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ABSTRACT In this paper, we focus on the numerical solutions of Maxwell’s equations with Dirichlet
boundary conditions in rectangular coordinate. A class of explicit methods is derived by using an effective
solver for a system of ordinary differential equations which is obtained by approximating on spatial fields.
A significant advantage of this class of methods is their simplicity and their ease of implementation. The
error estimates presented in this paper show that the numerical solutions obtained by this class of methods
is of high-order. The main advantage of this class of methods is that it is divergence-free.

INDEX TERMS Computation theory, Dirichlet boundary value problem, divergence-free methods, electro-
magnetic propagation, Maxwell’s equations, time-domain methods, structure-preserving algorithms.

I. INTRODUCTION

The research of electromagnetic field has affected various
fields of science and technology. The computational electro-
magnetics provides a new and important measure for more
and more complex modeling and simulations, optimization
design and other problems in practical electromagnetic field
engineering. There have been many methods or algorithms
for solving Maxwell’s equations numerically.

Recently, a great deal of attention has been paid on the
direct time-domain method for numerical electromagnetics,
for instance, the time-domain integral equation method [7],
[9], [10], [16], [17], [22], [32], [45], the finite element time-
domain method [1], [13], [14], [24], [29] and the finite
difference time-domain algorithm [5], [6], [11], [12], [18],
[26], [28], [29], [46]. These methods are simple and flexible,
but most of them are implicit and conditionally stable. This
implies that the proof of unique solvability for the underlying
system of implicit equations is required, and that the compu-
tational cost is huge.
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Therefore, it is reasonable to design and analyse uncondi-
tionally stable and more efficient algorithms. In 2016, Wu and
Liu introduced a kind of methods called as the semi-discrete
method [20], [23], [34], [35], [44]. These methods can be
investigated by two steps. At first a semi-discrete system
of the original equations is derived via classical discrete
approximations on spatial fields. Then, some special effec-
tive solvers are used for the semi-discrete system which is
normally a system of ordinary differential equations. In this
paper, the main aim of this paper is to propose a class of
explicit semi-discrete methods for Maxwell’s equations with
Dirichlet boundary conditions via the rectangular coordinate
analysis.

The outline of this paper is as follows. In Section II, we first
give a short overview of the differential forms of Maxwell’s
equations under initial and Dirichlet boundary conditions.
In Section III, we present the class of explicit semi-discrete
methods. And in Section IV some numerical experiments are
implemented. The last section is conclusions.

Il. MAXWELL’s EQUATIONS
In this paper, we are interested in Maxwell’s equations
without a source field in linear, homogeneous, isotropic and
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lossless medium which are expressed in the coupled form
(see, e.g. [30], [31], [32]):

oH
VxEx,yzt)= —MW(x,y, Z, 1), (D
o0&
VxHEx,y,2,1) = 8¥(x,y,z, 1), )
V-Ex,y,z,t) =0, 3)
and
V-Hx,y,z,t) =0, @

where u > 0,& > 0,and E(x, y, z, t) and H.(x, y, z, t) are the
electric and the magnetic fields with the initial conditions

EOV =Ex,y,z,10), HO=HE,y,z2,0), O

on cubic domain Q = [—1, 1]3, and the Dirichlet boundary
conditions are given

£|1" :8(xsy?zv t)|l", H'F ZH(x’y7 <, t)'rv (6)

on " = 02 x [tg, T]. These expressions are valid under the
condition that the field vectors are single-valued, bounded,
continuous functions of position and time, and exhibit con-
tinuous derivatives.

To uncouple these equations, using the well-known poten-
tial theory in electromagnetics [2], [29], we can conveniently
obtain

32 1,
—Hx,y,z,t) — —V-H(x,y,z,t) =0, @)
912 e

where %’H(x,y, z,1) = —ﬁV x E(x,y,z,t), and

92 1
—Ex,y,2,1) — —V?E(x,y,2,1) =0, ®)
012 e

where %ﬁ(x,y, z,1) = éV x H(x,y,z,t), on noticing the
fact that V2 = V(V:) — V x (Vx).

Ill. CONSERVATIVE METHODS
A. APPROXIMATIONS OF DIFFERENTIAL OPERATORS IN
PHYSICAL SPACE
This subsection is devoted to the differentiation matrices
which approximate the second-order partial differential oper-
ator in physical space. Since it is a nonperiodic problem on
[—1, 1], we consider the Gauss-Lobatto points

N=cos—, i=0,1,2,...,N. )

N

Because of round-off erros, (see [25]) identified by Baylies
et al. (1994), the off-diagonal entries d}j], j # iof the

second-order differentiation matrix DI?! = (d}?) NxN is
> X
calculated by
O X2 xx—2
PN 0

G (1 —x))i =)
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ifl<i<N-1,0<j<N,i#j
o g(—ly‘(zN2+ (1 —x)—6

42— , 11
0 — 3 G (1 —xj)? (o
if1 <j<N;
e Gl Vi (N2 + D)1 +x) — 6 12
2201 L )
B 3 Cj (1 +xj)
if 0 <j < N — 1; and the diagonal entries di[f] by
N
dil’%l _ Z dﬁ]a i=0,1,...,N, (13)

J=0, j#i

whereco =cy =2and¢j=1forl <j<N — L

B. APPROXIMATION OF A DIFFERENTIAL EQUATION
IN SCALAR CASE

In this subsection, we consider the linear wave equation [27],
[34]:

82 1 82 82 2
2" e (m‘* FEa @) =0
for the scalar function u = u(x,y, z,t), where (x,y,7) €

Q= [—1, 1]3, t € [tg, T], with the initial conditions and
the Dirichlet boundary conditions are given by

uo(x, y,2) = u(x,y, z, o), u(x,y,z, 0lr = glx,y,z,1),
for (x,y,2) € Q,t € [ty, T], where ' = 9K2. Equation (14)
is spatially discretised by the collocation method based on the
Gauss-Lobatto points

i .
xi=cos—, =0,1,2,...,N,,

X

Tj o,
i = CcOS —, =0,1,2,..., Ny,
Yi Ny J y
wk
zk=cosﬁ, k=0,1,2,..., N,

Z

where the spatial grid numbers Ny, Ny and N, are integers.
We here denote the second differentiation matrices in the x-,
y-, and z-directions, respectively, by

pr2l — (din,[2]>N . i,r=0,1,2,...,N,
’ XX X

pr2 (d,YﬂJ) . j,r=0,1,2,...,N,

ST J NyxNy / ’

pZl2l _ (dkz’r[z])N Lo k=012 N
’ 2 XNz

analogous to the matrix DI?! defined in the one dimensional
case. In this paper, without loss generality we consider the
domain with spatial grid numbers N, = Ny, = N, = 18.
Using MATLAB software, we can check these three differen-
tiation matrices are all negative definite since each eigenvalue
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of these matrices is negative, with the given spatial grid
numbers.

By setting to zero the residual at the inner collocation
points, we obtain the collocation equations

2]
tzu(x,,y,,Zk 1) — [Z dX[ u(xr, yj, %, )+

y z
Y,[2 Z,[2
Yo P,y a )+ Y al Py 2.0 | =0,
= r=0
(15)

fori =1,2,...,Ny—1,j=12,...,Ny—1,and k =
1,2,..., N, — 1, where the inner collocation points form an
open discretised domain, denoted by Qy, i.e.,

Qv = {0 i=12 . Ne—

J=12 Ny = k=12, N - 1,

From the boundary conditions, we have the boundary values
expressed by
u(xo, yj, 2k, t) = g(1, yj, zk, 1),
UXN, > Vj> 2k, 1) = (=1, j, 2k, 1),
u(xi, yo, 2k, 1) = g(xi, 1, 2k, 1),
u(xi, YN, k- 1) = g(xi, —1, zx, 1),
u(x;, yj, 20, 1) = g(xi, yj, 1, 1),
u(Xi, Yjs 2N, 1) = g(xi, yjs =1, 1). (16)

By inserting (16) into (15), we have

jtzut] k() — |:Z d ul,j,k(t)—l_

N, .

~ Y2 ~ 7.2 1 _
Zdj,rl Jui,j,k(t) + de,,[ Jui,j,k(l) = Egi,j,k(f),
r=1 r=1

a7

where N, = N, — 1,1Vy =N, -1, andlvZ = N, — 1,
u;j () = u(x;, yj, 2k, t) and

(2]

gl]k(t)_d() g(l y],Zk,t)+d g( 1 y]5zk7t)

+d0 Te(xi, 1, %)+ d; [Z]g(xi,—l,Zk,t)

Z.12]

+dk0 g(xz,yj,l t)+d g(xz,yj,—l, 1).

This system of ordinary differential equations can be written
in matrix form,
@ U : AU(t) = G(1) (18)
dt? Ue B ’

with the initial conditions
U(ty) = U, (19)
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at every spacial collocation point (x;, y;, zx) in the open dis-
cretised domain 2y, where we denote by U(¢) the semidis-
cretised solution which approximates the exact function
u(x,y, z, t) in the open discretised domain 2. The unknown
N NN .-dimensional column vector U(t) is ordered by row
and horizontal section (the boundary conditions have been
incorporated into U(t)). More precisely, we introduce the N,-
dimensional vector Uj ¢ (2):

T
Ujr@) = (M(m,yj, ks 1), ulXy L V) 2o t)) ,

forj=1,....,Nyk=1,...,
dimensional vector Uy () by

:
U0 = (U1a, ..., U )

for k = 1,...,N,, and, finally, U(z) is the
NxNyN -dimensional vector defined by

v =(vio..... uy0)".

Ais (Nxﬁyﬁz) x (N N yﬁz) differentiation matrix, and can
be written in terms of the tensor product form

N . We then define the NN -

A ZIZ ®Iy ®Dxx +IZ ®D)')r ®Ix +DZZ ®Iy ®Ix,
(20)

where the differentiation matrices Dyy, Dyy, and D, are of
dimensions N x X N X N y X N. y» and N x N, respectively,
yielded from the discretisations of the second-order partial
differential operators 0y, dyy, and 9. Taking Dy, as example,
Dy = (df‘r), i,r = 1,2,...,N, is defined by 4, =
dX 21 And the identity matrices Z, Zy, and Z; in the x-,
y- and z-directions have the same dimensions as Dy, Dyy,
and D,,, respectively. Lastly, the right-hand side N N N -
dimensional vector G(¢) in Eq. (18) is constructed in the same
way as U(t), and with components g; ;«(t) = tgi,j,k(t).
From the property of Kronecker product, we have that the
matrix A is negative definite.

C. THE NUMERICAL METHODS
For Maxwell’s equations, we have the following ordinary
differential equations

dtz Ey(t) + LE, (1) = Py(0),

L Hy(6) + LH, (1) = Qul0), 1)

where the unknowns E,,(t), and H,,(t) are the column vectors
which approximate functions &£,,(x, v, z, 1), and H,,(x, v, z, 1),
respectively, for w = x, y, orz. Precisely speaking, taking

E,(t) € RV-NyN=x1 a5 examples, we have

E) = ((Exm)i’j’k) =

In Eq. (21), Py,(¢) and Q,,(¢) are functions calculated from
the boundary conditions, analogous to the vector G(¢) in (18)

gx(xlaYI»Zl»t)

gx(xﬁxs )’Ny» Zﬁz’ t)
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in the scalar case, and L = —%A where A is an (NxN N ;) x
(ﬁxﬁyﬁz) matrix given by (20). So the matrix L is positive
definite, which coincide with the positive (semi)definite of
the operator —%W (see.e.g. [15],[19], [21], [34], [35], [36],
[37], [38]), in the sense of structure preservation. And we
then can introduce two convergent matrix-valued functions
¢i(h?L) for i = 0, 1, which are defined by

o0

Z (—DF 2k k
R t s

22 2k + )

We have that these two matrix-valued functions ¢;(-) are
bounded, for i = 0, 1. With respect to the matrix-valued
functions ¢;(-) for i = 0, 1,..., the reader is referred to
[33], [36], [39], [40], [41], [42], [43], [44], [47], [48] for
details. From the matrix-variation-of-constants formula [42],
the exact solutions of Eq. (21) and their derivatives satisfy

Ey(t) = ¢o(L)Ep(to) + hip1 (L) LE,u(10)

¢i(hL) = i=0,1. (22

1
+h? /0 (1= &)1 ((1 — £)*L) Pty + h)dE,
(23)
w(t) = _ht¢1( )LEW(tO) + ¢0( )thw(tO)

1
hy /0 do((1 — &Y LYPy(to + he&)dE,
(24)
Hy (1) = ¢o(L)Hu(t0) + hegpr (L) L Hy(10)

1
+hf2/0 (1= &)1 (1 = £)°L) Qulto + hié)dE,
(25)
and

Hy (1) = —hz¢>1( )LH,, (to)+¢>0( )4 7 Hw(t0)

1
I /0 Bo((1 — £ 0)00 (10 + & )dE,
(26)
where t = 19 + Ay, I = hlzL. Now we discrete the first order

partial derivatives of electric field and magnetic field with
respect to time, i.e. (1) and (2), we have

1~
LE, (1) = ~H,(0),

d 1~
H,(t) = ——E(1), (27)
u

where Ey(r), Ey(1), E.(t), Hy(r), Hy(1), and H,(t) are the
approximates of the first, second, and third entry of the curls
V x € and V x H, respectively, at all inner spacial collo-
cation points (x;, ¥j, zx) in the open discretised domain Q.
Precisely speaking, taking E (1) € as examples,

RNXN).NZXI
its entry satisfies (E (t)) = (V X 5) (i, yjs 2k, 1). In

this discretisation of the curls we here remark that Ew(t) (for
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w = x, y or 7) are all regarded as unknown, instead of making
a discretisation for the V x operator.

Now, we design two efficient schemes, by making
time-discretisation and taking the truncations of functions
¢o(c*h?L) and ¢ (c*h?L) with p terms, (denoted as ®o(p, c)
and @ (p, ¢)) respectively, i.e.,

Do(p. ) £ 1 — $*h7L + c*hfL* +
2
+(—1y (ZLP)!CZPh,PLP,

A 1222 1 4,472 (28)
Di(p,c) =1 — g¢°hiL + 57 h L+ -+ -

2
+(=1) mch’h,”m.

Thus, we obtain the scheme to have the numerical solutions
(EV(V"H), Hf;’+1)> as follows:

ESY = @B + Lho ALY
S
Fh2 Y bi(1 — )W iPy(ty + cily),
=1
o _ (29)
AUV = —ehy & LE + GoH
s
+ehy Z bi\IJO,iPw(tn + cihy),
i=1
where &g := Py(p, 1), D1 = D1(p, 1), Yo, = Polp —

1 —c¢;j),and ¥y ; := ®1(p— 1, 1 —¢;). The scheme to have
(va’”’l), E0D ) can be derived as follows:

H(I’H‘l)

®oH," — Lh 1y

s
+h2 Y bi(1 — e)W1.iQw(ty + cihy),
i=1

- N (30)
EStY = uhy @ LHY + @)

N
—ph; Y biVo i Qw(ty + cihy).
i=1

In the above two schemes (29) and (30), the notatlons EV(V ),
HV(V" s Efv" , and HW approximate E,, (1), H,(t), Ew(t) and

W(t) att, = to + nh;, respectively, for w = x, y, orz. And
in these two schemes, the nodes c¢; and coefficients b;, for
i =1,...,s, of numerical integration formula are chosen to
make the scheme have a high time accuracy.

Since the formula (23)—(26) are exactly true for the partial
derivative of exact solutions, with respect to the spatial vari-
able, the arguments developed for the vectors E{”, B, H™,
and EV(,,) also apply to (EV)(n) (H V)(n) (H V)(n) and (Ev)if)
for w = x, y, z, where the entries of these four vectors are

() 0
((Ev)w)i’j’k ~ 58W(xiv Yjs Zhes tn),

~ (n) 9
<(Hv)w)i’j’k ~ a(v X H)W(xi9 Yj» Zk» In),
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and

(),)) ~ 5

—V”Hw(xi, Vj» Thes In)s
~ (n) d
((Ev)w)i,j,k ~ 8_(V X g)w(xi5 yj’ Zk7 tl’L)

n)

Precisely, the vectors (E V)( " and the coupled (H V) can be

calculated by

(n+1) (n) (n)
(E"), =q>( D+ @ (),
+h? Z bi(1 — c)W1,iP),(ty + cily),
= 31)
(F") "D = —eh, @i L(EY)" + oo (H7)"
+ehy Z bV Py, (ty + cihy),
i=1
and the vectors (H ") and the coupled (E V) can be yielded
from
1 ~
(1), = @0 (1), — i (EY),)
S
+h7 Y bi(l = )W)t + cihy),
(n+1) - (n) (m) (32)
(E") = uhy <I>1L(HV) + @ (E))
—uhy Z bW, Oy, (tn + cihy),
i=1

where P) (t) and Q) (¢) are functions calculated from the
boundary conditions, analogous to that in (18) in the scalar
case, the initial values are known exactly, since &,,(x, y, z, fo)
and H,,(x, y, z, tp) are entries of the initial conditions of the
underlying Maxwell’s equations for v, w = x, y, or z.

Under these notations described above, we can moni-
tor much numerical behaviour, for instance, the numerical
changes in the divergences. In this paper, we define the
numerical electric divergence and the numerical magnetic
divergence as

(B + (%)) + (9", (33)
and
(H) + (1)) + (1), (34)

and denoted as DIVE and DIVy, respectively.

The divergence-free analysis of magnetic is an impor-
tant aspect of numerical methods for Maxwells equations.
Accordingly, in the process of numerical simulation, the mag-
netic divergences would be forced to be corrected to zeros at
any space collocation points, by an additional procedure [3],
[4], [8], [30]. The first divergence correction method was
proposed by Smith [30] in 1996. In this paper, we will show
that the numerical solutions of our schemes are magnetic
divergence-free naturally.

Before ending this section, we here remark that the numer-
ical methods obtained from these four schemes (29), (30),
(31) and (32) are uncoupled, one-step and explicit. Moreover
the methods can be implement with low computational cost

126192

and memory storage, since they all split one big recurrence
into six small ones. The dimensions of the matrices L, ®¢,

@, ¥y, and Wy ; are all (N N, IXZ)_X_(N NyN ;) which is
much lower than (6N N wN N_,) x (6N NyN ;) as the traditional
methods. And fortunately, the calculatlons is really cheap,

since the values of p and the stage number s can be both small.

IV. NUMERICAL EXPERIMENTS
This section describes some numerical results of applying our
method to the travelling wave solutions and the standing wave
solutions of Maxwell’s equations.

Example 1: We consider Maxwell’s equations having trav-
elling wave solution [17] (e = u = 1)

E = E Hy = V3E,,
—2&, Hy =0,
E =& H, = —3E,, (35)

where £, = cosQr(x +y+2z) — 2/371).

We consider the Dirichlet boundary conditions and take the
analytical solutions (35) at p = O on the cube [—1, 177
the initial conditions. Namely, we have the numerical electric
field vector at initial time in the x-direction E;O) and the
corresponding numerical curl of magnetic field vector in the
x-direction FI)EO), with the entries

(B = cos@r(xi +y; + %), -

~ \ 0
(Hx). =23 sin((x + 35 + 20)
L],

fori =1,2,...,Ny,j = 1,2,....,Ny, k = 1,2,...,N..
Then we have Hx and E as follows.
HO = J3EO, -
EO = 3O,

From the proportional among different fields, we have the
numerical solutions in y-direction

EY = —2EY, HY =0,
: ) { EO — o, 9
and the numerical solutions in z-direction
E” =E",  [H?=-H,
{ 0 _ 0, { BO _ _EO, &

In the schemes (29)—(30), the entries of the vector P, (¢) are
1
(Px(t))_ = (di%] cos2 (1 + yj + z) — 24/371)
ij.k HE K

+d5\],x cosm (=1 + y; + z) — 2+/371)
+d)g cos((xi + 1+ z) — 2v/3mr)
d[N cos(2m (x; — 1 + 2¢) — 2v/371)
1) — 2+/371)
+dk,NZ cosm(x; +y; — 1) — 2x@nt)>,

d,E 0Cos2m (x; + yj +

VOLUME 10, 2022
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fori =1,2,...,Ny,j = 1,2,...,Ny,k = 1,2,...,N,,
where dr[2s] are given in (10) to (13). And
Py(t) = —2P.(1), Pz(t) = Px(1),
Ox(t) = V3Px(1), Qy(t) =0, O:(t) = —v/3Py(1).
From the schemes (29) — (30), we can have the numerical

electromagnetic field and then the maximum error norm,
to show the approximate accuracy, which is defined by

Loo = max {e max £, T)— EM,
1,],
pomax |H(, T) = H<Nr)|} (40)
i,
To investigate the numerical divergences, the correspond-
ing initial values of the schemes (31) — (32) can be calculated

exactly from the initial conditions (36), (37), (38), and (39).
Precisely the entries of the vectors (E* )io) and (H* ))(CO)

are as
follows:
(0) )
((Ex)x). o= 27 sinQ2m (x; + yj + 2k)),
ij.k
~ ) (41)
((Hx)x)' = 4372 cos(2m (xi + yj + 21))s
L],
fori=1,2,...,Ny,j=1,2,...,Ny,k=1,2,...,N;,and
the vectors (H");O) and (Ex)io)
() = V3(E")
() = ~V3(F").

The numerical solutions in y-direction can be expressed as
follows:

ENO — _o(gx)© O —
@) =2)0 () =0
)" =o @) o

and the numerical solutions in z-direction expressed as
follows:

21(0) x)(0) 21(0) _ (g~ (0),
A fe

And in the schemes (31) — (32), the entries of the vector P{(¢)
are

=2
(ch‘(t))ij . = ?(di[%] sinr (1 +y; +zx) — 2\/§nt)

+df sinQm(—1 +y; + z) — 2v/371)
+d[0 sin(2mw (x; + 1 + z¢) — 2«/_7”)
+diy sin(2m(x — 1+ 2) = 2/3701)
+d ) sin@m (x; + yj + 1) — 24/371)
+dk, sin@m(xi +y; — 1) - 2f3m)),
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fori =1,2,...
And

Nej=12...Nyuk=12..N.

Pi(1) = —2P(1), PX(t) = PX(1),
QL) = V3PL(1)., O)(1) =0, Qi1 = —V/3P(1).

From the schemes (31) — (32), we can obtain the numerical
electric divergence (EX )(n) + (Ey )(n) + (E Z)(") and the numer-
ical magnetic divergence (Hx)(n) + (H y)(n) + (H < )(")

As the first problem, we investigate it in detail. And again
in the second example, we present the description of the initial
values and the vectors in numerical integration formula in the
schemes (29) — (30) and the schemes (31) — (32).

Problem 2: We consider the the solutions
ky —
ﬁ

E =

< cos(wrrt) cos(kyx) sin(kyy) sin(k; 7 z),
e
k, —
8\/_ W

k —
Sxﬂ af cos(wmn t) sin(ky 7w x) sin(kyy) cos(k, 7w z),

& =

L cos(wmt) sin(kyx) cos(kymy) sin(k;m z),

E =
(45)
and

Hy
Hy
H,

sin(wrr t) sin(k, 7w x) cos(kymy) cos(k;mz),

sin(wrt) cos(kywx) sin(k,my) cos(k, 7 z),

sin(wmt) cos(kyx) cos(kymy) sin(k;mz), (46)

where 0® = (k7 + k7 +k2)/(ep), ke = 1, ky = 2, k; = =3,
e = 1,and u = 1. We consider the Dirichlet boundary
conditions and take the analytical solutions (45) and (46) at
t = 0 as the initial conditions, on a cube 2 = [—1, 1]3.
Namely we have the numerical electric field vectors at initial

time E)EO), Ey(o), and EZ(O) with the entries

0 ky—
(Ex);j?k == f < cos(kymx;) sin(kymy;) sin(k,w zx),

0 .
(E})f]) P = % sin(kyx;) cos(kymy;) sin(k, 7 zx),

0 ke—ky . .
(EZ)E,j?k = s sin(ky 7 x;) sin(kyry;) cos(k, 7 z),

(47)

fori=1,2,...,Ny,j=1,2,...,Ny,k=1,2,...,N;,and
the corresponding numerical curls of magnetic field vectors,
H)EO), Hy(o), and HZ(O) as follows:

AO = 5O = 5O = 0. 48)

The numerical magnetic field vectors at initial time H,EO),
H;O), and HZ(O) are expressed as follows:

0 0 0
HY =H" =H" = 0. (49)
And the corresponding numerical curls of electric field

vectors, E,EO), Ey(o), and EZ(O) have the entries with the
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following expression:

~\ 0
(Ex>' ” = —pom sin(k,wx;) cos(kymwy;) cos(k;m zx ),
l’]v
(0
(Ey> L= —pm cos(k,mx;) sin(kywy;) cos(k;m zx ),
i,
~\ )
(EZ)‘ = —hom cos(kymx;) cos(kymy;) sin(k,mw zk ),
L],
(50)
fori=1,2,...,Nx,j=1,2,...,Ny,k=1,2,...,N,.
In the schemes (29) — (30), the entries of the vector P, (t)

are

(Px(t)) = ! ky cos(amt)(

ik pe e/
dlz] cos(ky ) sin(kymy;) sin(k;m zx )
+di[3vx cos(—k, ) sin(kyy;) sin(k, 7wz )
—i—dj%] cos(kxmx;) sin(kym) sin(k, 7w zx)
—}—4 /F%\],V cos(kymwx;) sin(—ky) sin(k, w7 )

+d}) cos (ke x;) sin(kyryy) sin(k.)
+dk _ cos(kymx;) sin(kym yy) sin(—k n))
and the other five vectors Py(t), P,(t), Ox(t), Oy(¢) and Q,(¢)

can be obtained similarly. The initial values of the numerical
discrete divergencies can be calculated exactly from the initial
conditions (47), (48), (49), and (50). Precisely the vectors
(E" )io), (Ey)(yo), and (E Z)io) are given as follows:
(E)"” = —kelky — k)W,
0
(Ey)() —ky(k; — ko)W1, 51)
0
(Ez)i )=~ 2(ky — ky)le
where the entries of W can be given as

(Wl)” L= Jﬁ sin(ky 7 x;) sin(kyry;) sin(k,mwzk ),

fori =1,2,...,Nx,j=1,2,....,Ny,k = 1,2,...,N..
And the correspondm numerlcal curls of magnetlc field
vectors, (HX)(O) (H>)() and (HZ)(O) are

(Hx)(o) (Hy)(()) (Hz)(o) 0. (52)

The numerical magnetic field vectors (H* ))(CO), (H” );0), and

(H Z)io) are expressed as follows:
(Hx)(O) (Hy)(O)

And the corresponding numerical curls of electric field

2=\ (0 7\ (0) =2\ .
vectors, (Ex)x , (Ey)y , and (EZ)Z have the following
expression:

#)Y =o. (53)

0

X)i) = kXW21

N

>);) = kW2, (54)
0

z)i ) _ k. W,

(
(

(

el B es ]

ea]i
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where the entries of W, are given as

(W2)i,j,k =

fori=1,2,...,Ny,j=1,2,...,Ny,k=1,2,...,N..
In the schemes (31) — (32), the entries of the vector P} ()
are

(Pxx(t))i,j,k -

— ,uamz cos(ky 7 x;) cos(kymy;j) cos(kmwzk),

1 ky—k;
,usefw

d [%) sin(k, ) sin(kymy;) sin(k,mw zx )

% (—ky7r) cos(a)rrt)(

+d[2] sin(—k, ) sin(ky7y;) sin(k, 7wz )

—|—d .[ sin(ky 7 x;) sin(ky ) sin(k, 7 z¢.)

+d [ sm(k 7x;) sin(—ky ) sin(k,mwzy)
d,lcz(]) sin(ky 7 x;) sin(kymy;) sin(k; )

—|—d (2] sm(kxnxl) sin(ky7y;) sin(—k n))

Here we omit the detail about Py(z), Pi(t), QX(t), Oy(t) and
OX(1).

In the numerical simulations, we setp = 3, Ny = N, =
N; = N = 18, the nodes ¢; and coefficients b;, fori = 1, 2, 3,
of numerical 1ntegrat10n formula are chosen (see paper [33])

5— «/> 5+«/> ,by = by = 5 and

as ¢}
by =

Lo =3.03= .

ool“‘ Il

A. ERROR ESTIMATES AND NUMERICAL DISCRETE
DIVERGENCIES

In this subsection, we simulate and present the maximum
errors of method by solving Problem 1 and Problem 2,
on the time interval [0, 12]. We show the approximate errors
of the method with respect to different time stepsizes #;, and
the result is indicated in Figs. 1 and 2. It can be observed that
the accuracy of the methods is sensitive and dependent on the
time stepsize h;.

Al il cfitmt
!*u o 3*“4

0g O
I L

] o
0ime 50
o o a; 8 o m
058
I | Baom 8 0y 8 o o0y

4***# T*T

T
‘+ i
Py ‘rﬂ‘
P oM s

—+=h=002 0 h=0015 o h=0012 —+ h=001 0008‘
|

0123456789101112
t

FIGURE 1. The maximum errors in numerical fields for problem 1.

Now we consider the time-approximation order of the
method which can be obtained by using the following formula
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FIGURE 2. The maximum errors in numerical fields for problem 2.

TABLE 1. The maximum error at T = 12 and the numerical order of our

schemes to solve problem 1.

error order
ht = 0.02 8.1264e — 04 ——
ht = 0.015 1.2867e — 04 6.4066
ht = 0.012 2.1958e — 05 7.9235
ht = 0.01 5.0972e — 06 8.0102
ht = 0.008 8.7498e — 07 7.8974

TABLE 2. The maximum error at T = 12 and the numerical order of our

schemes to solve problem 2.

error order
hy = 0.02 3.9567e — 03 ——
ht = 0.015 5.3808e — 04 6.9352
hy = 0.012 1.4442e¢ — 04 5.8943
hy =0.01 4.7679e — 05 6.0786
ht = 0.008 1.5962e — 05 4.9038

(see, e.g. [3])

Order — log Error,, — log Erroro,

; (55)
log, —logt

where 7;, = h; for i = 1,2. It can be observed from

Tables. 1 and 2 that the method is of high order.

The main advantage of our method is the property of
divergence-free. In this subsection, we will examine it
numerically.

We show the quantity EY + Eyy +EF+(6—10) % 10710 in
Fig. 3, and the quantity Hf+H¥+H§+(6—i)x 10~ in Fig. 4,
for the method with the i-th time stepsize, where the vector
of time stepsize is h; = (0.02, 0.015, 0.012, 0.01, O.OOS)T,
for Problem 1. The last term (6 — i) x 1071¢ is added to
the corresponding numerical divergence, for distinguishing
the five curves, otherwise these curves will be overlapped
completely. It can be seen from Figs. 3 and 4 that these
numerical divergences are all zeros exactly.
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FIGURE 3. The numerical electric divergences for problem 1.
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FIGURE 4. The numerical magnetic divergences for problem 1.

To verify the exact divergence-free, we draw the sum of
E, and 2E,, the difference between E; and E,, the sum of H,
and Hy, and Hy in Fig. 5; and the sum of Eyy and 2E7{, the
difference between EZZ and E}, the sum of H; and H}, and
Hyy in Fig. 6; where the time stepsize is #; = 0.015. It can be
seen from the Figs. 5 and 6 that our scheme can preserve the
proportional among the different fields of analytical solutions
in numerical simulations.

For Problem 2, Figs. 7 and 8 presents the accuracy of
the numerical divergences. We can see that our method is
divergence-free and the accuracy is about O(10~!3). More-
over, the larger time stepsizes can be used.

B. COMPUTATIONAL EFFICIENCY
In this subsection, we show the logarithm of the maxi-
mum global errors of fields against the CPU time at the
final time T = 12. We use two AVF methods shown
in [38] and [37] (denoted as AVF1 and AVF2 in [38]) for
comparison.

In fixed-point iteration, we set the error tolerance as 10713
and set the maximum number of iteration as 10. We choose
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FIGURE 5. The linearity of problem 1.
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FIGURE 6. The linearity related to the numerical divergence for problem 1.
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FIGURE 7. The numerical electric divergences for problem 2.

the values of numerical solution at the previous step as
the starting values for the iteration, at each time-cycle. The
results are shown in Figs. 9 and 10, for Problem 1 and 2,
respectively.

The numerical experiments show that the class of methods
in this paper can be implemented with low computational
cost.
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FIGURE 8. The numerical magnetic divergences for problem 2.
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FIGURE 9. The numerical efficiency for problem 1.
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FIGURE 10. The numerical efficiency for problem 1.

V. CONCLUSION

Time-domain electromagnetics plays an important role in
many numerical sciences, for example communications,
computer networks, electronic engineering, radar, ground
features detection, electromagnetic compatibility and biolog-
ical electromagnetics.
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Although in the numerical computation of Maxwell’s
equations, the methods in frequency-domain are successful
and popular, the disastrous computational costs is the inherent
deficiency of the frequency-domain methods, since sufficient
sampling data is needed in the discrete Fourier transform to
obtain the required solution. In our opinion, the small costs
is exactly the charming of the direct time-domain method to
us which is superior to frequency-domain method, since the
number of collocation points can be very small. In a word,
the direct time-domain methods is the most direct and natural
means to compute time-domain Maxwell’s equations.

Comparing to the traditional time-domain methods, for
example, the integral equation method, the finite element
method, and the finite difference method, this class of meth-
ods in this paper is the semi-discrete method which is nor-
mally explicit, robust and easy to code. As an example,
we have the class of methods in [44] which is presented
specially for Maxwell’s equations with periodic boundary
conditions in the rectangular coordinates. And in this paper,
we discuss a class of explicit semi-discrete methods for
Maxwell’s equations with Dirichlet boundary conditions in
similar way.

This paper focuses on the numerical solutions of
Maxwell’s equations in the rectangular coordinate system
under the initial conditions and the Dirichlet boundary con-
ditions, on source-free fields. The class of methods is simple
and robust which bases on formulae (23) — (26), using the
operator spectrum theory for electromagnetics. In the for-
mulation of our methods, the key is the introduction of two
matrix functions ¢q (htzL) and ¢ (h,zL), where the differen-
tiation matrix L of the operator —#Vz is positive definite.
The numerical results show that our methods are explicit.
Actually, we remark that the amazing of our methods lies in
its explicit formation in the numerical computation, since it
can overcome high computational complexity and expensive
computational cost which occurs in the traditional numeri-
cal computation of the time-domain Maxwell’s equations in
three dimensions (since normally most of the methods in the
literature are implicit).

At last, we point out that the other remarkable feature of
our methods is the divergence-free. As known the divergence-
free of electromagnetic fields is of importance in practicing
scientists and engineers.

ACKNOWLEDGMENT
The authors would like to express sincere gratitude to the
referees for their insightful comments and suggestions.

REFERENCES

[1] F. Assous, P. Degond, E. Heintze, P. A. Raviart, and J. Segre, “On a finite-
element method for solving the three-dimensional Maxwell equations,”
J. Comput. Phys., vol. 109, no. 2, pp. 222-237, Dec. 1993.

[2] C. A. Balanis, Advanced Engineering Electromagnetics. Hoboken, NIJ,
USA: Wiley, 2012.

[3] J. Cai, Y. Wang, and Y. Gong, “Numerical analysis of AVF methods for
three-dimensional time-domain Maxwell’s equations,” J. Sci. Comput.,
vol. 66, no. 1, pp. 141-176, Jan. 2016.

VOLUME 10, 2022

[4]

[5]

[6]

[7

[8]

[9]

(10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

(19]

[20]

[21]

[22]

(23]

(24]

(25]

[26]

(27]

(28]

[29]

J. Cai, Y. Wang, and Y. Gong, “Convergence of time-splitting energy-
conserved symplectic schemes for 3D Maxwell’s equations,” Appl. Math.
Comput., vol. 265, pp. 51-67, Aug. 2015.

W. Chen, X. Li, and D. Liang, “Energy-conserved splitting finite-
difference time-domain methods for Maxwell’s equations in three dimen-
sions,” SIAM J. Numer. Anal., vol. 48, no. 4, pp. 1530-1554, Jan. 2010.
W. Chen, X. Li, and D. Liang, ““Energy-conserved splitting FDTD methods
for Maxwell’s equations,” Numerische Mathematik, vol. 108, pp. 445-485,
Nov. 2008.

A. D. Chave, “Numerical integration of related Hankel transforms by
quadrature and continued fraction expansion,” Geophysics, vol. 48, no. 12,
pp. 1671-1686, Dec. 1983.

A. Dedner, F. Kemm, D. Kréner, C.-D. Munz, T. Schnitzer, and
M. Wesenberg, “Hyperbolic divergence cleaning for the MHD equations,”
J. Comput. Phys., vol. 175, pp. 645-673, Jan. 2002.

P. A. Eaton, “3D electromagnetic inversion using integral equation,” Geo-
phys. Prospecting, vol. 37, pp. 407-426, May 1989.

C. R. Evans and J. F. Hawley, “Simulation of magnetohydrody-
namic flows: A constrained transport method,” Astrophys. J., vol. 332,
pp. 659-677, Sep. 1998.

R. Holland, “Finite-difference solution of Maxwell’s equations in gener-
alized nonorthogonal coordinates,” IEEE Trans. Nucl. Sci., vol. NS-30,
pp. 45894591, Dec. 1983.

P. Janhunen, ““A positive conservative method for magnetohydrodynamics
based on HLL and roe methods,” J. Comput. Phys., vol. 160, no. 2,
pp. 649-661, May 2000.

B.-N. Jiang, The Least-Squares Finite Element Method: Theory and Appli-
cations in Computational Fluid Dynamics and Electromagnetics. Berlin,
Germany: Springer, 1998, pp. 47-80.

B.-N. Jiang, J. Wu, and L. A. Povinelli, “The origin of spurious solutions
in computational electromagnetics,” J. Comput. Phys., vol. 125, no. 1,
pp. 104-123, Apr. 1996.

T. Kato, Perturbation Theory for Linear Operators. New York, NY, USA:
Springer-Verlag, 1966, pp. 1-60.

L. Kong, J. Hong, and J. Zhang, “Splitting multi-symplectic integrators
for Maxwell’s equations,” J. Comput. Phys., vol. 229, pp. 4259-4278,
Jun. 2010.

J. Lee and B. Fornberg, ““A split step approach for the 3-D Maxwell’s equa-
tions,” J. Comput. Appl. Math., vol. 158, no. 2, pp. 485-505, Sep. 2003.
D. Liang and Q. Yuan, “The spatial fourth-order energy-conserved
S-FDTD scheme for Maxwell’s equations,” J. Comput. Phys., vol. 243,
pp. 344-364, Jun. 2013.

C. Liu and X. Wu, “Arbitrarily high-order time-stepping schemes
based on the operator spectrum theory for high-dimensional nonlinear
Klein—-Gordon equations,” J. Comput. Phys., vol. 340, pp.243-275,
Jul. 2017.

C. Liu and X. Wu, “An energy-preserving and symmetric scheme for
nonlinear Hamiltonian wave equations,” J. Math. Anal. Appl., vol. 440,
no. 1, pp. 167-182, Aug. 2016.

C. Liu and X. Wu, “The boundness of the operator-valued functions
for multidimensional nonlinear wave equations with applications,” Appl.
Math. Lett., vol. 74, pp. 60-67, Dec. 2017.

N. K. Madsen and R. W. Ziolkowski, ‘“A three-dimensional modified finite
volume technique for Maxwell’s equations,” Electromagnetics, vol. 10,
nos. 1-2, pp. 147-161, Jan. 1990.

L. Mei, L. Huang, X. Wu, and S. Huang, “Semi-analytical exponential
RKN integrators for efficiently solving high-dimensional nonlinear wave
equations based on FFT techniques,” Comput. Phys. Commun., vol. 243,
pp. 68-80, Oct. 2019.

J. C. Nedelec, “Mixed finite elements in R3,” Numer. Math., vol. 35,
pp. 315-341, Sep. 1980.

R. Peyret, Spectral Methods for Incompressible Viscous Flow. New York,
NY, USA: Springer, 2001, pp. 50-62.

R. Peyret and T. D. Taylor, Computational Methods for Fluid Flow.
New York, NY, USA: Springer, 1983, pp. 41-80.

K. G. Powell, “An approximate Riemann solver for magnetohydrodynam-
ics,” NASA Langley Res. Center, Hampton, VA, USA, Tech. Rep. ICASE-
Report 94-24 (NASA CR-194902), Apr. 1994.

G. R. W. Quispel and D. I. McLaren, “A new class of energy-preserving
numerical integration methods,” J. Phys. A: Math. Theor., vol. 41, no. 4,
Feb. 2008, Art. no. 045206.

S. M. Rao, Time Domain Electromagnetics. New York, NY, USA:
Academic, 1999, pp. 151-306.

126197



IEEE Access

X. Zeng, H. Yang: Class of Explicit Divergence-Free Methods for Maxwell's Equations With Dirichlet Boundary Conditions

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

J. T. Smith, “Conservative modeling of 3-D electromagnetic fields, Part
II: Biconjugate gradient solution and an accelerator,” Geophysics, vol. 61,
no. 5, pp. 1319-1324, Sep. 1996.

A. Taflove, “‘Re-inventing electromagnetics: Supercomputing solution of
Maxwell’s equations via direct time integration on space grids,” Comput.
Syst. Eng., vol. 3, nos. 1-4, pp. 153-168, Jan. 1992.

P. E. Wannamaker, G. W. Hohmann, and W. A. SanFilipo, “Electromag-
netic modeling of three dimensional bodies in layered earths using integral
equations,” Geophysics, vol. 49, pp. 60-74, Jan. 1984.

B. Wang, H. Yang, and F. Meng, “‘Sixth-order symplectic and symmetric
explicit ERKN schemes for solving multi-frequency oscillatory nonlinear
Hamiltonian equations,” Calcolo, vol. 53, pp. 1-14, Mar. 2016.

X. Wu, L. Mei, and C. Liu, “An analytical expression of solutions to
nonlinear wave equations in higher dimensions with Robin boundary con-
ditions,” J. Math. Anal. Appl., vol. 426, no. 2, pp. 1164-1173, Jun. 2015.

X. Wu, C. Liu, and L. Mei, “A new framework for solving partial dif-
ferential equations using semi-analytical explicit RK(N)-type integrators,”
J. Comput. Appl. Math., vol. 301, pp. 74-90, Aug. 2016.

X. Wu and B. Wang, Geometric Integrators for Differential Equations
With Highly Oscillatory Solutions. Beijing, China: Science Press, 2021,
pp. 68-77.

X. Wu, B. Wang, and W. Shi, “Efficient energy-preserving integra-
tions for oscillatory Hamiltonian systems,” J. Comput. Phys., vol. 235,
pp. 587-606, Feb. 2013.

X. Wu, K. Liu, and W. Shi, Structure-Preserving Algorithms for Oscilla-
tory Differential Equations I1. Berlin, Germany: Springer, 2015, pp. 69-93.
X. Wu, X. You, W. Shi, and B. Wang, “ERKN integrators for systems of
oscillatory second-order differential equations,” Comput. Phys. Commun.,
vol. 181, no. 11, pp. 1873-1887, Nov. 2010.

H. Yang and X. Wu, “Trigonometrically-fitted ARKN methods for per-
turbed oscillators,” Appl. Numer. Math., vol. 58, no. 9, pp. 1375-1395,
Sep. 2008.

H. Yang, X. Wu, X. You, and Y. Fang, “Extended RKN-type methods for
numerical integration of perturbed oscillators,” Comput. Phys. Commun.,
vol. 180, no. 10, pp. 1777-1794, Oct. 2009.

H. Yang, X. Zeng, X. Wu, and Z. Ru, “A simplified Nystrom-tree theory
for extended Runge—Kutta—Nystrom integrators solving multi-frequency
oscillatory systems,” Comput. Phys. Commun., vol. 185, pp. 2841-2850,
Nov. 2014.

H. Yang and X. Zeng, “A feasible and effective technique in construct-
ing ERKN methods for multi-frequency multidimensional oscillators in
scientific computation,” Numer. Algorithms, vol. 76, no. 3, pp. 761-782,
Nov. 2017.

H. Yang, X. Zeng, and X. Wu, “A novel class of explicit divergence-
free time-domain methods for efficiently solving Maxwell’s equations,”
Comput. Phys. Commun., vol. 268, Nov. 2021, Art. no. 108101.

H. Yang, X. Zeng, and X. Wu, “An approach to solving Maxwell’s
equations in time-domain,” J. Math. Anal. Appl., vol. 518, Feb. 2023,
Art. no. 126678.

K. Yee, “Numerical solution of initial boundary value problems involving
Maxwell’s equations in isotropic media,” IEEE Trans. Antennas Propag.,
vol. AP-14, no. 3, pp. 302-307, May 1966.

126198

[47] X. You, J. Zhao, H. Yang, Y. Fang, and X. Wu, “Order conditions for
RKN methods solving general second-order oscillatory systems,” Numer.
Algorithms, vol. 66, no. 1, pp. 147-176, May 2014.

[48] X.Zeng, H. Yang, and X. Wu, “An improved tri-coloured rooted-tree the-
ory and order conditions for ERKN methods for general multi-frequency
oscillatory systems,” Numer. Algorithms, vol. 75, no. 4, pp. 909-935,
Aug. 2017.

XIANYANG ZENG received the B.S. degree in
physics from Xiangfan University, Hubei, China,
in 2003, the M.S. degree in optics from Zhejiang
Normal University, Zhejiang, China, in 2009, and
the Ph.D. degree in computational electromag-
netics from Nanjing University, Nanjing, China,
in 2018.

From 2009 to 2018, he was an Instructor at the
Nanjing Institute of Technology, Nanjing. Since
2018, he has been a Vice Professor with the Nan-
jing Institute of Technology. He has authored four SCI papers, six Chinese
core papers, and more than ten patents. His research interests include control
theory and control engineering, aircraft control, electronic technology appli-
cation, and computational electromagnetics.

Dr. Zeng received the several awards and honors, including the Nanjing
Excellent Thesis Awards, in 2015 and 2018.

HONGLI YANG received the B.S. degree in infor-
mation and computing sciences from Shanxi Uni-
versity, Shanxi, China, in 2003, the M..S. and Ph.D.
degrees in mathematics from Nanjing University,
Nanjing, China, in 2009.

In 2008, she visited with Tuebingen Unversity,
Tuebingen, Germany, as a Joint Training Doc-
tor. From 2010 to 2019, she was an Instructor
with the Nanjing Institute of Technology, Nanjing.
From 2016 to 2018, she was Postdoctoral Fellow
of atmospheric science at Nanjing University. Since 2019, she has been a
Vice Professor with the Nanjing Institute of Technology. She has authored
eight SCI papers. Her research interests include the structure-preserving
algorithms for differential equations, rooted-tree theory of ERKN methods,
and computational electromagnetics.

Dr. Yang received the several awards and honors, including the Nanjing
Excellent Thesis Awards, in 2015 and 2018.

VOLUME 10, 2022



