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ABSTRACT We propose a novel voltage controller design procedure for voltage source inverters (VSIs)
with uncertain loads, focusing on the passivity of loads. VSIs have been widely used in many applications.
AVSImust regulate the load voltage to its sinusoidal reference quickly and accurately without distortion. It is
essential to design a voltage controller that takes into account various load conditions since it is rarely known
in advance what types of loads are connected to the VSI. In particular, it is challenging to suppress the voltage
harmonic distortion caused by a nonlinear load, such as a diode rectifier, while achieving fast-tracking and
zero steady-state error. A controller designed by the proposed procedure guarantees robust stability of the
VSI independent of the load type and value. Namely, no information about uncertainties of load is needed to
stabilize the VSI. Moreover, the proposed procedure realizes zero-steady state error, fast-tracking, and low
distortion. We demonstrate the effectiveness of the proposed controller through comparative analysis with
the proportional resonant (PR) and conventional robust controllers via simulations and experiments.

INDEX TERMS Robust control, voltage source inverter, positive realness, linear matrix inequality.

I. INTRODUCTION
Voltage source inverters (VSIs), which convert DC voltage
into AC voltage, have been widely used in many applications
such as industrial equipment, uninterruptible power supplies
(UPSs), and distributed generators [1], [2], [3], [4], [5], [6],
[7], [8]. In stand-alone applications, such as UPSs, the VSI
must regulate the load voltage to its sinusoidal reference
quickly and accurately without distortion [2], [7], [9], [10],
[11], [12], [13], [14], [15]. It is not an easy task to design a
voltage controller for VSIs due to the uncertain load and the
resonance of the LC filter connected to the VSI [3], [16], [17],
[18]. In particular, it is essential to design a voltage controller
that takes into account various load conditions since it is
rarely known in advance what types of loads are connected
to the VSI.

Numerous studies have been developed for the VSI
voltage controller that can achieve zero steady-state error,
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fast-tracking, and low distortion while stabilizing the VSI.
Combining the proportional-integral controller and the dq
transformation achieves zero steady-state error [11], [14],
[19], [20]. Nevertheless, additional mechanisms are required
in the dq transformation for a single-phase VSI [11], [20].
Moreover, cross-couplings on the dq-frame degrade con-
trol performance in the system, and an additional current
sensor is needed to independently control the dq-voltage
(current) [19]. Proportional resonant (PR) controllers on the
stationary frame has been widely used for the voltage control
of the VSI due to their simple structure [3], [4], [7], [14], [21].
The PR controller regulates the load voltage to its sinusoidal
reference with no steady-state error. However, it is difficult to
achieve high-speed and accurate tracking with low distortion.
In addition, the PR controller does not guarantee stability
and performance of the VSI for uncertain loads. A dead-beat
control for the VSI was proposed in [1] and [22]. The dead-
beat control achieves a fast and accurate voltage response for
VSIs with a known load, but the performance degrades when
the load varies. Other VSI voltage controllers were proposed
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based on sliding mode control (SMC) [5], [9], [10], with
some advantages such as fast response and robustness against
parameters. However, these controllers based on the SMC
have disadvantages, such as variable switching frequency,
steady-state error, and chattering [12]. Furthermore, an addi-
tional current sensor is needed. For the stability of VSIs with
uncertain loads, Lyapunov-function-based controllers were
proposed in [12] and [15]. Although these controllers stabi-
lize the VSI irrespective of load type, it is still challenging to
consider control performance, such as fast-tracking and low
distortion in the design.

Robust control is one promising method that addresses
uncertainties in systems [23]. Some approaches based on
robust control theories have been reported for VSIs [16], [17],
[18], [24]. In [24], the linear quadratic regulator and back-
stepping method were presented to design a robust optimal
state-feedback controller. This controller stabilizes VSIs with
uncertain linear loads based on the small gain theorem. How-
ever, the stability and performance of VSIs with nonlinear
loads have not been investigated. In addition, this method
cannot handle specifications in the frequency domain. Robust
control based on H∞ control theory enables us to analyze
specifications in the frequency domain, guaranteeing the
robust stability and the performance of VSIs with uncertain
linear loads [16], [17], [18]. In [16], a state feedback con-
troller was designed based on H∞ control theory. However,
an additional current sensor was required, and the suppression
of distortion due to a nonlinear load was not investigated.
Output-feedback controllers for VSIs based on H∞ control
theory were proposed in [16] and [18]. The controllers guar-
antee robust stability and performance of VSIs with uncer-
tain linear loads without a current sensor. Furthermore, the
controller proposed in [18] can reduce voltage harmonic dis-
tortion caused by the diode rectifier load while achieving fast-
tracking and zero steady-state error. Nevertheless, load types
are limited to inductance and resistance loads with known
minimum values. The stability for nonlinear loads, such as
the diode rectifier is not guaranteed.

In this paper, we propose a novel voltage controller design
procedure for VSIs with uncertain loads by focusing on the
passivity of loads [25]. This problem setting is not limited
since loads connected to the VSI are generally passive in
stand-alone applications. A controller designed by the pro-
posed procedure guarantees robust stability of theVSI regard-
less of load type and uncertainty if they satisfy passivity.
In addition, no information about uncertainties of the load is
needed to stabilize the VSI, nor is an additional current sensor
due to the output feedback. Moreover, our proposed proce-
dure can satisfy zero steady-state error, fast-tracking, and low
distortion, which are considered through the weighting func-
tions in the frequency domain design. We demonstrate the
effectiveness of the proposed controller through comparative
analysis with the PR and conventional robust controllers via
simulations and experiments.

The rest of this paper is organized as follows: Section II
describes the preliminary mathematical notations, system

FIGURE 1. Closed-loop system.

configuration, and robust control theory that form the basis
of the proposed controller synthesis. In Section III, we pro-
pose a novel robust controller design method for VSIs with
passive but uncertain loads. Simulations and experiments are
demonstrated in Section IV to show the effectiveness of the
proposed controller. Section V concludes this paper.

II. PRELIMINARIES
Notation: Rn and Rm×n denote the set of n-dimensional

real vectors and the set of m × n real matrices, respectively.
Sn++ stands for the set of real positive definite matrix of size
n, respectively. For a matrix V ∈ Rn×n, V > 0 (V < 0)
denotes a positive (negative) definite matrix. In is the identity
matrix of size n. For convenience, nx denotes the dimension
of x, i.e., x ∈ Rnx . He(X ) := X + Xᵀ. (A,B,C,D) denotes
D+ C(sI − A)−1B.

For a transfer function G(s), its H∞-norm is denoted as
‖G‖∞. The conjugate transpose of G(jω) is represented by
G∗(jω) := Gᵀ(−jω). The real and imaginary parts of G(jω)
are denoted as Re(G(jω)) and Im(G(jω)), respectively. For
simplicity, the time function and its Laplace transform are
given by the same notation, such as x(t) and x(s). A signal
x(t) is abbreviated as x whenever it is clear from the context.
Definition 1: [23] A stable transfer matrix M (s) is called

positive-real if

M∗(jω)+M (jω) ≥ 0 ∀ω ∈ [−∞,∞]. (1)

Specifically,M (s) is called strongly positive-real when

M∗(jω)+M (jω) > 0 ∀ω ∈ [−∞,∞]. (2)

In single-input and single-output systems, if M (s) is
strongly positive-real, Re(M (jω)) is non-negative. Therefore,
if M (s) is positive-real (strongly positive-real), the Nyquist
diagram ofM (s) is in the (open) right half plane and the phase
angle is limited to [−90◦, 90◦] ((−90◦, 90◦)).
Theorem 1: In the closed-loop system shown in Fig. 1,

assume that uncertainty 1 is stable and positive-real. Then,
the closed-loop system is asymptotically stable if M (s) is
stable and strongly positive-real [23], [26].

Proof: See [23].

A. VSI
Fig. 2 shows the system configuration addressed in this paper.
The single-phase VSI is connected to the load through the
LC filter. Table 1 lists the notations used in this paper. When
the harmonics caused by the pulse width modulation (PWM)
and dynamics of the VSI are ignored, vi can be regarded as
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FIGURE 2. System configuration.

TABLE 1. Notations.

vi ≈ Eu = vi,ref. In this paper, we investigate not only
linear loads such as resisters, inductors, and capacitors, but
also non-linear loads composed of diode rectifiers. The load
is denoted as 1L = vl/il. From Fig. 2, the transfer function
Gvlvi (s) from vi to vl is given by

Gvlvi (s) =
vl(s)
vi(s)
=

1

LCs2 + (RC + L
1L

)s+ R
1L
+ 1

. (3)

The controller should be designed to satisfy the following
specifications regardless of loads:
The load voltage vl

S-1) is regulated to the sinusoidal reference vl,ref with no
steady-state error,

S-2) has low distortion, and
S-3) is unaffected by the sensor noise in high frequency

regions.

We emphasize that our method can be extended to three-
phase inverters since they can be regarded as two independent
circuits through Clarke’s transformation.

B. ROBUST CONTROLLER SYNTHESIS FOR SYSTEMS WITH
POSITIVE-REAL UNCERTAINTY
We briefly review the method proposed in [25], which is the
basis of the proposed controller design described in the next
section.

Fig. 3 shows an output feedback control system. In Fig. 3,
1pr represents uncertainty and is assumed to be positive-real,

FIGURE 3. Output feedback control system with positive-real uncertainty.

G is a generalized plant composed of nominal plant and
weighting functions for performance specifications, K is a
controller, and Gc is the nominal closed-loop system com-
posed of G and K . In addition, u and y are the input and
output of G, η and ξ are the input and output of 1pr, and
w is disturbance and z is performance output.
For the system shown in Fig. 3, its robust performance

index is

‖Hzw‖∞ < 1, (4)

where Hzw(s) is the transfer function from w to z.
In Fig. 3, G and K are given as follows:

G :


ẋ
η

z
y

 =

A B1 B2 B3
C1 D11 D12 D13
C2 D21 D22 D23
C3 D31 D32 0



x
ξ

w
u

 , (5)

and

K :
[
ẋK
u

]
=

[
AK BK
CK DK

] [
xK
y

]
. (6)

In (5) and (6), x and xK denote the states of G and K ,
respectively. From (5) and (6), Gc is as follows:

Gc :

ẋcη
z

 =
Ac Bc1 Bc2
Cc1 Dc11 Dc12
Cc2 Dc21 Dc22

xcξ
w

 , (7)

where xc =
[
xᵀ xᵀK

]ᵀ,
Ac =

[
A+ B3DKC3 B3CK

BKC3 AK

]
, (8)

Bcj =
[
Bj + B3DKD3j

BKD3j

]
, (9)

Cci =
[
Ci + Di3DKC3 Di3CK

]
, (10)

Dcij = Dij + Di3DKD3j, (11)

for i = 1, 2 and j = 1, 2 [23].
For the subsequent discussion, we define

P = 525
−1
1 , P51 = 52,

51 :=

[
X Inx
Mᵀ 0

]
, 52 :=

[
Inx Y
0 Nᵀ

]
,
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where XY +MNᵀ
= Inx , X ∈ Snx++, Y ∈ Snx++, M ∈ Rnx×nx ,

N ∈ Rnx×nx , and

A† : = NAKMᵀ
+ NBKC3X + YB3CKMᵀ

+Y (A+ B3DKC3)X ∈ Rnx×nx , (12)

B† : = NBK + YB3DK ∈ Rnx×ny , (13)

C†
: = CKMᵀ

+ DKC3X ∈ Rnu×nx , (14)

D†
: = DK ∈ Rnu×ny . (15)

For the system shown in Fig. 3, the following theorem is
known [25]:
Theorem 2: For all positive-real uncertainties, there exists

a controller which guarantees the closed-loop stability and the
robust performance specified by (4) if there exist A†, B†, C†,
D†, X , Y , and a constant λ > 0 satisfying

He


5

ᵀ
1PAc51 5

ᵀ
1PBc1 5ᵀ

1PBc2 5ᵀ
1C

ᵀ
c2

Cc151 Dc11 Dc12 Dᵀ
c21

0 0 −
1
2λ
Inw Dᵀ

c22

0 0 0 −
λ

2
Inz

 < 0, (16)

[
X Inx
Inx Y

]
> 0, (17)

where

5
ᵀ
1P51 = 5

ᵀ
251 =

[
X Inx
Inx Y

]
, (18)

5
ᵀ
1PAc51 =

[
AX + B3C† A+ B3D†C3

A† YA+ B†C3

]
, (19)

5
ᵀ
1PBcj =

[
Bj + B3D†D3j

YBj + B†D3j

]
, (20)

Cci51 =
[
CiX + Di3C† Ci + Di3D†C3

]
, (21)

for i = 1, 2 and j = 1, 2.
Proof: See [25].

If (16) and (17) are solvable, there exist nonsingularM and
N satisfying Inx − XY = MNᵀ. Thus, we obtain each matrix
in (6) as follows:

DK = D†, (22)

CK = (C†
− DKC3X )(M−1)ᵀ, (23)

BK = N−1(B† − YB3DK ), (24)

AK = N−1(A† − NBKC3X − YB3CKMᵀ

−Y (A+ B3DKC3)X )(M−1)ᵀ. (25)

Let Hηξ (s) be the transfer function from ξ to η, then
−Hηξ (s) is strongly positive-real [25]. Therefore, from The-
orem 1, the closed-loop system of Hηξ (s) and 1pr shown in
Fig. 3 is asymptotically stable.

III. PROPOSED ROBUST CONTROLLER DESIGN
PROCEDURE FOR VSI
This section proposes a novel voltage controller design pro-
cedure for VSIs based on Theorem 2. The proposed controller
ensures robust stability and high performance in VSIs regard-
less of linear or nonlinear load.

FIGURE 4. Equivalent circuit.

A. PRE-PROCESSING
The controller is designed based on Theorem 2. Unfortu-
nately, Theorem 2 cannot be applied directly when

P-1) 1L = 0, which implies the short-circuit shown in
Fig. 2, and/or

P-2) Gvlvi (s) in (3) includes two loads, 1L.
We introduce some techniques to avoid P-1) and P-2). First,

to avoid P-1), let 1L be partitioned as

1L := 1
†
+ Rs, (26)

where 1† is passive and Rs > 0 is small. From (26), the
equivalent circuit shown in Fig. 2 can be redrawn as Fig. 4.
The circuit shown in Fig. 4 includes no short circuit even
when 1†

= 0 due to Rs. Therefore, we can avoid P-1) by
only regarding1† as uncertainty. Namely, the robust stability
and performance in the VSI are guaranteed for1L satisfying
Rs ≤ Re(1L(jω)).1 Note that the load region which ensures
robust stability and performance becomes small when Rs is
large. Specifically, when Rs >

(v̄l,n)2

Sn
where (v̄l,n)2

Sn
is the rated

load, robust stability and performance are not guaranteed at
the rated load. This implies that (26) is not satisfied when
Rs > Re(1L(jω)) since 1† is not passive. Therefore, Rs is
determined such that

0 < Rs ≤
(v̄l,n)2

Sn
. (27)

Note that Rs is not the actual resistor but a virtual one for the
controller design. Moreover, it is not necessary to know the
variation range of loads in advance, unlike standard robust
control approaches [23].

Next, we give a solution to P-2). We recast (3), substitut-
ing (26) into it as follows:

Gvlvi (s) =
1

LCs2 + (RC + L
1†+Rs

)s+ R
1†+Rs

+ 1

=
1

Ls+ R
·

G1(s)

1+ G1(s)
R−1s

1+R−1s 1†

, (28)

where

G1(s) =
Ls+ R

LCs2 + RCs+ 1
. (29)

1In practice, passive loads composed of resistors, inductors, and capacitors
satisfy these characteristics.
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FIGURE 5. Block diagram from vi to vl.

FIGURE 6. Generalized plant in the proposed method.

From (28), we obtain the block diagram shown in Fig. 5.
We can set a generalized plant of the system shown in Fig. 6,
Thus, we can design a controller of the VSI by Theorem 2.
It is emphasized Theorem 2 guarantees that the proposed con-
troller achieves robust stability and performance in the VSI
with any passive loads. Specifically, no information about the
unknown loads other than passivity is needed in advance to
stabilize the VSI.

B. PROPOSED DESIGN PROCEDURE
We provide the following design procedure of the VSI con-
troller for given parameters Sn, v̄l,n, L, and C of the system
shown in Fig. 2:

D-1) Set Rs to satisfy (27).
D-2) Obtain Gvlvi (s) in (28).
D-3) Set the generalized plant as shown in Fig. 6.
D-4) SetW1(s),W2(s), and W3(s) to meet S-1)–S-3).
D-5) Obtain the controller from (22)–(25) by solving (16)

and (17).

In Fig. 6, w1(= vl,ref) is the reference, w2 is the sensor
noise, z1 is the performance output to evaluate the tracking
of vl to vl,ref, z2 is the performance output to evaluate the
controller output, and y1 and y2 are the reference signal and
load voltage measured by the voltage sensor, respectively.

In D-3), we utilize vl,ref in the controller to achieve
fast tracking, i.e., to use a two-degrees of freedom output-
feedback controller:

vi,ref(s) =
[
KFF(s) KFB(s)

]︸ ︷︷ ︸
K

[
vl,ref(s)
vl(s)

]
. (30)

In D-4),W1(s), W2(s), andW3(s) are tuned such that

W-1) W1(s) is a low-pass filter with resonances at iωref,
i = (1, 3, 5 . . . ) for S-1) and S-2), and

W-2) W2(s) andW3(s) are high pass filters for S-3).

TABLE 2. Parameters of VSI.

Zero steady-state error and low distortion in vl can be
achieved since the resultant controller has resonances at iωref,
(i = 1, 3, 5, . . .) due to W-1). Specifically, the distortion
caused by the diode rectifier load can be significantly sup-
pressed by the resonances [11]. In addition, the resultant
controller has low gain in the high frequency region due to
W-1). This implies that a VSI with the controller is not
sensitive to sensor noise.

C. DESIGN EXAMPLE
We design a controller for the parameters listed in Table 2
with the proposed design procedure D-1)–D-5).

In D-1), set Rs = 1 � to satisfy (27).
In D-2), obtain Gvlvi (s) from (28).
In D-3), set the generalized plant shown in Fig. 6.
In D-4), set

W1(s) =
1 · 105

s2 + 0.002s+ ω2
ref

·

∏
i=3,5,...,13

s2 + 100s+ (iωref)2

s2 + 0.002s+ (iωref)2
, (31)

W2(s) = W3(s) = 0.08

(
ω2
2(s

2
+ 2ζω1s+ ω2

1)

ω2
1(s

2 + 2ζω2s+ ω2
2)

)2

, (32)

where ζ = 0.5, ω1 = 2π · 4 · 103, and ω2 = 2π · 13 · 103.
In D-5), obtain the controller from (22)–(25) by solv-

ing (16) and (17) with λ = 1 using Robust Control Toolbox
in MATLAB.

Fig. 7 shows the Bode plots of (31) and (32). Note that we
consider harmonic suppression up to the 13th order in (31).

Fig. 8 shows the Bode plot of the resultant controller.
As shown in Fig. 8, the controller has a wide bandwidth,
resonances at iωref, (i = 1, 3, . . . , 13), and low gain in the
high frequency region. Therefore, the controller designed via
the proposed procedure can achieve fast tracking and low
distortion.

IV. SIMULATIONS AND EXPERIMENTS
Wevalidate the effectiveness of the proposedmethod by com-
paring it with a conventional robust controller [18] (hereafter
denoted as µ-controller; see Appendix A for µ-controller)
and a standard PR controller through simulations and exper-
iments. In the simulations, we investigate the effectiveness
of the proposed controller in a large-scale model; the rated
capacity of the VSI is 1 kVA. In the experiments, we use a
scaled-down model; the rated capacity of the VSI is 51.7 VA.
We consider both anRL load (linear load) and a diode rectifier
load (nonlinear load) shown in Fig. 9 [27]. Table 3 lists
the system parameters. In the simulations, Rd1 and Cd as
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FIGURE 7. Weights in the proposed method.

FIGURE 8. Bode plots of the proposed controller.

determined by [27] are used. In the experiments, available
Rd1 and Cd are used in our laboratory. Note that the LC filter

FIGURE 9. Diode rectifier load.

TABLE 3. Parameters for simulations and experiments.

parameters listed in Table 2 are used for the simulations and
experiments.

We analyze the VSI with the proposed controller in terms
of the L2e-norm defied by∥∥∥∥vl,ref − vlv̄l,n

∥∥∥∥
L2e

:=

(∫ τ

0

(
vl,ref − vl
v̄l,n

)2

dt

) 1
2

, (33)

total harmonic distortion (THD), and robustness to load vari-
ations. Time responses for a sinusoidal voltage reference are
investigated to evaluate these criteria in the simulations and
experiments.

A. SIMULATIONS
We analyze the time responses for the sinusoidal volt-
age reference in which the amplitude of vl,ref is changed
from 0 to v̄l,n at 0 s. In this scenario, the values of
RL and Rd2 are changed to twice the nominal values at
0.125 s, respectively. We performed this simulation using
MATLAB/Simulink 2017b. In the simulation, the max step
size is 10−7 in the variable-step mode.
Figs. 10 and 11 show the time responses of the load volt-

age. It can be observed from these figures that the voltage
responses are faster in the proposed controller than the others.
In addition, no overshoot or steady-state error occurs in the
voltage response in the proposed controller. The proposed
controller can stabilize the VSI regardless of linear and non-
linear load variations. By contrast, the time response by the
PR controller is distorted when the load varies and diverges
when the load is removed (R = ∞).
Table 4 lists the L2e-norm (τ = 0.06 s) and THD.

In Table 4, the L2e-norm by the proposed controller is less
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TABLE 4. Performance indices (simulation).

FIGURE 10. Voltage for linear load (simulation).

than the others, which implies vl by the proposed controller
converge to vl,ref faster than the others in both the linear
and nonlinear loads. Moreover, the THD obtained with the
proposed controller is sufficiently small.
Remark 1: The stability of the VSI with the nonlinear

load with theµ-controller cannot be guaranteed theoretically.
Specifically, the VSI with the µ-controller may be unstable
depending on system parameters. By contrast, the controller
obtained with the proposed design procedure guarantees
robust stability of VSIs with not only linear but also nonlinear
loads (See Appendix B for the stability analysis for nonlinear
loads).

B. EXPERIMENTS
We show the experimental results. Fig. 12 shows the experi-
mental setup. The control unit for the experiment is Myway
Plus Corp. PE-Expert4 (DSP: TMS320C6657, 1.25 GHz).

In the experiment, the amplitude of vl,ref is changed from
0 to v̄l,n at 0 s. Fig 13 shows the time responses of voltage
for (a) linear and (b) nonlinear loads. It can be observed from

FIGURE 11. Voltage for nonlinear load (simulation).

FIGURE 12. Experimental setup.

Fig. 13 that the voltage responses by the proposed controller
are faster than those by the others, as in the simulations.
In addition, no overshoot or steady-state error appears in
the voltage response by the proposed controller as in the
simulations. Table 5 lists the L2e-norm (τ = 0.06 s) and
THD.2 From Table 5, the L2e-norm and THD obtained with
the proposed controller are sufficiently small, which implies
that the proposed controller can achieve faster tracking and
less distortion.

These simulation and experimental results validate that
the proposed controller can stabilize VSIs for both linear

2THD is measured with the power analyzer (YOKOGAWA: WT1800E).
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FIGURE 13. Voltage (experiment).

TABLE 5. Performance indices (experiment).

and nonlinear loads, achieving high-speed voltage responses.
We therefore conclude that the proposed controller enables
us to guarantee fast tracking, zero steady-state error, and low
distortion in VSIs.

V. CONCLUSION
This paper proposed a novel voltage controller design pro-
cedure for VSIs. Comparative simulations and experiments
clarified that the proposed controller could achieve fast track-
ing, zero steady-state error, and low distortion for sinusoidal
voltage references in a VSI. The proposed controller also
guarantees robust stability in VSIs with both linear and non-
linear loads. It should be noted that no information about
unknown load is needed in advance, which is a remarkable
contribution since no other design methodologies can solve
such a complicated scenario.

We are presently extending the proposed design proce-
dure to an integrated controller design for grid-connected
inverters.

APPENDIX
A. DESIGN OF THE µ- AND PR CONTROLLERS
Theµ-controller is based onµ-synthesis [23]. Figs. 14 and 15
show the generalized plant and the Bode plots of Wµj(s)
(j = 1, 2, 3) for the µ-controller, respectively. In Fig. 14,
LN = 1 mH and RN = 1 �. Fig. 16 shows the Bode
plot of the µ-controller. The µ-controller has resonances at
iωref (i = 1, 3, . . . , 13), as with the proposed controller.
However, the gain of the µ-controller in the high frequency

FIGURE 14. Generalized plant for µ-synthesis.

FIGURE 15. Weights in the µ-controller.

domain is larger than that of the proposed controller since the
µ-controller cannot be designed by Wµ1(s) and Wµ2(s) with
a higher gain in the high frequency domain than those shown
in Fig. 15.

The PR controller is tuned to achieve high performance in
the nominal linear load listed in Table 3. It is given by

vrefi =

(
0.3+

200s

s2 + 1 · 10−3s+ ω2
ref

)
(vrefl − vl). (34)

B. STABILITY ANALYSIS FOR THE NONLINEAR LOAD
We analyze the stability of a VSI with a diode rectifier load
(nonlinear load) in the proposed controller design procedure.
Fig. 17 shows the equivalent circuit of Fig. 9. Fig. 18 shows
the closed-loop system composed of the VSI with the con-
troller designed by the proposed procedure and the diode
rectifier load from terminal a-b shown in Fig. 17. Note that
we treat the diode rectifier load from terminal a-b by 1† as
uncertainty.

First, we consider −Hηξ (s). Let the minimal state-space
realization of −Hηξ be (A1,B1,C1,D1). We define the fol-
lowing Lyapunov function for −Hηξ (s):

V1(x1) =
1
2
xᵀ1 Px1, (35)

where x1 is the state of−Hηξ andP > 0 in amatrix, satisfying[
Aᵀ1P+ PA1 PB1

Bᵀ1P 0

]
−

[
0 Cᵀ

1
C1 D1 + D

ᵀ
1

]
< 0. (36)
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FIGURE 16. Bode plots of the µ-controller.

Since −Hηξ (s) is strongly positive-real, P exists in
(36) [23].

Multiplying
[
xᵀ1 η

ᵀ
]ᵀ
6= 0 and its transpose to (36) from

right and left, respectively, we obtain

V̇1 < ξη (37)

with a simple calculation.
Second, we consider the diode rectifier load. From Fig. 17,

we obtain the dynamics of the diode rectifier loads as follows:

Cd
dvc
dt
+

vc
Rd2
= |η|, (38)

sgn(−η)vc + (Rs − Rd1)η = ξ, (39)

−η =

sgn(vl)
|vl| − |vc|

Rd1
(|vl| − |vc| ≥ 0),

0 (|vl| − |vc| < 0),
(40)

where sgn(·) is the sign function defined by

sgn(x) =


1 (x > 0),
0 (x = 0),
−1 (x < 0).

(41)

FIGURE 17. Equivalent circuit.

FIGURE 18. Closed-loop system of VSI with diode rectifier.

For (38), (39), and (40), we define

V2(vc) =
1
2
Cdv2c . (42)

From (38), (39) and (42), we obtain

V̇2(vc) = −ξη + (Rs − Rd1)η2 −
1
Rd2

v2c . (43)

Finally, we set V (x1, vc) = V1(x1) + V2(vc) as a Lya-
punov function candidate of the closed-loop system shown
in Fig. 18. It is clear that V (x1, vc) > 0. From (37) and (43),
we obtain

V̇ (x1, vc) < (Rs − Rd1)η2 −
1
Rd2

v2c . (44)

If Rs ≤ Rd1 in (44), we obtain V̇ (x1, vc) < 0. Therefore, the
closed-loop system shown in Fig. 18 is asymptotically stable
as long as Rs ≤ Rd1.
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