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ABSTRACT In this paper, a 3-point relaxed non-symmetric approximating stationary quaternary sub-
division scheme with two parameters is presented. The limiting curves generated by the scheme are
C3-continuous. The roles of the parameters in controlling the shapes are discussed. A little attention to
the construction of non-symmetric subdivision schemes has been paid. This paper discusses in depth the
construction of the scheme and the shape-preserving properties of the constructed scheme. The scheme
is suitable for fitting the monotone, convex and nonlinear data that appear frequently in digital signal
processing as well as in engineering and industrial shapes. The fitting of important shapes and functions
used in engineering and industry is also presented.

INDEX TERMS Quaternary, approximating, interpolating, monotonicity, convexity.

I. INTRODUCTION written as
A popular branch of computational geometry is computer- o
aided geometric design, which is used for animation, graphi- (SVIn = (SLfIn + S(Af)n,  Vn € Z, Nf € I7(Z)

cal modelling, and the construction of curves and surfaces.

Subdivision is an emerging efficient technique for gen-
erating smooth curves and surfaces. Subdivision schemes
are recursive processes for the fast generation of refined
sequences that finally represent curves or surfaces. The tra-
ditional research for subdivision schemes has focused on
the construction of new schemes and the properties of the
generated curves (smoothness, monotonicity, convexity, etc.).
Shape-preserving approximations are valuable methods that
predict or control the shape of curves or surfaces by the shape
of control points. For instance, convexity or monotonicity is a
useful method to construct shape-preserving approximations
starting from the initial data sequence.

Reconstruction operators also have a great role in the
subdivision scheme. If the reconstruction operator is non-
linear, it will produce a non-linear subdivision scheme. Non-
linear subdivision schemes are data-dependent, whereas the
linear scheme is data-independent. Both schemes are related
to each other. The general form of a non-linear scheme can be

where § : [°°(Z) — [*°(Z) is a nonlinear operator, A
(I°°Z) — [°°(Z) is linear and continuous. Sy, is convergent
linear subdivision scheme.

The use of shape parameters in subdivision schemes is also
very popular to improve flexibility in the shape of curves
and surfaces. In the literature, most of the work has been
done on binary, uniform, stationary i.e (mask is independent
of level k) schemes with symmetric mask. While moving
towards higher arities, the smoothness order of the basic limit
function increases with smaller support width.

Mustafa and Faheem [1] were the first to investigate the
4-point quaternary approximating subdivision scheme with
one shape parameter having C3 limit curves. Siddique and
Younis [2] introduced a general algorithm for quaternary
m-point approximating subdivision schemes. Ko [3] analyzed
the convergence and regularity of the quaternary approx-
imating subdivision scheme. Later on, Pervez [4] inves-
tigated shape-preserving properties of schemes presented
by Ko in [3]. Bari et al. [5] constructed an algorithm for
3n-point quaternary approximating subdivision schemes.

The associate editor coordinating the review of this manuscript and Slddlql and .Ahmad [6] presented a 5-point app.rox1mat-
approving it for publication was Hongwei Du. ing subdivision scheme that allows the construction of a
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C*-continuous curve. Hussain et al. [7] proposed the general-
ized condition for 5-point approximating subdivision scheme
having arbitrary arity. In addition, Zheng and Song [8]
proposed a class of n-point p-ary interpolatory subdivision
schemes. Shahzad et al. [9] worked on the error bounds
and subdivision depth of quaternary subdivision schemes.
Mustafa et al. [10] investigated 3-point binary relaxed sub-
division scheme with two parameters.

Conti et al. [11] presented an effective technique for
creating de Rham-type dual m-ary approximation subdivi-
sion schemes. Romani et al. [12] gave a thorough char-
acterization of the mask of dual interpolatory univariate
schemes of varying arity in terms of trigonometric polyno-
mial identities linked with the schemes. Cai [13] described
the convexity-preserving characteristics of the interpolating
four-point subdivision scheme of arity 3. They described
conditions on the scheme’s parameters to maintain convexity.
Tan et al. [14] analyzed a five-point subdivision scheme with
two parameters and analyzed the uniform convergence and
the shape-preserving properties of the four-point scheme.
In order to ensure that the convexity of the limit curve is
preserved, Novara and Romani [15] specify the requirements
that the free parameter of the interpolating 5-point ternary
subdivision scheme and the corners of a strictly convex
original polygon must meet. Pitolli [16] examined how well
ternary subdivision schemes produced by bell-shaped masks
preserve shape. Their scheme maintains monotonicity. They
demonstrated that the first order divided difference mask
must also be bell-shaped in order to maintain convexity.

Amat and Liandrat [17] investigated the quaternary 4-point
nonlinear approximating subdivision scheme’s convergence
and regularity. They demonstrated that their scheme elimi-
nates the Gibbs phenomenon in traditional linear schemes.

Zhao et al. [18] presented the estimation problem of
varying-coefficient models having discontinuous coefficient
functions. They demonstrated that the resulting estimator pro-
vides smooth estimates of the continuity of the coefficients in
such models.

In the literature, most attention has been given to sym-
metric subdivision schemes. However, there exist only a
few numbers of non-symmetric subdivision schemes. This
area of research is less explored. Non-symmetric schemes
can also be charming for designers to adjust the shape
according to their requirements by keeping the appearance
of the curve smooth. Conti and Hormann [19] investigated
the reproduction property of symmetric and non-symmetric
schemes. They extended their results to derive a unified
condition for polynomial reproduction that covers symmet-
ric and non-symmetric schemes. Mustafa et al. [20] used
generalized divided difference techniques to analyze some
non-symmetric ternary subdivision schemes. The smoothness
of the limit function can easily be improved by giving up
symmetry and increasing the arity. This has motivated us to
study a scheme with an arity of more than 3, having a non-
symmetric mask.
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This paper is arranged as follows: Section 2 contains the
preliminaries needed for this paper. We build the masks of
quaternary non-symmetric subdivision schemes in Section 3.
Sections 4 and 5 are devoted to the analysis of the proposed
scheme. Numerical examples reflecting the performance of
our schemes are also presented in Section 5. The conclusion
is presented in Section 6.

Il. PRELIMINARIES
In this section, we recall some well-known basic results.

A quaternary subdivision scheme for curve is defined as the
limit of refined control polygon or meshes, according to some
refinement rules recursively, in which set of control points
k= {fik € R : i € Z} of polygon at k-th level is mapped to
refined polygon {f**! = f**! € R : i € Z} at the (k + 1)-th
level by applying the following subdivision rule

k+1 k k-
FH= "okt j=01,2,3.
JjeZ

with the sequence of finite set of real coefficient {z‘/‘l.k k>
0,i € Z}, (¢ = 1 for curve and ¢ = 2 for surfaces) is
called the mask at kth level of refinement scheme. If mask
is independent of k i.e (a(k) = q for all k > 0), then it is
called stationary, otherwise it is called non stationary.

A subdivision scheme is called non-symmetric if ¢; # 0_;
and 91 #0_;, i € Z.

Arity of the scheme is defined as the number of points
that are inserted at level k + 1 in between two consecutive
points of level k. If the number of inserted points is 4, then
the subdivision scheme is called a quaternary scheme.

The complexity of the subdivision scheme is how many
control points at the k-th subdivision level are used for insert-
ing new points at the (k + 1)-th level.

Definition 1 (Hussain et al. [21]): A univariate data
(x5, f5), s = 0,1,2,...,n is monotonically increasing if
fs <fe1 Vs =0,1,2,...,n and the derivative at the data
points obey the condition Dy >0V s=0,1,2,...,n.

Definition 2 (Mehaute and Uteras [22]): Convexity  is
defined as “Given a set of control points Pi.‘ € Z with
P;‘ = {xlk, fl.k}, fik is strictly convex at a point x{‘, if second
order divided difference D¥ = f[x¥ |, x¥, xf 1> 0.

Definition 3: A stencil which gives a point on the limit
curve in the form of the original control points is called a
limit stencil. The limit stencil evaluates points on the limit
curve itself with a relatively small number of calculations.
We obtain the limit stencil by using a formula,

R® =V (_lim af') /e

J—= 00
where
lim ¢/ = o,
j—o0

SO

R® = Vo>Vl
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where V is the matrix of eigenvectors corresponding to eigen-
values and o is the diagonal matrix of eigenvalues from
subdivision matrix of the scheme.

Theorem 1: The necessary conditions for a quaternary
subdivision scheme to be convergent is that its corresponding
mask 9; : i € 7 necessarily satisfies basic sum rules.

Zlhj =1, Zﬁ4j+1 =1,

JEZ JjeZ
Doty =1 ) Vy3=1 M
JjEZ JjeZ

or satisfies the conditions

9 =4, 9TH=0 for j=1,2,3. (2

Algorithm: The following algorithm [23] is used to prove

the smoothness of quaternary 4-point subdivision scheme to
be C3-continuous.

Input: Insert the mask ¥4,/ = 0,1...m —1,q =
0,1,...n — 1 of the scheme where m and n indicate the
complexity and arity of the scheme respectively.

1

m—
Step 1: If )" v, =1,
=0

]=
i.e. the necessary conditions are satisfied, move to next step

otherwise stop.

Step 2: Use the following recursive formula by doing the
calculations on the right-hand sides of the following equa-
tions and allocating the results to the left-hand sides of the
equations:

q=0,1,.n—1.

Bin =9j0,j=0,1...m—1,
ﬁj,r =vj-1,r+ ﬁj,r —VUjr+1, I = 0,...n—2,

Bjn—1 = Bj—1n—1 + ¥jn—1 — =10, j=0,1...m—1. (3)
Step 3: In this step, sufficient conditions are satisfied by

using the following relation and using the latest values 9 ,,
¥} n—1 obtained in step 2,

m—1
ye=> |0, lir=0 ..n-2
j=0
m—1 (4)
Yn—1 = Z | $pn—1 5r=0,..,n—2.
j=0
If y = max{y,, y»—1} < 1, then move to next step, otherwise
stop.
Step 4: Compute the latest values of ¥, and ¥, i
obtained in step 2, of 1% iteration in the right hand side of

the following equation and assign the obtained values to the
left hand side of the equation,

r=0,...,n—2,j=0,...m—1,
j=0,1,2,3..,m— 1. 5)

Vjr = nr,
Bjn—1 = nj 1,
Move to step 1.

Result: The s-times completion of steps 1-4 mean original
scheme is C*-continuous.
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IIl. CONSTRUCTION OF THE 3-POINT RELAXED
NON-SYMMETRIC SUBDIVISION SCHEME
In this section, we present the construction process of a
3-point relaxed non-symmetric parametric quaternary sub-
division scheme with two parameters. The refinement rules
of the proposed scheme are obtained by using displacement
vectors. The process of constructing the scheme is given as
follows.
The four subdivision rules of quaternary B-spline subdivi-

sion scheme can be written as

i = 3 M=)

gi,‘j_lz =aft +off+ §3fill1 + §4f,»]§rz

n 5 [Afi +24fix1 + Afigo
64 | 2 ’
gﬁ,-té =&sfh et + {6}‘1-]11 + §5f,»1§rz
n 5 [Afiyr = 4
32 2 ’

gt = aff +aff ot +afk,

5 [38fi2 — 201 — A
= , 6
+ 64 | 2 ©
where Afiy1 = fiy1 — f; and the weights {; are given by
7 105 35
9T 2T 8T w
5 1 9
{4 = 128’ {5 = 16’ l6 = 6

The 3-point relaxed quaternary approximating scheme (6)
can also be written as:

k+1 k
it 10 44 10 0\ [/
G |_ 1[4 40 20 of# o
0 R N TR 1
k+1 0 20 40 4 rk
84iv4 i+2

The symbol of the 3-point relaxed quaternary approximating
scheme (6) is

3+1
(l+z+22+72
R = & 7 ) ®)
Now we introduce four displacement vectors as
5
k+1 k+1 k+1

dyiyior = X1(8ay — 8aiyryr)s 1=1,2,3.4, X1 = 3

©)

The displacement vectors defined in (9) can also be written
as

dkt k
" 30 20 -50 0 il
aidy | 1 [15 45 55 =5 fx
alth | T s s 55 45 15 | £
_ _ k
dit 0 50 —20 -30) \sk,

(10)
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The symbol of the displacement vectors in (10) is

3+1
(I+z+2242) 5(z—2%)
B(z) = . 11
@) 7 [ . } (11)
Now we define four other displacement vectors as:
1
k+1 k+1 k+1
ddy\y = Xo(84y — 8aipi0) 1=0,1,2,3, Xo = 4
(12)
Which can also be written as
k+1 k
ddii 1 10 -4 —6 0 f’? I
J’_
ddg | 1 6 4 —-10 O /i
k+1 - — _ k
s I GRSy | Fy
k+1 - -
dd;;t faiv2
(13)

The symbol of the displacement vectors (13) can be written
as

D(z) =

2 3\3+1
(1+z4+22+2%) [(1—z)i|' (14)

43 4
By using (9) and (12) in the following relation we get the
following subdivision rules

k1 _ k41 k+1 k1
Jaiy; = 8aipj tady; +pddy . j=0,1,2,3.
Now we obtain a new combined quaternary subdivision
scheme with two shape parameters by moving the points
k1 _k+1 _k+1 _k+1 » .
84i > 84ir10 8air2» 84ir3 OF (9) to the new position according

to the displacement vectors.

BN () (30 o
f4léj;{ _ 822__,_12 4 0 « 0 O
Jaito 84i+3 0 0 o 0
kT K+ 0 0 0 «

Jaivs 84i+4

ddk+l

i\ (B0 0 0\

5 djt Lo B 0 0 ddy;’ )

k+1 k+1

dé]l{i_tlZ 8 8 g 01| ddy’s

dyiy3 A ddy;t,

Hence, we get the following combined subdivision scheme
with two shape parameters, as shown in the equation at the
bottom of the page.

In matrix notation, this can be written as:

k+1 k
f41§+1 U4 Yo V4 0 fz—kl
Jait _|?s 9 U3 Ji (15)
AT e v e |
k+1 97 v_3 At s f»k
Jait3 i+2
where
gL SF M 5 Sa 1l f
7128 T es 320 T3 T16 64
o e 5 3 1 3p 15
YT 76 T3 1280 T 16 T 128 128
(16)
g ¥e 5 B S5 5 5P
T8 T T es T 128 16 128
g e o 3 S 1
TT T8 T 256 T 128 64
g e 3L 9p 31 45¢ 11p
27028 T 64 2560 2T 64 128 256°
9 — 15a + 1 B 90— B
®= 7728 T4 2560 T 256
5 118 25« Sa 98 5
'I}_ = — —_— —_—, 19 = ——— = — -,
3= %6256 T ! 32 256 '8
g 3B 15 1 a7
ST 7256 6% 16
The Laurent polynomial corresponding to (15) is:
7 .
%ix) =Y 0, (18)

i==7

where ©¥;:i = —7, ..., 7 are defined in (17).

IV. PROPERTIES OF THE PROPOSED

NON-SYMMETRIC SCHEME

In this section, we focus on some desirable properties of the
proposed subdivision scheme (15).

A. CONTINUITY ANALYSIS

The smoothness of the scheme depends upon the continu-
ity. In this section, we analyze the continuity of the pro-
posed 3-point relaxed quaternary approximating subdivision
scheme by using numerical algorithms for divided differ-
ences method. The following result shows that the scheme is
C3-continuous.

VOLUME 10, 2022

il 5 15 5\ 4 511 1\ 4 25 5 3 N\
Lii =<ﬁﬂ+6_4“+3_2)ﬁ—1+<3_2“+ﬁ_6_4ﬂ>ﬁ +<—6—4a+3—2—ﬁﬂ>f,-+1,
- (b e e (S B (2 5 ) ()
f4’§i§=<2§%>ﬁ"_1+(f—6+%+%)ﬁk+<—z—z—%+g>ﬁﬁl+(—%—%Jrll—é)ﬁ;z.

132167



IEEE Access

H. M. Tariq et al.: Study on the Class of Non-Symmetric 3-Point Relaxed Quaternary Subdivision Schemes

Theorem 2: The 3-point relaxed quaternary approximat-
ing subdivision scheme (15) is C 3—continuous for the para-

metric interval B € (—4,4) and a € (—% 10 10)ﬁ( 2 2)
Proof: Scheme (15) can be rewritten as
it = 0oty + naf + 020 + s,
i = ool o0t + ok +oaafhs,
faita = 002fE )+ D1afF + D2aff ) + 30640,
fflié =9afk, + A + 192,3fl-il + 193,3f,-’iz~

Since the complexity and arity of scheme is4,i.em =n = 4.
The coefficients of points fl.k of scheme (15) are defined below

oo B 15 5 5 @ 1l 1 B
0.0= 128 64 3 MO 16 64’
gy 2@ 5 38
207 T T3 T 1287 ROT
5 _1+3l3+15a 5 _45a+5 B
1= 76 7 128 280 MT 8 T8 T e
gL @ 5 5p . S
21 = 128 16 128" 1T T
bos e g4 Lo, % 31 98
0.2 = 256 128 tTor V2718 Ter T ase
5. _ 31 _dsa 11 _ e 1
227 64 128 256’ 325 128 64 256’
Sos= L L Up | 25
037 556> 137 16 256 64

S5 98 5 38 150 1
19 = —-—— = — '(9‘ = - — — -
23 32 256 8 3T 7256 64 16

1st Iteration: Here, in the first step, we will check whether
the necessary condition for convergence is satisfied.

m—1
Step 1: Since ) ¥j,=1,4=0,1;,.n— 1.
Jj=0
Hence the necessary conditions are satisfied, so we will
move to the next step.

Step 2 Using (3), we obtain the following results

os=doo= 2 1 1% LS h=0

0,4 — V0,0 — 128 64 327 3,4 —V3,0—VY,

Dra=tho=—Dat - si—0

2,4 =UVU20= 64 32 1287 3,3 =U.
3 B 15a

P00 = — + 0 £ 2% 9y, =0,

00 =37 64 T g U3

g 3B S 3 S

01 =556 T Terr V20T g
1 50 B 3 B

Pol=——— ——— P =———,

21 64 64 256 LU= 76 7 128

pos— gt Lo, 3 s

2= Pt st V2T 6 e

IS p 3

Brp = — o — 93, =0,

2.2 28 128 Tea 32
B 5a 5 B

19 = — ‘L? = —_—

=0 T3 i YT a5
2385 3

3 =—r — ==

356 m* T

132168

—Sa 5 B
64 32 64’
Ha D _5a+11 B
14 =V10= 35

o =

16 64

Step 3: In this step, sufficient conditions are satisfied by
using (4) and using the latest values ¥; ,, 9 ,—1 obtained in
step 2,

3
Yo = Z | 9j0 1.
j=0

This implies that

B 3+ ﬁ+15 = 1ﬁ
=15 128 6430 64
N 5
1284
25 3
| B e 3
32 128 128
Similarly,
3
)/1=Z|l9j,1|-
j=0
This implies
3 5 3 3
Vl_‘ﬁ’“a T +‘R_ﬁﬂ'
1 5 1
—_ __ﬁ ,
64 64" 256
RECEE
=128 T3 3
And
3
2=Z|l‘/‘j,2|
j=0
This implies
B 5 ou )3, 5
= 18P 128“ 64| |16 " 6a*
ML ﬂ+3
128% 7 128
poo15e S|
=|—4+—+4+—=| < 1.
=167 s T 32
Furthermore,
3
= |93l
j=0
This implies that
5 5
73 = ‘256’3‘ 'ﬁ“ﬁ “t 5

B——oa+

n -3 5 3
256 32 32|’
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J/3=—+—+— <L

Since y = max{yy, y1, 2, ¥3} < 1, therefore scheme (15) is

CV-continuous.
Now for C!-continuity, we move to the next step.

Step 4: Compute the latest values of ¥, and ¥, |
obtained in step 2, of 1% iteration in the right hand side of (5)
and assign the obtained values to the left hand side of the

equation. Hence, we obtain the following results.

U g _ 5% 5 P
078 76 T2 M T e T8 16
5o — Sa P 3B n Sa 3
207 Ty PO T Nl T 6 T 16
378 1 50 8
=22 gy =—-=_F ,
M=273 "2'T 16 16 o4
5 BS,5 38  S5a 3
= — 04 -, = —_— _— -,
373 7Ty BT T g Ty
B
903 = . 30=0,
0,3 64 3,0
5 B " Sa " 1 _ S . 3
0273 73 T1e T 16 T w
g _ =B 1o 3
22773 T3 T MT
U33=0, 32=0

Move to next iteration.
2nd iteration:

Now for C!-continuity, use the values of step 4 as inputs,

and follow the similar procedure of the 1st iteration again.

m—1
Stepl: > 09;,=1,¢=0,1,.n— 1.
j=0

The necessary conditions are satisfied, we will move to the

next step.

Step 2: Again using the recursive formula (3) we obtain,

S5a
32°

Dos=doo= L 4% L3 =
0,4 = V0,0 16 32 8 2,4 =UV20 =
Da=to= 2 2B =0
1,4 1,0 — 16 3 16» 3,4 —V3,0—VY,
3B S
D00 = — + 0 22 9,0=0,
0,0 16+64+ 2,0
g TSa 1 ,3 o —0
=3 T16 e 0T
B S 1
B0l = — 4+ 2 4+ -, 93,=0,
M=oty ty U
o L1 B _Sa
M=% 6 32 2175
Snn — B S 1 9 0
02764 "3 T T
D=2 _Lgy 932 =22 =0
1,2 32 64 6» 32=U22=V,
B
B0z = 4. 933 =0,
0,3 64 3,3
O RN I S 5
3= " Tty VBT Ty
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Step 3: Again satisfying the sufficient condition

3
vo=>_ l%0l.
Jj=0

This implies that

3 5 =5 1 1
w=letalt R ’*5 TR
B 1
32+_6+8‘
Similarly
3
=19l
j=0
This implies
5 1 1 1 5
YL = ‘ ﬁ+3—2 +§‘+'§—6—4ﬂ_3_20(,
B
3216 '
Furthermore,
3
)/2=Z|l9j,2|~
j=0
This implies that
5 1 5 3
2= _ﬂ+3_2 T 16 +'32 +_ﬂ_16
B 1
- 32+E_§ =l
And
3
= I%2l.
j=0
This implies that
1 5
ﬂ‘ ’—ﬂ+§ +Z‘+’_§a’
= S—Ol-i-l < 1.
16

Hence for o € (—4,

the scheme (15) is C!-continuous.

Step 4 Substitute the values of ;, and ¥ ,_; obtained

from step 2, of 2nd iteration in (5).

P L L S P .
00 = TP Tg® "N T % T4 6
tho=0, v30=0,

Bo1= = f+oats, Pi1=0

0,1_16 Sa 27 3,]_ ’

P e - P S,

1,1—2 16 Sav 2,1 = Y,

132169
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first order divided difference scheme is C%-continuous while
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H ,3—}-5 +l D > ﬁ+3
= —« —_— - —
0,2 — 4 1,2 3 6
l?zyz—() 193‘2—0
5

M= —B+2a+1, thi=—>a,
1.3 16ﬂ+8a+ 2.3 o

1
1 — B, ¥33=0.
0,3 16ﬂ 3,3

Using the above updated values as input for 3rd iteration.
3rd iteration:
Step 1: As the necessary conditions for uniform conver-
gence are satisfied, i.e.

m—1
D g =1
j=0

Move to next step.
Step 2: Now again using the relation (3), we have

q=0,1,.n—1.

3 1 5
190,4=l90,0=z+—/3+—01,
g ] 1ﬁ
14 =voo =7 a,
ta=0, U34= 0,

1
900 =~, D1.0=0,
00 =7 1,0
o =0, vU30=0,
1 =0, 21=0,
5
31 =0, o= -3
tho =0, v32=0,
—1
T3 =— , thi3=0
1,3 16'3+4 2.3
1
933 =0, Do1=-
3.3 01 =7
P S SRS
0,2 - 86{ 47 0,3 - 16 .

Step 3 Using the relation (4), we have

3
Yo = Z [ 90 |-
=0

This implies that

Yo = ! <1
4
Similarly
3
V= Z [ P11
j=0
This implies
Y1 = ! <1
4
Furthermore

3
y2 = Z [ 92|
=0

132170

This implies
5 +1 5
—a+ - ——«a
L PR 8
5 +l !
=|l-a+-| <1,
4 4
And
3
yi=> |%3].
=0
This implies
ﬁ ’ ‘—ﬁ+ '
= |- - 1
’8 B + ) <
Therefore, first order divided difference scheme is

C!-continuous while scheme (15) is C2-continuous for this
interval.

ae<—1,§) and ﬁe<—6,10>.

Step 4: Using (5), we get

oo =1, v10=0, tho=0, V30=0,
o1 =1, %1 =0, U1 =0, v31=0,
D > +1 ) >
= — , = —— (}(,
02 =73 1,2 5
1
Vo =0, U32=0 o3= 7 B,
3 = Tﬂ +1, D3=0, 9¥33=0.

Now for C2-continuity use the values obtained in step 4 as
input for 4th iteration.

4th iteration

Step 1:

q=0,1,.n—1.

Now again
Step 2: Using (3), we have

Vo4 =000=1 tha=D,0=0, ra=100=0,
Y00=0, o0=0, vho=0,
v30=0, t,1=0, =0,
0% 0 D > p +1 4 0
= N = - — — s =0,
3,1 02=7 1 1,2
B
o =0, 32=0, 3= 7
t3=0, 13=0 1v33=0,
5
V34 =030=0, vo1= -5
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Step 3 Using (4), we have

3
Yo = Z | 9j0 |-
j=0

v =0<1.
Similarly,
3
vi=> 19.11.
Jj=0
YL = > 1
1 = —EOl <
2 2
ve(-22)
And

By simplifying

Also
3
yi=Y |93l n=4
j=0
1 5 :
= |- 8| <
V3 2
Therefore
Be(—4.4).

Therefore, first order divided difference scheme is
C2-continuous while scheme (15) is C3-continuous for the
interval B € (—4,4), 0 € (—% + %, %)ﬂ (—%, %).

Step 4 Using (5), we get

P00 =0, 1,0=0,90=0,

U30=0, 991=-10a, 11=0,

U1 =0, 931=0, 2=10a - +4,
tpo2=0, thr=0, vV32,=0,

%3 =8, 3=0, Dh3=0,

193,3 = 0.

Sth iteration
Step 1:

m—1
D ¥g#L g=0.1,.n—1
j=0

The necessary conditions are not satisfied. Hence, the scheme
(15) is not C*-continuous. ]
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Remark 1: If B = —10, « = 1, the scheme (15)
reduces to the 4-point interpolatory quaternary subdivision
scheme known as quaternary Dubuc- Deslauriers 4-point
scheme [24].

B. MONOTONICITY PRESERVATION

In this section, we will examine the monotonicity prop-
erty of the 4-point quaternary approximating subdivision
scheme (15). If the first order divided differences Df.‘ =
4"(}‘1.]‘+1 - fik) of scheme are positive for all iterations of
the scheme, then the property of monotonicity preserva-
tion can be achieved for the subdivision scheme. To derive
the condition for monotonicity preservation of the subdi-
vision scheme (15) from the initial sequence to the limit
curves, we can write the first order divided difference for the
scheme (15) as,

3 B 15a 5 B S«
DkTH: = . el Dk - - _ =
4 <8+16+32) 17 3716 16
k Sa\ g
D1+ 3_2 DH—[’
3 38  Sa B
Dl = (2 + 22 4 2 ) pk - —|Df
4itl (16+64+16) it 3T
1 B Sa\ 4
+(B—a‘16) - )
pitt = (L Py 20 L3 pk
427 \16 32 0 32) il 16 4)71
- _ "\ D"
+<16 32 32) i+
1 _ (B k 5. 8 Sa k
4i+3—<a>Di1+<§+§+§ D;
338 Sa\ .
. e 2
+<8 64 8) i+l

To derive a condition that can guarantee the monotonicity of
4-point quaternary scheme (15), we rewrite the refinement
rules for the first order divided difference scheme (19) as.

DE = D, + 2D+ baD,

Dﬁ;-ri-ll = baDf_; + bsD} + beDf

(20
Dith = baDf_ | + bsDf + boDk, |,
Dy = by +buDf +biaDfy .
Theorem 3: Let p* = % ko — D—? = L and let
Chetpn = T di = gt = g

oF = mlax{pf.‘, qf.‘}, k > 0, i € Z. If the initial polygon is
monotonically increasing, i.e. D? >0,i€Z, thenforalla =

0.8 € (0,4)and Q° < » = T4 and forall p = 0, a €
(—%, 0)and Q° < » = % then the quaternary 3- point
relaxed subdivision scheme (15) preserves the monotonicity
of the initial data.

Lemma 4: Let b; : i = 1,...12 be the coefficient defined
in (20) and X be the value defined in Theorem (3). It follows

that the following inequalities hold
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(ii) (bs+ be) A +bs > 0;
(iii) brr+bs+ 2 > 0;
(iv) 20 4 by + 22 > 0;
(V) (bs + be — bk + bs — A2by + 22b3 < 0;
(Vi) bir+by — B — by — rbs —bg < 0;
(vi)) 2 4 bg+ 2 — by — b5k —bg < 0;
(viii) (”4{—”6 4 (b5 — b7 — bg) — ng) <0;
(ix) B0+ by + 22 — by — bk — by < 0;
(X) by + bg + boh — biih — b1aA? — bigr? < 0;

(xi) (b1o— b)Y+ (b1 — ba) + G272 _ g,

k k
. k _ D k Dj k k

Proof: Letp; = ﬁkl, q; = oE o = m?x{l’pqi}
start by observing that, from the definition of p;, ¢; and Q;,

we immediately have Q° < A and Q° > % as well as p?,

q) <rand —p?, —¢" < _Tl

Then we continue via mathematical induction on k that,
forall k € N, Dé‘ > Oforalli € Z and Qk < A. Therefore,
assuming Df > 0 foralli € Z and QX < A, the proof consist

in showing that Dkt S~ 0 forj =0,1,2,3 and Qk+1 <A

4i+j
namely pﬁ#/., qﬁlﬂj <Aforj=0,1,2,3.
Now, we show that Di;“ > 0, Di;:ll > 0, Dﬁ#z > (0 and
Dk+l > O

4i43
Considering Lemma 4 (i), from first rule of (20) we get

Dy = Df [bitaf_p) + b2 — b3}

b1 b3
DKl 2L pp, - 2
> ’[A+2 )Li|

by —b
>Df?|:¥+bzi|
Y

> 0.

Analogously, using second rule from (20) and using
Lemma 4(ii), we have

DAt = DE [~ba(=gl) + b5 — bo(—p})]
> Dff [=ba(—1) + bs — be(—1)]
> Di.‘ [ba) + bs + be(M)]

= DX [(by + be)r + bs)
> 0.

Similarly, using third rule from (20), using Lemma 4(iii)

Dl = Dl [=br(=g_) + bs + bo(ph)
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This implies that
by
Dt > Dk |:—b7(—k) + bg + 7}

b
= Dk [b7x+bg + 79]
> 0.

Additionally, using Lemma 4(iv), the fourth rule in (20)
yields,

Df;,-trlg = D} [blo(fﬁ_l) + b+ blz(l?f-{)]
bio b1z
Dyt > DY | == +bu + ==
A A
> 0.

Which implies that Df™' > 0 for all i € Z. Therefore,
by induction D{F > 0, forallk > 0,i € Z, k € Z. Now we

prove that O¥+1 < A.
Using Lemma 4(v)

Dy, — D = Df [bﬂl{'il +bs + bep| — bihg;_,
—Aby + kb3pf]
< Dk [(b4 + be—by)A+bs — b1x2+b3)\2]

< Dj.‘;—zl(,\ — D12+ 28 + 10a)r
—B+24]
= 0.

due to definition of A. Thus Dﬁ;jrll — kD’j;’l < 0. Moreover,

using Lemma 4(vi), we have
k+1 k+1 k k k
Dy = ADyy = D; I:blqifl + by = b3p; — hbagi_y~
Abs — Abﬁpf]

b
< Di-‘ [bl)» + by — 73 — by — bs)\.—bﬁ]

1
— —Dfﬁ(k — D[(=12 438 + 15a)r

+5a].
=0.

Thus D4 — AD4H, <.

Analogously, considering Lemma 4(vii), we obtain

Di#z - )‘Diitrll = D} [be'il + bg + bop} — Abag}_,

—Abs — Xb6pi'(i|

b b
< Df-‘ —7+bg+—9 — by — bsA—bg

A A

1
=-DF—O—1)[(-24 A —8+10c].
i A D244 ) +10]
= 0.
Hence, the latter yields D} 1}, — oD} < 0.
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Using Lemma 4(viii)
Dyt = ADyfh = D} [b4qf—1 +bs + bep} — brrg)y
— Abg — Abgpj.‘]
< D [(=ba)=gi_)) + bs — (boX—pl)
—bihgi_ — Mbg — kbgpf]
< Df [%+b5+%—b7—,\bg—b9]
< Df [@ + (bs — by — bo) — ng}

-1
= D{fﬁ(x — 1)[(24 + 10a)r + 8 + B].

=0.
In view of Lemma 4(ix), we get
Dy = aDifh = Df [b1061§11 +bin + biopf — Abrd;
—bg — bop |
b b
< Di-{ |:£+b11 +£—b7—bgk—b9i|
A A
b b
< Df [ﬂ + b1 + 2 b7 — bg)»—bgil
A A
-1
k
= D; ﬁ(k — D[4+ 10a)A — B — 20«
+12]1 = 0.
Using Lemma 4(x), we get
Dﬁitrlz - )‘Dﬁz% = Di‘{ [be‘(—l + bg + b9PfF - )‘bloqg(—l
k
—Aby1 — )»blzp,-]
< DE b7 + by + boh — biop® = 2by
— b]z)»z]
< D [(b7 + by — b))k + bg
— (b1o — blz)?»z]
1
= DF—(n — ) [(20a — 12+ B)A
; 32)\( ) [(20 +8)
—24 — 10a] = 0.

k+1 k+1
Hence, Dy » — ADy/ 5 < 0.

Finally, using Lemma 4(xi), we can write
Dﬁ;:_% — )»Dﬁ;:_a = Di-‘ [510615-‘_1 + b1 + bupf — Ab;
—abopk — Abplpt, 1]
< D [bioh + b1y — biA
+ (b2 — Ab)p} + A bSPf(_Pi'{H)]

(b12 — b3) o

. 2]

< Df |:b10)»+b11 —biA+
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= —0564% A — D8+ B+ 10a)r

—10a + 8 — ] = 0.

So, using the definition of A Dljjjrg — ADﬁ;jr]‘t < 0.
Here, we see that Qft! < A, also obviously QF ! > %,
which completes the proof. (|

C. CONVEXITY PRESERVATION OF 3-POINT RELAXED
QUATERNARY SUBDIVISION SCHEME

If the scheme produces a limit curve that preserves the strict
convexity of initial data from a strictly convex polygon,
then a subdivision scheme is said to satisfy the property of
strict convexity preservation. We can attain the property of
strict convexity preservation by considering the following
conditions.

« Denote the second order divided difference by ID)]].‘ =
42k [hjl.‘_1 — 2h]’.‘ + hjk +1]. i.e. Suppose the initial control
points are strictly convex i.e. ]D)? > O foralli € Z.

o Finding a constant > 1 (n depends upon selected
value of the free parameter o and B ) such that, if we
assume ]D)? > 0 for all i € Z, it is verified that
max Dl DY

i D? ’ D?+1
o The value of n also satisfies the necessary condition for
inequality % < RO < nie. Vk € N, D{.‘ > 0,Vi e Z,

<n.

D* D¥
max ]I’)TJ;', e <7
1 i i+1

D. CONVEXITY PRESERVATION
We can write second order divided difference for the
scheme (15) as,

Kt 1 B\ mk B Sa\ 4
Dy’ =<E)Dil+<l_ﬁ_?)mi

Sa
- (?) Di‘{+1’

k+1 B Sa 3\
D4i+1=(_+_+Z)Di

16 8
+ =B 1 ID)kH,
16 8 4/ @1

DL — B Se 1 Dk
s =\t g T2V
B Sa 1 %

+(e 5 +3) e
k1 B S 1\
Dyfs=\1ct5 1/

To prove Theorem 6 by direct calculations, some inequalities
are established in the following Lemma.

Lemma5: . If B =0, a € (—%, 0) and n = % then
the following inequalities hold, also assuming ¢« = 0, B €
©0,4)andn := % then the following inequalities are also

satisfied.
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N
i [( )+ (

i) [(f+%+3)+(F£-+5)n]>0
o [(+ ¥ +1) o

o [+ )+ (3 )

(Vi) ek (n = DI2 + 100 + B)n + (B — 10a)] < 0,

(vid) 14 = DI(=8+ 10 + B)y + (=B — 10 — 12)] < 0,
(Vi) 15 (1 = DI(=4 + 10a + B)y — (B + 10ar + 8)] < 0,

(ix) ﬁ(n — DI(=12 4+ 10a + B)n — (B + 10a + 8)] < 0.

Theorem 6: Assuming hi‘ = %’ y{f = %
RF = max{hf.‘ , yé‘ }. If the initial polygon is strictly convex,
i.e. DY - 0,Vi € Z, then forall p = 0, « € (—%,0) and
RV <= g;i‘i and then assuming fora = 0, B € (0, 4) and
12+8

1
= — and
hi

RV < g = , then quaternary 3-point relaxed scheme
with refinement rules define in (15) preserves the convexity
of the given data.

Proof: Use mathematical induction, to prove ID)i.‘ >0

and R¥ < n. By the definition of hf.‘, yf.‘ and Rﬁ.‘, we have
R’ < pand R > %alsoh? < n,y? < nand—p? < _Tl’
—y? < _Tl Then applying mathematical induction on k, Vk €

N, ]D)f > 0,Vi € Z and R* < 1. Assuming ]Df? >0,VieZ
and RF < 1.

We have to show that Di;lj > 0,Vj = 0,1,2,3. and
R < 5, namely hﬁ;:i < n, yilfé. <nVj=0,123.

k+1
ie. il — Dam K+l et
ie. hy o = DL < nor Dy — nDy™ < 0. Also
1
k+1
k+1 _ Dy k+1 k+1
Yai - = g < norDym —nbyl, <0.

Considg:?ilng Lemma 5(i) and using first rule of (21) we
obtain

k1 k| (B ~ P ) () p
; —D"[<16)q"‘+(1 16+8) <8)hl}

e[S (B Sa
16y 16 8

Analogously using second rule from (21) and Lemma 5(ii),
we get

S50 3 -8 Sa 1
]D)kTH Z]D)k ﬁ —_ - -~ T o n hk
4i+1 ! 16+8+4 + 16 8+4 !

B 50 3 B S« 1
DI E 4+ =42 =4
~ ’[(16+8+4>+(16 8+4>
> 0.
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Additionally, considering Lemma 5(iii) and the third rule in
(21) yields

S 1 -8 Sa 1
4i+2 ! 16+8+2 + 16 8+2 !

B Sa 1 B Sa 1
DI 4+ 2= 4 = L=,
g ’[(16+8+2>+(16 8+2>”}
> 0.

Also from fourth rule of (21), and Lemma 5(iv), we get

S50 1 -8 Sa 3

Dkﬂ_l Z]D)k ﬁ - - -~ T o n hk

I AT TS R STI Y A

B Sa 1 -8 Sa 3

DM 4+ =4 = r_=472
g ’[(16+8+4+ 68 %
> 0.

Moreover, using Lemma 5(v) we have

k+1 k+1
Dy — nDy,

:Di?l:<£+5_a+§)+<__’3_5_a+l)h{§

This implies that

k+1 k+1
Dyl — nDy;

B S5a 3 B 5a 1
<of| (i) (Ge- i) o
B (1
(56
Sa\ 1
“1(3)3)
Further implies that

3 Sa —S5a 3
k+1 k+1 k
Dyfyy — Dy < I [<Z+ 4>+< 1 —Z>7)}

for B =0,a € (—%,0) and n := &% we have

= |
~—
~—
|

=
—
Ll

|

=
+

| g
N

Sa+4
1
DAY — nDEH = —Z]D)f?(n — 13+ 5a) = 0.
In the same way fora = 0, 8 € (0,4) and 5 := —12;’3 we have
3 3p
k+1 k+1 _ mk _
Dyl — Dy =Dy (4_1 - Z) =0.

k+1 k+1
nDy;

Due to definition of n, D" | — < 0,1e. hi;”l <.

Now consider

f+1 k+1 & B\ « B Sa
Dy = nDyy = D [((E> i-1 T (1 BET §>
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This implies that

k+1 k+1 k
Dy — Dy, < Dy [

—1
< DF—@ = D12 + 100 + B)y

" 16n
+ (B — 10a)].
fora =0, 8 € (0,4)and n := %.
-1
D" = Dty < Df 7= DIA2+ Bn + (B)]

for f=0,a € (—2,0)and n := g‘i’i.

-1
D — Dt < D?E(n — D[2 + 100)n 4+ (—10a)].

Thus, using Lemma 5(vi) we have DA — nDlj;jrll
k+1
)’4?_ <n.

Similarly considering Lemma 5(vii), we get

< 0,1.e

k+1 k+1
Dyiy — mDy s

A R W AW
_Di[<<16+8+4>+<16 s+4>h">

This implies that

B Sa
Diiﬂl - ”Dﬁiﬁz < Df [<— + 3 +

3
16 4
Sa 1 B 5w 1
g "4)T" "\ 16" % T2
B Sa 1\ ,
6 8 T2)" |

Further implies that

1
i+ — Dkt < Dfﬁ(’l — 1) [(=8 + 10a + B)n
+(—B — 10 — 12)] .

for=0,a € (—%,0) and n := %.

1
D4 — DA, < Df—n(n — D[(—4 + 5a)n — (5a + 6)]
fora = 0,8 € (0,4)and 5 := %.

1
D4 —nDEtY < Df Ton M~ DI8+B)0 +(=p — 1)1

From the definition of 7, ]D)il?:_ll - nID)]le’jrlz <0,i.e yﬁit_ll <.
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Using Lemma 5(viii), we have

k+1 k+1
]D)4itr2_'7D4itr1 s
B S 1 —B a 1Y
’[<l6+8+2 + 16 8+2 !
B +5a+3
"\16778 "1

This implies that

k+1 k+1
D4;2_’7D4§1 s s
B o 1 —B o 1
DI 4+ 2= 4= L=
= l[<16+8+2 16 "3 T2)"
B, 5 3
16T 8 "3
1

Further implies that
1
k+1 k+1 k
Dy = Mgy < Digem(n — 1)
X [(=4 + 10 + f)n — (B + 10a + 8)]
fora =0, 8 € (0,4) and n := £,

B
1
D = mD4 < Df 7= DI=4+ By = (B+8)]
for=0,a € (—%, 0)and n := %.

1
k+1 k+1 k
Dyir — Dy < Dy E(" -

X [(—4 4+ 10a)n — (10« + 8)] .

Due to the definition of , D} 1}, —nDiH, < 0,ienft) <.

Using Lemma 5(ix), we get

k+1 k+1
D4i+2_nD4?—_i-3 s s
B o 1 —-B a 1Y
D2 + =4 4 )h
’[(16+8+2 {1 g T2

k—+1 k+1
Dy _’7]1)4;;3 s s
B o 1 —B o 1
DI + = 4 = r_ =
= ’[(16+8+2>+<16 8+2>"
B Se 1 —B 5a 3\ ,
"(16+8+4) (16 g T3)"
forazo,ﬁe(o,4),n:=%.

1
Dy, — 1Dy < Dfﬁ(n - D
[(—=12 4+ 10 4+ B)n — (B + 10« + 8)]

1
< D?Fm — DI(=124 B)n — (B +8)]
n
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for f=0,a € (—%,0)and 5 := &%

k1 k1 k
Dyiliy — ny 5 < Dy F(’I

—(10a + 8)].

D [(—12 + 10a)n

So, Di;:_lz — nDﬁ?_‘é <0,i.e. yﬁl:]z <.
Here, we see that R¥F! < 7. Since R = max({nf, y¥},
L
then obviously RFt! > % O

Theorem 7: The support of 3-point relaxed quaternary
subdivision scheme (15) is [—%, %].

Proof: Support size shows the property of a subdivision
curve in which the area of the limit curve will be affected
by moving a single control point from its initial place. i.e.,
the effect of one vertex on its neighbouring points. Support
size can be found by calculating the distance between two
corresponding parameters which belong to the most right and
most left vertex.

First we calculate all non-zero point for k = 0 and i =
—1,0,1, =2 in 4-point parametric quaternary subdivision
scheme. Hence, all non-zero points at the first iteration level
make a sequence as

1 1 1 1 1 1 1 21 21 21 21 21 1
Torfe fosifanfgs o So Jo oo S5 fas S5 Se o Jr -

From the above sequence, a set can be defined as

i

¢(4ik)=fik V ielZ.

The leftmost non-zero vertex is f 1 with ¢ (—17) = fl7 and

Such that

the rightmost non-zero vertex 1sf7 with ¢ <4—1 = f71.

Now for second iteration level, we calculate all non-zero
points for k = 1 and i = -9, —8, —7,...,5,6,7, 8. Hence,
all the non-zero points at second iteration level make the
sequence as f_235, f_23 PR f324, f325. The leftmost non-zero
vertex is f7, 2 35 With ¢ (M) = f_235 and the rightmost
7(1+4) _ 2

_f35'

non-zero vertex 1sf35 with ¢ (
Now we calculate all the non- Zero points at third iteration
level fork = 2 and i = —36, —35,-34,...,0,1,2,3,...,
35, 36.
Hence, all the non-zero points at the third iteration level
make the sequence asP3_1 47 P3_1 460

3 p3 p3 3 3
P25, P2, Py, ..., Pl Pis7- The leftmost non-zero ver-

.3 . —701+44+4)) _  p3
tex is P24, with q)( yE ) = P_7(1+4+42) and

2
the rightmost non-zero vertex is P3,, with ¢ (%) =
P3 Similarly, after £ subdivision step, the left most

7(1+4+42)" t

non-zero vertex 1S P77(1+4+42+...+4k—1) with

& —TA+4+424+. +4DY ok
4k - —T(14+4+4424.. 44k=1)

and the
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rightmost non-zero vertex is PX with

T(1+4+42+4 . 44k=T)
P T(1+4+424.. 4451 _ pk
4k T(A+4+42 4. 461y

Hence, the support of size is

7 -7
Support size = hm |:4—i - 4—]f:|,

where
C=14444 4 441

This implies that

1 1 1 1
S tsize = i M4l-4+=+=+...+— )]
upport size kgrgo[ (4 + 7 + VB + + >]

, i 14
Support size = 14 ) =5
1-1)73

. . 7 7
Hence, the support region is [—g, 3].

Figure 1, shows the basic limit function of proposed
scheme for different values of parameters. O

=0.01,=0.2

(@ (b)

a=-0.23,p=-3

a=-0.3,=0

© (d)

FIGURE 1. The basic limit functions of the 3-point relaxed quaternary
scheme and their support for different values of parameters. The solid red
lines are initial control polygons made by the data of the Kronecker delta.

Theorem 8: The limit stencils of 3-point relaxed quater-
nary subdivision scheme (15) is [¢1, §2, §3, §a), where

1

§= 181440

[1000a3 + 3000%B + 132000> 4 30>

4336008 + 247200 + B3 + 20482
+44888 + 8960] ,
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0= @ |:29040a + 1898 — 1680a8% — 30ap> Hence local subdivision matrix of (15) is
—300028 — 48000 — 10000 — 12082 Ua Vo s O
Rl — v_s 01 O3 Uy
s +34720} , Z o 02 02
. 97 U3 U1 U5
{3 = 60430 |:1000053 + 3000”8 — 3600a” + 30eB Now we calculate eigenvalues of subdivision matrix R; and
denote them by A;;i =0, 1, 2, 3.
—32400a + B° 4 368 — 32408 + 22400} : L1
and Ty 16 e
th = 18114 0 |: — 1000e® — 30028 + 12000c? — 30082 The matrix of eigenvector corresponding to the eigenvalues
is
3 2
+1680ap — 14640 — B + 48P X1 xp x3 1
—4568 + 1120}. v |* X2 X3 i
X31 X32 X33
Proof: To find out the limit stencils of (15), we substitute 1 1 1 1
i = —1 in refinement rules of (15). Hence we obtain the
following refined points. where
Z Z3 Zs
5 15 5 == " =2
k+1 k X1l =5 X0=5, X31=5,
5= (mﬂ+6—40€+3—2> 0y Z> Z4 Zs
5 11 1\ tp= 2 =B =i
T\ +E_aﬁ>f—l Zs’ Zip’ Ziy’
25 5 3 . e — Z13 AT _Zi7
- [ 13 = 7> X23 = 5, X33 = 75—,
e s ﬁ)f ’ Z14 Zig Zig
where

A= <i+iﬁ+£a>ffz

(-2 s

128 %)/
3 5 1 55 31
k+1 _ ) sk i
-2 (256’B+ 128a+64>f‘2+<128a+64

NEEAWINEINE: Y
2567 )71 \6a ~ 128% " 2567 )70

Z1 = [8000¢ + 240002 — 141000 + 2400,8*
—33600 + 11280« + 88> — 19582
+16328 —3920] ,
Z, = [8000c +24000* B +23700a* +240a > + 42000
+264000 + 88° + 18387 + 20108 + 11200] ,
Z3 = [ = (=80000 — 2400a*B + 15000 — 2400:>
+840ap + 25800 — 887 + 6967 + 1328 — 1120)] ,
Z4 = [8000c’ 424000 B +237000* +24008% +4200c8
+264000 + 88° + 18387 + 20108 + 11200] ,

P R T
8% e 36l )

o _ ( 1 ﬂ)sz . < 5 . 11 5 25 oz)fkl Zs = [(8000c” + 24000 B + 1311000(22+ 24008>
- 256 16 256" ' 64 +1680ap + 2460a + 847 + 57p% — 68 — 1400)]
N <_35_2 . 22_6 P g) 1 Zs = [(80000[3+240(3)a2/8 +232700a2+2400{ﬂ2+4200a,3
3 15 0 +264000 + 88° + 1836% + 20108 + 11200)] ,
T (‘ﬁ P-—get 1_6)f1 : 77 = [(2000 + 408 — 370 + 282 — 438 + 260)] ,

It can be written as Zg = (200 + 4008 + 5300 + 287 + 478 + 440)] .
i P A T N Zy = [ — (2000 — 400 + 700 — 2% + 138 + 40)]
A es v w00 || K Zio = [(2000* + 40aB + 5300 + 287 + 478 + 440)] ,

i;z: - 3:6 g:z gz ge foi ’ Zi1 = [(20002 + 4008 + 230« + 2% + 178 +20)] ,

JZ 7 3oV 1 Zip = [(2000” + 400 + 530 + 26> + 476 + 440)] ,
O Zp=[00a+g-16)],  Zig= [(10a+B+20)],
Symbolically, it can be written as, Zis = [(10a Ty 4)] ’ Zig = [(IOa T8+ 20)] ’
FHL = Rk Zi7 = [(10a + B +8)] . Zis = [(10a + B +20)] .
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By taking inverse of above matrix, we have

where

yir =

Y12 =

Y13 =

Yi4 =

1 =

y22 =

Y23 =

Y24 =

y31 =

y32 =

Y33 =
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yir - Y12 Y13 Yi4
vl = Y21 Y22 Y23 Y24
Y31 Y32 Y33 Y34
Ya1 Y42 Y43 Y44

3680 [ — 264000 — 20108 — 420008 — 240082

—24000% 8 — 237000.> — 8000c> — 18382
—8p% — 11200],

L [1040000* + 3120008 + 308100c>

98280

+312008 + 5460008 + 3432000 + 10487

+23798% + 261308 + 145600] ,
— [ — 264000 — 20108 — 42 — 240ap?
= [ — 264000 — 20108 00aB 0B
—24000%B — 23700a> — 8000 — 18382

—8p% — 11200]

560 [8000c + 24000 B + 237000 + 240a 3>

+420008 + 26400 + 88> + 18382 + 20108
+11200] ,

1
YT [20000 + 6000* B + 6900 + 605

+132008 + 86400 + 28° + 638>
+816f + 3520] ,

I _ _ _ 2
0 [ — 65200 — 6288 — 11608 — 600
—600a2B — 6100a> — 2000 — 558
—2p% — 1760]

D) 3 2 2 2
1440 [ 000a” + 600~ B + 53000~ + 60ap

+ 1000a8 + 4400 + 28 + 477 + 4408] ,

1
—— [1760 — 2528 — 840ap — 2
1390 [1760 — 252 — 840 — 60

—600a> B — 45000> — 2000a° — 398° — 28°

—2280] ,

— [ -0 20)(100a? + 20
8640[ (10 + B + 20)(100a~ + 20a8
+ 3400 + B% + 468 + 160)]

2850 [10000 + 30008 + 34000 + 30a8*

+ 8008 + 1600 + B° + 462 + 4008 — 2400] ,

1
—— [2800a + 408 — 400aB — 30a8>
28840 | 28000 + 408 f = 30ap

—300a2B8 — 14000 — 1000 — 268>
— p* +3200]

1
¥4 = g [10000” + 300028 — 6000 + 308>

—4800c + B + 68> — 2408 + 800] ,

1
181440
+30a8% + 336008 + 247200 + B> + 20482

+44888 + 8960] ,

yal = [10000® + 300028 + 13200a

1
yar = —— [29040a + 18968 — 168008 — 308>

60480
—300028 — 48000> — 10000 — 12082
—p? +34720]
V43 = b [1000¢” + 3000* 8 — 36000 + 30aB*
60480

~32400a + B + 3687 — 32408 + 22400] ,

Vag = [ — 1000e — 300028 + 12000

181440
—3008? + 1680aB — 14640a — B> + 4882

—456f + 1120] .

Let o be the diagonal matrix of eigenvalues, then

1y o 0 0
1.
0 (4_1)] 0 0
o= 0 0 ( 1 )]
16 )
0 0 0 —y
(64)’
Since R = VoV, therefore R’f = Vokv—1, Also we have
fk+] :Ruck — R%fk*l — R?fkfz - = R]1<f0
Which implies that
R — ysky =140,
Hence
lim 5! = v(lim sV =10
k—00 k—00
After simplification, we get
13 a & U fgs
B la o 6 12
I3 a o o4 7
fo° ST & I« S ¢ L

Here we check whether new and old vertices lie on the
limit curve. We use the technique described by Hormann and
Sabin [25] considering the scheme (15) as a function, the
ordinate is obtained from the scheme, and control points are
used as abscissa that is equally spaced.

Theorem 9: The 3-point relaxed quaternary approximat-
ing subdivision scheme (15) has cubic precision.

Proof: Consider the origin in the middle of original span

with ordinate. .., (=5)", (=3)", (1", ()", 3", )", ....
If y = x", then we have,

] = ..., 0-4(=5)" + Do(=3)" + da(—1)",
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B_5(=5)" + 0_1(=3)" + 93(=1)" + ¥7(1)",
B_6(=5)" 4+ 9_2(=3)" 4+ 2 (—=1)" + F6(1)",
B_7(=5)" + 0_3(=3)" + D1 (=1)" + ¥2(1)",
B_4(=3)" + O_1(=1)" + 93(1)" + 97(3)",
B_s5(=3)" 4+ 0_1(=D" 4+ 93(1)" + 97(3)",
B_6(=3)" + 0 2(=1)" + 92(1)" + 96(3)",
B_7(=3)" + 0 _3(=1)" + 91(1)" + 92(3)",

P—6(=1)" + 92(1)" + 92(3)" + 96(5)",

O_7(=D" +9_3()" + 13" + 05", ...,

where ¥.: ¢ = —7, —6, ....6, 7. defined in (17).
Ify= x!, then

—B 5 1) (—_ﬂ_S_“ E)
8 4 ’ 8 4 2)°
B> 2>,(—_/3_5_°‘+§),
8 4 8 4 2
A= 2 L LI
2222 22
[A%y] =0,

where A represents the differences of the vertices.
If y = x2, then

138 55« 41 118 45«
[y]Z“"(?_TJrT)’(W_T“L
98 35a 21\ (78 25« 17

E‘T+1)(E—T §>’

56 15 9\ (38 5a 3
(16_ 8 +4>’< B )
18 5« 5\[(-B 15 3
(16_8+4><16_ 8 +2)’
—38 25« 9\ [(—-58 35a 7
(16 8 +4>’<16 8 +2>’

16 8+4 16 8+2

(—_75_@ E) (—_95_55_“ E)

By taking differences, we get [A%y] =

Ify:x3,then
=718  265a 153 —538 95«
bj=...|1——————— || ———-25
16 8 4 16 4
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—198 65« 31 —138 85« 9
8 4 2 ) 8 8 '
—-17 55 —
“Up S 19\ (=B v
16 8 4 16
-1 -1 55
2P sy, (2 o3 Ly,
2 2 8
—118 85« 19 —-178 65«
<T_T+Z)’<T_T+9)’
—138 95« 31
(T_T+7>’
—198 265«
— = — +25],...
(-5 )
By taking differences, we get [A*y] = 0.
Ify=x4,then
_ 1858 635a = 307 1278 405«
i (0 S0 ) g 0 )
818 235« 99 478  125a
—t— 4+ =), | —+—+26],
(8 + 4 + 2) <8 + 4 + >

258 750 27\ (158 25a
I - A b . - 6 9
(8+4+2)<8+4+>
56 25a 7\ (—58 T5a

= . 6).
(55 +2) (559
~158 125« 27)

(T_T+z
(

—256 235 —478 4050 99
—ﬂ——“+26>,<—ﬂ——a+—>,

8 4 8 4 2
=818 635«
—— — — 490 .
(55755 )
By taking differences we have,

[Ady] = (—15a), (_73/8 + 150 + 6) , % 0, (—15a)

Hence [A%y] # 0.
|
Thus the scheme (15) has cubic precision for any value of
o and S.

V. COMPARISON AND APPLICATION OF THE SCHEME

In this section, few examples are considered to illustrate
the behaviour of the proposed scheme by setting appropri-
ate parameters. In Table 1, we compare the continuity and
support of the proposed scheme with existing quaternary
schemes.

A. EXAMPLE 1

We get an initial unrefined polygon by connecting the 2D
points fio. This polygon is the input of the scheme. The
four refinement rules that comprise the refinement scheme
is defined in (15). The new points are inserted by using
these rules in the previous unrefined polygon. Then all the
new points are connected by straight lines to get a refined
polygon. This refined polygon is the output of the scheme.

132179



IEEE Access

H. M. Tariq et al.: Study on the Class of Non-Symmetric 3-Point Relaxed Quaternary Subdivision Schemes

(a) First refinement level

(b) Second refinement level

(c) Third refinement level

FIGURE 2. Graphical representation of the scheme: Initial polygon (outer square) is made by connecting four points and inner polygons are created by

using the scheme (15).

FIGURE 3. Parametric controlled shapes: The Black bullets show the
initial control points. The solid Red lines are initial control polygon. Other
coloured lines show the curves fitted by our subdivision scheme after
four refinement steps.

In the next step, the scheme takes the refined polygon as an
input and generates the most refined polygon as an output.
At each refinement level, more points are inserted, and the
points become denser and denser. This process is repeatedly
applied to get the required smooth curve. This procedure is
graphically presented in Figure 2.

B. EXAMPLE 2

The shape of the curve can be adjusted with shape parameters.
Here we focus on how we can adjust the shape of the curve by
adjusting the values of shape parameters without disturbing
the position of control points. Figure 3 and Figure 4 illustrates
the effect of parameters « and 8 on the shape of curve fora =
—0.34, —-03 and 8 = —3,2 and ¢ = 0.02,0.2, —0.2 and
B =1, 3, 3 respectively.

C. EXAMPLE 3
Here, we take Inonotonic data from the monotonic func-
tion y = % + 2x3. The initial control points are

{(=1,3D,0,0),(1, ), (2,20, 3, F), (4,192)}.  Which
satisfy the conditions of monotonicity. The limit curve is

132180

® initial control points
— B=1,0=0.02
— B=3,0=-02

initial control polygon
— B=3,0=02

FIGURE 4. Parametric controlled shapes: The Black bullets show the
initial control points. The solid red lines are initial control polygon. Other
coloured lines show the curves fitted by our subdivision scheme after
four refinement steps.

FIGURE 5. Monotonicity preservation: The red bullets show the initial
control points, while the dashed lines show the initial polygon. The black
solid lines are the limit curve obtained by using monotonic increasing
data for § =0, « = —0.1.

shown in Figure 5, it shows that the proposed scheme (15)
preserves monotonicity.

D. EXAMPLE 4
Here, we take convex data from the convex function
y = x* 4+ x? 4+ 2. The initial set of control points are

{(—4,274), (-3, 92), (-2, 22),(—1,4),(0,2), (1, 4), (2, 22),
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FIGURE 6. Convexity preservation: The red bullets show the initial control
points, while the dashed lines show the initial polygon. The Black solid
lines is the limit curve obtained by using convex data for 8 =2, « = 0.

FIGURE 7. Fitting of sine/nonlinear function: The red bullets show the
initial control points, while the solid Red lines show the initial polygon.
The Blue solid lines is the limit curve obtained by using nonlinear data
with sine function for 8 =2, « = —0.31.

(3, 92), (4, 274)}. These points satisfy the condition of con-
vexity. The limit curve shown in Figure 6 shows that the
proposed scheme (15) preserves convexity. Convex shapes
are important in engineering and industry. It is observed in
Figures 6 that our scheme preserves the convexity of the
shapes, so our scheme is suitable for fitting of convex shapes.

E. EXAMPLE 5

Here, we take nonlinear data from the nonlinear function
y = xsin(2x) + x'/2. The initial set of control points
are {(0, 0), (1, 1.04), (2, 1.55), (3, 2.05), (4, 2.56), (5, 3.10),
(6,4.71), (7,4.34), (8, 5.03), (9, 5.78), (10, 6.58), (11,7.43),
(12, 8.34), (13,9.30), (14, 10.31, 11.31), (15,11.37), (16,
12.48)}. The limit curve shown in Figure 7 shows that the
proposed scheme (15) is suitable for the fitting of nonlinear
data including sine function.

F. EXAMPLE 6

In this example, we use a discontinuous function given by
Zhao et al. [18]. Our proposed scheme provides a smooth
estimate of a discontinuous function. There is no oscillation
and no unwanted features in the curve fitted by our scheme.

—30 +2, if x e€[0,0.3]
-03
F(o)={ —30+3 —sin <(Q0—2)7t> , ifx €[0.3,0.7]
§+ 1.55. ifx € [0.7,1]

The sine function appears frequently in digital signal pro-
cessing as well as in engineering and industrial shapes. The

VOLUME 10, 2022

FIGURE 8. Fitting of discontinuous function: The Navy bullets show the
initial control points, while the dashed lines show the initial polygon. The
solid Red lines is limit curve obtained by using a discontinuous function

= -8
forp=2,a= 25

TABLE 1. The comparison of continuity and support of proposed scheme
with existing schemes.

Complexity of Schemes Nature Continuity ~ Support
4-point approximating [3] C? 13—4
4-point approximating [1] 3 5
3-point interpolating [5] Cc? 13—4
3-point approximating [2] c? %
4-point approximating [2] c3 15—1
5-point interpolating [8] c3 %
4-point interpolating [26] Cc? 5
3-point relaxed approximating proposed 3 %

breakage of a signal can be represented by a discontinuous
function. The fitting of this type of function is presented in
Figure 8. From this figure, it is observed that the scheme
gives a better fit for this type of function.

G. CONCLUSION

In this paper, a new 3-point relaxed non-symmetric subdivi-
sion scheme has been introduced with two parameters to con-
trol the shape and smoothness of limit curves. The limiting
function is supported on [_77, %]. The scheme can produce
the C3-continuous curve/shape with less computational com-
plexity compared to the existing schemes in the literature,
as shown in Table 1. Limit stencils and shape-preserving
properties of the scheme are also discussed. By fitting the
convex and monotone shapes, as well as the sine functions
and nonlinear function employed in engineering and industry,
we have demonstrated the applications of the scheme. Fur-
thermore, it is observed that the fitting of shapes is controlled
by parameters. In the future, we are interested in analyzing
the general compact form of a non-symmetric scheme to
improve smoothness with a smaller support width. Of course,
extension of this work to surface fitting is a possible future
research direction.

REFERENCES

[1] G. Mustafa and F. Khan, “A new 4-point C> quaternary approximating
subdivision scheme,” Abstr. Appl. Anal., vol. 2009, pp. 1-14, Jun. 2009.

[2] S. S. Siddigi and M. Younis, “The m-point quaternary approximating
subdivision schemes,” Am. J. Comput. Math., vol. 3, no. 1, pp. 6-10, 2013.

132181



IEEE Access

H. M. Tariq et al.: Study on the Class of Non-Symmetric 3-Point Relaxed Quaternary Subdivision Schemes

[3]
[4]
[5]

[6]
[71

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

K.-P. Ko, “Quatnary approximating 4-point subdivision scheme,” J. Korea
Soc. Ind. Appl. Math., vol. 13, no. 4, pp. 307-314, 2009.

K. Pervez, ““Shape preservation of the stationary 4-point quaternary subdi-
vision schemes,” Commun. Math. Appl., vol. 9, no. 3, pp. 249-264, 2018.
M. Bari, R. Bashir, and G. Mustafa, “3n-point quaternary shape preserving
subdivision schemes,” Mehran Univ. Res. J. Eng. Technol., vol. 36, no. 3,
pp. 489-500, Jul. 2017.

S. S. Siddiqi and N. Ahmad, ‘A new five-point approximating subdivision
scheme,” Int. J. Comput. Math., vol. 85, no. 1, pp. 65-72, Jan. 2008.

S. M. Hussain, A. U. Rehman, D. Baleanu, K. S. Nisar, A. Ghaffar, and
S. A. A. Karim, “Generalized 5-point approximating subdivision scheme
of varying arity,” Mathematics, vol. 8, no. 4, pp. 1-25, 2020.

H. C. Zheng and Q. Song, “Designing general p-ary n-point smooth
subdivision schemes,” in Applied Mechanics and Materials, vol. 472.
Switzerland: Trans Tech Publications, 2014, pp. 510-515.

A. Shahzad, F. Khan, A. Ghaffar, S. W. Yao, M. Inc, and S. Ali,
“A novel numerical method for computing subdivision depth of quaternary
schemes,” Mathematics, vol. 9, no. 8, pp. 1-20, 2021.

G. Mustafa, R. Hameed, D. Baleanu, and A. Mahmood, “A class of
refinement schemes with two shape control parameters,” IEEE Access,
vol. 8, pp. 98316-98329, 2020.

C. Conti and L. Romani, “‘Dual univariate m-ary subdivision schemes of de
Rham-type,” J. Math. Anal. Appl., vol. 407, no. 2, pp. 443-456, Nov. 2013.
L. Romani and A. Viscardi, “‘Dual univariate interpolatory subdivision of
every arity: Algebraic characterization and construction,” J. Math. Anal.
Appl., vol. 484, no. 1, 2020, Art. no. 123713.

Z. Cai, “Convexity preservation of the interpolating four-point C> ternary
stationary subdivision scheme,” Comput. Aided Geometric Des., vol. 26,
no. 5, pp. 560-565, 2009.

J. Tan, B. Wang, and J. Shi, “A five-point subdivision scheme with two
parameters and a four-point shape-preserving scheme,” Math. Comput.
Appl., vol. 22, no. 1, p. 22, Feb. 2017.

P. Novara and L. Romani, ““‘On the interpolating 5-point ternary subdivision
scheme: A revised proof of convexity-preservation and an application-
oriented extension,” Math. Comput. Simul., vol. 147, pp. 194-209,
May 2018.

F. Pitolli, ““Ternary shape-preserving subdivision schemes,” Math. Com-
put. Simul., vol. 106, pp. 185-194, Dec. 2014.

S. Amat and J. Liandrat, ““On a nonlinear 4-point quaternary approximating
subdivision scheme eliminating the Gibbs phenomenon,” SeMA J., vol. 62,
no. 1, pp. 15-25, Jun. 2013.

Y.-Y. Zhao, J.-G. Lin, X.-F. Huang, and H.-X. Wang, “Adaptive jump-
preserving estimates in varying-coefficient models,” J. Multivariate Anal.,
vol. 149, pp. 65-80, Jul. 2016.

C. Conti and K. Hormann, *“Polynomial reproduction for univariate sub-
division schemes of any arity,” J. Approximation Theory, vol. 163, no. 4,
pp. 413-437, Apr. 2011.

G. Mustafa, S. T. Ejaz, D. Baleanu, and Y. M. Chu, “The inequalities for
the analysis of a class of ternary refinement schemes,” AIMS Math., vol. 5,
no. 6, pp. 7582-7604, 2020.

M. Z. Hussain, M. Sarfraz, and T. S. Shaikh, ‘“Monotone data visualization
using rational functions,” World Appl. Sci., vol. 16, no. 11, pp. 1496-1508,
2012.

A. Le Méhauté and F. I. Utreras, “Convexity-preserving interpolatory
subdivision,” Comput. Aided Geometric Des., vol. 11, no. 1, pp. 17-37,
Feb. 1994.

G. Mustafa and M. Zahid, “Numerical algorithm for analysis of n-ary
subdivision schemes,” Appl. Appl. Math., vol. 8, no. 2, pp. 614-630, 2013.
G. Deslauriers and S. Dubuc, “Symmetric iterative interpolation pro-
cesses,” Construct. Approximation, vol. 5, no. 1, pp. 49-68, Dec. 1989.

132182

[25] K. Hormann and M. A. Sabin, “A family of subdivision schemes with
cubic precision,” Comput. Aided Geometric Des., vol. 25, no. 1, pp. 41-52,
Jan. 2008.

[26] S. S. Siddigi and M. Younis, “The quaternary interpolating scheme for
geometric design,” ISRN Comput. Graph., vol. 2013, pp. 1-8, Apr. 2013.

HUMAIRA MUSTANIRA TARIQ received the
M.Sc. and M.Phil. degrees in mathematics from
The Islamia University of Bahawalpur, where she
is currently pursuing the Ph.D. degree with the
Department of Mathematics.

RABIA HAMEED received the M.Sc. degree
in pure mathematics and the M.Phil. and Ph.D.
degrees in computational mathematics from The
Islamia University of Bahawalpur, Pakistan,
in 2008, 2011, and 2018, respectively. Since March
2017, she has been working with the Department
of Mathematics, The Government Sadiq College
Women University, Bahawalpur. Her research
interests include numerical computing, approxi-
mation theory, and CAGD.

GHULAM MUSTAFA received the Ph.D. degree
in mathematics from the University of Sci-
ence and Technology of China (USTC), China,
in 2004, sponsored by Cultural Exchange Schol-
arship of China, and the Ph.D. degree from
Durham University, UK., sponsored by Asso-
ciation of Commonwealth Universities, U.K.,
in 2011. He also visited the School of Mathemat-
ical Sciences, USTC, in 2010, to do collaborative
research under Pakistan Program for Collaborative
Research-Foreign Visit of Local Faculty Member. He was a Visiting Fellow
at the University of Science and Technology of China, from 2013 to 2014,
sponsored by Chinese Academy of Sciences. He has been a Professor in
mathematics and the Chairperson of the Department of Mathematics, The
Islamia University of Bahawalpur, Pakistan, since 2016. He has completed
two research projects sponsored by Higher Education Commission (HEC)
Pakistan under National Research Program for Universities (NRPU). He has
published more than 100 research papers. He has supervised ten Ph.D.
and 63 M.Phil. scholars up to now. He also serves as a reviewer of journals.
His research interests include geometric modeling, subdivision schemes,
applied approximation theory, and solution of differential equations.

VOLUME 10, 2022



