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ABSTRACT A modern design of fractal antenna arrays, called fractile array, which exhibits a fractal
boundary contour within a tiled plane, is explored for enhanced array performance. In this paper, the
Eisenstein fractile array is introduced to exploit the unique geometrical features of fractiles that allow
multiband and wideband operation and avoid grating lobes in the radiation pattern even, in some cases, when
the array elements’ spacing is greater than the half wavelength. To alleviate the large number of elements and
the high Side-Lobe Level (SLL) occurred at large scales, the Genetic Algorithm (GA) optimization technique
is considered for thinning the proposed antenna array by estimating the optimal set of ‘‘on’’ and ‘‘off’’
elements corresponding to the minimum SLLwithout degrading the directivity of the radiation pattern. Also,
the proposed array configuration is designed with adaptive beamforming capability using the Least Mean
Square (LMS) technique. The effectiveness of the proposedGA-LMS approach is investigated by performing
several MATLAB simulations under various set of array configurations. Results reveal that the suggested
thinned Eisenstein fractile antenna array using GA-LMS approach is superior in terms of multiband and
wideband performance, array element reduction, SLL reduction, grating lobe elimination, and beamforming
capability. This elucidates the robustness of the suggested thinned Eisenstein fractile array as a promising
design for multiband, wideband, compact, inexpensive, and adaptive smart antennas in modern wireless
systems.

INDEX TERMS Fractal array, adaptive beamforming, Eisenstein fractile array, genetic algorithm (GA), least
mean square (LMS), wideband arrays, multiband arrays.

I. INTRODUCTION
As modern wireless communication advances, designing
compact antennas for a broad variety of frequency bands
becomes more important [1], [2]. Antenna arrays that satisfy
multiband operation and small size are desirable in various
wireless applications, including cellular mobile communica-
tions, satellite systems, automotive radar systems, and other
modern wireless systems [3], [4]. Designing antenna arrays
that function in diverse frequency bands can be accomplished
by fractal antenna arrays [5]. Fractal geometry is a concept for
designing various antenna elements and developing distinct
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spatial function distributions for elements in antenna arrays
[6]. Fractal shapes were initially employed to increase oper-
ating bandwidths and downsize antennas. Fractals possess
certain features that allow them to provide a wider bandwidth;
these include self-similarity and space-filling characteristics
[7]. Self-similarity means that the entire shape can be divided
into many subparts and each of these subparts is a replication
of the whole shape in a smaller size. The effect of this feature
on antennas is multiband and broadband behavior [5]. The
use of fractal antenna arrays allows improving multi-beam
and multiband features due to the recursive nature of fractals,
which yields improved array factor properties [8].

The application of fractals in antenna arrays was inves-
tigated by developing a methodology that employs random
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fractals to the synthesis of quasi random arrays [9]. Like
traditional antenna arrays, fractal arrays can be classified into
three basic types based on their geometric patterns. They are
linear, planar, and conformal fractals. Linear and planar frac-
tal arrays are commonly developed using concentric circular
ring subarray generator [10], [11]. Examples of such fractal
arrays include linear Cantor, Sierpinski carpet, pentagonal,
and square arrays [12], [13], [14], [15]. In [16], a tech-
nique for designing frequency-independent fractal arrays, i.e.,
low side-lobes and multiband, was proposed. Several studies
investigated the design of Cantor fractal linear arrays [17],
[18]. Planar concentric-ring Cantor arrays were developed
utilizing polyadic Cantor bars which are defined by their
similarity fractal dimension, number of gaps, and lacunarity
parameter. Various planar fractal array configurations, with
Sierpinski carpets as a basis of development, were developed
[17], [18]. Sierpinski carpet and other related arrays were
exploited to develop rapid algorithms that can be utilized for
efficient radiation patterns, as well as adaptive beamforming
[19], [20]. In these specific arrays, as the number of stages
increases, so does the count of elements [19], [20]. Some
modern studies investigated the synthesis of various fractal
antenna array configurations that can be used in several wire-
less applications [5], [6]. In [21], a Multiple-Input Multiple-
Output (MIMO) radar system consisting of 18 transmit and
24 receive antennas and operating in the frequency range
from 77 to 81 GHz was designed based on antenna array
topologies with space filling fractals, and the results revealed
an enhancement in the measurement accuracy compared to
traditional radar systems. In [22], a modern design of an
eight-element circular fractal arraywas proposed for covering
distinct wireless systems, such as Wi-Max (3.5–3.8 GHz),
WLAN (5.15–5.85 GHz), and X-band for satellite commu-
nications (7.1–7.76 GHz).

An efficient class of deterministic arrays, called fractile
arrays, which avoid grating lobes even when the array ele-
ments’ spacing is just a single wavelength was introduced
[23]. A fractile array is an array that exhibits a fractal
boundary contour within a tiled plane. Few studies inves-
tigated plane tiling utilizing fractal shaped tiles, or frac-
tiles, which provide all possible tile geometries that can be
utilized to cover the plane, while eliminating any gaps or
overlapping [24], [25]. Rare examples of fractile arrays are
the Peano-Gosper, the terdragon, the 6-terdragon, the six-
stage tetrahedron, and the fudge flake arrays. Compared to
other conventional types of periodic planar arrays with square
or rectangular cells and regular boundary contours, fractile
antenna arrays provide a wider bandwidth. Note that fractile
antenna arrays differ mainly from other kinds of fractal array
designs explored in [1] and [22], in that the latter have regular
boundaries, and their elements have a fractal pattern distribu-
tion on the inside of the array.

The difficulty in designing fractal antenna arrays stems
from the fact that they require a large number of antenna
elements on larger scales [26]. To alleviate the huge num-
ber of elements at large scales and as well as the large

peak Side-Lobe Level (SLL), a thinning operation can be
employed to switch off certain antenna elements on purpose.
An added advantage to the thinning process is its ability to
make the antenna array more cost effective, while providing
minor trade off in beam width and directivity in comparison
with fully filled arrays [27]. Several optimization algorithms
were investigated for synthesizing thinned linear and pla-
nar arrays. Among which, the Particle Swarm Optimiza-
tion (PSO) [28], [29], Genetic Algorithm (GA) [27], [30],
[31], Simulated Annealing (SA) [32], [33], Ant Colony Opti-
mization (ACO) [34], and Boolean Differential Evolution
Algorithm (BDE) [35] were used. In [36], the binaryGA tech-
nique was employed to optimize the excitations of the outer
elements of planar antenna array and to reduce the number of
active elements while preserving the desired radiation char-
acteristics. In [37], a new stochastic optimization approach,
called Slime Mold Algorithm (SMA), was investigated to
design thinned concentric circular antenna arrays with lowest
SLL and fixed HPBW. In [38], the PSO technique was inves-
tigated to minimize the number of antenna elements, element
spacing, and SLL for elliptical cylindrical antenna arrays of
radar systems.

Beamforming or array pattern synthesis is a major
application of array processing, explored in various wireless
applications, including radar, sonar, mobile communications,
seismic sensing, biomedical engineering, etc. It includes
designing antenna arrays with shaped beam that provide
high gain in the Direction of Arrival (DOA) of a desired
signal and suppress interferences in the DOA of every unde-
sired signal to increase the signal-to-interference-plus-noise
ratio (SINR) [39], [40]. Various adaptive signal processing
methods, including the Least Mean Squares (LMS) and the
Recursive Least Squares (RLS), were employed for array
pattern synthesis of ordinary antenna arrays by calculating the
optimal excitation weights for array elements that provide the
desired radiation pattern [41], [42], [43], [44]. On contrast,
the design of fractal arrays, in particular fractile arrays, with
adaptive beamforming capability remains largely an unex-
plored area of research. In [45], the LMS technique was
investigated for array pattern synthesis of Sierpinski carpet
fractal arrays. In [46], the ACO algorithm was utilized for
synthesizing thinned hexagonal and pentagonal fractal arrays,
while the LMS technique was employed as an adaptive beam-
former. In [47], the discrete Kalman filter was introduced as
a novel adaptive beamformer for the design of linear Cantor
array in wireless environment with high-jamming power.

While most of the recent ordinary antenna array designs
provided reasonable radiation pattern characteristics, new
fractal array configurations should be explored for multiband,
wideband, and adaptive smart antennas in modern wireless
systems. The aim of this research study is to introduce a
new approach for the synthesis of thinned wideband fractile
antenna arrays, characterized by the lowest SLL with adap-
tive beamforming capability. A new approach is proposed
for the design of wideband and low-SLL antenna arrays
using the unique geometrical characteristics of fractiles. The
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GA optimization technique is considered for the design
of thinned fractile arrays by finding the optimum combi-
nation of the fractile array’s ‘‘on’’ and ‘‘off’’ elements,
which leads to a maximum decrease in the peak SLL.
To the author’s knowledge, it is the first time to intro-
duce a thinned fractile array synthesis with adaptive beam-
forming capability for multiband and broadband wireless
applications. This paper is divided into the following sections.
Section 2 introduces the design method of Eisenstein frac-
tile antenna arrays, followed by investigating the GA opti-
mization technique to achieve thinned and optimized fractile
antenna arrays. Section 3 shows the array pattern results of
the suggested thinned Eisenstein fractile arrays, followed by
presenting the adaptive beamforming results of applying the
GA-LMS approach to the Eisenstein fractile antenna arrays.
Section 5 provides the conclusion of this research.

II. METHDOLOGY
In this study, a modern design of thinned wideband antenna
arrays is introduced utilizing an efficient class of determinis-
tic arrays, called fractile arrays, that exhibit a fractal boundary
contour within a tiled plane without any gaps or overlaps
[24]. The unique geometrical characteristics of fractiles can
be utilized to provide better performance than their traditional
periodic planar array counterparts. There are several fractal
shaped tiles, or fractiles, that can be investigated to cover the
plane, while eliminating any gaps or overlapping [23], [24],
[48]. In this work, a new design of fractile antenna array based
on the Eisenstein packing [49] is introduced, for the first time,
to provide multiband operation with low SLL and without
grating lobes.

The complex plane is filled with the whole set of complex
numbers that include real and imaginary parts in the form
of a + ib, where i is the imaginary. The Gaussian domain
forms a square lattice, or a regular grid of points arranged
orthogonally, and it represents a subset of the complex plane.
The Gaussian plane is filled with the entire set of Gaus-
sian integers, which are complex numbers in the form of
a + ib, where both a and b are integers [49]. Unlike the
Gaussian domain which forms a square lattice, the Eisenstein
domain constructs a triangular lattice as shown in Fig. 1. The
Eisenstein domain is filled with the entire set of Eisenstein
integers, which do not line up orthogonally and take the form

of a+bw, where both a and b are integers and w =

(
−1+i

√
3
)

2
[49]. This means that a and b components in the Gaussian
domain are shifted to a− b/2 and b

√
3/2 components in the

Eisenstein domain, respectively. This represents a mapping
from a square lattice of Gaussian domain to a triangular lattice
of Eisenstein domain as shown in Fig. 1. The Eisenstein
boundary is formed of six congruent self-similar parts, where
each part contains three copies of itself, shrunk by a factor of
1/2 [24]. The fractal dimension s of the Eisenstein boundary
should satisfy the condition 3(1

/
2)
s
= 1, yielding a fractal

boundary of s = log 3/ log 2 >1. Since each Eisenstein

FIGURE 1. (a) Square lattice of Gaussian domain and (b) Triangular lattice
of Eisenstein domain.

fraction has a corresponding Eisenstein curve that fills its
interior, then the Eisenstein array belongs to the family of
fractile arrays [24], [26].

The Eisenstein fractile antenna array is constructed using
a ring subarray generator of three-element circular subarray
generator of radius r = λ/(2

√
3 ) with an added element

of unit current in the center of the generating subarray (see
Fig. 2). Note that individual elements of the three-element
circular subarray generator are located on the vertices of
equilateral triangle, forming an equilateral triangular array of
half-wavelength spacing on a side. This generating subarray
represents a small array at growth stage p = 1 which is
repeated many times to develop larger Eisenstein fractile
arrays at higher scaling factor (i.e., p > 1). Fig. 2 shows
the first three stages of Eisenstein fractile antenna array.
Elements’ locations associated with current distributions of
stages 1, 2, and 3 for Eisenstein fractile array are depicted in
Figs. 2a, 2b, and 2c, while their geometries are illustrated in
Figs. 2d, 2e, and 2f, respectively. The minimum array spacing
dmin between consecutive array elements is uniformly dis-
tributed along the Eisenstein curve and it remains unchanged
for all stages. Fig. 3 illustrates the representation of the
Eisenstein fractile array utilizing three self-similar subarray
apertures.

For M concentric ring arrays with Nm elements in every
single mth ring, the associated far field array factor AF (θ,∅)
can be expressed as [8]:

AF (θ,∅) =
M∑
m=1

Nm∑
n=1

Imnejϕmn(θ,∅) (1)

where

ϕ (θ,∅) = krmsinθ cos (∅ − ∅mn)+ αmn

rm is the radius of the mth ring, θ and ∅ represent the far field
point angles. ∅mn, Imn, and αmn are the azimuthal angle, the
excitation current amplitude, and excitation current phase of
the nth element on the mth ring. k = 2π

λ
is the wavenumber

and λ is the wavelength.
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FIGURE 2. The first three stages of Eisenstein fractile antenna array. Elements’ locations and geometries for stage 1 (a and d), stage 2 (b and e), and
stage 3 (c and f) of Eisenstein fractile array are shown, respectively.

From equation (1), an expression for the array factor at a
specific growth stage p can be deduced as follows:

AFP (θ,∅) =
P∏
p=1

[
M∑
m=1

Nm∑
n=1

Imnejδ
p−1ϕmn(θ,∅)

]
(2)

where δ denotes the expansion factor and P represents the
number of growth stages. The Eisenstein fractile antenna
array is formed using a ring subarray generator of uniform
three-element circular subarray generator of radius r =
λ/(2
√
3 ) with an added element of unit current in the center

of the generating subarray. Note that the subarray generator
of Eisenstein fractile antenna array is rotated by an angle of

π /3 from one growth stage to the next, which is not the case
for standard self-scalable fractal array generator [13].

For an expansion factor δ of 2, the far field array factor of
Eisenstein fractile antenna array at a specific growth stage p
is given by

AFP (θ,∅) =
1
4P

P∏
p=1

[
1+

3∑
n=1

Inej2
p−1ϕnp(θ,∅)

]
(3)

where

ϕnp (θ,∅) = krnsinθ cos
(
∅ − ∅np

)
+ αn

=
π
√
3
sinθ cos

(
∅ − ∅np

)
+ αn,
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FIGURE 3. Representation of Eisenstein fractile array by three self-similar
subarray apertures.

∅np =
π

3
(2n+ p− 3) , and αn

= −
π
√
3
sinθ0 cos

(
∅0 − ∅np

)
θ0 and ∅0 denote the steering angles. For Eisenstein fractile
antenna array, the total count of elements Np included in the
array at certain p can be easily obtained from the relation
Np = 4p.
The maximum directivity of a broadside stage p Eisenstein

fractile array of isotropic sources, for the case in which θ0 =
0o, can be expressed as [24]:

DP (θ,∅) =
|AFP (θ,∅)|2max

1
4π

∫ 2π
0

∫ π
0 |AFP (θ,∅)|

2 sin(θ )dθd∅
(4)

III. RESULTS
The usefulness of the proposed Eisenstein fractile antenna
array is investigated by carrying out MATLAB simulations
under various set of array configurations and parameter
regimes. Figs. 4a and 4c show the array factor patterns of
Eisenstein fractile antenna array versus θ with ∅ = 90◦ at
fixed operating frequency for different growth stages (p =
2, 3, 4, and 5) using minimum element spacing dmin =
λ/2 and λ, respectively. It can be noted that the suggested
antenna array configuration has no grating lobes even when
the minimum array elements’ spacing is increased to λ.
Note that periodicity in antenna array design leads to the
formation of grating lobes at spacings of one-wavelength or
greater. On contrast, the proposed Eisenstein fractile antenna
array possess non-periodic element distributions with vari-
able inter-element spacing which enables desirable radia-
tion characteristics like avoiding grating lobes that would
otherwise not be possible with traditional periodic arrays.
This reveals that the unique geometrical characteristics of

TABLE 1. The number of antenna elements, SLL, HPBW, and maximum
directivity of Eisenstein fractile antenna array at growth stages p = 2, 3, 4,
and 5 using dmin = λ/2, λ, and 1.5λ.

the proposed Eisenstein fractile antenna array, which include
non-periodic arrangement of an Eisenstein fractal boundary
contour within a tiled plane without any gaps or overlaps,
enable avoiding grating lobes even when the array elements’
spacing is increased to at least one wavelength.

Table 1 shows the number of antenna elements, the SLL,
the Half-Power Beam Width (HPBW), and the maximum
directivity of Eisenstein fractile antenna array at distinct
growth stages p = 2, 3, 4, and 5 using various minimum
element spacings, including dmin = λ/2, λ, and 1.5λ. It can
be noted that for all element spacing cases, in lower growth
stages (from p = 2 to 4), the number of elements increases
significantly with increasing the growth stage (number of
elements = 16, 64, and 256 for p = 2, 3, and 4, respec-
tively). This increase in the number of elements leads to a
minor reduction in the SLL in the range from p = 2 to 4,
while the SLL is nearly the same for larger growth stages
(p > 4). Table 1 also reveals that with increasing the number
of antenna elements at large scales, the HPBW is decreasing
and the maximum directivity is increasing for all minimum
element spacing cases of dmin = λ/2, λ, and 1.5λ.
Figs. 4b and 4d demonstrate the array factor patterns of

Eisenstein fractile antenna array at growth stage p = 5 for
different operating frequencies using element spacing dmin =
λ/2 and λ, respectively. One of the main advantages of frac-
tile antenna array is that the frequency of operation can be
reduced by a factor of δnfrom the fixed design frequency
fo, where n = 1, 2,· · · , p −1. Figs. 4b and 4d are obtained
for Eisenstein fractile antenna array with p = 5, δ = 2,
and n = 1, 2, 3, and 4, leading to operating frequencies
fo, fo/2, fo/4, and fo/8. Fig. 4b demonstrates that the array
patterns of the proposed Eisenstein fractile array configura-
tion preserve the same radiation pattern features at the four
operating frequencies using element spacing dmin = λ/2. The
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FIGURE 4. (a, c) The array factor patterns of Eisenstein fractile antenna array at fixed operating frequency for different growth stages using element
spacing of dmin = λ/2 and λ, respectively. (b, d) The array factor patterns of Eisenstein fractile antenna array at p = 5 for different operating frequencies
using element spacing of dmin = λ/2 and λ, respectively.

same efficient multiband operation is obtained using element
spacing dmin = λ as shown in Fig. 4d. Table 2 presents the
SLL, the HPBW, and the maximum directivity of Eisenstein
fractile antenna array at p = 5 for four distinct frequencies fo,
fo/2, fo/4, and fo/8. As shown in Table 2, the SLL is main-
tained constant at multiple frequencies, while the HPBW and
the maximum directivity are decreasing with the frequency
increment. This reveals the efficient multiband behaviour of
the proposed Eisenstein fractile antenna array design.

In order to investigate the SLL variation during scanning,
the array factor pattern of the proposed Eisenstein fractile
antenna array is plotted for steering angles θo = 50o and 70o

as shown in Fig. 5. It can be noted that the performance of
the proposed array design remains the same during the scan-
ning operation. Table 3 summarizes the SLLs of Eisenstein
fractile antenna array at different growth stages for various
steering angles θ0 using element spacing of dmin = λ/2.
Results demonstrate that for certain growth stage, the SLL is
maintained constant atmultiple steering angles, which reveals
the steady and efficient performance of the proposed array
configuration during scanning.

TABLE 2. The SLL, HPBW, and maximum directivity of Eisenstein fractile
antenna array at growth stage p = 5 for different operating frequencies
using dmin = λ.

An important comparison is held between the proposed
Eisenstein fractile antenna array and the corresponding con-
ventional square antenna array of the same number of ele-
ments. A case study is presented, where an Eisenstein fractile
antenna array at growth stage p = 5 with 1024 antenna
elements is compared with a uniformly excited periodic
32× 32 square array of the same number of antenna ele-
ments. Figs. 6a and 6b show, respectively, the array fac-
tor patterns of Eisenstein fractile antenna array at p = 5
and 32× 32 periodic square array at distinct array element
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spacings, including dmin = λ/2, λ, and 1.5λ. Fig. 6a reveals
that the proposed Eisenstein fractile antenna array design has
no grating lobes for all cases under investigation, even when
the minimum array elements’ spacing is greater than λ/2.
On contrast, Fig. 6b demostrates that for the 32×32 periodic
square array, grating lobes exist when the minimum array
elements’ spacing exceeds λ/2. Grating lobes can be clearly
observed in Fig. 6b for both cases of dmin = λ and 1.5λ.
Table 4 shows the SLL and the maximum directivity

of the proposed Eisenstein fractile antenna array and the
32 × 32 square array with the same number of elements
for minimum element spacing of dmin = λ/4, λ/2,λ, and
1.5λ. The comparison reveals that for the same number of
antenna elements, the proposed Eisenstein fractile antenna
array achieves lower SLL than the corresponding conven-
tional square antenna array for all element spacing cases
(dmin = λ/4, λ/2,λ, and 1.5λ). It can be noted that for dmin =
λ/4 and λ/2, the maximum directivity of conventional square
array is slightly larger than the proposed Eisenstein fractile
array because the conventional square array has no grating
lobes at dmin = λ/4 and λ/2 and it concentrates the radi-
ation pattern. Note that the space diversity of the proposed
Eisenstein fractile array is comprable with the conventional
square array for the same number elements (1024 antenna
elements in this case as shown in Table 4). For all other cases
of array elements’ spacing greater than λ/2, the maximum
directivity of the proposed Eisenstein fractile array is higher
than its conventional square array counterpart. This reveals
that for array elements’ spacing greater than λ/2, the direc-
tivity of Eisenstein fractile array increases with the element
spacing increase, while directivity of conventional square
array drops down with the element spacing increase. This
directivity drop may be caused by the appearance of grating
lobes in the radiation pattern of the conventional square array.
Unlike the conventional square antenna array which possess
grating lobes in the radiation pattern when the array elements’
spacing is greater than λ/2, the proposed Eisenstein fractile
antenna array design has no grating lobes and instead it con-
centrates the radiation pattern and provides higher directivity
than the conventional square array (see Table 4). This reveals
the superior performance of the proposed fractile antenna
array design over other conventional array configurations.

Fig. 7 shows the SLL variations of the proposed Eisenstein
fractile antenna array with changing both the frequency of
operation and theminimum array elements’ spacing at growth
stage p = 5. Results show that the SLL is nearly constant
across the frequency range from fo to 4f o, where fo is the
fixed design frequency. Fig. 7 demonstrates that for f > 4f o
(not included in the bandwidth of interest), the SLL increases,
and the grating lobes may exist. This elucidates that the sug-
gested fractile array configuarion succeds not only to provide
multiband operation at distinct frequencies scaled by δ, but
also to achieve wideband operation throughout a frequency
range spanning from fo to 4f o. Also, Fig. 7 demonstrates that
the SLL remains nearly unchanged for all cases of minimum
array elements’ spacing ranging between λ/2 and 2λ across

FIGURE 5. The array factor patterns of Eisenstein fractile antenna array
versus θ at fixed operating frequency for different growth stages using
element spacing of dmin = λ/2 for (a) θo = 50o and (b) θo = 70o.

the bandwidth of interest. Moreover, it can be noted from
Figs. 6 and 7 that the proposed Eisenstein fractile antenna
array has no grating lobes across the entire bandwidth of
interest extending from fo to 4f o for all cases of minimum
array elements’ spacing less than 2λ. On contrast, the con-
ventional square array is designed at a fixed frequency and it
does not possess any multiband or wideband operation. This
reveals that the suggested fractile array configuration can
be effectively employed to provide multiband and wideband
performance, while maintaining high directivity across the
bandwidth of interest.

A. THINNED FRACTILE ARRAY OPTIMIZATION RESULTS
The difficulty in implementing the proposed Eisenstein frac-
tile antenna array comes from the relative high SLL and the
huge number of antenna elements on larger scales. To allevi-
ate such challenges, the GA optimization technique [30], [31]
is investigated for thinning the Eisenstein fractile array by
estimating the optimal set of ‘‘on’’ and ‘‘off’’ elements rel-
evant to the minimum SLL without degrading the HPBW
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TABLE 3. The SLL of Eisenstein fractile antenna array at different growth stages for various steering angles using element spacing of dmin = λ/2.

FIGURE 6. The array factor patterns of (a) Eisenstein fractile antenna
array at growth stage p = 5, and (b) 32× 32 periodic square array for
dmin = 0.5λ, λ, and 1.5λ.

and the directivity of the resulted radiation pattern. In this
work, the GA is utilized to identify the optimum excita-
tion amplitude (constrained to be 0 or 1) for every element
at each growth stage to provide the minimum SLL using

TABLE 4. Comparison of the SLL and the maximum directivity between
the proposed Eisenstein fractile antenna array at p = 5 and the 32× 32
square array for minimum array spacing of dmin = λ/4, λ/2,λ, and 1.5λ.

FIGURE 7. SLL variations of the proposed Eisenstein fractile antenna
array with changing both the frequency of operation and the minimum
array elements’ spacing at growth stage p = 5.

reduced number of elements. With GA, an initial population
of individuals is generated, and the genetic mechanisms of
cross-over, survival of the fittest, and mutation are utilized to
acquire better and better individuals, until the best thinning
configuration is achieved. The flowchart of GA optimization
technique is illustrated in Fig. 8. Note that parameter setting
for random optimization techniques like GA is important for
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FIGURE 8. The flowchart of GA optimization technique.

obtaining acceptable convergence speed. In this work, an ini-
tial population of 30 chromosomes, maximum iterations of
100, crossover percentage of 0.5, andmutation rate of 0.01 are
the optimum values for achieving the best convergence rate.

In the current study, the proposed Eisenstein fractile
antenna array is thinned with GA optimization utilizing the
following parameters: dmin = λ/2, δ = 2, and∅ = 90◦.
Fig. 9 shows the thinned Eisenstein fractile antenna array
using GA optimization at p = 2 and 3. It can be noted that
for p = 2, the optimum excitation amplitudes of antenna
elements that provide the lowest SLL are ‘‘0 0 1 0 1 1 0
1 1 1 0 1 0 1 1 1’’. This means that the thinning process
with GA allows switching off 6 antenna elements out of the
16 elements at p = 2 and turning off 24 antenna elements out
of the 40 elements at p = 3. This reveals the robustness of the
GA optimization for acquiring the best thinning configuration
relevant to minimum SLL.

Table 5 shows the number of antenna elements, SLL,
HPBW, maximum directivity, and number of ‘‘off’’ ele-
ments of thinned Eisenstein fractile antenna array using GA

optimization at p = 2, 3, 4, and 5 for array elements’ spacing
dmin = λ/2, λ, and 1.5λ. It can be noted that for dmin = λ/2,
the thinning operation results in switching off around one
third of the elements at all growth stages, while keeping the
SLL as low as possible without remarkable degradation in
the HPBW and the directivity for all array spacing cases.
Note that the significant decrease in the number of antenna
elements due to the thinning process leads to reduction in the
weight and cost of the thinned fractile array configuration.
Figs. 10a and 10b demonstrate the array factor patterns of
thinned Eisenstein fractile antenna array at different growth
stages and distinct operating frequencies, respectively, while
fixing the array elements’ spacing at dmin = λ/2. Fig. 10c
shows the array factor patterns of the thinned Eisenstein
fractile antenna array at different array elements’ spacing,
including dmin= 0.5λ, λ, and 1.5λ. Both Figs. 10b and 10c
are ploted at growth stage p = 5. Fig. 10b elucidates that
the array factor patterns of the suggested Eisenstein fractile
array configuration posses similar SLL and radiation pattern
features at several operating frequencies. This shows that the
suggested thinned fractile array configuration succeds not
only to provide the lowest SLL without degrading the HPBW
and directivity using reduced number of antenna elements,
but also to achieve multiband operation at different operating
frequencies while avoiding any grating lobes for array ele-
ments’ spacing between λ/2 and 2λ.
To elucidate the robustness of the proposed approach,

the radiation pattern of the thinned Eisenstein fractile array
obtained using GA is compared with that of the fully filled
array version. Table 6 shows the number of antenna ele-
ments, SLL, HPBW, number of ‘‘off’’ elements, and maxi-
mum directivity of Eisenstein fractile antenna array with and
without GA optimization at growth stages p = 2, 3, 4, and 5.
It can be noted that the thinned array configuration with GA
possesses lower number of active antenna elements than the
fully filled array. Also, Table 6 demonstrates that the SLLs of
the thinned Eisenstein fractile array configuration are much
lower than those of the fully filled array at all growth stages.
Moreover, there is a negligible degradation in the HPBW and
the directivity of the thinned array configuration compared
to the fully filled array at all growth stages. This reveals the
outstanding performance of the suggested design in terms of
reduced number of elements, SLL, weight, and cost while
keeping roughly similar HPBW and directivity as the fully
filled antenna array.

B. GA-LMS BEAMFORMING RESULTS
Array pattern synthesis represents an important requirement
for various wireless applications. In this work, the proposed
thinned Eisenstein fractile antenna array is synthsized with
the adaptive beamforming capability using the LMS tech-
nique [50]. The GA was not utilized as a beamformer in the
current study because it is relatively slow in reaching the
steady state solution and it requires a large number of iter-
ations. Also, some studies reported that the LMS technique
achieves better directivity than GA in multipath environment,
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FIGURE 9. Thinned Eisenstein fractile antenna array using GA optimization at growth stages (a) p = 2 and (b) p = 3.

TABLE 5. The number of antenna elements, SLL, HPBW, maximum directivity, and number of ‘‘off’’ elements of thinned Eisenstein fractile antenna array
using GA optimization at p = 2, 3, 4, and 5 for array elements’ spacing of dmin = λ/2, λ, and 1.5λ.

which provides sharper and more precise beam patterns [51].
Also, it was reported that GA is not efficient in mitigating
interfering sources as LMS [51], [52]. On the other hand, the

GA algorithm was proven to be an efficient for array thinning
[27], [30], [31], [36] so that it was utilized for thinning the
proposed array design. In the LMS approach, the weights
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FIGURE 10. The array factor patterns of thinned Eisenstein fractile
antenna array using GA optimization algorithm at fixed spacing of
dmin = λ/2 for (a) different growth stages, and for (b) different operating
frequencies. (c) The array factor patterns at array elements’ spacing of
dmin = 0.5λ, λ, and 1.5λ.

of antenna elements are calculated and updated recursively
utilizing the steepest-descent method with a step size of 0.05
[53]. With LMS, the optimal excitation weights are calcu-
lated for each antenna element to obtain a shaped radiation
beam that provides high gain in the DOA of a desired signal
and steers the null in the DOA of every undesired signal.

The impact of Additive White Gaussian Noise (AWGN) is
included by performing the MATLAB simulations at speci-
fied value of SNR = 30 dB.
A combined approach of GA and LMS algorithms, called

GA-LMS, is introduced to design a novel thinned Eisenstein
fractile antenna array with adaptive beamforming capability
and reduced SLL. Table 7 shows the optimum excitation
amplitudes of thinned Eisenstein fractile antenna array using
GA-LMS approach for different DOAs of desired and unde-
sired signals at a fixed design frequency of fo = 1 GHz,
and SNR = 30 dB at p = 2. These weights are replicated
for higher growth stages as illustrated in Fig. 2. Fig. 11
demonstrates the array patterns of thinned Eisenstein fractile
antenna array at fixed design frequency of fo = 1 GHz, and
SNR= 30 dB for different growth stages using the GA-LMS
approach. The DOAs of the desired and the undesired sig-
nal are (30◦, 0◦) for Fig. 11a and (-10◦, 20◦) for Fig. 11b,
respectively. It can be seen from Fig. 11 that the radiation
pattern features, including the main lobe peak and nulls, are
nearly similar at all growth stages, which demonstrates the
efficient adaptive beamforming capability of the proposed
antenna array design.

Fig. 12 shows the array factor patterns of the thinned
Eisenstein fractile antenna array at SNR = 30 dB for three
different operating frequencies using the combined GA-LMS
approach, assuming the DOAs of the desired and the unde-
sired signal are 30◦ and 0◦, respectively. It can be seen
from Fig. 12 that the introduced GA-LMS approach provides
multiband operation, in which the radiation pattern features
are kept unchanged at distinct operating frequencies scaled
by δ. The results reveal that the proposed thinned Eisen-
stein fractile antenna array configuration using GA-LMS
approach is superior in terms of multiband operation, array
element reduction, SLL reduction, grating lobe elimination,
and beamforming accuracy. This elucidates that with the pro-
posed GA-LMS algorithm, the designer can provide accurate
dynamically shaped radiation pattern with lowest SLL and
reduced number of antenna elements, while preserving the
same radiation pattern features at distinct frequencies with
rapid convergence rate.

C. PERFORMANCE ANALYSIS
Despite the extensive research performed in wideband and
fractal antenna arrays, to the author’s knowledge, it is the first
time to introduce a thinned fractile array synthesis with adap-
tive beamforming capability for multiband and broadband
wireless applications. The proposed antenna array design is
compared with recent wideband antenna arrays [54], [58],
and the results are summarized in Table 8. It can be noted
that the proposed Eisenstein fractile antenna array achieves
the lowest SLL using lower number of elements than all
other wideband arrays under comparison for all minimum
element spacing cases of dmin = λ/2, λ, and 1.5λ. This
reveals the superior performance of the proposed Eisenstein
fractile array configuration in terms of wideband perfor-
mance, array element reduction, and SLL reduction. This also
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TABLE 6. The number of antenna elements, SLL, HPBW, number of ‘‘off’’ elements, and maximum directivity of Eisenstein fractile antenna array with and
without GA optimization at p = 2, 3, 4, and 5.

FIGURE 11. The array factor patterns of thinned Eisenstein fractile
antenna array at fixed design frequency fo = 1 GHz, and SNR = 30 dB for
different growth stages utilizing the GA-LMS approach. The DOAs of the
desired and the undesired signal are (30◦, 0◦) for (a) and (−10◦, 20◦) for
(b), respectively.

elucidates the robustness of the suggested thinned Eisenstein
fractile array as a promising design for multiband, wideband,

FIGURE 12. The array factor patterns of thinned Eisenstein fractile
antenna array at SNR = 30 dB for three distinct frequencies utilizing the
GA-LMS approach. The DOAs of the desired and the undesired signal are
(30◦, 0◦).

TABLE 7. The optimum excitation amplitudes of thinned Eisenstein
fractile antenna array using GA-LMS approach for different DOAs of
desired and undesired signals at a fixed design frequency of fo = 1 GHz,
and SNR = 30 dB.

inexpensive, and dynamically shaped radiation pattern for
smart antenna in modern wireless systems. Such antenna
array design is desirable in various broadband wireless appli-
cations, including cellular mobile communications, satellite
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TABLE 8. Comparison between the proposed Eisenstein fractile antenna array and other recent wideband antenna array designs.

systems, automotive radar systems, and other modern wire-
less systems.

Although the proposed fractile antenna array has been
proven to be a promising design formultiband, wideband, and
adaptive smart antennas inmodernwireless systems, it should
be examined in the future by utilizing new realistic microstrip
antenna elements instead of the omnidirectional elements
and simulating the proposed array configuration at certain
growth stage using Ansoft HFSS software combined with
MATLAB to obtain all simulated radiation patterns. Then, the
experimental realization of the proposed fractile array design
can be conducted and tested for various frequencies and
bandwidths to compare both measurement simulation results
and validate the array design. This is a goal for future inves-
tigation. Also, as the proposed array configuration works
at multiple operating frequencies across large bandwidth,
this study can be expanded for choosing various operating
frequencies utilizing distinct switching methods. Moreover,
different beamforming techniques such as GA, RLS, and
Kalman filter can be examined for array pattern synthesis of
the proposed Eisenstein fractile antenna array design under
various SNR levels and different interference environments,
and the results will be reported in the near future.

IV. CONCLUSION
In this paper, a combined approach of GA and LMS tech-
niques, called GA-LMS, is proposed to synthesize a novel
design of thinned Eisenstein fractile antenna array with adap-
tive beamforming capability and reduced SLL. The GA opti-
mization technique is investigated to identify the optimum
excitation amplitudes of array elements to provide the min-
imum SLL with reduced number of elements. To elucidate
the robustness of the GA optimization approach, the radiation

pattern of the thinned Eisenstein fractile array is compared
with the fully filled array version in terms of the number of
antenna elements, SLL, HPBW, number of ‘‘off’’ elements,
and maximum directivity. Results reveal the superior perfor-
mance of the proposed fractile array configuration over the
fully filled array in terms of reduced number of elements,
SLL, weight, and cost while keeping nearly similar HPBW
and directivity. Moreover, the LMS adaptive beamforming
method is investigated to find the optimum excitation weights
that allow designing the proposed array configuration with
dynamically shaped radiation patterns. Results demonstrate
that with the proposed GA-LMS algorithm, the designer can
provide accurate dynamically shaped radiation pattern with
lowest SLL, while keeping the number of elements as low
as possible. Results also show that the introduced thinned
Eisenstein fractile array manages not only to provide the low-
est SLL without degrading the HPBW and directivity using
reduced number of antenna elements, but also to achieve both
wideband and multiband operation at different frequency
bands while avoiding the grating lobes for array elements’
spacinggreater than λ/2. This elucidates the outstanding per-
formance of the suggested fractile antenna array design over
other conventional array configurations.
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