γ n = 1

2N

2N
∑

i=1

P(i)
Bn

(8)

where γ n = [γ1,n, γ2,n, . . . , γL,n], γl,n is a factor that depends
on the SNR and symbol power, and L is the total number of
possible values for the nth user.

A. Near User (U1)

Case 1: The transmitted amplitude in this case is A11. The
transmitted symbol is detected erroneously if the AWGN level
shifts the transmitted symbol to one of the decision regions
where the bit value is flipped. Therefore

P(1)
B1

= Pr(w < −{A11 − a11 − a01})
− Pr(−{A11 + a11 + a01} < w < −A11) (9)

where ab1b2 = Ab1b2/2, w � �(W), and the user index is
dropped from w for notational simplicity. Thus

P(1)
B1

= 1
√

2πσ 2
w

∫ −a11+a01

−∞
exp

(
−w2

2σ 2
w

)

dw

− 1
√

2πσ 2
w

∫ −A11

−3a11−a01

exp

(
−w2

2σ 2
w

)

dw

= Q
(√

γ1,1
) + Q

(√
γ2,1

) − Q
(√

γ4,1
)

(10)

where Q(.) is the Gaussian function, and the definitions of γl,n

can be found in Table III in the Appendix.
Case 2: The transmitted amplitude is A01 and the error event

can be computed as the sum of two events, i.e., P(2)
B1

= P(2a)
B1

+
P(2b)

B1
, where

P(2a)
B1

= Pr(w > {a11 + a01 − A01})
= Q

(√
γ1,1

)
(11)

and

P(2b)
B1

= Pr(w < −A01) − Pr(w < −{A01+a11+a01})
= Q

(√
γ3,1

) − Q
(√

γ5,1
)
. (12)

Thus

P(2)
B1

= Q
(√

γ1,1
) + Q

(√
γ3,1

) − Q
(√

γ5,1
)
. (13)

For the remaining cases, Cases 3 and 4, the BER is equal
in Cases 2 and 1, respectively. Therefore, the conditional BER
of U1 is given by

PB1 |γ 1 =
5∑

i=1

ciQ
(√

γi,1
)

(14)

where c = (1/2)[2, 1, 1,−1,−1].
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B. Far User (U2)

Case 1: The same transmitted amplitude as in U1. However,
its decision boundary is zero. Therefore, the conditional
BER is

P(1)
B2

= Pr(w < −A11)

= Q
(√

γ1,2
)
. (15)

Case 2: The transmitted amplitude is A01. Thus, the condi-
tional BER is

P(2)
B2

= Pr(w < −A01)

= Q
(√

γ2,2
)
. (16)

The remaining cases, Cases 3 and 4, have identical BER to
their peers, Cases 1 and 2, respectively. From now on, only
the positive side will be mentioned in the analysis as the neg-
ative side is identical to the positive side. Consequently, the
conditional BER is

PB2 |γ 2 =
2∑

i=1

ciQ
(√

γi,2
)

(17)

where c = (1/2)[1, 1].

IV. CONDITIONAL BER ANALYSIS, N = 3

Similar to the previous section, however, the number of
users is 3. The amplitude of the transmitted symbol is deter-
mined by the three power coefficients, α1, α2, and α3.
Therefore, there are eight possible cases for each user as shown
in Fig. 2(b). The same strategy to get the BER will be followed
here as well.

A. Near User (U1)

Case 1: The transmitted amplitude is A111. The BER of this
case is shown in (18). Note that the definitions of γl,n can be
found in Table IV in the Appendix

P(1)
B1

= Pr (w < −{A111 − a111 − a011})
− Pr(−{A111 − a101 − a001} < w <

− {A111 − a011 − a101})
− Pr (−{A111 + a101 + a001} < w < −A111)

− Pr(−{A111 + a111 + a011} < w <

− {A111 + a011 + a101})
= Q

(√
γ1,1

) + Q
(√

γ2,1
) + Q

(√
γ3,1

) + Q
(√

γ4,1
)

− Q
(√

γ14,1
) − Q

(√
γ15,1

) − Q
(√

γ16,1
)
. (18)

Case 2: The transmitted amplitude is A011. The error can be
computed as the sum of two events, i.e., P(2)

B1
= P(2a)

B1
+ P(2b)

B1
,

where

P(2a)
B1

= Pr(w > {a111 + a011 − A011})
= Q

(√
γ1,1

)
(19)

and

P(2b)
B1

= Pr(w < −{A011 − a011 − a101})
− Pr (−A011 < w < −{A011 − a101 − a001})

− Pr(−{A011 + a011 + a101} < w <

− {A011 + a101 + a001})
− Pr (w < −{A011 + a111 + a011})

= Q
(√

γ5,1
) + Q

(√
γ6,1

) + Q
(√

γ7,1
)

− Q
(√

γ17,1
) − Q

(√
γ18,1

) − Q
(√

γ19,1
)
. (20)

Thus

P(2)
B1

= Q
(√

γ1,1
) + Q

(√
γ5,1

) + Q
(√

γ6,1
) + Q

(√
γ7,1

)

− Q
(√

γ17,1
) − Q

(√
γ18,1

) − Q
(√

γ19,1
)
. (21)

Case 3: The transmitted amplitude is A101. Similarly, the
error can be computed as the sum of two events, i.e., P(3)

B1
=

P(3a)
B1

+ P(3b)
B1

, where

P(3a)
B1

= Pr(w > {a011 + a101 − A101})
− Pr(w > {a111 + a011 − A101})

= Q
(√

γ5,1
) − Q

(√
γ20,1

)
(22)

and

P(3b)
B1

= Pr(w < −{A101 − a101 − a001})
− Pr(−{A101 + a101 + a001} < w < −A101)

− Pr(−{A101 + a111 + a011} < w <

− {A101 + a011 + a101})
= Q

(√
γ8,1

) + Q
(√

γ9,1
) + Q

(√
γ10,1

)

− Q
(√

γ21,1
) − Q

(√
γ22,1

)
. (23)

Thus

P(3)
B1

= Q
(√

γ5,1
) + Q

(√
γ8,1

) + Q
(√

γ9,1
) + Q

(√
γ10,1

)

− Q
(√

γ20,1
) − Q

(√
γ21,1

) − Q
(√

γ22,1
)
. (24)

Case 4: The transmitted amplitude is A001. The BER can be
computed as the sum of two events, i.e., P(4)

B1
= P(4a)

B1
+ P(4b)

B1
,

where

P(4a)
B1

= Pr(w > {a101 + a001 − A001})
− Pr({a011 + a101 − A001}

< w < {a111 + a011 − A001})
= Q

(√
γ8,1

) + Q
(√

γ11,1
) − Q

(√
γ23,1

)
(25)

and

P(4b)
B1

= Pr(w < −A001)

− Pr(−{A001 + a011 + a101} < w <

− {A001 + a101 + a001})
− Pr(w < −{A001 + a111 + a011})

= Q
(√

γ12,1
) + Q

(√
γ13,1

)

− Q
(√

γ24,1
) − Q

(√
γ25,1

)
. (26)

Thus

P(4)
B1

= Q
(√

γ8,1
) + Q

(√
γ11,1

) + Q
(√

γ12,1
) + Q

(√
γ13,1

)

− Q
(√

γ23,1
) − Q

(√
γ24,1

) − Q
(√

γ25,1
)
. (27)
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The cases from 5 to 8 are dropped for brevity. Note that the
analysis is identical for both sides. Therefore, the conditional
BER can be expressed by

PB1 |γ 1 =
25∑

i=1

ciQ
(√

γi,1
)

(28)

where c = (1/4)[2, 1, 1, 1, 2, 1, 1, 2, 1, 1, 1, 1, 1,−1, . . . ,−1].

B. Middle User (U2)

Case 1: The BER of this case is

P(1)
B2

= Pr(w < −{A111−a011−a101})
− Pr(−{A111+a011+a101} < w < −A111)

= Q
(√

γ1,2
) + Q

(√
γ2,2

) − Q
(√

γ8,2
)
. (29)

Case 2: The BER of this case is

P(2)
B2

= Pr(w < −{A011−a011−a101})
− Pr(−{A011+a011+a101} < w < −A011)

= Q
(√

γ3,2
) + Q

(√
γ4,2

) − Q
(√

γ9,2
)
. (30)

Case 3: The BER can be computed as the sum of two events,
i.e., P(3)

B2
= P(3a)

B2
+ P(3b)

B2
, where in (33)

P(3a)
B2

= Pr(w > {a011+a101−A101})
= Q

(√
γ3,2

)
(31)

and

P(3b)
B2

= Pr(w < −A101)

− Pr(w < −{A101+a011 + a101})
= Q

(√
γ5,2

) − Q
(√

γ10,2
)
. (32)

Thus

P(3)
B2

= Q
(√

γ3,2
) + Q

(√
γ5,2

) − Q
(√

γ10,2
)
. (33)

Case 4: Similarly, the BER can be computed as the sum
of two events, i.e., P(4)

B2
= P(4a)

B2
+ P(4b)

B2
, where

P(4a)
B2

= Pr(w > {a011+a101−A001})
= Q

(√
γ6,2

)
(34)

and

P(4b)
B2

= Pr(w < −A001)

− Pr(w < −{A001+a011+a101})
= Q

(√
γ7,2

) − Q
(√

γ11,2
)
. (35)

Thus

P(4)
B2

= Q
(√

γ6,2
) + Q

(√
γ7,2

) − Q
(√

γ11,2
)
. (36)

Finally, the conditional BER can be written as

PB2 |γ 2 =
11∑

i=1

ciQ
(√

γi,2
)

(37)

where c = (1/4)[1, 1, 2, 1, 1, 1, 1,−1, . . . ,−1].

C. Far User (U3)

Similarly, the bit error probability for Cases 1–4 are given
in (38)–(41), respectively

P(1)
B3

= Pr(w < −A111)

= Q
(√

γ1,3
)

(38)

P(2)
B3

= Pr(w < −A011)

= Q
(√

γ2,3
)

(39)

P(3)
B3

= Pr(w < −A101)

= Q
(√

γ3,3
)

(40)

P(4)
B3

= Pr(w < −A001)

= Q
(√

γ4,3
)
. (41)

Thus, the conditional BER for the far user is

PB3 |γ 3 =
4∑

i=1

ciQ
(√

γi,3
)

(42)

where c = (1/4)[1, 1, 1, 1].

V. UNCONDITIONAL BER ANALYSIS

The conditioning can be eliminated by averaging the con-
ditional BER over the PDF of γ n

PBn =
∫ ∞

0
PBn |γ n p

(
γ n

)
dγ n. (43)

By substituting the general representation of PBn in (43),
we obtain

PBn =
L∑

i=1

ci

∫ ∞

0
Q

(√
γi,n

)
p
(
γi,n

)
dγi,n (44)

where γi,n = |hn|2βnGi,n/σ
2
wn

and Gi,n is a constant. By
noting that hn is a complex Gaussian random variable, then
|hn| is Rayleigh distributed, and ηn � |hn|2 is exponentially
distributed. Therefore, the PDF of γi,n is exponential as well

p
(
γi,n

) = 1

γ i,n
exp

(−γi,n

γ i,n

)

. (45)

Using the Craig representation of the Q-function

Q(x) = 1

π

∫ π/2

0
exp

( −x2

2sin2θ

)

dθ (46)

and the generation function (MGF) of the exponential
PDF [32], the BER expression can be written as

PBn =
L∑

i=1

1

π
ci

∫ π/2

0
Mγi,n

( −γ i,n

2sin2θ

)

dθ

= 1

2

L∑

i=1

ci ζ
(
γi,n

)
(47)

where Mγi,n(−s) = 1/(1 + sγ i,n) and ci is the coefficient mul-
tiplied by the Gaussian function in the conditional BER. Also,
ζ(γi,n) = 1 − √

0.5γ i,n/(1 + 0.5γ i,n).
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Fig. 4. Analytical and simulated BER results of C-NOMA and PANOMA using BPSK, where N = 2.

VI. CHANNEL CAPACITY

The channel capacity for the nth user is defined as maximum
achievable mutual information I(Xn, Yn) between the channel
input Xn and output Yn when computed over all possible input
probability distributions p(xn) [33, p. 183]

Cn = max
p(xn)

I(Xn; Yn). (48)

The mutual information can be expressed as

I(Xn; Yn) = H(Xn) − H(Xn | Yn) (49)

where H(Xn) is the entropy of the source and H(Xn|Yn) is
the conditional entropy. For BPSK modulation, the channel
between the data source at the base station and detector out-
put of the nth user can be considered as a binary symmetric
channel (BSC). Therefore, (48) is maximized when the source
binary data symbols are equally likely, which implies that
H(Xn) = 1 and

H(Xn|Yn) � 
(
PBn

)

= ṔBn log2

(
1

ṔBn

)

+ PBn log2

(
1

PBn

)

(50)

where ṔBn = 1 − PBn . Therefore

Cn = 1 − 
(
PBn

)
(51)

and thus, the system capacity is given as C = ∑N
n=1 Cn,

which is considered a lower bound to the channel symmetric
capacity [34], [35].

VII. NUMERICAL RESULTS AND DISCUSSION

This section presents the analytical and simulation results
for the BER and capacity of the downlink conventional
NOMA and proposed PANOMA systems. For more clarity,

Fig. 5. Analytical and simulated average BER versus α1 for C-NOMA and
PANOMA using BPSK, where N = 2.

the conventional NOMA will be denoted as (C-NOMA). The
results are presented for N = 2 and N = 3 cases, using BPSK
and gray-coded QPSK modulation. The performance of an SU
OMA with maximum transmit power and located at a distance
d1 from the base station is used as a benchmark. The BER and
capacity are computed analytically for BPSK and validated
by Monte Carlo simulation, while Monte Carlo simulation is
used to evaluate the performance using QPSK. In each simu-
lation run, 3 × 107 independent bits are generated with equal
probability. The simulations were conducted using a worksta-
tion equipped with 2.5-GHz 64 bits quad-core Intel Core i7
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Fig. 6. Analytical and simulated BER results of C-NOMA and PANOMA systems using BPSK for the power assignment of P1 and P2, where N = 3.

processor and 16-GB RAM. Moreover, the MATLAB Parallel
Computing Toolbox was configured to perform parallel com-
puting using four cores. The small-scale fading is considered
to be flat and the channel fading coefficients for each real-
ization are modeled as i.i.d. Rayleigh random variables with
σ 2

hn
= 1. The large-scale fading is considered as fixed path

loss with an exponent of λ = 2.7. The users’ distances from
the base station are, respectively, given by d1, d2 = 1.67d1
and d3 = 2.78d1. Consequently, the path-loss coefficients are
β1 = 0 dB, β2 = 6 dB, and β3 = 12 dB. Hence, U1 can be
considered as the near user, while U2 and U3 are the middle
and far users for N = 3. For N = 2, U2 is the far user. The
base station and all users are assumed to be equipped with a
single antenna. Unless it is mentioned otherwise, all the results
for the N = 2 case are obtained using fixed power assignment
with factors of α1 = 0.05 and α2 = 0.95, where the PANOMA
power is assigned as described in (5). For the N = 3 case,
two fixed power assignment patterns are adopted which are
P1 = {0.05, 0.15, 0.80} and P2 = {0.1, 0.2, 0.7}, where the
first value in each pattern corresponds to α1, while the second
and third values correspond to α2 and α3. It is important to
mention that for PANOMA, these power coefficients are used
for Cases 3 and 6, while the rest of cases’ power values follow
those in Table II.

Fig. 4 shows the BER of the C-NOMA and PANOMA
systems using BPSK, where N = 2. Although the power
assignment for both systems is not optimal, it can be noted that
PANOMA outperforms C-NOMA by 2.18 dB for U1, while a
degradation of about 0.7 dB is obtained for U2. However, the
average BER of both users, (PB1 + PB2)/2, which is typically
considered as the key metric [14], [15], [36], improves by
about 1.41 dB. Such degradation is justified by the fact that

the power assignment process in the PANOMA is designed
to minimize the average BER, not the BER of the individual
users. It can be noted from Fig. 4 that the analytical and sim-
ulation results match very well for considered scenarios. The
same observation is also applicable to Figs. 5, 6, and 9.

Fig. 5 shows the average BER versus α1 at Eb/N0 of 15, 25,
and 35 dB. It can be noted from the figure that PANOMA
average BER degrades slightly as compared to C-NOMA when
α1 deviates from the optimal power for both systems. When
the value of α1 is substantially different from the optimal, the
average BER of both systems converges. Moreover, it can be
noted that C-NOMA BER is highly sensitive for α1 < 0.1,
where the degradation becomes severe.

Fig. 6 is presented to demonstrate the effect of power allo-
cation on the BER of the C-NOMA and PANOMA systems
for N = 3 case. Therefore, two different power assignments
are used which are P1 and P2. It is worthy to mention that
P1 is considered optimal for the C-NOMA system at high
SNR values. As can be noted from the figure, for P1, both
systems offer approximately the same BER even though the
PANOMA power assignment is not optimal. For P2, which is
near optimal for PANOMA and nonoptimal for the C-NOMA,
the PANOMA BER remained almost unchanged, while the C-
NOMA suffered a drastic degradation, which confirms that
PANOMA is robust against the imperfect power allocation
that might be caused by imperfect CSI at the transmitter.
More specifically, the PANOMA has an advantage of 8.1 dB
in the average BER as compared to C-NOMA when both
systems use P2. Furthermore, when comparing the average
BER performance of N = 3 with N = 2, it is noted that the
average BER performance is degraded for N = 3 because of
the increased IUI.
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Fig. 7. Simulated BER results of C-NOMA and PANOMA systems using
QPSK, where N = 2.

Fig. 8. Simulated BER results of C-NOMA and PANOMA systems using
QPSK, where the power assignment follows P2 and N = 3.

Figs. 7 and 8 show the BER results of C-NOMA and
PANOMA systems using QPSK for N = 2 and N = 3. As
can be noted from both figures, the BER for QPSK is identi-
cal to BPSK, which confirms the efficiency of the PANOMA.
Moreover, the obtained results follow the SU modulations in
which BPSK and QPSK have similar BERs. Nevertheless,
BPSK is more robust to CSI estimation errors [37].

Figs. 9 and 10 quantify the PANOMA gain with respect to
the achieved system capacity for N = 2 and N = 3 cases
considering BPSK and QPSK, where the power allocation is

Fig. 9. Analytical and simulated capacity for C-NOMA and PANOMA
systems using BPSK, where the power assignment follows P2 and N = 3.

Fig. 10. Analytical and simulated capacity for C-NOMA and PANOMA
using QPSK, where the power assignment follows P2 and N = 3.

similar to that in Figs. 7 and 8. For example, when N = 2, the
maximum gain is 1.2 dB for BPSK and QPSK. In addition,
for N = 3, the maximum gain is about 7.1 and 7.15 dB for
BPSK and QPSK, respectively. As can be noted from both fig-
ures, the capacity of PANOMA and C-NOMA decreases and
approaches zero when the SNR is decreased. Such behavior is
obtained because the capacity at low SNR is dominated by the
AWGN, and thus, reducing the IUI or optimizing the power
will have a very limited impact on the system performance.
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TABLE III
DEFINITIONS OF γl,n , N = 2

TABLE IV
DEFINITIONS OF γl,n , N = 3

By increasing the SNR, the impact of the proposed power
assignment becomes more apparent.

VIII. CONCLUSION AND FUTURE WORK

This article proposed an efficient power assignment scheme
to improve the BER performance of NOMA-IoT systems by
increasing the system tolerance to nonoptimal power assign-
ment. Exact closed-form analytical BER and lower bound
capacity expressions were derived for the JMLD receiver of
both C-NOMA and PANOMA over Rayleigh fading chan-
nels, where the cases of two and three users were considered.
These expressions were verified via Monte Carol simula-
tion results, which showed that the proposed PANOMA is
superior in terms of BER and capacity. This demonstrated

the ability of PANOMA to operate effectively under nonop-
timal power allocation, which is typically caused by the lack
of accurate CSI at the transmitter. Moreover, it can be noted
that the performance gain achieved using PANOMA is main-
tained even when the number of users increased from two to
three. The same conclusion can be also made for the capac-
ity results where the PANOMA outperformed the NOMA.
Furthermore, when PANOMA was applied to QPSK, the
performance improvement was identical to the BPSK case.

As the analytical BER and capacity analysis in this work
focus on the two and three users scenarios, our future work will
aim at generalizing the BER and capacity analysis to include
the large number of users and higher order modulations
schemes.

APPENDIX

DEFINITIONS OF γl,n

The definitions of γl,n are listed in Tables III and IV. Note
that ωn = [(|Hn|2)/(σ 2

w)].
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