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ABSTRACT Regenerative braking is one of the most important methods for improving energy utilization
in electric vehicles. Electric vehicles with front-rear, individually driven configurations exhibit significant
potential and flexibility for recovering braking energy. To improve the system’s high-power impact tolerance,
a high-power density hydraulic energy storage system can be incorporated to facilitate a full-drive dual-motor
electric–hydraulic hybrid (DMEHH) powertrain. The DMEHH system is composed of an independently
driven electric–hydraulic hybrid front axle and a purely electric rear axle. In this study, a method for
distributing braking torque to minimize energy loss was devised based on the proposed DMEHH powertrain.
Power loss models for both the electric and hydraulic subsystems have been developed. Loss minimization
control was adapted for the power lossmodel of the permanentmagnet synchronousmotors in the powertrain,
and the front-rear and front electric–hydraulic torque braking distribution maps were calculated using the
energy-loss minimization rule. The application of torque distribution maps resulted in energy losses less than
those of the general ideal torque distribution for all braking conditions. The energy loss decreased by 27.2%
when the loss minimization control method was used in the WLTC cycle, and decreased by 29.1%, 25.5%,
and 21.6% in UDDS, NEDC, and US06 driving cycles, respectively.

INDEX TERMS Dual-motor individually driven powertrain, electric–hydraulic hybrid system, energy loss
minimization, regenerative braking, torque distribution.

I. INTRODUCTION
The automotive industry has increasingly focused on electri-
cally powered vehicles to alleviate the increasing energy and
environmental crises being experienced around the world [1].
To reduce gasoline consumption and improve energy usage
in electric vehicles, fossil fuel-powered systems can partially
or completely be replaced by electrical power systems [2].
Furthermore, electric motors are versatile and can be installed
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in numerous arrangements and orientations. They can be
installed on either the front or rear axles [3]. To achieve
greater flexibility, precise torque control, higher load rate, and
greater energy recovery, an electric motor can be installed on
each axle of a dual-motor-driven electric vehicle [3], [4], [5].

One method to increase the energy utilization effi-
ciency of an electric vehicle is braking energy recy-
cling, which uses the four-quadrant characteristic of an
electric motor [6]. Gao et al. [6] discussed three brak-
ing distributions: ideal front-rear braking distribution, opti-
mal energy recovery braking, and parallel braking, which
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served as a basis for subsequent regenerative braking
studies.

As the braking torque can be adjusted between the front
and rear axles to adapt to changes in the front-rear braking
force distribution, dual-motor, or front-rear-driven electric
vehicles can achieve a higher energy recycling rate [7]. The
power distribution between the front and rear power sources
is one of the main aspects of dual-motor-driven electric
vehicles. Kim [8] and Yuan et al. [9] optimized the power
distribution of a four-wheel-drive electric powertrain based
on the efficiency maps of the front and rear motors. The
efficiency map varied based on the underlying current control
[10]. In most cases, the zero-d-axis control or maximum
torque per ampere (MPTA) control method is used [11].
However, when compared to these two control methods, loss
minimization control (LMC), whose goal is to minimize the
loss of the electric motor, exhibits a lower energy loss [12],
[13], [14]. In this study, the LMCwas used on electric motors
to minimize the energy loss of the entire dual-motor-driven
electric powertrain.

Because of its high power density, a hydraulic propulsion
system performs well when used for regenerative braking,
particularly under high-intensity start/stop conditions [15].
To reduce the use of fuel, hydraulic propulsion systems
have been incorporated into conventional fossil-fuel vehicles
[16]. For example, PSA Peugeot Citroën unveiled a type of
hydraulic hybrid powertrain for passenger cars known as a
hybrid air system, which has been proven to produce lower
emissions than gasoline powertrains alone [17].

Owing to the operating mechanism of an electric battery,
when a vehicle is braked at high deceleration or started at
high acceleration, overloaded charging or discharging cur-
rents can adversely affect the health of the battery [18], [19].
This disadvantage can be mitigated by introducing a high
power–density hydraulic energy conversion and reserve sys-
tem [20]. An electric drive system combined with a hydraulic
energy reserve system, also known as an electric–hydraulic
hybrid system, can further improve the braking energy uti-
lization efficiency [21], [22], [23].

The advantages of getting the hydraulic regenerative brak-
ing system involved in electric vehicles were also demon-
strated in [24] by the authors. In the previous work, two
different energy management strategies, maximum energy
recovery and minimum current impact, are investigated. The
results showed that by introducing the hydraulic energy stor-
age system both strategies can reduce the charge currents
during the vehicle’s braking process.

In this study, a dual-motor-driven electric-hydraulic hybrid
(DMEHH) powertrain, which integrates the advantages of
the front-rear independently driven powertrain and hydraulic
propulsion system, is proposed. Power loss models for the
electric and hydraulic subsystems were established to min-
imize the energy loss of the entire DMEHH powertrain.
The target function, which is an energy loss function with
independent variables of the torque distribution coefficients,
was established based on these models. The optimal torque

distribution scheme was determined by minimizing the target
function under certain constraints.

II. SYSTEM CONFIGURATION
The proposed DMEHHpowertrain is a front-rear individually
driven powertrain equipped with an electric–hydraulic hybrid
energy storage system on the front axle. The front axle of
the DMEHH system is operated by both the electric motor
and hydraulic pump/motor (also known as the ‘‘secondary
element’’), whereas the rear axle is operated solely by the
electric motor, as shown in Fig. 1.

When the vehicle is braking, three different subsystems
must be considered; the electric energy storage, hydraulic
energy storage, and frictional brake subsystems. The elec-
tric energy storage subsystem includes front and rear elec-
tric motors (and their inverters) and a battery. Motors are
primary energy conversion components that convert electric
energy into mechanical energy to either operate the vehicle or
recover kinetic energy when the vehicle is required to brake.
The hydraulic subsystem includes two accumulators (high
pressure and low pressure), a valve block, and a hydraulic
pump/motor. The output shaft of the hydraulic pump/motor
was connected directly to the shaft of the front electric motor
by a clutch. When the clutch is engaged in braking mode, the
hydraulic pump pumps hydraulic oil from the low-pressure
accumulator to the high-pressure accumulator, generating
braking torque and absorbing braking energy. The recovered
energy is then stored, as excess pressure, in the high-pressure
accumulator. While driving, the pressure in the high-pressure
accumulator is released and drives the hydraulic pump/motor,
which operates as a motor and provides driving torque. The
valve block controls the direction of the oil flow using a
controller. The conventional frictional subsystem is essential
for braking safety and can compensate for the braking force
when the required braking force exceeds the force provided
by the regenerative braking systems.

FIGURE 1. System structure of the DMEHH powertrain.

Depending on the energy management strategy used for
a vehicle, the required braking torque can be provided and
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FIGURE 2. Energy flow pattern in different regenerative braking modes.

adjusted individually by controlling the front and rear motors
or by adjusting the hydraulic pump/motor, resulting in various
braking modes, which generate different energy flow paths
when the braking energy is recovered. Fig. 2(a), (b), and (c)
show the energy flow paths of the recovered braking energy
when the braking energy is recovered by the front elec-
tric motor, rear electric motor, and hydraulic pump/motor,
respectively. Fig. 2(d) and (e) show the energy flow paths
when both the front and rear electric motors are activated
and when both the front electric motor and the hydraulic
pump/motor are activated, respectively. Finally, Fig. 2(e)
shows the energy flow path when all the energy recovery
systems are activated. Because various braking modes can
achieve equal braking torques, the energy recovery efficien-
cies vary depending on the different characteristics of the
energy conversion and storage elements.

Table 1 shows the parameters of the main components of
the DMEHH.

III. MATHEMATICAL MODELING
The sum of the energy dissipated during braking is the
objective function of the energy-loss minimization problem.

The DMEHH powertrain is comprised of two distinct sub-
systems; an electric power subsystem and a hydraulic power
subsystem. Additionally, the friction braking system must be
considered when a vehicle brakes, and because the friction
system cannot recover any braking energy, it is modeled as
a simple braking torque. The electric subsystem comprises
two motors, two inverters, and a battery pack, whereas the
hydraulic subsystem comprises a hydraulic pump/motor, a set
of electric control hydraulic valves, and two accumulators,
and each of these components requires its own energy loss
model.

A. PERMANENT MAGNET SYNCHRONOUS
MOTOR (PMSM) LOSS MINIMIZATION
CONTROL MODEL
The PMSM is a critical component of the DMEHH pow-
ertrain. During driving, it converts electrical energy into
mechanical energy, and during braking, it converts mechani-
cal energy into electrical energy. When a PMSM is operating,
four types of power losses occur: copper, iron, mechani-
cal, and stray losses [3]. The stray loss was disregarded
in our study because of its small magnitude compared
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TABLE 1. Specifications of the DMEHH vehicle.

to that of the others. The mechanical loss of the PMSM
is assumed to be independent of the torque so that it is
not affected by the torque distribution strategy [5]. Hence,
the stray loss will be ignored and the mechanical loss
will be included when establishing the loss model of the
PMSM.

A PMSM is typically driven by a three-phase alternating
current. By introducing direct and quadrature-axis transfor-
mations, the stator quantities are transformed into equiv-
alent quantities that rotate synchronously with the rotor.
Under steady-state conditions, the interactions between the
stator and rotor magnetomotive force (MMF) (or flux waves)
become those of a constant MMF, separated by a constant
spatial angle. Hence, the PMSMmodel can be represented as
two equivalent circuits [12].

Considering the iron and copper losses, the d-axis and
q-axis equivalent circuit models of a PMSM are shown in
Fig. 3. The equivalent iron loss resistances are connected in
parallel in the circuits, whereas the copper loss resistances
are connected in series. The d-axis and q-axis currents (id and
iq) are divided into the iron loss current (icd and icq) and the
torque current (iod and ioq). The d-axis and q-axis equivalent
back EMFs are presented by the voltage sources −ωeLqioq
and ωe (Ld iod + ψPM ).

Various current control methods, such as MPTA control,
id = 0 control, and LMC, can be used to achieve equal output
torque in PMSMs [11]. The LMC method was adopted for
PMSM control since the goal of this study is to minimize
energy loss during vehicle braking. The LMC method is
summarized as follows [25].

FIGURE 3. D- and q-axis equivalent circuit models of PMSM for power
loss.

FIGURE 4. FIGURE 4. LMC trajectory family and torque trajectory in
iod–ioq plane.

The copper and iron loss powers can be written as [13]

PCu =
3
2
Rc

[(
iod −

ωeLqioq
Rc

)2

+

(
ioq +

ωeLdiod + ωeψPM

Rc

)2
]

Piron =
3
2

[
ω2
eL

2
q i

2
oq

Rc
+
ω2
e (ψPM + Ldiod)2

Rc

]
(1)

where Ld and Lq are the d-axis and q-axis inductances,
respectively; Rs is the winding resistance; Rc is the iron loss
resistance, ψPM is the permanent magnet flux linkage; and
ωe is the electrical frequency in radians, which is expressed as
ωe =

(
poles

/
2
)
ωm in terms of themechanical frequencyωm.

Hence, the total electromagnetic loss of the electric motor,
Ploss_mtr, can be written as a function of the electrical rota-
tional speed ωe and torque currents iod and ioq as follows:

Ploss_mtr = PCu + Piron = P
(
iod, ioq, ωe

)
(2)
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It can be seen that the power loss of the PMSM is a
function of variables iod, ioq, and ωe. To obtain the values
of iod and ioq which minimize the power loss in different
working conditions, a quasi-static-state condition is preset
for the PMSM. This implies that the electromagnetic torque
and the rotational speed of the PMSM are steady.

The electromagnetic torque of the PMSM is expressed as

Te =
3
2
Poles
2

[
ψPMioq + (Ld − Lq)iodioq

]
(3)

Based on this torque equation, the q- part of the current ioq
can be expressed as a function of iod and Te, shown as

ioq =
4Te

poles
[
ψPM + (Ld − Lq)iod

] (4)

By substituting (4) into the power loss equation (2), the
power loss of the PMSM becomes a function of variables
iod,,Te and ωe, The quasi-static-state condition reduces the
independent variables of the power loss function to one: iod.
To obtain the point for the power loss minimization, the
derivative of Ptotal_mtr with respect to iod should be set to zero,
as follows:

∂Ploss_mtr

∂iod
= 0 (5)

By solving this partial differential equation, the value of
iod when the PMSM’s power loss is at its minimum. The
value of ioq can be calculated by (4). Hence, the values of
d- and q-part of the torque current iod and ioq which make the
PMSM’s power loss reach its minimum can be calculated,
as well as the minimum value of the power loss. By taking
different steady-state values of Te and ωe, the corresponding
minimized power loss can be obtained. Therefore, the power
loss of the PMSM which uses LMC control can be expressed
as a function of electromagnetic torque Te and rotational
speed ωm (ωm is proportional to ωe by factor Poles/2).
Another method can be presented to briefly illustrate that

the power loss of the PMSM with the LMC control strategy
is a function of Te and ωm. Considering the electromagnetic
torque’s quasi-static state, the change rate of Te equals zero,
which can be expressed as

∂Ttotal
∂iod

= 0 (6)

Combining (5) and (6), a quadratic equation of iod and ioq
with ωm as a parameter in its coefficients will be generated.
The curves series which rely on rotational speed can be drawn
in the iod-ioq plane (dotted lines in Fig. 4). These trajectories
show relationships of iod and ioq of the PMSM under LMC
control strategy in different rotational speeds. By drawing
the torque contour (determined by equation 3) in the iod-ioq
plane, it can be noticed that the intersection points represent
the values of current pairs (iod, ioq) under the LMC control
strategy of the PMSM (Points P1—P9 shown in Fig. 4 as
demonstrations).

By transforming the coordinates from iod-ioq to Te-ωm, the
power loss of the PMSM, Ploss_mtr, can be expressed as a

function of the output torque Te and rotational speed ωm,
which is:

Ploss_mtr = Ploss_mtr (Te, ωm) (7)

B. INVERTER POWER LOSS MODEL
The inverter converts direct current into alternating current
to control the output torque of the PMSM via space-vector
pulse modulation by switching insulated gate bipolar tran-
sistors (IGBTs). IGBT losses can be classified into two
categories: conduction and switching losses. A three-phase
PMSM requires a three-phase full-bridge inverter with six
IGBTs and six diodes connected in an anti-parallel man-
ner [26]. Hence, the total inverter loss can be expressed as
follows:

Ploss_inv = 6K1Ipeak + 6K2I2peak

+ 6K3
m
4
Ipeak cosϕ + 6K4

m
3π

I2peak cosϕ (8)

where Ipeak is the amplitude of the phase current; m is the
modulation index; ϕ is the motor input power-factor angle.

Coefficients K1, K2, K3, and K4 are expressed as follows:

K1 =
1
2π

(Vd0 + Vs0)+
kfswVCE
π

K2 =
1
8
(Rce + Rak)

K3 =
1
2
(Vd0 − Vs0)

K4 = Rce − Rak

(9)

where Vd0 and Vs0 are the zero-current conduction voltages
of the IGBT and the diode, respectively.

As discussed in [26] and [27], the last two terms are
negligible. Hence, the inverter loss can be written as follows:

Ploss_inv = 6
(
K1Ipeak + K2I2peak

)
(10)

The amplitude of the phase current can be expressed by the
d- and q-axis currents id and iq, respectively, as follows:

Ipeak =
2
3

√
i2d + i

2
q (11)

Based on the equivalent circuit model of the PMSM, the d-
axis and q-axis currents (id and iq, respectively) are related to
the output torque Te. Therefore, the power loss of the inverter,
Ploss_inv is a function of Te, as follows:

Ploss_inv = Ploss_inv (Te) (12)

C. BATTERY LOSS MODEL
A battery is typically represented as a circuit composed of
voltage power sources, resistances, and capacitors. A battery
model is structured based on the intended function, and exam-
ples include the internal resistance, Thevenin, higher-order
RC, and PNGV models. The internal resistance model was
used in this study (Fig. 5), as the focus was on energy loss
instead of the dynamic performance of the battery [27].
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FIGURE 5. Equivalent circuit of battery.

According to Kirchhoff’s voltage law, we have

Ebatt = Ub + IbattRint (13)

The terminal voltage Ub can be expressed as

Ub =
Pbat_out
Ibatt

(14)

where Pbat_out is the output power in the terminal of the
equivalent circuit.

From (12) and (13) a quadratic equation in Ibatt can be
derived, written as

Rint I2batt − EbattIbatt + Pbat_out = 0 (15)

Solve this equation and according to Joule’s law in resis-
tance circuit, the power loss in the battery can be expressed
as [27]

Ploss_bat =

(
Ebatt −

√
E2
batt − 4RintPbat_out

)2

4Rint
(16)

Considering the power loss in the inverter and electric
motor, the output power in the terminal of battery Pbat_out can
be expressed as follows:

Pbat_out = Tmωm + Ploss_inv + Ploss_mtr (17)

Because the power loss of the inverter, Ploss_inv, is a func-
tion of Tm (18), and the power loss of the PMSM is a function
of (Tm, ωm) (11), the power loss in the battery, Ploss_bat, is a
function of Tm and ωm.

Ploss_bat = Ploss_bat (Tm, ωm) (18)

The power loss of the entire electric subsystem is equal to
the sum of the power losses of the electric motor, inverter, and
battery.

Ploss_elec = Ploss_mtr + Ploss_inv + Ploss_bat (19)

D. HYDRAULIC PUMP/MOTOR LOSS MODEL
When the hydraulic system is operating, the liquid flow
will not exactly equal the calculated value owing to liquid
leakage and compressibility. Volumetric loss refers to power
loss caused by oil leakage and compressibility in a hydraulic
pump/motor, while another possible source of energy loss
in a hydraulic pump/motor is friction between the moving

components used in its construction. This type of power loss
is known as mechanical loss, which causes the output torque
to be less than its theoretical value. Consequently, hydraulic
pump/power motor losses can be classified into volumetric
and mechanical losses. The expressions of the loss model
proposed by Grandall were used in this study [28], [29].

The volumetric loss of the pump is expressed as follows:

1qpump = C∗s Dpump

(
pout
µ

)
+ωpumpDpump

(pout
B

)(
Vr +

1+ x
2

)
(20)

Meanwhile, the torque loss can be expressed as follows:

1Tpump = C∗vµωpumpDpump + C∗f poutDpump (21)

where µ and B are oil property parameters. Here, µ is the
absolute viscosity of the oil, and B is the fluid bulk modulus;
pout is the pressure difference between the inlet and outlet
of the pump; ω is the rotational speed of the pump; Dpump
denotes the maximum pump displacement; Vr is the ratio of
the clearance volume to the swept volume; X is the fractional
displacement (0–1).

In the formulas for volumetric and mechanical losses, C∗s ,
C∗v , and C

∗

f represent the leakage coefficient, viscous friction
coefficient, and Coulomb friction coefficient, respectively,
expressed as follows:

C∗s = Cs

(
pout
patm

)(
ks1 + ks2

ωpump

ωmax

)
C∗v = Cv (kv1 + kv2X)

C∗f = Cf

(
kf1 + kf2

ωpump

ωmax
+ kf3

ωpump

ωmax

)
(kf4 + kf5X) (22)

These coefficients are presented as functions of the rota-
tional speed in Dorey’s model instead of constants, which
resulted in a better agreement with the experimental results.
In the expressions, the coefficients Cs, Cv, and Cf are con-
stants, whereas ks1, ks2, kv1, kv2, kf1, kf2, kf3, kf4, and kf5 are
polynomial coefficients determined via least-squares fitting.

Equation (24) shows the relationship between the torque
loss and the pressure difference at the pump outlet. Because
the power loss of the hydraulic system is expressed as a
function of pressure and flow rate, the torque loss must be
converted to a pressure loss.

The outlet pressure is expressed as follows:

pout =
2π
(
Tpump −

C∗vµωpumpD
/
60 · 106

)
DX + C∗f D

(23)

The ideal pressure (disregarding the torque loss) of the
pump outlet is expressed as follows:

pideal =
2πTpump

DpumpX
(24)

The difference between these two pressures is the pressure
loss of the pump, which is expressed as follows:

1ppump = pout − pideal (25)
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E. POWER LOSS MODEL OF HYDRAULIC VALVE AND PIPE
Pressure loss occurs in the hydraulic circuit when oil flows
through elbows, joints, and sudden-change sections and is
regarded as local pressure loss in the hydraulic circuit. This
type of pressure loss can also occur in hydraulic valves.
However, owing to the viscosity of the liquid, the pressure
decreased as the oil flowed through the pipeline. Because
both types of pressure loss are proportional to the fluid kinetic
energy, the losses of the hydraulic pipeline and valves can be
expressed as follows:

1ppv = ξ
ρv2oil
2

(26)

where ξ is the resistance coefficient of the hydraulic pipe and
valve, and voil is the average flow velocity of the hydraulic
oil.

The pressure loss of the hydraulic system is expressed as

1phyd = 1ppv +1ppump (27)

The power loss of the hydraulic system can be expressed as
a function of the pressure difference 1phyd and oil flow rate
q as follows:

Ploss_hyd = pidealqideal −
(
pideal −1phyd

) (
qideal −1qpump

)
= pideal1qpump + qideal1phyd −1phyd1qpump

(28)

Equations (30)–(32) show that the pressure loss of the
hydraulic pump is a function of the output torque Tpump and
the rotational speed ωpump. Similarly, (26) and (30) show
that the oil flow loss is a function of Tpump and ωpump.
Based on this fact, and (35), the power loss of the hydraulic
system, Ploss_hyd, is a function of Tpump and ωpump as
follows:

Ploss_hyd = Ploss_hyd
(
Tpump, ωpump

)
(29)

F. POWER DISSIPATED IN THE FRICTIONAL BRAKING
SYSTEM
A frictional braking system is essential for the entire
braking system, to ensure safety and adaptability. The
energy transferred to the frictional braking system is dis-
sipated into the air as heat, which implies that the power
loss of the frictional braking system can be expressed as
follows:

Ploss_fric = Ffricvbrk (30)

where Ffric is the braking force generated by the fric-
tional braking system, N, and vbrk is the velocity of the
vehicle (m/s).

G. PARAMETERS USED IN MODELS
Several different parameters are used in the mathematical
models of the components, such as the copper and iron
resistances of the electric motors, d-axis and q-axis induc-
tances of the electric motors, and coefficients in the hydraulic

torque and flow loss models. These parameter values were all
derived from experimental data.

The measured efficiency map cannot be used directly
because it was measured using the MPTA control method,
which differs from the LMC method. Because the cur-
rent distribution based on the MPTA control method was
determined in advance, the parameters in the motor’s
equivalent circuit model can be calculated using data fit-
ting methods. Table 2 lists the parameters of the electric
motors.

TABLE 2. Parameters of the electric motors.

Fig. 6 shows the model-calculated efficiency maps of the
electric motors compared with the experimental efficiency
data.

IV. BRAKING TORQUE DISTRIBUTION BASED ON
MINIMUM ENERGY LOSS
As mentioned previously, the DMEHH powertrain contains
three distinct energy conversion devices; a front motor with
rated power of 30 kW, a rearmotor with rated power of 50 kW,
and a hydraulic pump. As these components have different
efficiency characteristics, the total energy loss of the system
is determined by the distribution of the required torque in
these devices during braking. Because the primary goal of
the control strategy for the DMEHH regenerative braking
system is to recover the maximum amount of kinetic energy,
a braking torque distribution strategy based on minimum
energy loss must be developed. Another assumption that the
tire-road adhesion condition is sufficient is set to avoid brak-
ing stability issues which will be discussed in future works
by the authors.

Assuming that the vehicle must be braked at a certain
deceleration based on the initial speed, the required braking
deceleration can be converted into the braking force Fb. The
required braking force was assigned to the front and rear
axles at a ratio of β1, which is known as the primary distri-
bution coefficient. The front regenerative braking force can
be categorized into those forces generated by the hydraulic
and electric systems at a ratio of β2 (secondary distribution
coefficient). Here, β1 and β2 are expressed as follows:{

β1 =
Ff
/
Fb

β2 =
Fmtr_f

/
Ff

(31)

where Ff is the front braking force and Fhyd is the hydraulic
braking force on the front axle.
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FIGURE 6. Comparison between experimental and model calculated
values.

Equation (14) shows that the power loss of the electric
system is a function of the output torque and the rotational
speed of the electricmotor, whereas (24) shows that the power
loss of the hydraulic subsystem is a function of the output
torque and the rotational speed of the hydraulic pump. The
total powertrain power loss is the sum of the power losses of
the subsystems as follows:

Ploss_total = Ploss_elec + Ploss_hyd + Ploss_fric (32)

Using the transmission ratio of the final drive, the required
forces can be converted to the torques required by different
energy conversion elements (Tpump, Tm_f, and Tm_r), whereas
the vehicle speed can be converted into the associated rota-
tional speeds (ωpump, ωm_f, and ωm_f). The power loss of the
entire powertrain system can be calculated by substituting
the torque and speed values into the power loss calculation
functions. Therefore, the power loss of the entire system can
be expressed as a function of the required braking force Fb,
vehicle velocity vbrk, and distribution coefficients β1 and β2,
as follows:

Ploss_total = Ploss_total (Fb, vbrk (t) , β1, β2) (33)

Subsequently, the energy loss in the complete braking
process, Eloss_brk, can be calculated using the power integral

over the time range in the braking process as follows:

Eloss_total =
∫ tbrk

0
Ploss_total (Fb, vbrk (t) , β1, β2) dt (34)

which is a function of Fb, β1, and β2. Here, tbrk is the braking
time when the braking force is Fb.

The goal of this study is to minimize energy loss during
the braking process. Therefore, the energy loss minimization
(ELM) optimization problem is expressed as follows:

minimize Eloss_total (Fb, β1, β2)

subject to Fb · β1 · β2 · ig1 ≤ T f
mtr_max

Fb · (1− β1) · ig2 ≤ T r
mtr_max

Fb · β1 · (1− β2) · ig1 ≤ Tpump_max

(Fbβ1,Fb (1− β1)) ∈ FECE (35)

The first three constraints imply that the command brak-
ing torque applied to the motors and the hydraulic pump
cannot exceed their limits. The final constraint condition
requires that the brake force distributed between the front and
rear axles satisfy the ECE R13 regulation, which is detailed
in [30].

Solving (35) analytically is difficult; hence, a numerical
method was used to obtain the copper and iron power loss
equivalent currents in the d-axis and q-axis. For a required
braking force Fb and an initial braking velocity, vb_init, the
torque distribution coefficients (β1 and β2) can be determined
as follows:

(1) Discretize the primary distribution coefficient β1 in the
range of 0 to 1 at a certain step size. The primary distribution
set can be written as follows:

B1 = {β1 (1) , β1 (2) , · · · , β1 (i) , · · · , β1 (n1)} (36)

where n1 is the step number of the discretized set of β1,
i indicates an arbitrary index of the discretized set, and

β1 (i) =
i
n1
β1 (37)

(2) Discretize the secondary distribution coefficient β2 in
the range of 0 to 1 for a certain step size. The secondary
distribution set can be written as:

B2 = {β2 (1) , β2 (2) , · · · , β2 (j) , · · · , β2 (n2)} (38)

where n2 is the step number of the discretized set of β2, j
indicates an arbitrary index of the discretized set, and

β2 (j) =
j
n2
β2 (39)

(3) One discretized value of β1 in B1 (β1(i)) and one dis-
cretized value of β2 in B2 (β2(j)) are then selected. Therefore,
the values of the brake torque of the power components can
be obtained as follows:

T f
mtr = min

(
T f
mtr_max, β1(i) [1− β2(j)]Fbig1

)
T r
mtr = min

(
T r
mtr_max, [1− β1(i)]β2(j)Fbig2

)
Thyd = min

(
Tpump_max, β1(i)β2(j)Fbig1

) (40)

VOLUME 10, 2022 134411



C. Luo et al.: Optimal Braking Torque Distribution of Dual-Motor Front-Rear

(4) Considering the wheel radius and reduction ratio of the
final drives in the front and rear axles, the rotational speed of
the power components can be expressed as follows:

ωf
mtr(t) =

ig1vbrk (t)
rwheel

ωr
mtr(t) =

ig2vbrk (t)
rwheel

ωhyd(t) =
ig1vbrk (t)
rwheel

(41)

The function from vbrk(t) implies that the vehicle speed
during the braking process is a function of time. Meanwhile,
vbrk(t) is expressed as a function of the required braking force
Fb and the initial braking speed vbrk_init as follows:

vbrk (t) = vbrk_init −
Fb

mcargo
t (42)

(5) Substitute the torque rotational speed values
into (4), (10), (13), and (14). Consequently, the power losses
of the front and rear electric power subsystems are written as
follows (annotated by superscripts f and r):

Pf /rloss_elec(i, j) = Ploss_mtr

(
T f/r
mtr, ω

f/r
mtr(t)

)
+Ploss_inv

(
T f/r
mtr

)
+Ploss_batt

(
T f/r
mtr, ω

f/r
mtr(t)

)
(43)

whereas the power loss of the hydraulic system is expressed
as follows based on (24):

Ploss_hyd(i, j) = Ploss_hyd
(
Thyd, ωhyd(t)

)
(44)

Subsequently, based on (25), the power loss of the fric-
tional system can be expressed as follows:

Ploss_fric(i, j)=

[
Fb −

(
T f
mtr+Thyd

)
ig1

rwheel
−
T r
mtrig1
rwheel

]
vbrk (t)

(45)

Hence, the total power loss of the entire powertrain during
the braking process based on the primary and secondary
distribution coefficients, β1(i) and β2(j), is written as follows:

Ploss_total = Pfloss_elec(i, j)+ P
r
loss_elec(i, j)

+Phyd(i, j)+ Pfricloss(i, j) (46)

(6) The energy loss is obtained by integrating the total
power loss with respect to time.

Eloss_total (i, j) =
∫ tend

0
Ploss_total (i, j) dt (47)

(9) β1(i′) ∈ B1 and β2(j′) ∈ B2 are used, which differs
from β1(i) and β2(j), such that another energy loss value
Eloss_total(i′, j′) can be calculated by repeating steps (1)–(6).
By considering all the elements in sets B1 and B2, an energy-
loss set ELOSS, whose element number is n1n2, can be gener-
ated. The elements of ELOSS are arranged in a matrix with i

indexing row elements and j indexing column elements. The
matrix form of ELOSS can be written as follows:

ELOSS=



E (1, 1) · · · E (1, j) · · · E (1, n2)
...

. . .
...

E (i, 1) E (i, j)
...

...
. . .

...

E (n1, 1) · · · · · · · · · E (n1, n2)


(48)

(10) Obtain the minimum value in the set ELOSS, denoted
as Eloss_total(î, ĵ). The corresponding β1(î) and β1(ĵ) are the
torque distribution coefficients that minimize energy loss.

The method for determining the ELM torque-distribution
coefficients is shown in the diagram below (Fig. 7).

FIGURE 7. Energy loss calculation algorithm.

The ELM torque distribution coefficients of the hybrid
braking system for a specified braking force and initial vehi-
cle speed can be obtained by completing the procedure shown
in Fig. 7. The energy losses under each different torque distri-
bution scheme were calculated using β1 and β2 ranging from
0% to 100%. In all of these schemes, the torque distribution
scheme that minimizes energy loss can be selected as the

134412 VOLUME 10, 2022



C. Luo et al.: Optimal Braking Torque Distribution of Dual-Motor Front-Rear

FIGURE 8. Energy losses for various torque distributions (z = 0.4 and
uinit = 100 km/h).

FIGURE 9. Torque distribution coefficient maps.

torque distribution coefficient values for the specified braking
force and initial vehicle speed. Fig. 8 shows the energy losses
under the conditions of z = 0.4 and uinit = 100 km/h. The
red circle denotes the point of minimum energy loss, and
its horizontal coordinates are the ELM torque distribution
coefficients.

FIGURE 10. Torque distribution under ideal front-rear distribution curve.

FIGURE 11. Energy loss comparison.

Fig. 9 shows the torque distribution scheme that mini-
mizes the energy loss of the entire powertrain when different
braking conditions are considered (different initial speeds
and required braking decelerations). The continuous vari-
ables (braking deceleration and initial speed) were discretized
to form a two-dimensional grid as the calculation program
was executed on a computer. To create a map, the torque-
distribution schemes at each point on the grid were calcu-
lated, and this interpolation method is suitable for practical
applications.

Fig. 9 shows sudden changes of β1 and β2 when the braking
strength z (z=a/g) varies. The value of β1 is tiny while
the value of β2 is relatively higher when z is less than 0.1.
This implies that the rear electric motor plays a major role
in low- deceleration braking conditions. The value of β1
is relatively lower when z is in medium value as well as
initial speed is medium and low values, which means a higher
proportion of the torque generated by the rear electric motor.
Fig. 9 (b) shows an increasing trendwhen the braking strength
z increases (when z>0.1), which indicates that the propor-
tion of the hydraulic-generated braking torque is positively
related to brake deceleration. Fig. 9 (b) also shows that β2
is slightly lower in the low initial speed area, which implies
that the energy efficiency is lower compared with the electric
motor.
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FIGURE 12. Distribution coefficients and power loss in WLTCs.

V. RESULT ANALYSIS
The ideal distribution is a typical braking force distribution
between the front and rear axles of passenger cars [6]. In this
scheme, the front-rear braking distribution adheres to the
ideal front-rear braking force distribution rule, which states
that the front-to-rear braking force ratio is equal to the vertical
loads on the front and rear axles. The ideal front-rear distri-
bution curve is called the I-curve.

Hydraulic energy storage systems are used to ease the
charge and discharge current stress in electric hydraulic
hybrid systems [19]. The charge or discharge power is
larger at the beginning of the braking or start-up processes.
Therefore, the ‘‘hydraulic priorly’’ strategy is used in the
common torque distribution methods.

The general I-curve primary distribution and hydraulic
prior secondary torque distribution scheme were proposed

for comparison to demonstrate the advantages of the ELM
torque distribution method. The torque distribution strategy
in the front axle is based on the rule that the hydraulic pump
provides the required braking torque, while the electric motor
functions when the torque provided by the hydraulic pump
is insufficient. In the following sections, this distribution
scheme is referred to as the I-curve distribution scheme.
A diagram of the torque distribution is shown in Fig. 10.

The I-curve distribution should be considered to
achieve the best utilization of adhesion between tire and road.
The energy losses during the entire braking process were
calculated for the ELM-based braking torque and I-curve
torque distributions as shown in Fig. 11. In general, the energy
loss in the minimum energy loss braking torque distribution
is less than that in the I-curve torque distribution, particularly
at a high initial speed, while under intermediate braking
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deceleration and at a low initial speed, the energy losses are
similar.

Because the energy losses are lower under any condi-
tion (initial speed and braking deceleration), the braking
torque distribution, based on the minimum energy loss, can
be applied in drive cycles to achieve more efficient energy
recovery. In this study, the world light vehicle test cycle
(WLTC, as shown in Fig. 12 (a)) was used as the driving cycle.
As the focus of this study, braking conditions were obtained.
The primary torque distribution coefficient β1 and secondary
distribution coefficient β2 during braking in the WLTC are
shown in Fig. 12(b) and 12(c), respectively. The figures show
the total differences between the ELM torque and the I-curve
torque distributions. To more clearly show the proportion of
the hydraulic torque, the overall percentage of the hydraulic
torque to the total regenerative braking torque β3 is shown in
Fig.12(d). β3 has the calculation equation of β3 = β1(1−β2).
To identify the results more clearly, the local segments of

the torque distribution plots, the hydraulic proportion plot,
as well as the vehicle’s speed and braking deceleration plots,
in the time from 1350 to 1450th second are plotted individ-
ually and shown in Fig.12(e). As is shown in Fig.12 (e),
the torque distribution coefficients vary slightly when the
I curve distribution is adopted. When the ELM distribu-
tion is employed, the torque distribution coefficients keep
unchanged and the overall proportion of the hydraulic torque
is close to zero when the braking strength z is less than 0.1.
This implies that the efficiency of the hydraulic pump is lower
than the electric motors in low output torque, resulting in
the dominant role of the electric regenerative systems in this
condition. The torque distribution coefficients change largely
and the overall proportion of the hydraulic torque varies
between 0—1 when the braking strength z is higher. This
implies higher participation of the hydraulic system when the
required braking torque is higher and demonstrated the effec-
tiveness of the energy loss minimization torque distribution.

Fig. 12(f) shows the power loss difference between the two
torque distributions. Fig. 12(f) shows a higher power loss
in the I-curve torque distribution, particularly under high-
speed conditions. By integrating the power loss over the
time range of the WLTC, the total energy loss of the ELM
torque distribution was 2.09×103 kJ, which is lower than the
energy loss of the I-curve torque distribution (2.86× 103 kJ).
Therefore, the energy loss decreased by 27.2%.

TABLE 3. Energy loss comparison in braking process in different driving
cycles.

The energy losses in these two torque distribution strate-
gies (ELM and I-curve) during the braking energy recovery

process in other typical driving cycles (UDDS, NEDC, and
US06) were calculated, and the results are listed in Table 3
along with those in the WLTCs. The energy losses decreased
by 27.2, 29.1, 25.5, and 21.6% in the WLTC, UDDS, NEDC,
and US06 drive cycles, respectively. The results validated the
energy-saving effect of the ELM torque-distribution strategy.

VI. CONCLUSION
Based on the DMEHH powertrain, a braking torque distribu-
tion method based on minimum energy loss with an electric
motor controlled via LMC was devised in this study.

The DMEHH powertrain comprises a single electric-
motor-driven rear axle and a hydraulic-electric-hybrid-driven
front axle. The front-rear system operates individually via an
electricmotor and offers control and flexibility in both driving
and braking modes, which could improve the utilization rate
of electric motors. A hydraulic energy storage system was
incorporated to provide a high-power output when the vehicle
was required to accelerate or absorb a high-power input in
the initial stage of the braking mode, as the utilization of a
hydraulic energy storage system can reduce the current load
to the battery, thereby effectively extending its service life.

The incorporation of a hydraulic energy storage system
increases the complexity of the system, resulting in a demand
for energymanagement. To establish a control strategy for the
DMEHH powertrain, power loss models of the hydraulic and
electric subsystems were established based on the different
characteristics of the power conversion components (elec-
tric motor and hydraulic pump/motor), energy transferring
components (power inverter and hydraulic valves and pipes),
and energy storage components (battery) in the corresponding
subsystems. The control algorithm of the PMSM used the
LMC method other than the previous works which used the
numerical efficiency maps [8] Several practical tests were
conducted to obtain the key parameters and coefficients to
obtain the main parameters of the models.

Subsequently, a torque distribution method based on min-
imum energy loss was devised, and by performing the mini-
mal energy loss calculation for all braking conditions (initial
speed and braking deceleration), the primary and secondary
torque distribution coefficient maps were obtained. When
these coefficient maps were applied in the ELM torque dis-
tribution strategy, the energy loss of the powertrain under
any braking condition remained minimal compared with the
conventional I-curve torque distribution scheme. The energy
losses when braking for different driving cycles were cal-
culated by comparing the ELM and general I-curve torque
distribution strategies. The energy losses during the braking
energy recovery process decreased by 27.2% in the WLTC,
29.1% in the UDDS, 25.5% in the NEDC, and 21.6% in the
US06, which demonstrates the significant effect of the ELM
braking torque distribution strategy.
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