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Abstract—This article proposes a novel technique to effectively
detect superimposed preambles transmitted via narrowband
Internet of Things (NB-IoT) physical random access channels
(NPRACHs). Because the quasi-stationarity of these channels
conserves local phase coherence over a few symbols, a symbol-
level matched filter (SLMF) is used to effectively reduce out-band
noise and interference without excessively accumulating phase
increments occurring with the cross-correlation operations. The
squared norms of the SLMF outputs are accumulated to test
for the presence of a user equipment (UE). The false alarm
and miss probabilities in the presence of frequency selectivity,
time selectivity, and different channel gains through which the
preambles of multiple UEs propagate are rigorously derived. To
reduce intercarrier interference (ICI), which is mainly caused
by different carrier frequency offsets (CFOs), a forward error
reduction method based on interference regeneration and can-
cellation (IRnC) is studied. The IRnC method effectively reduces
the miss probability but is not able to reduce the false alarm
probability because the ICI cannot be perfectly regenerated and
completely canceled. In addition, a closed-loop CFO compensa-
tion method is proposed to effectively maintain low false alarm
and miss probabilities by sending quantized normalized CFO
(NCFO) estimates back to the corresponding UEs via random
access response (RAR) and reducing the CFO accordingly at the
transmission end. Computer simulations confirm the theoretical
analyses and show that the proposed technique achieves low false
alarm and miss probabilities.

Index Terms—Detection, false alarm, intercarrier interference
(ICI), narrowband Internet of Things (NB-IoT), NB-IoT physical
random access channel (NPRACH), random access (RA).

I. INTRODUCTION

THE NARROWBAND Internet of Things (NB-IoT)
is an application paradigm newly specified in the

3rd Generation Partnership Project (3GPP) specifications
to simultaneously support numerous user equipment (UE)
devices operating in the massive machine-type communica-
tion (mMTC) scenario. Similar to how a UE in a mobile
communication network initiates a random access (RA) proce-
dure to request uplink resources, a UE in the NB-IoT scenario
transmits its preambles through an NB-IoT physical RA chan-
nel (NPRACH) with an initial coverage enhancement level
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that is determined based on the power measurement of the
reference signal received at the UE. An NPRACH consists
of consecutive subcarriers allocated for preamble transmis-
sion. The NPRACH receiver at the serving base station (BS)
needs to resolve the received signal, which is a superposition
of signals transmitted from multiple active UEs with different
channel impairments; identify the active UEs; and estimate the
channel parameters on individual uplinks.

A previous study [1] completely described the physical-
layer specifications of the NB-IoT in detail. Another study [2]
designed a hopping pattern to effectively estimate the Time
of Arrival (ToA). Another prior study [3] proposed an
optimization approach to jointly determine the medium access
control (MAC) parameters so as to maximize the access
success probability under a latency constraint. A pioneering
study [4] proposed a receiving technique for NPRACH detec-
tion and ToA estimation. Lin et al. [4] intuitively evaluated the
2-D cross-correlation function via a 2-D discrete-time Fourier
transform (DFT). Although several existing works in the NB-
IoT research area have followed the intuitive method proposed
in [4], called the 2-D fast Fourier transform (FFT), the 2-D
cross-correlation function itself (called the ambiguity function
in radar research) has also been commonly used [5], and a
joint maximum-likelihood estimation (JMLE) technique has
been theoretically derived in several previous studies [6], [7].
A previous study [8] explicitly studied the determination of an
appropriate decision threshold for NPRACH preamble detec-
tion in NB-IoT systems. Although the title of [8] claims
that the proposed threshold determination method attains opti-
mality, the proposed decision threshold is actually chosen
as an average between the maximum and minimum mag-
nitudes of the DFT demodulator outputs; therefore, it can
more correctly be considered intuitive and heuristic rather
than optimal. Another study [9] analyzed the NPRACH detec-
tion probability and proposed a field programmable gate array
(FPGA) receiver implementation. Nevertheless, the techniques
studied in [4], [8], and [9] do not consider the received
signal as a superposition of multiple uplink signals propa-
gating through different frequency-selective fading channels
with different carrier frequency offsets (CFOs) and different
ToAs; therefore, they not only overly simplify the performance
evaluation of the detection process but also disregard the inter-
carrier interference (ICI) effects resulting from different CFOs.
However, such ICI unavoidably increases both the false alarm
and miss probabilities.
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A previous study [10] proposed an NPRACH method based
on singular value decomposition (SVD) of the covariance
matrix. The technique proposed in [10] relies on covariance
analysis and therefore requires a large number of received
preambles to enhance the accuracy of detection and esti-
mation, especially in the low signal-to-noise ratio (SNR)
regime [11]. Recently, Aoudia et al. [12] and Kumar and
Balasubramanya et al. [13] studied deep learning methods
to achieve NPRACH detection in NB-IoT systems. However,
deep learning methods are inappropriate for handling initial
synchronization because they usually require a high signal-
to-interference-plus-noise ratio (SINR) and many training
preambles while not considering various channel impairments,
e.g., complex channel gains, CFOs, time errors (TEs), and
ICI. Another recent study [14] addressed differential pro-
cessing with minimum combining for NPRACH detection.
However, differential processing suffers not only from noise
enhancement under low-SNR conditions but also from 3-
dB SNR degradation under high-SNR conditions [15]. More
recently, Chougrani et al. [16], Liu and Gokhale [17], and
Kodheli et al. [18] investigated RA procedures in nonterres-
trial networks (NTNs), which exhibit considerably increased
delays and relatively large CFOs. However, these stud-
ies [16], [17], [18] focused only on the problem of large
differential delays under the assumption of no ICI. All of
the aforementioned studies [4], [8], [9], [10], [12], [13], [14],
[16], [17] lack any simulated or analytical results to demon-
strate the false alarm probability. In fact, few, if any, previous
works in the literature have considered the ICI effects result-
ing from multiple nonnegligible CFOs. As a result, no previous
work has studied any technique for overcoming the associated
challenges.

Notably, for NPRACHs, the signal received at a BS is
composed of many single-tone frequency-hopping pream-
bles, instead of the orthogonal frequency-division multiple
access (OFDMA) signals used in 3GPP long-term evolution
advanced (LTE-A) downlink transmissions or the single-carrier
frequency-division multiple access (SC-FDMA) signals used
in 3GPP LTE-A uplink transmissions. Unlike in OFDMA, the
cyclic prefixes (CPs) used in NPRACHs cannot be exploited
to maintain the orthogonality among subcarriers. Therefore,
the DFT-based demodulation used in OFDMA systems (or the
2-D DFT-based demodulation proposed in [4]) is never needed.
Unlike in SC-FDMA, no guard band is reserved between the
neighboring frequency bands used for different UEs in NB-
IoT systems. Therefore, multiple access interference (MAI) is
unavoidably present when different CFOs occur in different
UEs.

This article proposes an NPRACH detection technique
to address a superimposed signal received via multiple
uplinks with different CFOs, different TEs, and different
time-varying frequency-selective fading channels. The deci-
sion threshold for the presence of an individual NPRACH
preamble is theoretically derived in accordance with the
Neyman–Pearson criterion [19, pp. 132–133] because the
(log-)likelihood function in hypothesis 1 suffers from nui-
sance parameters, i.e., channel gains. Accordingly, the false
alarm and miss probabilities obtained using the proposed

technique are derived via statistical analysis. An interference
regeneration and cancellation (IRnC) method operating simi-
larly to that in a previous study [20] is investigated to reduce
the miss probability. In addition, a closed-loop CFO compen-
sation (CLCC) mechanism is proposed. This mechanism sends
quantized CFO estimates back to the corresponding UEs via
RA response (RAR), i.e., Message 2 of the PRACH proce-
dure [18]. Accordingly, CFO compensation can be performed
at each UE, thus effectively reducing both the false alarm and
miss probabilities by avoiding ICI effects. The remainder of
this article is organized as follows. The signal modeling and
problem formulation are described in Section II. Analytical
results and simulation results are compared in Section III,
and the IRnC and CLCC methods are also studied. Finally,
concluding remarks are provided in Section IV.

II. SIGNAL MODELING AND PROBLEM FORMULATION

The discrete-time baseband equivalent signal transmitted
from the uth UE can be written as follows:

s′
u[k] = √

Pse
j2πν

[
u,�k�/NSG

](∣∣∣|k|/NSG
−Ncp

∣∣∣
/N

)

(1)

where k is the time index, which represents the time instant
kts, with ts = T/N, T, and N representing the sampling period,
the symbol duration, and the number of samples in a symbol,
respectively; Ncp and NSG represent the number of samples
in a CP and the number of samples in a symbol group (SG),
respectively; Ps = Es/ts represents the sample power, with Es

representing the sample energy; ν[u, k] denotes the subcarrier
frequency used in the kth SG from the uth UE; and �·� and |·|
are the floor and modulo operators, respectively, i.e., �x�/y and
|x|/y represent the integer part and remainder, respectively, of
x/y. The superimposed signal received at the BS can be written
as follows:

r[k] = r′[k]√
Ps

=
U−1∑

u=0

wu,νsu[k − lu]e
j
(

2π εu(k−lu)
N +φ0

)

+ n[k]

k = 0, 1, 2, . . . (2)

where

r′[k] =
U−1∑

u=0

wu,νs′
u[k − lu]e

j
(

2π εu(k−lu)
N +φ0

)

+ n′[k].

su[k] = s′
u[k]/

√
Ps; n[k] = n′[k]/

√
Ps; and wu,ν , εu, lu and

φ0 represent the complex-valued channel gain at frequency ν,
the normalized CFO (NCFO), the TE occurring with the uth
uplink and the initial phase error resulting from the front-
end noncoherent downconversion process, respectively. The
power normalization applied above, i.e., 1/

√
Ps, is used only

for simplicity of representation. The NCFO εu in (2) is the
CFO normalized with respect to the subchannel bandwidth
(also known as the subcarrier spacing) �f = 1/T as follows:

εu = εu

�f
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where εu represents the uth CFO in hertz (Hz). n′[k] = n′(kts)
denotes the additive white Gaussian noise (AWGN) n′(t) sam-
pled at kts, whose power spectral density (PSD) is Sn(f ) = N0.
Here, the receive filter has a null-to-null bandwidth of 1/ts, and
therefore, the sampled noise n′[k] is an uncorrelated Gaussian
sequence with zero mean and a variance of 2σ 2

n = N0/ts.
Because of the normalization relation n[k] = n′[k]/

√
Ps, n[k]

is an uncorrelated Gaussian sequence with zero mean and a
variance of 2σ̄ 2

n = 2σ 2
n /Ps = (Es/N0)

−1. The qth output of a
symbol-level matched filter (SLMF) when applied to the mth
SG from the uth UE can be written as follows:

ξu(m, q) = 1

N
·

mNSG+qN+Ncp+(N−1)∑

k=mNSG+qN+Ncp

r[k]e
−j2πν[u,m]

(∣∣∣|k|/NSG
−Ncp

∣∣∣
/N

)

= Cu(m, q)+ Iu(m, q)+ n(m, q)

m = 0, 1, 2, 3; q = 0, 1, 2, 3, 4 (3)

where

Cu(m, q) = wu,νejφu,1 ej2πεu
mNSG+qN+Ncp+N−1

N
sin(πεu)

N sin
(
πεu
N

)

is the desired term, conveying the cross-correlation, φu,1 =
−2π(ν[u,m] + εu)lu + φu,0

Iu(m, q) = 1

N

mNSG+qN+Ncp+(N−1)∑

k=mNSG+qN+Ncp

U−1∑

u′=0
u′ �=u

wu′,ν

× e
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N

)

× e

(
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/N
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is the ICI term, which predominantly results from the nonneg-
ligible CFOs occurring in adjacent subchannels; and

n(m, q) = 1

N

mNSG+qN+Ncp+(N−1)∑

k=mNSG+qN+Ncp

n[k]e
−j2πν[u,m]

(∣∣∣|k|/NSG
−Ncp

∣∣∣
/N

)

is the noise term, which is a complex-valued Gaussian
random variable (RV) with zero mean and a variance of
2σ 2

N
= 2σ̄ 2

n /N = (Esymb/N0)
−1, with Esymb = NEs denoting

the symbol energy.

A. NPRACH Detection

The detection process for testing whether the uth UE is
sending NPRACH preambles can be converted into the follow-
ing binary hypothesis testing problem. The detection metric
over L preambles can be formulated as the accumulation of
the squared envelopes of the SLMF outputs, i.e.,

Xu,L =
L−1∑

l=0

ζu(l) (4)

where

ζu(l) =
3∑

m=0

4∑

q=0

|ξu(m, q)|2.

Under hypothesis 1, denoted by H1, which states that the uth
UE is active, Xu,L has a noncentral χ2 distribution with 40L
degrees of freedom (DOFs). Thus, the conditional probability
density function (PDF) and conditional cumulative distribution
function (CDF) of Xu,L can be written as [21, p. 46]

fXu,L(x|H1, ρ )

= 1

2σ 2
N

(
x

ρ2

)10L− 1
2

e
− x+ρ2

2σ2
N I20L−1

(
ρ
√

x

σ 2
N

)

x ≥ 0 (5)

and

FXu,L(x|H1, ρ ) = 1 − Q20L

(√
ρ2

σ 2
N

,

√
x

σ 2
N

)

, x ≥ 0 (6)

respectively, where the undetermined parameter

ρ =
(

5
L−1∑

l=0

3∑

m=0

∣∣wu,ν
∣∣2
) 1

2

represents the noncentrality, in which wu,ν remains unchanged
within an SG because of the quasi-stationarity of the
subchannels

Iα(x) =
∞∑

k=0

(x/2)α+2k

k!�(α + k + 1)
, x ≥ 0

is the modified Bessel function of the first kind and order α

�(x) =
∫ ∞

0
tx−1e−tdt

is the gamma function; and

Qm(a, b) =
∫ ∞

b
x
( x

a

)m−1
e−(

x2+a2
)
/2Im−1(ax) dx

is the generalized Marcum Q-function [21, p. 47]. Notably,
wu,ν in ρ, as written below (6), depends on both m and l due
to frequency and time selectivity, respectively.

Under hypothesis 0, denoted by H0, which states that the
uth UE is not present, Xu,L has a central χ2 distribution with
40L DOFs [21, p. 45]. The conditional PDF and conditional
CDF of Xu,L can be written as follows:

fXu,L(x|H0 ) = 1

220L�(20L)σ 40L
N

x20L−1e
− x

2σ2
N , x ≥ 0 (7)

and

FXu,L(x|H0 ) = 1 − e
− x

2σ2
N

20L−1∑

k=0

1

k!

(
x

2σ 2
N

)k

, x ≥ 0, (8)

respectively. In practice, the noncentrality ρ in (5) resulting
from the channel gains cannot be obtained prior to NPRACH
detection; therefore, it is regarded as a nuisance parameter in
the NPRACH detection process. Because fXu,L(x|H1, ρ) in (5)
contains this undetermined parameter, NPRACH preamble
detection can only be conducted by applying the Neyman–
Pearson criterion [19, pp. 132–133]. The false alarm probabil-
ity of NPRACH preamble detection is usually required to be
lower than the nominal false alarm probability (NFAP) αnml.
Given the NFAP provided in the specifications, e.g., αnml =
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10−3, the decision threshold T can be determined by solving
the following equation:

αnml =
∫ ∞

T
fXu,L(x|H0 ) dx = 1 − FXu,L(T|H0 )

= e
− T

2σ2
N

20L−1∑

k=0

1

k!

(
T

2σ 2
N

)k

. (9)

Once the decision threshold T has been determined via numer-
ical methods, the probability of successful detection can be
written as follows:

PD

(
Esymb

N0

)∣∣∣∣ρ = 1 − FXu,L(T|H1, ρ ) = Q20L

(
ρ

σN
,

√
T

σN

)

= Q20L

⎛

⎝ρ

√
2Esymb

N0
,

√

T
2Esymb

N0

⎞

⎠. (10)

In accordance with the commonly used Clarke channel
model, in which scatters are assumed to be uniformly dis-
tributed [22], the complex-valued channel gains wu,ν are
usually modeled as zero-mean complex Gaussian RVs with
variance 2σ 2

w for a Rayleigh fading channel. Because wu,ν

remains unchanged for an SG, the expression given for ρ
below (6) can be rewritten as follows:

ρ = √
5ρ̄

where ρ̄ = (
∑L−1

l=0
∑3

m=0 |wu,ν |2)1/2. Note that ρ̄ has a
Nakagami-m distribution with the following PDF [21, p. 49]:

p(ρ̄) = ρ̄8L−1

24L−1
(
σ 2

w

)4L
�(4L)

e
− ρ̄2

2σ2
w , ρ̄ ≥ 0. (11)

Therefore, the PDF of ρ can be written as follows:

p(ρ) = p(ρ̄)

∣∣∣∣
dρ̄

dρ

∣∣∣∣

∣∣∣∣
ρ̄= ρ√

5

=
1√
5

(
ρ√
5

)8L−1
e
− ρ2

10σ2
w

24L−1
(
σ 2

w
)4L
�(4L)

, ρ ≥ 0. (12)

The average detection probability and the average miss prob-
ability can be written as follows:

P̄D

(
Esymb

N0

)
=
∫ ∞

0

(
PD

(
Esymb

N0

)∣∣∣∣ρ
)

p(ρ) dρ (13)

and

P̄M

(
Esymb

N0

)
= 1 − P̄D

(
Esymb

N0

)
, (14)

respectively.

B. Joint Estimation of the NCFO and TE

When the uth UE is considered active based on the
NPRACH detection process described in the preceding section,
the received signal expression given in (2) can be rewritten as
follows:

r[k] =
U−1∑

u′=0

wu′,νsu′[k − lu′]e
j
(

2π
εu′
N (k−lu′)+φu′,0

)

+ n[k]

= wu,νsu[k − lu]ej(2π εuN (k−lu)+φu,0) + nι[k] (15)

where the former term represents the preamble sent from the
uth UE and is the desired term, and the latter term is given as
follows:

nι[k] = ι[k] + n[k].

This expression in turn contains an ICI term, expressed as

ι[k] =
U∑

u′=0
u′ �=u

wu′,νsu′ [k − lu]e
j
(

2π
εu′
N (k−lu′)+φu,0

)

and an AWGN term n[k] with zero mean and a variance of
2σ̄ 2

n . The ICI term largely arises from adjacent channels and
does not have an analytical model. The following analysis
mainly focuses on the effects of the AWGN term.

When the channel gain wu,ν and initial phase φu,0 are
regarded as nuisance parameters, the likelihood function and
log-likelihood function of the NCFO εu and TE lu of the uth
uplink transmission can be written as follows:

L̃

([
εu

lu

]

; wu,ν , φu,0

)

=
N−1∏

k=0

1

2πσ̄ 2
n

e
−

(

r[k]−wu,ν e
j
(

2π
(
ν+ εu

N

)
(k−lu)+φu,0

))2

2σ̄2
n

=
(

2πσ̄ 2
n

)−N

× exp

⎛

⎜
⎝−

∑N−1
k=0

(
r[k] − wu,νej

(
2π

(
ν+ εu

N

)
(k−lu)+φu,0

))2

2σ̄ 2
n

⎞

⎟
⎠ (16)

and

L
([
εu

lu

]
; wu,ν , φu,0

)

= −N log
(

2πσ̄ 2
n

)
− 1

2σ̄ 2
n

N−1∑

k=0

(
r[k] − wu,ν

× exp
(

j
(

2π
(
ν + εu

N

)
(k − lu)+ φu,0

)))2
(17)

respectively. As a result, the JMLE of εu and lu with nuisance
parameters wu,ν and φu,0 can be written, as shown in (18), at
the bottom of the next page, in which

κ(εu, lu) =
N−1∑

k=0

r[k] exp
(
−j
(

2π
(
ν + εu

N

)
(k − lu)

))

represents the cross-correlation of the received signal and a
replica of the transmitted signal with a frequency shift εu and
a TE lu, 
{·} denotes the operation of taking the real part of
the argument

φW = tan−1 �{wu,ν
}


{wu,ν
}

φM = tan−1
�
{∑N−1

k=0 r[k] exp
(−j

(
2π

(
ν + εu

N

)
(k − lu)

))}



{∑N−1

k=0 r[k] exp
(−j

(
2π

(
ν + εu

N

)
(k − lu)

))}

and �{·} denotes the operation of taking the imaginary part
of the argument. Note that the bottom line of (18) is reached
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because |wu,ν | and 
{e−j(φu,0+φW−φM)} are irrelevant to the
JMLE of εu and lu. The JMLE of εu and lu in (18) is built
as a bank of time-domain (TD) matched filters (TDMFs). The
TDMF outputs can be written as follows:

ξ
(
ε̂u, l̂u

)
= 1

N

N−1∑

k=0

r[k]e
−j
(

2π
(
ν+ ε̂u

N

)(
k−l̂u

))

. (19)

By adopting the notations�εu = εu−ε̂u and�lu = lu−l̂u, (19)
can be rewritten as follows:

�(�εu,�lu) = wu,νψ(�εu,�lu)+ Nψ (20)

where

ψ(�εu,�lu) = sin(π�εu)

N sin
(
π �εu

N

)ejπ �εuN (N−1−lu)

and

Nψ = 1

N

N−1∑

k=0

nι[k] exp

(
−j

(
2π

(
ν + ε̂u

N

)(
k − l̂u

)))
.

In the context of radar analysis, the magnitude of ψ(�εu,�lu)
is usually called the ambiguity function [5]. The ambigu-
ity function is depicted in Fig. 1. The modified Cramér-Rao
lower bounds (MCRLBs) can further be found in the form of
[6, eq. (11)]. However, this article does not further derive any
CR-like bounds because the theoretical benchmarks are not
concise due to the lack of accurate ICI statistics in the liter-
ature. Hence, the performance degradation caused by the ICI
term is instead addressed via Monte Carlo simulations.

III. SIMULATIONS

For rapid deployment and coexistence with 3GPP LTE-A
networks, NB-IoT technology follows the 3GPP physical-layer
specifications [1]. The system parameters applied for the NB-
IoT have been well investigated in the previous study [1]. The
parameter settings used here are briefly mentioned as follows.
In the frequency domain, one LTE physical resource block
(PRB) of 180 kHz is allocated for NB-IoT uplink transmission.
The subcarrier spacing used is �f = 3.75 kHz. Therefore,
this 180-kHz NB-IoT band can accommodate 48 NB-IoT sub-
channels. In this article, the NB-IoT uplinks occupy the guard
bands of an LTE band. Specifically, 24 subchannels are in
the upper guard band, while the other 24 subchannels are in
the lower guard band. Frequency-selective fading channels are

Fig. 1. Ambiguity function |ψ(�εu,�lu)|.

considered. The NPRACH preambles of different SGs from
a single UE propagate through different subchannels, thus
experiencing different subchannel gains.

In the time domain, an NPRACH preamble consists of four
SGs. An SG consists of five symbols and one CP with a
length of T/4. Therefore, the symbol duration and the CP
length are T = 1/�f = 266.67 μs and 66.67 μs, respec-
tively. One symbol duration consists of N = 512 samples.
This article considers time-varying and quasi-stationary chan-
nels. In other words, the subchannel gains remain unchanged
within one SG duration, but they are updated every SG by
drawing from the Jakes’ fading channel model [23]. To reduce
complexity, the received signal should be demultiplexed into
the low-frequency band and then filtered by a first-order
infinite-impulse-response (IIR) low-pass filter (LPF) with the
following transfer function:

H(z) = 1 − a

1 − az−1
, a = exp

(
− 2π

Mdn

)
. (21)

The output stream of the IIR LPF can be downsampled by
Mdn times without loss of preamble information. Because
the NPRACH preambles occupy at most 48 subchannels and
the entire LTE bandwidth accommodates N = 512 sub-
channels, Mdn = 8 (<512/48) is chosen unless otherwise
mentioned. To enhance the accuracy of CFO estimation,
frequency-domain (FD) upsampling is conducted by divid-
ing each subchannel into Mup levels. The FD upsampling can

[
ε̂u

l̂u

]
= arg maxεu,lu L

([
εu

lu

]
; wu,ν , φu,0

)

= arg maxεu,lu

{

− 1
2σ̄ 2

n

N−1∑

k=0

(
r[k] − wu,ν exp

(
j
(
2π

(
ν + εu

N

)
(k − lu)+ φu,0

)))2

}

= arg maxεu,lu 

{

w∗
u,ν

N−1∑

k=0
r[k] exp

(−j
(
2π

(
ν + εu

N

)
(k − lu)+ φu,0

))
}

= arg maxεu,lu

∣∣wu,ν
∣∣
∣∣∣∣∣

N−1∑

k=0
r[k] exp

(−j
(
2π

(
ν + εu

N

)
(k − lu)

))
∣∣∣∣∣


{

e−j(φu,0+φw−φM)
}

= arg maxεu,lu |κ(εu, lu)|

(18)
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Fig. 2. (a) Spectra of UE 3’s and UE 8’s first preambles, with no CFOs. (b) Spectra of UE 4’s and UE 7’s first preambles, with NCFOs of ε4 = −0.4 and
ε7 = 0.3. (c) Spectra of UEs 3, 4, 7, and 8.

Fig. 3. Decision thresholds evaluated via iterative search and the CLT
approximation when αnml = 10−3 and 10−2. T0 is the value determined
via the iterative search method, while T1 is the value calculated via the CLT
approximation.

be conducted either by performing zero padding in the TD
downsampled stream and then applying the DFT or by using

a bank of TDMFs. Here, Mup = 16 is chosen unless other-
wise mentioned. Demodulation based on a bank of TDMFs
eliminates the requirement that the differences in the ToAs
all be less than the CP length, which is a presumption of
DFT-based demodulation [4], [8], [9]. Thus, the conversion
of DFT-based demodulation into TDMF-bank-based demod-
ulation can be used to address the problem of differences
of delays investigated in the previous studies [16], [17], [18].
However, solving the problem of large differences of delays
is beyond the scope of this article. This article instead focuses
on solving the problems presented by multiple nonnegligible
CFOs.

For illustration, the spectra of the first preambles of UEs
3, 4, 7, and 8 received at the BS are depicted in Fig. 2.
Fig. 2(a) shows the spectra of the first preambles sent from
UE 3 and UE 8, with no CFOs. Fig. 2(b) shows the spectra
of the first preambles sent from UE 4 and UE 7, with NCFOs
of ε4 = −0.4 and ε7 = 0.3, respectively. Fig. 2(c) shows
the spectra of the first preambles sent from UEs 3, 4, 7, and
8. Each UE has its own local oscillator and therefore incurs
an individual NCFO. The signal powers from UEs 4 and 7
leak into neighboring subchannels because of the nonnegli-
gible CFOs of these UEs. Therefore, the miss probabilities
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(a) (b)

Fig. 4. (a) False alarm probability and (b) miss probability when no TEs and no CFOs are present. T0 is the value determined via the iterative search
method, while T1 is the value calculated via the CLT approximation.

(a) (b)

Fig. 5. (a) False alarm probability and (b) miss probability when TEs and CFOs are both present.

for the detection of UE 4 and UE 7 increase. As seen from
Fig. 2(c), the spectra of the preambles sent from UEs 3 and 4
overlap with each other, and the spectra of the preambles sent
from UEs 7 and 8 also overlap with each other. The subchan-
nels reserved for UEs 5 and 6 should be empty; however, they
are instead partially occupied by the spectral sidelobes of UEs
3 and 4, respectively. These spectral sidelobes are undoubtedly
ICI, increasing the false alarm probabilities for UE 5 and UE 6.

Although (9) is an exact expression with no nonelemen-
tary functions, the relation between the decision threshold
T and the NFAP αnml is implicit; in other words, T cannot
be expressed as an explicit function of αnml consisting only
of elementary functions by solving (9). Therefore, the deci-
sion threshold can only be determined via an iterative search
method. The search range is set to extend from E{Xu,L|H0} =

40Lσ 2
N to E{Xu,L|H1}. The step size �T is chosen to be 1/1024

of the standard deviation of the RV Xu,L|H0, i.e., �T =√
80Lσ 4

N

/
1024. As an alternative to the aforementioned

iterative search method, the RV Xu,L|H0 can be approximated
as a Gaussian RV with mean 40Lσ 2

N and variance 80Lσ 4
N in

accordance with the central limit theorem (CLT) [24, p. 278].
Accordingly, (9) can be rewritten as follows:

αnml = Q

⎛

⎝T − 40Lσ 2
N√

80Lσ 4
N

⎞

⎠ (22)

where Q(x) = (1/
√

2π)
∫∞

x exp(−y2/2)dy represents the
Gaussian Q-function [21, eq. (2.3-10), p. 41]. Thus, the
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(a) (b)

Fig. 6. (a) False alarm probability and (b) miss probability when TEs are present with no CFOs. “w/o NCFO” means “with a TE but no NCFO.” “w/o TF
Err” means “without TEs or NCFOs.”

decision threshold can be approximately calculated as follows:

T =
(√

80LQ−1(αnml)+ 40L
)
σ 2

N (23)

where Q−1(·) represents the inverse of the Gaussian
Q-function. The results of both of the above-mentioned
threshold determination methods can be precalculated and
prestored offline without introducing real-time computational
complexity.

Fig. 3 shows the decision thresholds evaluated via the
iterative search method and via the CLT approximation when
αnml = 10−3 and 10−2. T0 denotes the value determined via
the iterative search method, whereas T1 denotes the value cal-
culated via the CLT approximation as written in (23). The
following three observations are found. First, the thresholds
increase as the number of NPRACH preambles, L, increases.
Second, T1 is only slightly lower than T0. When L ≥ 2 (i.e., the
yellow curves for L = 2, the green curves for L = 4, the blue
curves for L = 8, and the cyan curves for L = 12), T0 and
T1 nearly align with each other; thus, the CLT approximation
provides high accuracy as L increases. Third, the false alarm
probability is very sensitive to the determination of the deci-
sion threshold. Even a very slight decrease in the threshold can
cause the false alarm probability to increase by one decade.

Fig. 4(a) and (b) shows the false alarm and miss probabil-
ities, respectively, when no NCFOs and no TEs are present.
The following five observations are found. First, as seen from
Fig. 4(a), the simulation results for the false alarm probability
are close to the NFAP, αnml = 10−3, only when T0 is
used. With T1, the false alarm probability is higher than
αnml = 10−3. This is reasonable because T1 is slightly lower
than T0, as shown in Fig. 3. Second, as seen from Fig. 4(b), the
analytical results for the miss probability obtained using either
T0 or T1 are close to each other, especially when L ≥ 2. Third,
the simulation results for the miss probability are close to the
analytical results obtained using (14), especially when L ≥ 4.

Fourth, because T1 is slightly lower than T0, the miss proba-
bilities obtained using T1 are lower than those obtained using
T0. Fifth, for a target miss probability of 10−3, approximate
SNR requirements can be obtained from Fig. 4(b), as follows:
Esymb/N0 ≥ 4 dB for L = 2; Esymb/N0 ≥ 1 dB for L = 4;
Esymb/N0 ≥ −2 dB for L = 8; and Esymb/N0 ≥ −3 dB for
L = 12. For a target miss probability of 10−2, the approximate
SNR requirements obtained from Fig. 4(b) are as follows:
Esymb/N0 ≥ 3 dB for L = 2; Esymb/N0 ≥ 0 dB for L = 4;
Esymb/N0 ≥ −3 dB for L = 8; and Esymb/N0 ≥ −4 dB
for L = 12. To reduce the miss probability by one
decade, the SNR needs to be increased by approx-
imately 1 dB when the decision latency L remains
unchanged.

Fig. 5(a) and (b) shows the false alarm and miss probabil-
ities, respectively, when NCFOs and TEs are both present.
The NCFOs are assumed to be uniformly distributed in
[−0.2, 0.2], [−0.3, 0.3], [−0.4, 0.4], or [−0.5, 0.5], and the
TEs are assumed to be uniformly distributed from 0 to one
CP length. The following five observations are found. First,
as seen from Fig. 5(a), the false alarm probability exceeds the
NFAP of αnml = 10−3, especially when detection is performed
in the interference-dominant regime (i.e., Esymb/N0 ≥ 0 dB).
Second, the false alarm probability increases as the SNR
(or Esymb/N0) increases because of the interference-dominant
regime. Third, the false alarm probability increases as L
increases due to the interference-dominant regime. The
summation (or integrate-and-dump filter) functioning as an
LPF rejects out-band noise. A larger value of L can only reduce
the noise variance, thereby causing the ICI to become dom-
inant and thus increasing the false alarm probability. Fourth,
as seen from Fig. 5(b), the miss probability increases because
the spectral sidelobes of the NPRACHs unavoidably leak into
adjacent subchannels due to the nonnegligible CFOs. Fifth,
both the false alarm and miss probabilities increase as the
NCFOs increase.
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(a) (b)

(c)

Fig. 7. Mean-square estimation errors for the (a) NCFO, (b) TE, and (c) magnitude of channel gain. “UpSmpRt” stands for the upsampling rate in the
frequency domain.

Fig. 6(a) and (b) shows the simulation results for the false
alarm and miss probabilities, respectively, when TEs are
present with no NCFOs. The false alarm and miss probabilities
shown in Fig. 6(a) and (b) are close to those shown in Fig. 4(a)
and (b), respectively. As seen by comparing Figs. 4–6, the
observed increases in the false alarm and miss probabili-
ties mainly result from the presence of multiple NCFOs, not
from TEs.

Fig. 7(a) and (b) shows the mean-square errors of the JMLE
of the NCFO and TE, respectively, as expressed in (18). As
seen from Fig. 7(a), a mean-square estimation error of 10−2

can be achieved for the estimated NCFO. The TE estimation
errors are normalized with respect to the CP length. As seen
from Fig. 7(b), an error on the level of approximately 10% to
30% of the CP length is incurred in TE estimation. A lower
error cannot be achieved when estimating the TE because the
ambiguity function expressed in (20) and shown in Fig. 1 has
a flat top in the �lu direction. TE estimation can be conducted

only by determining the boundaries of an SG instead of those
of a symbol because an SG is composed of five identical sym-
bols and one CP. A continuous wave has been proven to be
an effective training preamble for CFO estimation, but it is
not effective for TE estimation because an NPRACH symbol,
which is a complex sinusoidal waveform, has a narrow mean-
square bandwidth and a long mean-square symbol duration.
The mean-square errors of the JMLE of the NCFO and TE
are inversely proportional to the mean-square symbol duration
and the mean-square bandwidth, respectively, as shown in
[6, eq. (12)]. After JMLE of the NCFO and TE has been per-
formed, the TDMF output can be regarded as the ML channel
estimate, as follows:

ŵu,ν = 1

N

N−1∑

k=0

r[k] exp

(
−j

(
2π

(
ν + ε̂u

N

)(
k − l̂u

)))
. (24)
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(a) (b)

(c) (d)

Fig. 8. (a) False alarm probability and (b) miss probability obtained using the IRnC method with perfect estimates. (c) False alarm probability and (d) miss
probability obtained using the IRnC method with ML estimates. “w/o TF Err” means “without TEs or NCFOs.”

Unfortunately, the initial phase error φu,0 in (18) is an
unknown RV and changes with every symbol, and a nonzero
�εu and a nonzero �lu cause φM in (18) to be undeter-
mined. Therefore, the complex-valued channel gain estimator
in (24) cannot be applied due to the aforementioned phase
rotations. Fig. 7(c) shows the mean-square estimation errors
for the magnitude of the channel gain.

An IRnC method similar to that presented in a previous
study [20] is used for forward error reduction. Fig. 8(a)
and (b) shows the false alarm and miss probabilities, respec-
tively, when perfect estimates of the NCFOs, TEs, and
channel gains are used to regenerate and cancel the ICI
at the receiving end. The false alarm and miss probabili-
ties decrease and approach those obtained with no NCFOs.
Fig. 8(c) and (d) shows the false alarm and miss probabilities,

respectively, when the JMLE in (18) and the channel estimator
in (24) are used instead to regenerate and cancel the ICI at the
receiving end. As seen from Fig. 8(d), the miss probabilities
again decrease close to those obtained with no NCFOs. This
result occurs because the NCFO estimates are highly accu-
rate, enabling the TDMFs to be tuned to effectively acquire
the corresponding NPRACH signals in the right subchannel
bands. However, because the unknown initial phase errors φu,0
and residual TEs lead to random phase rotations in the chan-
nel estimates, the IRnC method cannot perfectly regenerate
and cancel the ICI; consequently, the false alarm probability
increases, as shown in Fig. 8(c).

Based on the above simulations, it is found that individ-
ual CFOs lead to ICI and result in increases in both the false
alarm and miss probabilities. Although the IRnC method for
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(a) (b)

Fig. 9. (a) False alarm probability and (b) miss probability with CLCC using 2- to 6-bit quantized NCFO estimates. “BK” stands for “NCFO estimate sent
back to the corresponding UE.”

forward error reduction does not require extra radio resources,
it can only reduce the miss probability and cannot reduce the
false alarm probability. However, if the serving BS sends ML
estimates of the NCFOs back to the corresponding UEs via
RAR, i.e., Message 2 of the PRACH procedure [18], or via
dedicated channels for another RA attempt, then the UEs can
compensate for the CFOs prior to sending their NPRACH
preambles. For this purpose, the ML NCFO estimates need to
be quantized to a few bits to reduce the consumption of radio
resources [25]. Several quantization techniques have been thor-
oughly investigated in a previous study [25]. The uniform
quantization in [25, eq. (34)] is used in the following sim-
ulations. Fig. 9(a) and (b) shows the false alarm and miss
probabilities, respectively, when the ML NCFO estimates are
quantized and delivered to the corresponding UEs for CLCC.
As seen from Fig. 9(b), the miss probabilities decrease to
the level of those obtained with no CFOs. As seen from
Fig. 9(a), the false alarm probabilities also decrease due to
the decrease in the ICI as the number of quantization bits
increases. When the number of quantization bits exceeds 5,
the false alarm probabilities decrease to the level of the NFAP,
αnml = 10−3.

IV. CONCLUSION

This article has proposed and comprehensively investi-
gated a novel technique to effectively detect superimposed
NPRACH preambles, accurately estimate individual CFOs,
and ultimately reduce ICI, thereby maintaining low false
alarm and miss probabilities. The false alarm and miss prob-
abilities have been derived in the presence of frequency
selectivity, time selectivity, and different channel conditions
for the NPRACH preambles from different UEs. To reduce
the ICI, which mainly results from the different CFOs, a
forward error reduction method assisted by IRnC has been
proposed and thoroughly studied. The IRnC method has been
found to effectively reduce the miss probability. The CLCC

method has been proven to effectively maintain low false alarm
and miss probabilities simultaneously by sending quantized
NCFO estimates back to the corresponding UEs via RAR
messages or other dedicated channels. Computer simulations
conducted to confirm the theoretical analyses have shown that
the proposed technique achieves low false alarm and miss
probabilities.
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