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ABSTRACT Heterogeneous cellular networks (HCNs) play a significant role in 5G networks, but have
mainly been modeled and analyzed on a two-dimensional (2D) plane. In this paper, we model a three-
dimensional (3D) two-tier HCN consisting of macro-cells and small-cells via a stochastic geometry
approach, where the base stations (BSs) in each tier are assigned an appropriate antenna downtilt to enhance
the downlink signal and suppress the inter-cell interference. Based on the 3D HCN model, we derive
the downlink spatially-averaged coverage probability and area spectral efficiency (ASE) as functions of
the BS antenna downtilts, BS heights, BS densities and cell-association bias. To facilitate fast numerical
evaluation, we propose accurate approximations for the integral parts in the coverage probability expression.
We then obtain the optimal BS antenna downtilts for both tiers that maximize the downlink spatially-averaged
coverage probability by using partial derivative and the bisection method. Analytical and simulation results
show that for given BS heights, densities of small-cell BSs (SBSs) and cell-association biases of SBSs,
our optimized BS antenna downtilts of both tiers can significantly enhance the downlink spatially-averaged
coverage probability and ASE in comparison with the fixed BS antenna downtilts network. Useful insights
into the 3D deployment of HCNs considering BS antenna downtilts are obtained based on the analytical and
simulation results.

INDEX TERMS 3D antenna downtilt, base station height, coverage probability, cell-assciation bias,
heterogeneous cellular networks.

I. INTRODUCTION
Heterogeneous cellular network (HCN), which consists of
multiple tiers of base stations (BSs), such as macro-cell, pico-
cell and femto-cell BSs, is a key technology of the 5th gen-
eration (5G) mobile networks [1], [2]. In HCNs, macro-cell
BSs (MBSs) typically provide outdoor coverage and support
high-speed users, while small-cell BSs (SBSs) provide high
capacity to indoor users and outdoor cell-edge users [3].
However, small cells lead to more cell-edge areas, making the
aggregate interference environment and the corresponding
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interference management more complicated in HCNs than in
conventional single-tier cellular networks [4].

HCNs have been modeled and analyzed using tools from
stochastic geometry on a two-dimensional (2D) plane, where
beamforming adjusts only the azimuth angle of a beam while
the elevation angle being fixed [5], [6], [7], [8]. However,
as the BS density increases and the BS-to-user distances
decrease in HCNs, the heights of BSs and users can no
longer be ignored [9]. Under a three-dimensional (3D) chan-
nel model, 3D beamforming that adjusts the beam angle in
both the horizontal and vertical planes can be used to enhance
the received signal and mitigate interference by steering
a main beam of the BS radiation pattern to an intended
user [10], [11].
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In this paper, we investigate the impact of the BS
antenna vertical pattern and downtilt on the downlink
spatially-averaged coverage probability and area spectral effi-
ciency (ASE) of a two-tier HCN comprisingMBSs and SBSs.
The optimal BS antenna downtilts of both tiers that max-
imize the downlink spatially-averaged coverage probability
and ASE will be derived. In addition, useful insights into the
3D deployment of BSs in HCNs will be provided based on
the analytical and simulation results.

A. RELATED WORKS AND MOTIVATION
Stochastic geometry has been widely explored to evaluate
the performance of cellular networks. In [12], the authors
analyzed the downlink coverage probability of a single-tier
cellular network leveraging stochastic geometry, where the
locations of BSs and users were modeled following inde-
pendent homogeneous Poison point processes (HPPPs). For
HCNs, due to the differences in transmit power and BS
antenna height between MBSs and SBSs, a bias needs to be
added to the received signal of users in the small-cell tier
to balance the load between the macro-cell and small-cell
tiers in HCNs [13]. The authors in [5] showed that adding a
positive bias to the received power from SBSs in an HCN can
improve the coverage probability, average ergodic rate, and
minimum average user throughput even though the signal-to-
noise-plus-interference ratio (SINR) of some cell-edge users
decreases. The authors in [14] optimized the cell associ-
ation bias and traffic offloading fraction to maximize the
rate coverage in an HCN. The authors in [15] optimized the
cell association bias to maximize the mean downlink SINR
in multi-antenna HCNs. In [16], the energy efficiency of a
multi-tier HCNwas maximized while considering potentially
different BS heights and multi-antenna transmission. In [17],
the impact of beamforming alignment errors on the coverage
probability in a millimeter-wave HCNwas investigated under
different path loss models, but the BS vertical antenna pattern
is not considered, and the antenna gain is assumed to be con-
stant. The authors in [18] analyzed the coverage probability
and average user rate with the minimum biased transmission
distance scheme in an HCN. In 3D HCNs, as the heights of
MBSs are larger than SBSs, the traffic in the small-cell tier
is overloaded when adopting the minimum 3D transmission
distance-based user association scheme. Therefore, a bias in
terms of 3D transmission distance towards users located at
the small-cell edge is considered to offload these users to the
macro-cell tier [19].

Recently, 3D beamforming has been proposed to improve
the performance of HCNs [20], [21], [22]. In [20], a 3D
beam selection scheme was proposed to restrain the intral-
cell and intercell interference in a downlink multi-cell HCN.
In [21], the authors proposed an interference coordination
algorithm by leveraging the statistical channel state informa-
tion and MBS antenna downtilting to balance the ergodic rate
and traffic load among different tiers. The authors in [22]
simulated the impact of the pico-cell antenna downtilt and
vertical beamwidth on the coverage probability and ASE of

an HCN leveraging the maximum average SIR user associ-
ation scheme. The impact of pico-cell BS antenna downtilt,
antenna vertical beamwidth, and pico-cell density on the cov-
erage probability and spectral efficiency of a two-tier HCN
was investigated in [23], while the impact of the number of
dipole antenna elements and SBS antenna downtilt on the
ASE and average user rate were studied in [24]. We note
that in the aforementioned works, the effect of BS antenna
downtilt was studied either via Monte Carlo simulations with
a high computational complexity or by numerically solving
an intractable optimization problem. The authors in [25]
modeled a two-tier HCN using stochastic geometry and max-
imized the energy efficiency of the HCN by optimizing the
MBSs’ antenna downtilts for different femto-cell BS densi-
ties, but the BS heights and antenna downtilts in the small-cell
tier were ignored.

In summary, the existing works have not studied the BS
antenna downtilts across all tiers of an HCN, thus missing
the opportunity to further enhance the HCN performance,
e.g., the downlink coverage probability or ASE, by jointly
optimizing the BS antenna downtilts in different tiers.

B. CONTRIBUTIONS
In this paper, we investigate how the BS antenna downtilts
of all BSs across different tiers can be jointly optimized to
enhance the downlink spatially-averaged coverage probabil-
ity and ASE in a 3D two-tier HCN composed of MBSs and
SBSs, where the locations of multi-antenna MBSs and SBSs
follow two independent HPPPs, and the potentially different
BS heights and BS radiation patterns are modeled. The main
contributions of this work are summarized as follows.
Spatially-averaged coverage probability and ASE analysis

for 3D two-tier HCNs:We propose a 3D system model for a
two-tier HCN with multi-antenna BSs, where the BS antenna
downtilts and BS antenna heights of both tiers are modeled,
and each user is served by the BS whose antennas have the
shortest biased distance to the user (i.e., the SBS antenna-to-
user distance is scaled by a positive bias for cell-association
decisions). Assuming that BS antennas in each tier have the
same downtilt and height, we derive the expressions for the
per-tier association probability, which is the probability that a
user is associated with a BS of a certain tier, and the downlink
coverage probability of a user conditional on being associated
with a certain tier. Based on these two expressions, we obtain
the expressions for the downlink spatially-averaged coverage
probability andASE as functions of the BS antenna downtilts,
heights and densities for both tiers, and the SBS associa-
tion bias. Moreover, to facilitate fast numerical evaluation,
we propose an accurate approximation for the integral parts in
the spatially-averaged coverage probability expression. The
accuracy of the derived analytical expressions is assessed by
Monte Carlo simulations. The analytical results can provide
useful insights into the practical configuration of BS antenna
downtilts for both macro-cell and small-cell tiers.
Joint optimization of MBS and SBS antenna downtilts

for maximizing the downlink spatially-averaged coverage
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FIGURE 1. A two-tier HCN consisting of MBSs and SBSs with the
minimum biased 3D transmission distance user association scheme.

probability: We calculate the optimal pair of MBS
and SBS antenna downtilts that maximize the downlink
spatially-averaged coverage probability by taking the partial
derivative of the derived spatially-averaged coverage prob-
ability expression with respect to the MBS (SBS) antenna
downtilt, respectively, then letting the partial derivative equal
zero and solving the resulting equation for the MBS (SBS)
antenna downtilt. The bisection method is used to find the
solutions of the partial derivative equations, where we impose
a restriction on the MBS (SBS) main beam downtilt values
according to the side lobe level and solve the equations iter-
atively. The solution of each equation is the stationary point
of the spatially-averaged coverage probability with respect
to the BS antenna downtilt. As the stationary point could be
the maximum, the minimum or the saddle point, a second
derivative test is proposed to verify the uniqueness and the
type of the stationary point to guarantee that the obtained
solution corresponds to the maximum coverage probability.
The optimal pair of MBS and SBS antenna downtilts are
obtained for different SBS heights and densities. The corre-
sponding downlink spatially-averaged coverage probability
and ASE are compared to the benchmark schemes that do not
consider the BS antenna downtilts.

The reminder of this paper is organized as follows.
In Section II, the system model of 3D HCNs is pre-
sented. In Section III, the expressions of the downlink
spatially-averaged coverage probability and ASE are derived
as functions of antenna downtilts of MBSs and SBSs. The
method for finding the optimal pair of MBS and SBS antenna
downtilts is proposed in Section IV. The numerical and simu-
lation results are presented in Section V. Finally, we conclude
this paper in Section VI.

II. SYSTEM MODEL
We consider a two-tier HCN consisting of MBSs and SBSs,
as shown in Fig. 1. MBSs and SBSs are distributed on the

ground following two independent HPPPs,8M and8S , with
densities λM and λS , respectively. We assume that the BSs
of the same tier have the identical transmit power and height,
where the MBS transmit power and SBS transmit power are
denoted by PM and PS , respectively, and the MBS and SBS
heights are denoted by HM and HS , respectively. Users are
distributed in the network area following another independent
HPPP 8U . Each user has a single antenna with the same
height of HU . We assume that each user is associated with
the BS that has the shortest biased transmission distance
from the BS antenna to the user antenna, where the SBS
antenna-to-user antenna distance is scaled by a positive bias,
BS > 1, for use in cell-association decisions. The largest
received signal power-based user association scheme may
lead to a heavy load for high-powerMBSs in a heterogeneous
network, while the smallest path loss-based user association
scheme ignores the tier-specific user association bias that has
been widely considered for load balancing in heterogeneous
networks [26]. Additionally, it has been shown in [19] that the
shortest biased transmission distance-based user association
strategy can achieve the same coverage probability as the
largest received signal power-based user association strategy
by adjusting the tier-specific user association bias. The largest
received signal power association strategy adoption will be
investigated in our future work. Each MBS and each SBS
have access to all the sub-channels of the network.We assume
that each MBS is partitioned into s equal sectors, each cov-
ering an azimuth angular spread of 2π

s and being regarded as
a macro-cell. The total number of sub-channels are divided
into s orthogonal subsets of equal size, which are allocated to
the s sectors of an MBS.

The downlink adopts orthogonal frequency division mul-
tiple access (OFDMA) in each cell, hence there is no intra-
cell interference. We assume that each link sees independent
Rayleigh fading with a unit average power gain. The path loss
from MBS i (i ∈ 8M ) or SBS j (j ∈ 8S) to a user is given
respectively by

LMi =
((
dMi
)2
+ h2M

)− αM2
, (1)

LSj =
((
dSj
)2
+ h2S

)− αS2
, (2)

where dMi
(
dSj
)
is the horizontal distance between a user and

MBS i (SBS j); hM = HM − HU and hS = HS − HU
denote the height difference between an MBS and a user and
that between an SBS and a user, respectively, and are both
assumed to be positive; αM and αS represent the path loss
exponent for the macro-cell and small-cell tiers, respectively.

According to 3GPP [27] and existing works [28], [29], the
antenna gain (in dBi) of each antenna equipped at MBS i or
SBS j is given respectively by

GMi = GMh + GMv

(
θMi , βM

)
+ GMm , (3)

GSj = GSh + GSv
(
θSj , βS

)
+ GSm , (4)
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where GMh and GSh are the horizontal gain of an MBS
antenna and an SBS antenna, respectively; GMv

(
θMi , βM

)
and GSv

(
θSj , βS

)
denote the vertical pattern of an antenna at

MBS i and SBS j, respectively; θMi = tan−1
(
hM
dMi

)
and θSj =

tan−1
(
hS
dSj

)
are the physical elevation angles of departure

(AoD) from MBS i or SBS j to a user, respectively; βM and
βS are the electrical downtilts of antennas at MBSs and SBSs,
respectively; GMm and GSm are the maximum antenna gains
of MBS and SBS antennas, respectively.

Assuming that each antenna element is a dipole, the ver-
tical pattern of an antenna at MBS i and SBS j can be
approximated by [27] and [30]

GMv

(
θMi , βM

)
= max

−12(θMi − βM
θ3dB

)2

, SLLM

 , (5)

GSv
(
θSj , βS

)
= max

[
10 log10

∣∣∣cosnS (θSj − βS)∣∣∣ , SLLS] ,
(6)

where θ3dB is the half-power beamwidth (HPBW) of theMBS
antenna radiation pattern; nS is a parameter determined by
the beamwidth of the SBS antenna radiation pattern [30];
SLLM and SLLS are the sidelobe levels in the vertical plane
of the MBS antenna pattern and the SBS antenna pattern,
respectively.

Since the horizontal radiation pattern of antennas is sym-
metric, sectorizing all MBSs to modify the antenna patterns
does not have significant impact on the SIR of the desired
user. We assume that the antenna pattern for all BSs are
omni-directional in the horizontal plane and the horizontal
antenna gain from an MBS antenna equals to that from s
sectors with the same sub-channel. Based on this assumption,
the effective density of interfering sectors from otherMBSs to
an MBS user is set as λMs , and the effective MBS distribution
is denoted as an HPPP 8′M with density λM

s [25].
Without loss of generality, we focus on a typical user

located at the origin of the 2D ground plane [5], [31]. The
signal-to-interference ratio (SIR) of the typical user served
by MBS i or SBS j in an arbitrary sub-channel is respectively
expressed as

SIRMi =
gMi PML

M
i G

M
i

IMi + I
S
M

, (7)

SIRSj =
gSj PSL

S
j G

S
j

ISj + I
M
S

, (8)

where

IMi =
∑

k∈8′M \{i}

gMk PML
M
k G

M
k ,

ISM =
∑
l∈8S

gMl PSL
M
l G

M
l ,

ISj =
∑

l∈8S\{j}

gSl PSL
S
l G

S
l ,

IMS =
∑
k∈8′M

gSkPML
S
kG

S
k ,

denote the macro-cell tier interference and small-cell tier
interference to the typical user served by MBS i, and the
small-cell tier interference and macro-cell tier interference
to the typical user served by SBS j, respectively; gMi and
gSj denote the Rayleigh fading power gains of the links from
MBS i (∀i ∈ 8M ) and SBS j (∀j ∈ 8S ) to the typical user,
respectively, each following an independent and identical
exponential distribution exp(1).

III. COVERAGE PROBABILITY AND AREA SPECTRAL
EFFICIENCY
In this section, we will derive the downlink coverage proba-
bility and ASE as functions of the MBS antenna downtilt and
the SBS antenna downtilt for a 3D HCN.

A. TIER ASSOCIATION
The coverage probability averaged over the spatial domain of
the two-tier HCN is defined as the probability that the SIR
of the typical user is greater than a given threshold τ , and it
can be expressed as

pc = PMAM + PSAS , (9)

where PM and PS are the spatially-averaged coverage proba-
bility conditional on the typical user being associated with an
MBS or an SBS, respectively;AM andAS are the probability
that the typical user is associated with an MBS or an SBS,
respectively.

Let dM and dS denote the horizontal distances from the
typical user to the nearest MBS and the nearest SBS, respec-
tively. For use in the cell-association decision making, the
biased distance from the closest MBS’s antenna or the closest
SBS’s antenna to the typical user’s antenna is written respec-
tively as

DM =
√
d2M + h

2
M , (10)

DS = BS
√
d2S + h

2
S . (11)

If DM < DS , then the typical user is associated with the
closestMBS; otherwise, the typical user is associatedwith the
closest SBS. Accordingly, the spatially-averaged probability
that the typical user is associated with an MBS is expressed
as

AM = EdM [Pr (DM < DS)]

= EdM

[
Pr

(
d2S >

d2M + h
2
M

B2S
− h2S

)]
. (12)

LetRM =
d2M+h

2
M

B2S
− h2S , then Pr (DM < DS) = 1 ifRM ≤ 0;

ifRM > 0, we have

AM = EdM
[
Pr
(
dS >

√
RM

)]
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= EdM
[
e−λSπRM

]
=

∫ γM

0
fdM (r) dr +

∫
∞

γM

e−λSπRM fdM (r) dr

= 1− e−λMπγ
2
M + e

−π

[
λMγ

2
M+λS

(
γ 2M+h

2
M

B2S
−h2S

)]
, (13)

where the second line is obtained using the null probability of
an HPPP on a 2D plane [5], [12], fdM (r) = 2πλM re−λMπr

2

is the probability density function (PDF) of dM [12], and

γM =


√
h2SB

2
S − h

2
M , if h2SB

2
S ≥ h

2
M

0, if h2SB
2
S < h2M

. (14)

Similarly, the spatially-averaged probability that the typ-
ical user is associated with the closest SBS is obtained
as

AS = 1− e−λSπγ
2
S + e−π

[
λSγ

2
S+λM

((
γ 2S+h

2
S

)
B2S−h

2
M

)]
, (15)

where

γS =


√(

hM
BS

)2
− h2S , if

(
hM
BS

)2
≥ h2S

0, if
(
hM
BS

)2
< h2S

. (16)

B. COVERAGE PROBABILITY
The spatially-averaged coverage probability conditional
on the typical user being associated with an MBS is
given by

PM = EdMi
[
Pr
(
SIRMi > τ

)]
=

∫
∞

0

[
Pr
(
SIRMi > τ

)]
fdMi (x) dx

=

∫
∞

0
LIMi LISM fdMi (x) dx, (17)

where LIMi and LISM are the Laplace transforms of IMi and ISM ,
respectively, and can be calculated by

LIMi = exp

−2πλM
s

∫
∞

x

dMk

1+KM
i
GMi
GMk

ddMk

 (18)

LISM = exp

−2πλS ∫ ∞
WM

dMl

1+KS
M
GMi
GMl

ddMl

 , (19)

where KM
i =

LMi
τLMk

and KS
M =

PMLMi
τPSLMl

; WM is the minimum

horizontal distance from the typical user to an interfering
MBS and is given by

WM =


√

x2+h2M
B2S
− h2S , if x ≥ γM

0, if x < γM

. (20)

In addition, the PDF of dMi is expressed as

fdMi (x)

=


2πλM
AM

xe−λMπx
2
, if x < γM

2πλM
AM

xe
−π

[
x2
(
λM+

λS
B2S

)
+ZM

]
, if x ≥ γM

, (21)

where ZM = λS

((
hM
BS

)2
− h2S

)
.

Proof: See Appendix A.
Similarly, the spatially-averaged coverage probability con-

ditional on the typical user being associated with an SBS is
obtained as

PS = EdSj

[
Pr
(
SIRSj > τ

)]
=

∫
∞

0

[
Pr
(
SIRSj > τ

)]
fdSj (y) dy

=

∫
∞

0
LISj LIMS fdSj (y) dy. (22)

where LISj and LIMS are the Laplace transforms of ISj and ISM ,
respectively, and can be calculated by

LISj = exp

−2πλS ∫ ∞
y

dSl

1+KS
j
GSj
GSl

ddSl

 (23)

LIMS = exp

−2πλM
s

∫
∞

WS

dSk

1+KM
S
GMj
GSk

ddSk

 , (24)

where KS
j =

LSj
τLSl

and KM
S =

PSLSj
τPMLSk

; WS is the minimum
horizontal distance from the typical user to an interfering SBS
and is given by

WS =

{√(
y2 + h2S

)
B2S − h

2
M , if y ≥ γS

0, if y < γS
. (25)

In addition, the PDF of dSj is expressed as

fdSj (y)

=

{
2πλS
AS

ye−λSπy
2
, if y < γS

2πλS
AS

ye−π
[
y2
(
λS+λMB2S

)
+ZS

]
, if y ≥ γS

, (26)

where ZS = λM
(
h2SB

2
S − h

2
M

)
.

To simplify the numerical calculation for the conditional
spatially-averaged coverage probabilities, we leverage the
Gaussian quadrature method to approximate the integral
parts [33]. Letting F (x) = LIMi LISM fdMi (x), (17) can be
approximated by

PM =
∫
∞

0
F(x)dx

(a)
=
ζ

2

∫ 1

−1
F
(
ζ

2
ω +

ζ

2

)
dω
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=
ζ

2

∫ 1

−1

F
(
ζ
2ω +

ζ
2

)√
1− ω2

√
1− ω2

dω

(b)
≈
ζπ

2Q

 Q∑
q=1

F
(
ζ

2
ωq +

ζ

2

)√
1− ω2

q

 , (27)

where ζ → ∞ denotes the largest possible distance from
the typical user, ωq = 2

ζ
cos

(
2q−1
2Q π

)
− 1, q = 1, . . . ,Q,

and Q is the sample size, which determines the accuracy
of this approximation, (a) is obtained by substituting x =
ζ
2ω+

ζ
2 into the integral of the first line, and (b) follows from

Chebyshev–Gauss quadrature [33].

Letting G
(
dMk
)
=

dMk
1+
(
KMPMLMk G

M
k

)−1 , H
(
dMl
)
=

dMl
1+
(
KMPSLMl G

M
l

)−1 , (18) and (19) can be written as

LIMi = exp
[
−2πλM

s

∫ ζ

x
G
(
dMk
)
ddMk

]
= exp

[
−πλM

s
(ζ − x)

×

∫ 1

−1
G
(
ζ − x
2

uM +
ζ + x
2

)
duM

]
(28)

= exp
{
−π2λM

sC
(ζ − x)×

C∑
c=1

[
G
(
ζ − x
2

uCc +
ζ + x
2

)√
1−

(
uCc
)2]}

,

LISM = exp
[
−2πλS

∫ ζ

WM

H
(
dMl
)
ddMl

]
= exp [−πλS (ζ −WM )

×

∫ 1

−1
H
(
ζ −WM

2
vM +

ζ +WM

2

)
dvM

]
= exp

{
−π2λS

N
(ζ −WM )×

O∑
o=1

[
H
(
ζ −WM

2
vOo +

ζ +WM

2

)√
1−

(
vOo
)2]}

,

(29)

where uCc =
2
ζ−x cos

(
2c−1
2C π

)
−

ζ+x
ζ−x , c = 1, . . . ,C , and

C is the sample size; vOo =
2

ζ−WM
cos

(
2o−1
2O π

)
−

ζ+WM
ζ−WM

,
o = 1, . . . ,O, and O is the sample size.

The approximation of PS can be derived following the
same steps.

C. AREA SPECTRAL EFFICIENCY
The ASE evaluates the spectral efficiency of the two-tier
HCN per unit area [34] (in bps/Hz/km2) and is
given by [35]

ASE = (λMPMAM + λSPSAS) log2(1+ τ ). (30)

IV. THE OPTIMAL ANTENNA DOWNTILT PAIR
In this section, we maximize the spatially-averaged cover-
age probability by optimizing the the electrical downtilts of
antennas at MBSs and SBSs, i.e., βM and βS , and formulate
the optimization problem as

max
βM ,βS

pc

s.t. 0 ≤ βM ≤
π

2
,

0 ≤ βS ≤
π

2
. (31)

This problem can be addressed via calculating the partial
derivative of the spatially-averaged coverage probability with
respect to the independent variable βM and βS , respec-
tively [36]. The maximum point

(
β∗M , β

∗
S

)
is one of the sta-

tionary points of pc (βM , βS) by working out ∂pc
∂βM

and ∂pc
∂βS

and setting both to zero. According to (9), variables βM and
βS only have impact on PM and PS . Therefore, the optimal
BS antenna downtilt pair is obtained from the following
equations:{

β∗M , β
∗
S
}
=

{
argβM

{
AM

∂PM
∂βM

+AS
∂PS
∂βM
= 0

}
,

argβS

{
AM

∂PM
∂βS
+AS

∂PS
∂βS
= 0

}}
, (32)

where

∂PM
∂βM

=

∫
∞

0

[
∂

∂βM
LIMi LISM

]
fdMi (x) dx

=

∫
∞

0

[
LIMi LISM

(
L′
IMi |βM

+ L′
ISM |βM

)]
fdMi (x) dx,

(33)

∂PS
∂βM

=

∫
∞

0

[
∂

∂βM
LISj LIMS

]
fdSj (y) dy

=

∫
∞

0

[
LISj LIMS L′

IMS |βM

]
fdSj (y) dy, (34)

∂PM
∂βS

=

∫
∞

0

[
∂

∂βS
LIMi LISM

]
fdMi (x) dx

=

∫
∞

0

[
LIMi LISML

′

ISM |βS

]
fdMi (x) dx, (35)

∂PS
∂βS
=

∫
∞

0

[
∂

∂βS
LISj LIMS

]
fdSj (y) dy

=

∫
∞

0

[
LISj LIMS

(
L′
ISj |βS
+ L′

IMS |βS

)]
fdSj (y) dy.

(36)

Here we define

L′
IMi |βM

=

−
2πλM
s

∫
∞

x

dMk KM
i

GMi
∂GMk
∂βM
−

∂GMi
∂βM

GMk(
GMk +KM

i G
M
i

)2
 ddMk , (37)
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L′
ISM |βM

=

−2πλS

∫
∞

WM

−dMl KS
M

∂GMi
∂βM

GMl

(
1+KS

M
GMi
GMl

)2

 ddMl , (38)

L′
IMS |βM

=

−
2πλM
s

∫
∞

WS

dSk KM
S G

S
j

∂GSk
∂βM(

GSk +KM
S G

S
j

)2
 ddSk , (39)

L′
ISM |βS

=

−2πλS

∫
∞

WM

dMl KS
MG

M
i

∂GMl
∂βS(

GMl +KS
MG

M
i

)2
 ddMl , (40)

L′
ISj |βS
=

−2πλS

∫
∞

y

dSl KS
j

GSj
∂GSl
∂βS
−

∂GSj
∂βS

GSl(
GSl +KS

j G
S
j

)2
 ddSl , (41)

L′
IMS |βS

=

−
2πλM
s

∫
∞

WS

−dSk KM
S

∂GSj
∂βS

GSk

(
1+KM

S
GSj
GSk

)2

 ddSk . (42)

Since βS is in the range of
[
0, π2

]
, cosnS

(
βS − θ

S
j

)
in (6) is

always non-negative. The derivative of the antenna main lobe
pattern with respect to βM and βS from MBS i and SBS j are
computed as

∂GMi
∂βM

=
2.4 log 10GMm

θ23dB

10
−1.2

(
θMi −βM
θ3dB

)2 (
θMi − βM

)
,

(43)
∂GSj
∂βS
= nSGSm cos

nS−1
(
θSj − βS

)
sin
(
θSj − βS

)
.

(44)

In order to verify the uniqueness of the stationary point
which is derived from differential equations in (32), we solve
them separately by holding the invariable downtilt of each
equation in the range of

[
0, π2

]
. We reduce the complexity of

the calculation in (32) by a bisection method, which is shown
in Algorithm 1, where µ,µ′ ∈ {M , S} indicates whether the
serving BS is an MBS or an SBS. If µ = M , µ′ = S;
If µ = S, µ′ = M . The range of the optimal MBS antenna
downtilt and the optimal SBS antenna downtilt are restricted
as β∗M ∈

[
βmin
M , βmax

M

]
and β∗S ∈

[
βmin
S , βmax

S

]
, respectively.

According to (5) and (6), the bounds of βµ are calculated

as follows:

−12

 tan−1
(
hM
x

)
− βM

θ3dB

2

≥ SLLM , (45)

10 log10

∣∣∣∣cosnS (tan−1 (hSy
)
− βS

)∣∣∣∣ ≥ SLLS . (46)

Combining these bounds with (31) gives

βmin
M = max

[
tan−1

(
hM
xmax

)
− θ3dB

√
SLLM
12

, 0

]
,

βmax
M = min

[
tan−1

(
hM
xmin

)
+ θ3dB

√
SLLM
12

,
π

2

]
, (47)

βmin
S = max

[
tan−1

(
hS
ymax

)
− cos−1

(
nS
√
SLLS

)
, 0
]
,

βmax
S = min

[
tan−1

(
hS
ymin

)
+ cos−1

(
nS
√
SLLS

)
,
π

2

]
,

(48)

where xmin and xmax (ymin and ymax) are constraints of the
horizontal distance from a typicalMBS (SBS) user to its serv-
ing BS. According to (21) and (26), for a given probability σ ,
the constraints of the distance are obtained by Pr(xmin ≤
x ≤ xmax) = fdMi (x) ≥ σ and Pr(ymin ≤ y ≤ ymax) =
fdSj (y) ≥ σ .

Algorithm 1 Bisection method.

1. Initialize β lowerµ = βmin
µ and βupperµ = βmax

µ .

Calculate p′cmin = AM
∂Pµ

(
βmin
µ

)
∂βmin
µ

+AS
∂Pµ′

(
βmin
µ

)
∂βmin
µ

.

2. Calculate p′c for βµ =
β lowerµ +β

upper
µ

2 .
3. If p′cminp

′
c > 0, then set β lowerµ = βµ, p′cmin = p′c.

Otherwise, set βupperµ = βµ.
4. Stop when

∣∣βupperµ − β lowerµ

∣∣ is less than a predefined value.
To prove the stationary point is a local maximum point,

we employ the second derivative test to classify the type of
this point [37]. The second derivative of pc with respect to
βM and βS are derived from (33), (34), (35) and (36) as

∂2pc
∂β2M

= AM
∂2PM
∂β2M

+AS
∂2PS
∂β2M

=

∫
∞

0

[
∂2

∂β2M
LIMi LISM

]
fdMi (x)dx

+

∫
∞

0

[
∂2

∂β2M
LISj LIMS

]
fdSj (y)dy

=

∫
∞

0

[
LIMi LISM

[(
L′
IMi |βM

+ L′
ISM |βM

)2
+

(
L′′
IMi |βM

+ L′′
ISM |βM

)]]
fdMi (x) dx
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=

∫
∞

0

[
LISj LIMS

[(
L′
IMS |βM

)2
(49)

+L′′
IMS |βM

]]
fdSj (y)dy,

∂2pc
∂β2S
= AM

∂2PM
∂β2S

+AS
∂2PS
∂β2S

=

∫
∞

0

[
∂2

∂β2S
LIMi LISM

]
fdMi (x)dx

+

∫
∞

0

[
∂2

∂β2S
LISj LIMS

]
fdSj (y)dy

=

∫
∞

0

[
LIMi LISM

[(
L′
ISM |βS

)2
+L′′

ISM |βS

]]
fdMi (x)dx

=

∫
∞

0

[
LISj LIMS

[(
L′
ISj |βS
+ L′

IMS |βS

)2

+

(
L′′
ISj |βS
+ L′′

IMS |βS

)]]
fdSj (y) dy, (50)

where

L′′
IMi |βM

= −
2πλM
s

∫
∞

x
dMk KM

i

×


(
GMi

∂2GMk
∂β2M
− GMk

∂2GMi
∂β2M

) (
GMk +KM

i G
M
i

)
(
GMk +KM

i G
M
i

)3

−

2
(
∂GMk
∂βM
+KM

i
∂GMi
∂βM

)(
GMi

∂GMk
∂βM
− GMk

∂GMi
∂βM

)
(
GMk +KM

i G
M
i

)3
 ddMk ,

(51)

L′′
ISM |βM

= −2πλS

∫
∞

WM

−dMl KS
M

×

∂2GMi
∂β2M

(
1+KS

M
GMi
GMl

)
−

2KS
M

GMl

(
∂GMi
∂βM

)2

GMl

(
1+KS

M
GMi
GMl

)3 ddSk ,

(52)

L′′
IMS |βM

= −
2πλM
s

∫
∞

WS

dSk K
M
S G

S
j

×

∂2GSk
∂β2M

(
GSk +KM

S G
S
j

)
− 2

(
∂GSk
∂βM

)2

(
GSk +KM

S G
S
j

)3 ddSk ,

(53)

L′′
ISM |βS

= −2πλS

∫
∞

WM

dMl KS
MG

M
i

×

∂2GMl
∂β2S

(
GMl +KS

MG
M
i

)
− 2

(
∂GMl
∂βS

)2

(
GMl +KS

MG
M
i

)3 ddMl

(54)

L′′
ISj |βS

= −2πλS

∫
∞

y
dSl K

S
j

×


(
GSj

∂2GSl
∂β2S
− GSl

∂2GSj
∂β2S

)(
GSl +KS

j G
S
j

)
(
GSl +KS

j G
S
j

)3

−

2
(
∂GSl
∂βS
+KS

j
∂GSj
∂βS

)(
GSj

∂GSl
∂βS
− GSl

∂GSj
∂βS

)
(
GSl +KS

j G
S
j

)3
 ddSl ,

(55)

L′′
IMS |βS

= −
2πλM
s

∫
∞

WS

−dSk K
M
S

×

∂2GSj
∂β2S

(
1+KM

S
GSj
GSk

)
−

2KM
S

GSk

(
∂GSj
∂βS

)2

GSk

(
1+KM

S
GSj
GSk

)3 ddMl .

(56)

From (43) and (44), the second derivative of the antenna main
lobe pattern with respect to βM and βS fromMBS i and SBS j
are

∂2GMi
∂β2M

=

2.4 log 10GMm

θ23dB

10
−1.2

(
θMi −βM
θ3dB

)2 (θMi − βM
θ3dB

)2

− 1

 ,
(57)

∂2GSj
∂β2S

=

nSGSm cos
nS
(
θSj − βS

) [
(nS − 1) tan2

(
θSj − βS

)
− 1

]
.

(58)

If ∂2pc
∂β2µ

< 0, then the stationary point is a local max-

imum point; if ∂2pc
∂β2µ

> 0, then the stationary point is a

local minimum point; If ∂
2pc
∂β2µ
= 0, then the stationary point

can be any type and determined by gradients at both sides
of it.
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TABLE 1. Simulation settings.

V. NUMERICAL RESULTS
In this section, we present the results of the analytical expres-
sions to evaluate the performance of the proposed 3D two-tier
HCNs, and investigate the impact of the BS antenna down-
tilts. The maximum spatially-averaged coverage probability
and ASE are obtained with the optimalMBS antenna downtilt
and SBS antenna downtilt.

A. VERIFICATION OF SYSTEM MODEL ANALYSIS
We first compare results of the spatially-averaged coverage
probability for different number of SBS antenna elements
from numerical analysis and Monte-Carlo simulations to ver-
ify the accuracy of deductions and approximation methods.
EachMonte-Carlo simulation is performed with 2×104 inde-
pendent random realizations. In each realization, assuming
that a typical user is located at the origin on a 2D ground
plane, we simulate an HCN following the system model
defined in Section II in a circular region centered at the origin
with a radius of 3000 m. Unless otherwise specified, the
simulation parameters are set in Table 1.

In Fig. 2, the spatially-averaged coverage probabilities for
different SBS antenna elements with no biasing of small cell
are depicted in analysis and simulation, respectively. The
antenna downtilt for macro-cell tier is set at π4 rad. According
to [24], for 1-element dipole antenna, nS = 2.75, SLLS is
not required, GSm = 2.15 dBi; for 2-element dipole antenna,
nS = 11.73, SLLS = 10 dB,GSm = 5.15 dBi. It can be seen that
analytical results match simulation results very well, which
attests to the accuracy of derivations and the approximation
method in Section III. In addition, comparing curves for
different number of SBS dipole elements, we observe that the
SBS antenna downtilt angles increase first then decrease as
beams tilt down. The BS antenna with more elements leads to
a larger maximum coverage probability. In general, the gain

FIGURE 2. Spatially-averaged coverage probability of a two-tier HCN
versus the SBS antenna downtilt for different number of SBS antenna
elements in analysis and simulation, respectively.

FIGURE 3. Spatially-averaged coverage probability versus the small-cell
association bias in the macro-cell tier (dotted lines), small-cell tier
(dashed lines), and whole HCN (solid lines) for different SBS antenna
downtilts at βM =

π
4 rad.

of the antenna element with a narrow vertical beamwidth is
larger than that with a wide vertical beamwidth. The coverage
probability for the 4-element antenna changes rapidly due
to the small coverage for the narrow beam. Additionally,
the optimal SBS antenna downtilt for the 4-element dipole
antenna is smaller than that for other number of antennas
because cell edge users cannot receive adequate desired sig-
nals when their associated SBSs provide large tilting beams.

B. IMPACT OF MBS AND SBS ANTENNA DOWNTILTS, SBS
BIASING, HEIGHT AND DENSITY
The numerical results of spatially-averaged coverage prob-
ability and ASE with respect to the MBS antenna downtilt,
SBS antenna downtilt, SBS biasing, SBS height and SBS
density are obtained in this subsection.

Fig. 3 illustrates the spatially-averaged coverage proba-
bility of macro-cell tier, small-cell tier and the whole HCN
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FIGURE 4. Spatially-averaged coverage probability of a two-tier HCN
versus the SBS antenna downtilt for different MBS antenna downtilts.

versus the small-cell association bias at βM = π
4 rad and

βS =
π
16 ,

π
8 ,

π
4 rad, respectively. Each group of curves are

shown with the same colour and marker for a βS setting.
For each βS considered, as small-cell association bias BS
rises, the coverage probability of the macro-cell tier increases
and that of the small-cell tier decreases because users at the
small-cell edge are transformed into macro-cell tier users,
which results in the fact that the coverage probability for the
whole HCN first goes up then drops down after reaching a
maximum value. For each BS considered, increasing βS leads
to the increase of macro-cell tier coverage probability, while
the coverage probability of small-cell tier first increases then
decreases. The maximum coverage probability of the whole
HCN achieves a much larger value at βS = π

8 rad than that
at other βS . Since PM is larger than PS , MBSs can offer
stronger received signal to increase the SIR of cell-edge users,
which enables the enhancement in the coverage probability
of macro-cell tier, while weakening that of small-cell tier to
realize the traffic offloading from small-cell tier to macro-
cell tier. In result, an appropriate BS can balance the load of
a HCN and maximize the overall coverage probability for
a given pair of βM and βS . For a given BS , increasing βS
mitigates interference from the small-cell tier to MBS users,
which improves the coverage probability of macro-cell tier.
However, the coverage probability of small-cell tier decreases
when beams from SBSs are close to the small-cell edge or
small-cell centre.

Fig. 4 presents the spatially-averaged coverage probability
in terms of βS with BS = 5 dB for different βM from 0 to
π
2 rad. We observe that for each βM , the coverage probability
first rises with βS then declines after reaching a maximum
value. The maximum coverage probability increases with the
growth of βM and achieves the largest value when βM is
around π

4 rad, then decreases and does not have a signif-
icant change in the large downtilt range. In general, small
downtilts lead to much interference due to the overlapping
among beams. As MBSs are higher than SBSs, the traffic

FIGURE 5. Spatially-averaged coverage probability of a two-tier HCN
versus the SBS antenna downtilt for different SBS heights and MBS
antenna downtilts.

for small-cell tier is offloaded to macro-cell tier when the
biased association is applied. In this case, MBSs have larger
coverage area than that in the unbiased association scheme,
hence the optimal βM is shown in the middle of the downtilt
range. In addition, although large downtilts provide enough
protection against the interference, most of users cannot
receive sufficient desired power due to the small antenna gain.

In Fig.5, we investigate the relationship between βS and
HS with BS = 5 dB at βM = π

8 ,
π
4 ,

3π
8 rad, respectively.

For each case, the coverage probability first goes up with
the βS then starts to drop after reaching a maximum value.
For each HS considered, the maximum coverage probability
first increases then decreases with the increase of βM . For
each βM considered, we observe that the optimal βS of taller
SBSs is always larger than that of shorter SBSs, since θS =
tan−1

(
hS
d

)
illustrates that taller SBSs require larger antenna

downtilt to improve the desired signal. In addition, larger
downtilt can mitigate inter-cell interference. For the small
value of βM , the value of the maximum coverage probability
of HS = 4 m is slightly higher than that of HS = 10 m, but
is outstripped by that of HS = 10 m for the large value of
βM . When MBS antenna downtilt increases, a typical taller
SBS user can suffer less interference from MBSs, whereas
interfering beams are easier to point the area closes to a
typical shorter SBS user.

In Fig. 6, we consider the effect of βS and λS on the
spatially-averaged coverage probability with BS = 0 dB and
βM =

π
4 rad. It can be seen that the coverage probability

decreases monotonically when βS < π
16 rad; when βS > π

16
rad, the coverage probability first goes up then goes down
after reaching a maximum value. In addition, the value of the
maximum coverage probability increases with the increase
of βS , since massive SBSs leads to the growth of small-cell
tier association probability and the shrinkage of coverage
area of each SBS. βS rises to avoid beam overlapping and
meet the demand of high SIR for cell centre users. We also
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FIGURE 6. Spatially-averaged coverage probability of a two-tier HCN
versus the small-cell BS density for different SBS antenna downtilts at
βM =

π
4 rad.

FIGURE 7. ASE of a two-tier HCN versus the small-cell BS density for
different SBS antenna downtilts at βM =

π
4 rad.

observe that when the SBS antenna downtilt tends to π
2 ,

there are two peaks on the curves. The first peak is much
larger than the second peak because large βS cannot supply
adequate signals to SBS users. Small λS results in more users
being associated with MBSs, which increases the coverage
probability of macro-cell tier.

From (30), the ASE versus λS with BS = 0 dB for different
βS are presented in Fig. 7. It is shown that as βS increases, the
ASE ratchets up first then declines drastically after reaching a
maximum value. The maximum ASE and the corresponding
λS both boost as the βS rises.

C. THE OPTIMAL DOWNTILT PAIR
In this subsection, we obtain the optimal MBS and SBS
antenna downtilt pair with different SBS heights and SBS
densities. The uniqueness and type of the solution to (32) is
analysed as well. The spatially-averaged coverage probability
with the optimal MBS and SBS antenna downtilt pair is

FIGURE 8. Solutions to two equations in (32) for different SBS heights by
holding βS and βM in the range of

[
0, π2

]
, respectively.

FIGURE 9. Second derivative test results of (49) for different SBS heights.

compared to that with a pair of fixed MBS and SBS antenna
downtilts.

Fig.8 shows solutions to two equations in (32) for different
SBS heights, where solid lines and dashed lines are solutions

to AM
∂PM
∂βM
+ AS

∂PS
∂βM
= 0 for βS ∈

[
0, π2

]
and AM

∂PM
∂βS
+

AS
∂PS
∂βS
= 0 for βM ∈

[
0, π2

]
, respectively. The intersection

of the solid line and the dashed line for each HS represents
the stationary point

(
β∗M , β

∗
S

)
. It is obviously that there is only

one intersection for each HS , which proves the uniqueness of(
β∗M , β

∗
S

)
. Fig.9 and Fig.10 present results of (49) and (50),

respectively. As all results are below 0, we can ensure that(
β∗M , β

∗
S

)
is the unique maximum point for a given HS .

Fig. 11 shows the optimal MBS antenna downtilt and SBS
antenna downtilt obtained via the stationary points for differ-
ent HS and λS . There are some error between analysis and
simulation due to the sampling intervals in Algorithm 1 and
the simulation. Since the coverage probability at the optimal
MBS and SBS antenna downtilt pair and that at the adjacent
pair have negligible difference, these error are acceptable.
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FIGURE 10. Second derivative test results of (50) for different SBS heights.

FIGURE 11. The optimal MBS antenna downtilt and SBS antenna downtilt
versus the SBS height for different small-cell BS densities in analysis and
simulation, respectively.

For each λS considered, the optimal SBS antenna downtilt
grows monotonically as HS increases to reduce interference
in the small-cell tier. The optimal MBS antenna downtilt
decreases quite slightly, which illustrates that it is not strongly
affected by HS . For each HS considered, deploying more
SBSs increases both optimal MBS antenna downtilt and SBS
antenna downtilt to enhance signals and reduce inter-cell
interference due to the overlap among beams in both tiers.

Fig. 12 represents the spatially-averaged coverage proba-
bility with the corresponding optimal MBS and SBS antenna
downtilts for varying HS and λS in analysis and simulation,
respectively. It is exhibited that for each HS considered,
increasing λS degrades the coverage probability. Although all
coverage probabilities are obtained when the optimal pair of
MBS and SBS antenna downtilts are applied, adding redun-
dant SBSs still increases beams overlapping toMBSs because

FIGURE 12. Comparison of the spatially-averaged coverage probability
with or without the optimal pair of MBS and SBS antenna downtilts
versus the SBS height for different SBS densities in analysis and
simulation, respectively.

FIGURE 13. Comparison of ASE with or without the optimal pair of MBS
and SBS antenna downtilts versus the SBS density for different SBS
heights.

of the reduction ofMBS association probability. This can also
explain why dense small-cell tier requires lower SBSs in this
figure. For each HS and λS considered, the HCN with the
optimal pair of MBS and SBS antenna downtilts significantly
improve the downlink coverage probability.

Fig. 13 plots the ASEwith the optimalMBS antenna down-
tilt and SBS antenna downtilt and that with the fixed MBS
antenna downtilt and SBS antenna downtilt versus the λS for
different HS . It can be seen that for each case, the ASE first
increases with λS and then starts to decrease after reaching a
maximum value. For each HS considered, the optimal pair of
MBS and SBS antenna downtilts achieve a much larger value
of the maximum ASE at a higher λS than the case without
optimizing the BS antenna downtilts. For each HS and λS
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considered, the HCN with the optimal pair of MBS and SBS
antenna downtilts brings about a significant ASE enhance-
ment. With or without optimizing the BS antenna downtilts,
for the same λS , the ASE decreases with the increase of HS .

VI. CONCLUSION
In this paper, we proposed a two-tier HCN with
stochastic geometry framework to analyze the downlink
spatially-averaged coverage probability and ASE when con-
sidering the antenna downtilts in both tiers as optimization
parameters. To facilitate the computation efficiency, we lever-
age the Gauss-Chebyshv quadrature method for approximat-
ing integral parts in Laplace transforms. Results indicate that
adjusting BS antenna downtilts in both tiers has a significant
impact on the spatially-averaged coverage probability and
ASE of HCNs. Under the minimum biased transmission
distance user association scheme, the SBS antenna height,
SBS association bias and SBS density can determine the opti-
mal BS antenna downtilt. We then derive the optimal MBS
antenna downtilt and SBS antenna downtilt to maximize the
spatially-averaged coverage probability and ASE. Results
lead to the conclusion that the optimal SBS antenna downtilt
increases as the height of SBS rises to alleviate the inter-
cell interference, while MBS antenna downtilt does not have
significantly change. Moreover, the SBS height and the SBS
density still have impact on the spatially-averaged coverage
probability and ASE on condition that antenna downtilts in
both tiers are optimal. The presented model shows that the
MBS antenna downtilt and SBS antenna downtilt can be
adapted effectively to improve the performance of HCNs
in terms of the spatially-averaged coverage probability and
ASE.Wewill design line-of-sight/non-line-of-sight transmis-
sion and consider Nakagami fading in our future work.

APPENDIX A COVERAGE PROBABILITY

Pr
[
SIRMi > τ

]
in (17) is derived as
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where (c) follows gMi ∼ exp(1). Utilizing the definition of
Laplace transform yields, LIMi and LISM can be calculated as
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where (d) follows from the probability generating functional
of the PPP [32]. Since the serving MBS is the nearest MBS
in the shortest biased transmission distance cell-association
scheme, according to (12),WM is given by (20).

Let t represent the tier index that the typical user is associ-
ated with.When the typical user is associated with the macro-
cell tier, the PDF of dMi is expressed as

fdMi (x) =
d
{
Pr
[
x < dMi

]}
dx

=
Pr [x < dM , t = M ]

Pr[t = M ] · dx
, (62)

where Pr[t = M ] = AM follows from the definition of AM ,
and

Pr [x < dM , t = M ]

=

∫
∞

x
Pr [DM < DS ] fdM (r) dr . (63)

Inserting (63) into (62), the PDF of dMi can be rewritten
as (21). The proof is completed.
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