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ABSTRACT This paper proposes a finite-time output controller to realize the tracking control of n degrees of
freedom (n-DOF) manipulator, which can address the time-varying output constraints and uncertainties, such
as modeling error, unknown frictions, and external disturbance. A nonlinear mapping is conducted to convert
the constrained manipulator dynamics into unconstrained dynamics. Based on the unconstrained dynamics,
a finite-time output controller is established based on the output-feedback control scheme and nonlinear
extended state observer (NESQO). Fractional order terms are exploited to obtain finite-time convergence, and
the switching law is developed for the NESO to estimate both the unmeasured states and uncertainties. The
superiority of the NESO and the stability of the overall system are theoretically demonstrated by using the
Lyapunov approach. The effectiveness of the proposed controller is illustrated by conducting simulations
and experiments with robot manipulators and comparing the obtained results with those of the existing
techniques.

INDEX TERMS Robotic manipulator, output-feedback control, nonlinear extended state observer, nonlinear
mapping, Lyapunov approach, time-varying output constraint.

I. INTRODUCTION

In modern industry, the physical interaction of humans and
robotic systems is a critical aspect in robotic applications
such as the rehabilitation of humans [ 1], exoskeletons [2], and
cooperative manipulations [3]. Consequently, robotic manip-
ulators are subject to strict regulations involving physical
output constraints to ensure safe operation. These constraints
partly originate from the intrinsic system specifications and
state variables corresponding to the dead zone, hystere-
sis, saturation, and output performance [4]. Furthermore,
the robotic outputs are critically regulated in predefined
time-varying boundaries depending on the requirements of
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the applications, environmental information, or physical lim-
itations [5]. Any violation of the constraints may lead to
control performance degradation, system instability, and
even system malfunction [6]. Recently, in the robot con-
troller design, ensuring the system output performance while
addressing the issues causing the transgression of the con-
straints has attracted considerable research attention.

To overcome the output constraints, the barrier Lyapunov
function (BLF) [7] and the transformation technique [8] have
been employed. The BLF was first proposed to address the
constant output constraint issue in a nonlinear system [7].
Later, the time-varying output constraints were managed
using the BLF [9]. In addition, the BLF has been used in com-
binations with some superior methods, such as fuzzy logic
systems (FLSs) [10], and neural networks (NNs) [11], [12]
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to guarantee that the control requirements are obtained under
the presence of the uncertainties and output constraints. It is
difficult to apply this method for designing advanced con-
trollers with finite time convergence expectation because
of the complication in the BLF. A transformation method
based on prescribed performance control was proposed [13].
The main idea is to convert the constrained system into an
unconstrained one through the transformation of the output
constrained errors. The output constrained functions were
defined based on the transient and steady state of the out-
put errors. Additionally, the transformed system owns the
potential properties for developing advanced controllers to
achieve the finite-time convergent goal. This technique has
been conducted in many nonlinear systems, such as a flexible
beam system [14], a single-link flexible joint robotic manip-
ulator [15], a half-car active suspension system [16], and a
small nonlinear UAV system [17]. Like the BLF, this method
was also used in combinations with approximation structures,
such as the FLS [18] and NN [19], to increase the position
precision in the nonlinear system and avoid the contravention
of the output constraints. Zhou et al. [20] developed an adap-
tive fuzzy backstepping control based on the transformation
technique, which included the fuzzy approximator and back-
stepping technique, to control a non-strict feedback stochastic
nonlinear system with uncertainties and output constraints.
Moreover, an adaptive neural control was presented for an
n-link robot manipulator subjected to uncertainties and output
constraints [21]. The advanced control was realized based on
an NN approximator and transformation technique.
Nevertheless, the NN and FLS implementation requires the
practitioners to have considerable knowledge to select the
parameters [22], such as the number of layers, number of
nodes in a layer, learning rates, and initial weighting vector in
the NN, or membership functions and fuzzy laws in the FLS,
and intensive computations must be performed [23]. There-
fore, this implementation is highly challenging. Notably, the
extended state observer (ESO), proposed by Han [24], can be
used to estimate both the unmeasured state and lumped uncer-
tainties in nonlinear systems [25], in which the estimated
errors converge in an infinite time. Lately, several nonlinear
ESOs [26] have been investigated to enhance the estimation
results and speed responses. In Yang et al. [27] developed
the linear ESO to estimate the nonlinearities and unmeasured
states of two flexible links manipulators. In Tran et al. [28]
investigated a nonlinear ESO to estimate an unknown pay-
load in a manipulator. The barrier Lyapunov function was
used in the control design to manage the time-varying output
constraints in the manipulator. In Nguyen et al. [29] derived
a nonlinear ESO to handle the unknown uncertainties in
the parallel manipulator. The nonsingular fast terminal slid-
ing mode control guaranteed the finite convergence of the
output tracking error in the controlled system. However,
the aforementioned techniques [6], [7], [8], [9], [10], [11],
(12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22]
provide asymptotical convergence in infinite time. Consid-
ering these aspects, this paper proposes a solution that is
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easy to implement and can ensure finite-time convergence.
The proposed solution guarantees that the output responses
accomplish the time-varying output constraints with high
accuracy and prompt convergence.

In particular, we first establish a finite-time output control
to track the problem of an uncertain manipulator with time-
varying output constraints. Then, the transforming technique
is employed to convert the constrained dynamics system into
an unconstrained one. Subsequently, a switching NESO is
utilized to approximate a lumped uncertainty containing the
modeling error, unknown friction, and external disturbance.
This NESO is constructed by swapping a conventional linear
ESO and a nonlinear ESO. The change event is specified by
comparing the estimated error with the predefined positive
value. This technique allows the NESO to yield enhanced
estimation responses and avoid the singular issue. In the final
step, the proposed control is developed using the transformed
dynamics, switching NESO, and fractional auxiliaries in the
control laws. The use of the auxiliaries helps increase the
convergence rate of the output responses. Some simulation
and experiment results were obtained by using 3 degrees of
freedom (DOF) manipulator to exhibit the efficiency of the
proposed control.

The main contributions of this work can be summarized as:

1) This paper first studies a finite-time output control for
an n-DOF manipulator under the presence of modeling error,
unknown frictions, external disturbance, and output con-
straint. The finite-time convergence of the output response in
the manipulator is ensured by integrating the fraction order
auxiliary in the full-state feedback control, which is designed
from the transformed dynamics to overcome the time-varying
output constraints. The stability, finite-time convergence, and
constraint adherence of the proposed control over the n-DOF
manipulator are theoretically analyzed by using the Lyapunov
approach.

2) A switching NESO is used to estimate both the unmea-
sured states and lumped uncertainties in the n-DOF manip-
ulator. Only the output feedback is required when using the
estimated unmeasured states, and thus, the proposed control
emerges as a finite-time output control scheme.

The remaining paper is constructed as follows. Section II
describes the problem formulation and preliminaries. The
NESO, finite-time full-state feedback control, and proposed
control are elaborated in Section III. Section IV describes
the numerical simulations conducted for a 3-DOF manip-
ulator. Section V reports the experimental analysis con-
ducted using a 3-DOF hydraulic manipulator test bench.
Finally, Section VI presents some conclusions and future
works.

Il. PROBLEM DESCRIPTION AND PRELIMINARIES

A. PROBLEM DESCRIPTION

This study considers an n-DOF manipulator in the joint space
whose dynamics can be presented as [30]

M(Q){ + C(q, 4+ G(@ + I (@ f+ e =7 (1)
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where q, q, § € R"*! represent the position, angular velocity,
and angular acceleration vectors of each joint, respectively;
M(q) € R™" is the uniformly positive definite symmetric
matrix of inertia; C(q, q) € R"™" presents the Coriolis and
centrifugal term matrix; G(q) € R™! derives the gravity
vector; T is the torque acting on the joints; J (q) presents
a nonsingular Jacobian matrix; 7. represents the unknown
frictions; and f represents the external disturbance.

In practice, it is difficult to determine the dynamics param-
eters of the robot. Thus, we define (.) = (.)g+A (.), where (.)
indicates M (q), C (q, q), or G (q); (.)o represents the nom-
inal matrix or vector; and A (.) indicates the uncertainties.

Assumption 1: Assume that the unknown frictions
and external disturbances are differentiable and bounded
functions.

Property 1 [30]: M(q) —2C(q, q) is a skew-symmetric
matrix, defined as x” [M (q) — 2C (q, ¢)] x = 0.

Property 2 [31]: The inequality |G (¢)|| < «, is satisfied,
where «, is a known positive constant.

Property 3 [31]: The inequality ||C (g, ¢)|| < k¢ ||| holds
where k¢ is a known positive constant.

Property 4 [31]: The inequality m; < [[M (x1)|| < my is
satisfied where m; (i = 1, 2) are the positive constants.

Letx; = q € R", and x; € q € R". The robotic
dynamics (1) can be described in the state space form as

X| =Xp
% =My (x1) (u—Co (x1,%2) X2 — Go (x1) — A (1)
@)
where X; = [xi1,Xi2,....xin]? , (i=1,2); and A () =

AM (x1) %3 + AC (X1, X2) X3 + AG (x1) + I (x1) £+ Tpyic
presents a lumped disturbance, which consists of the model-
ing error, unknown friction, and external disturbance. u cor-
responds to the input torque .

The control goal is to track a reference x4 =

[xa1, x42, ...,xdn]T while guaranteeing the satisfaction of
the system output constraints xi; (¢) < x1; (£) < X1 (£),
where x, () = [x(@),....x.®]" and XT() =
X1 @), ..., X1. (t)]T express lower boundary and upper
boundary function vector.

Assumption 2: The trajectory signals xg;,i = 1,2,...,n

are assumed to be bounded and known, satisfying |x4| < X,
where X; is a positive constant.

B. PRELIMINARIES

Notation 1:
¥ = |yl“sign(y), wherec >0 3)
It can be computed that
d c c—1.
2= 4
) =iy “
The power of the vector is defined as follows
. . AT
ycz[y(i,,y;] eRn
lyl¢ = diag ([){,....y5]) € R™" (5)
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Nonlinear Transformation: The tracking error vectors in
the state space system (2) are defined as follows:

e =X| —Xg (6)
This error is bounded by the lower and upper boundaries:
e1i (1) < e1; (1) < &7 (1) @)

where ey; (¢) and ey; (¢) are the lower and upper boundaries of
the error constraints, respectively, which are stated as follows:

e (1) = x1; (t) — xgi (1) > 0
e1i (1) = x1; (1) —xq4i (1) <0 )]

where X7; (¢) and xj; (¢) are the upper and lower boundaries
of the output constraints, respectively.

To combine the errors ey; (f) with the constraints, a non-
linear transformation technique is adopted to incorporate the
constrained tracking error in the system dynamics. The trans-
formation equation [9] can be expressed as follows:

e;i(t) =ey; () T; (zi (), n;i (1)) 9)

where n; (1) = ey; (t)/e_li (1), z; is the new error variable, and
T; (.) is an invertible and increasing function with respect to
z; (t), which fulfills the bellow conditions:
lim  (T; (zi (), mi (1)) = n; (1)
zi(t)—>—00
lim  (Ti(zi (), mi (1)) =1 (10)
zi(t)—>4o00

The new error variable, z; (), can be rewritten as

o fei @)
zi () =T, (e_u(t),m (0) (11)
The following inequality holds:

ni (1) <Ti(zi(@),ni (@) <1 (12)

when the new variable z; (¢) is bounded.
By substituting (8) and (9) into (12), we can derive the
inequality as follows:

eli(t) <eri (M) Ti(zi(@),ni (@) =en@) <e@  (13)

which indicates that the output responses are bounded by the
time-varying output constraints, as presented in (7). In other
words, the new variable z; () can be used to derive an
unconstrained model from the constrained one with the error
variable ey;. z; (t) can be differentiated with time as follows:

a7 (e .([)_eli(l)e;li(f)>

YT ()@ o\ e
o1 14
i ® (14)

This expression is substituted in the first equation of (2)
to achieve the unconstrained manipulator dynamics for the
control design in the subsequent procedure.
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IIl. CONTROL DESIGN

In this study, the lumped uncertainty My ! (x1) A (1), of the
manipulator dynamics (2) are considered and expanded to
a state expressed as x3 € R"™!. The state variable is then
described as x = [XIT xg, X?]T e R¥1 In order to
design and analyze the NESO, the manipulator dynamics (2)

is rewritten as follows [32]:

)'(] = X2

X2 = F(x1,x2) + H(xp)u+x3

X3 =4 (1) (15)
where x3 = —M, ! (x1) A (¢); 8 (¢) is the differential state

of X35 F (x1,%2) = My (x1) (Co (x1, %2) X2 + Gy (x1)); and
H(x1) = My (x).

Assumption 3 [33]: According to Assumption 1, Prop-
erty 2, Property 3, Property 4, and equation (11) in [34],
the lumped uncertainties of the system are bounded by the
function, |x3]| < bo+b1 |x1]l+b2 Ix2 1% with b; (i = 0, 1, 2)
are constants. Because of the limited bandwidth of actuators
in practice, the differentiation of the state x3 is supposed to
be bounded, i.e., [|6 ()|lo < 3§, where § presents a positive
constant.

Assumption 4: The functions F ( x1, Xxp) are assumed as
a local Lipschitz function with respect to x; in the practical
range.

A. NONLINEAR EXTENDED STATE OBSERVER

The NESO technique is adopted to address the unmeasured
state vector Xp and estimate the lumped disturbance x3,
thereby enhancing the real-time controller performance.
To this end, the manipulator dynamics (11) are represented
as

x=Ax+Bu+¢x) +D(x)

y=x (16)
0n><n IY[XI’[ 0)’an
where A= | 0uxn Ouxn Lixn € R3n><3n; B, =
onxn Onxn Oan
0n><n 0n><l
H (x1) e R ox) = |F® e R¥I
Onxn 0nxl
Onxl
Dx) = |0, | € R™!; and Iy, and 0,, rep-
8 (1)
resent a unit matrix and zero matrices sized n X n,

respectively.
The following NESO is implemented,

X =A%+ Bu+ o (%) + TGy (X1, 1) (17)

where X is derived from the estimated system state of
X, X shows the estimation error, derived as X =

x — %X o) = [O;EX"F(XI’;Q) Oan]T, r =

[3¥Lusn 37 Luxn ¥ luxn || € R is the observer gain
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matrix; y > 0 is adapted to enhance the observer perfor-
mances; G (X1, 4) = [ Gi1, A - gt Gins )] €
R 1 :

Remark 1: The switching observer vector, Ggy (X1, 1),
in the NESO is used to enhance the estimation performance
and avoid the singular issue.

The nonlinear function, gz (X1;, A, €), can be defined as

0.5 (%1 + (xu)*) %1l > &5

X1i otherwise

8fal (X1i, 1) = { (18)

where A = )\'1/)\.2 is a positive constant; 0 < A1 < A are odd
constants; and ¢; is a positive constant.

From (16) and (17), the state estimation error dynamics can
be obtained as follows:

X =A%+ ¢ X — TGy (%1,2) + DX (19)

where £ ¢ (X) — ¢ (f()
Based on Assumption 4, the following inequality holds
with a known positive constant c.
191 = |o (x2) — 9 (R2)| < clo]| (20)

Ifo1 = G (%1,2) € R 0y = 35 e R™1 (i =2.3),
the corresponding derivatives with respect to time are
presented as

o1 = diag (n) x| = ydiag (i) 02 — 3ydiag (1) 01

. I, F (x1,x
02 = —Xp =y03+ Foux) —3yo,
v 14
. 1. 8@
03 = —5X3=—5 —Y0] 2
14 v
Agfal (X11,1 98ful X1n, 1
whee = .l =[S . B
Furthermore, the NESO (19) is rewritten as follows:
. » DX
o =vano+ L4 y(z) (22)

—3diag (n) diag (1) Onxn

where A, = —3L,xn 0uxn Lixn | € R3"™3Misa

_In><n 0n><n 0n><n
negative definite matrix.

In the first condition, ||x;|, > &3, the differential gy
function (18) with respect to time can be computed as follows:

gra (1, 1) = 0.5%1; (1 +A |)~Cli|)h_l) =i (23)

where u; = 0.5 (1 + A Ifq,-lel) (i=1,...,n) are positive
bounded functions.

Remark 2: The ¢; is selected how the u; is positive func-
tions and the matrix A, is a negative definite matrix.

In the second condition, |X;[, < &z,the differential gz,
function (18) with respect to time is represented as follows:
8fal (¥1i, A) = X1;and p; = 1.

Theorem 1: When the inequality (20) and Assumption 2
hold in the switching NESO (17), the estimation errors are
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expected to reach and remain in a predefined region with
finite time by a suitable constant y .
This theorem is proven and expressed in Appendix A.

B. FINITE FULL STATE FEEDBACK CONTROL WITH THE
TIME-VARYING OUTPUT CONSTRAINT

According to Section II. B, the manipulator dynamics with
the output constraint in (2) can be transformed to the follow-
ing unconstrained system:

i] = &ox; + ¥
% =My (x1) (W= Co (x1. X)X —Go(x1) — A)
(24)
where
ot 1 o |
()
€11
¢ = S Rnxn
AT 1
0 e —
()"
L €ln .
(25)
T ! 1 en@®en@ ]
5 <€11 (l)> el (t) er (v
et (1)
¥ = —Hx,; — :
AT, ! 1 e () ()
) <e1n (t)) e (1) e (@)
ein (1) i
Ll_l' (t)
)"
+ : (26)
Lz_l‘ (l‘)
)"
T; (zi (1), mi (1))
Zi (1) . —z1 (1)
e + n; (t)e Q27)

et 4 g=21(0)

Remark 3: In this case study, we assume that all state
variables in the manipulator consist of position and velocity
variables are measured by the respective sensors.

The tracking errors in the system (24) are presented as the

following:
e.=1z; e =x)—a €R™! (28)

where o] is the virtual control vector.
This virtual control is selected to be:

a)=d! (—KloeZ — K - \1:) (29)

where Ky; € R™" (i = 0, 1) are positive diagonal matrices;
and 0 < B> < 11is a positive constant.
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The control law of the finite full-state feedback con-
trol with the time-varying output constraint is presented as
follows:

u = —®e; — Kye, — K21€:2/82 + Co (x1, x2) @1 + Go (x1)
+Mp (x1) &) (30)

where Ky; € R™" (i =0, 1) presents a positive diagonal
matrix.

Theorem 2: When control laws (29) and (30) are conducted
for the manipulator whose dynamics is presented in (24),
they will guarantee the finite-time stability and the output
constraint satisfaction for the manipulator. The residual set
of the manipulator is derived as follows:

2
T+B
lim V (e) < min %0 ) < % > .
T, (I —=go) k1 \ (1 —@o) k2

(31

. 1+By
where 0 <@y < 1; k2 = min(Amin(Ki1), Amin(K21 M™727));
k1 = min(Amin(Ki0), Amin((K2o — AC(X1,X2) — L)

M™1); 89 = 5 max(AT()A() + &l AM” AMé); and e =
[eZT eg ]T. The finite time is

T,
1+
2 o1V 2 (e(10)+k2
< max o+ — In R
= @0 (1—p52) K2
2 K1 V=P (e (10)) + o2
o+ In
k1 (1=82) PoK2
(32)
Theorem 2 is proven and described in Appendix B.
Unknown
payload
Proposed control Manipulator
Trajectory Tia Finite full state 2 l @it %

feedback control based .—"’

> on Lyapunov function

Modeling error ||| constraint
Nominal model

[

X X,
—| A nonlinear ESO

FIGURE 1. Schematic of the proposed control with the uncertain
manipulator.

C. PROPOSED CONTROL

This Section describes the finite-time output controller. The
proposed control consists of a finite full-state feedback
control scheme and a switching NESO, as presented in
FIGURE 1. In this study, the proposed control must face the
challenges of unknown payload, frictions, modeling error,
and output constraints. Therefore, the observer estimates both
the unmeasured states and lumped uncertainty. The finite
full state feedback control is developed from the free con-
strained system dynamics to manage the varying time output
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constraint and ensure the finite-time convergence of the out-
put response, as shown in Section III-B. Consequently, the
proposed control only requires the output angle and can be
considered as a type of output feedback control.

Based on (29), (30), and (17), the proposed control law can
be expressed as follows:

@ =&~ (~Kioe, — Kipel> - w) (33)

u = —®e, — Kyeé; — Kzlézﬂz + Co (x1,%2) &
+Go (x1) + Mo (x1) &1 — My (x1) X3 (34)

where &) = X, — a| € R™¥1,

Theorem 3: When the proposed control laws (33), (34)
and NESO (17) are implemented on an uncertain manipulator
with time-varying output constraints, they will guarantee the
uniformly ultimately bounded of the entire controlled system
and the satisfaction of the time-varying constraints.

Theorem 3 is proven and presented in Appendix C.

IV. NUMERICAL SIMULATIONS

A. SIMULATION DESCRIPTION

To exhibit the advantages of the proposed control, several
simulations are implemented on a 3-DOF manipulator whose
structure is illustrated in FIGURE 2. The detailed dynam-
ics [35] and parameters are presented as follows /; = 0.1,
h=0505=02,mG{@=1,2,3)=0.5and g = 9.81.

FIGURE 2. Schematic of the 3-DOF robotic manipulator.

The challenges associated with the manipulator control,
such as the unknown friction, measurement noise, and
external disturbance, are considered in the simulation. The
unknown friction model is derived as zpi = bxy +
ctanh (%), where b = 51343 and ¢ = 5 Iz 3represent vis-
cous and static diagonal matrices, respectively; ¥ = 5013 is
a positive matrix. The measurement noise is a white noise
with a power of 57 x 1078 and a sampling time of 0.1 s.
An external disturbance along the z-axis of the Cartesian
coordinates is considered, with a value of 0 and 100 N in
the first and last 15 s, respectively. It is assumed that loss-
efficiency-fault arises in three actuators. The remained effi-
ciency of the actuators is 80%.

The initial states of the robot manipulator are set
asx; (0) = [022.928.6] (deg.), and x (0) = [0,0,0]".
The reference signal in the joint space is set as
Xg = [45 sin (Znﬁret) ,22.5sin (anﬂet + 0.5) + 30, 30sin
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(271ff,et + 0.5) +45] (deg.) where fj, is the frequency of
the reference.

Remark 4: Because of the physical limitations of the
mechanical or electronic components in practice, the input
controls of the manipulator are bounded. To ensure the sim-
ulation mimics a real test rig, the control signals of the
controlled are limited as follows:

if Uin = u
if uin < u (35)

Uy, otherwise

u
u=sat (Uiyp) = 1 u

where u = —2 x 103N.mand # = 2 x 103N.m denote the
minimum and maximum outputs, respectively.

B. SIMULATION RESULTS

To evaluate the superiority of the proposed control, we con-
sider two other controllers: the first controller is a backstep-
ping controller (BC) derived as a1 = xp0 — Kjej;u () = —
Krey + Co (x1,%x2) a1 (1) + Go (x1) + Mo (x1) a1 — ey,
and the second controller pertains to the finite backstepping
control based new state transformation (FBCST) expressed
in (29) and (30). The working frequency is 0.5 Hz. The
parameters of the controllers are selected as follows: BCK| =
15diag ([3,5,4]) , K2 = 75diag ([1,1,1]); FBCST 8 =
7/9, Kio = 5diag ([3,5,4]);, K11 = 10diag ([3, 5, 4]),
Ky = 15diag([1,1,1]), K21 = 60diag ([1,1, 1]);
Proposed controller Ki9g = 5diag([3,5,4]);.K11 =
10diag ([3,5,4]), Koo = 15diag([1,1,1]), K21 =
60diag ([1,1,1]), B = 7/9, e1(t) = —e1 (1), &z = 2.8,
=091, (1) = (0.8¢704 +5.1073)[111]" (rad),
ko = 180diag ([1, 1, 1]). The controllers are implemented in
MATLAB 2019a with an automatic solver and sampling time
of 1073 s.

Remark 5: To ensure a fair in comparison between the
proposed control, FBCST, and BC, the FBCST parameters
are extracted from the BC, and the proposed control param-
eters are inherited from the FBCST. These parameters are
chosen by the trial-error method. The output constraints are
provided based on the requirements for the initial and steady-
state errors.

Remark 6: The controls are tuned considering the associ-
ated tradeoffs. The control gains K¢ and K¢ are selected to
maintain the system stability. Additionally, the control gains
Ki1 and K> are selected to ensure the system stability and
finite-time convergence of the output responses. Because of
the physical restrictions in actuators, an excessively high K1
and K> may lead to the chattering effect in the control signal,
which may result in instability. Consequently, we implement
the control gains Kjg and K in control laws. Furthermore,
Bo is selected as a positive value smaller than 1.

FIGURE 3 describes the angular position responses in
three joints of the manipulator with three controllers, with
those of the BC, FBCST, and proposed control represented
as a blue dashed line, a pink dot-dashed line, and a red
line, respectively. The initial outputs of the manipulator with
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the three controllers are set between the upper and lower
boundaries, and the output responses track the references.

TABLE 1. RMS Tracking Error of Three Controllers in the joints (from
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FIGURE 3. Output performance of the 3-DOF manipulator in three joints
with reference at 0.5hz.

In addition, the errors between the output performances
and references in FIGURE 4 indicate that the lumped uncer-
tainty in the robotic manipulator causes significant errors
in the case of BC (black line) in the first 15 s. Never-
theless, these errors belong to the predefined constraints,
e1i(t),e1i (), (i=1,2,3) (black dashed-dot line), in this
period. In the last 15 s, an external disturbance suddenly
arises at the end-effector. Therefore, the errors exceed the
predefined performances, as shown in FIGURE 4b and c.
In the case of the FBCST (dot-dashed blue line) and pro-
posed control (red line), the errors remain in the predefined
constraints owing to the new state transformation, and the
transient responses are faster than those of the BC due to
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0.1 to 30 s).
Control methods 1*Joint 2" Joint 3" Joint
BC 9.2 x 10 0.2142 6.39x 10
FBCST 7.1 x 107 1.11 x 102 3.8x 107
Proposed control 6 x10* 4 x10* 1.2 x10*

the fractional terms in the controllers. The accuracy of the
proposed control is higher than that of the FBCST because of
the NESO utilization. The root mean square (RMS) values of
the tracking errors of three controllers in the joints, as listed
in TABLE 1, highlight the efficiency of the proposed control.

Joint 1 (Deg.)

~ | FBCST 1
\ Proposed control
\ 4

—BC

----- Upper error
) Lower error

15+ /
7
2 | I I
0 5 10 15 20 25 30
Time (s)
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2 v . :
‘.\ —BC
.5y S~ |- FBCST
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————— Upper error

-~ 4 -—Lower error
o 1
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a
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S
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i
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2 T v T T T
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o
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a
=
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-
8-
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-
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Time (s)
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FIGURE 4. Tracking errors of the 3-DOF manipulator in three joints with

reference at 0.5Hz.

FIGURE 5 presents the estimations of the unmeasured
states in the 15, 20 and 31 joints of the manipulator, with
the black and red lines indicating the unmeasured velocities
and estimation results, respectively. The NESO successfully

119125



IEEE Access

D. T. Tran et al.: Finite-Time Output Control for Uncertain Robotic Manipulators With Time-Varying Output Constraints

estimates and reduces the measurement noises. The band-
width of the NESO can be adjusted by selecting y suit-
ably. FIGURE 6 shows the estimated lumped disturbance
responses of the NESO in the 1%, 2nd apg 3rd joints, rep-
resented as the blue dashed line, black dotted-dashed line,
and red dashed line, respectively. In the first 15 s, the esti-
mated disturbances are non-zero, although the external force
has not emerged at the end-effector. These results are influ-
enced by the presence of unknown frictions and measure-
ment noise. In the last 15 s, an external force of 100 N
is applied at the end-effector along the z-axis in the Carte-
sian coordinate. According to the geometric structure of the
robotic manipulator, the external force impacts the 2" and
3" joints. Consequently, the estimated auxiliary variables
in the 2™ and 3" joints change considerably more than
for the 1% Joint, as shown in FIGURE 6.
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150»[\{\{\n AAIM7

I

0 hA 1)
S T

oH
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-200F 1
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FIGURE 5. Estimated results of the velocity states in the NESO in three
joints with references at 0.5 Hz.

In order to exhibit the effectiveness of the NESO, the esti-
mated results in FIGURE 6 are converted into the estimated
uncertainties in each joint and compared with the lumped
ones, respectively. FIGURE 7 shows that the NESO well
approximated the lumped uncertainties, including modeling

119126

1000

N; 500
3
3
e
g 0
2
=
£
< 500}
1000 | | | | | |
0 5 10 15 20 25 30
Time (s)

FIGURE 6. Estimated disturbance responses of the NESO in three joints
with references at 0.5 Hz.

error, external disturbance, unknown frictions, and loss effi-
ciency fault of three actuators.

V. EXPERIMENTAL STUDIES

A. EXPERIMENTAL DESCRIPTIONS

To further demonstrate the efficiency of the proposed con-
trol methodology, comparative experiments are conducted.
The platform consists of a system analysis framework and
a practical test bench, as presented in FIGURE 8. The test
bench includes a hydraulic unit to supply power and the
3-DOF hydraulic manipulator. As mentioned previously, the
hydraulic manipulator is constructed to have two rotary actu-
ators to control the first and second joints. The third Joint
is manipulated using a cylinder. Each joint is equipped with
rotary incremental encoders (E40H6-5000-3-V-5) to mea-
sure real-time angle position. The practical testbench syn-
chronously communicates with the system analysis through
the Terminal 68LPR set up inside the control box and DAQ
card (PCle-6363) istalled in the PC. The control algorithms
are implemented on MATLAB by using the real-time window
target tool with a sample time of 1073 s.

The desired trajectories for the hydraulic manipulator
are chosen as x4 = [25sin(wt), —20cos (1) + 30,
20sin (1) 4+ 40]7 (deg.). The upper and lower boundaries
are selected as € (1) = (85¢ % + 1.1)[1 1 1]T (deg ),
and e (t) = —ej(t), respectively. The initial val-
ues are x; (0) = [—55—17 S]T (deg.) and x5 (0) =
[0,0,0]7 (deg /s).

B. EXPERIMENTAL RESULTS

The experimental results of the proposed control are com-
pared with those of the BC to prove the superiority of
the proposed approach in satisfying the time-varying output
constraints, compensating for the lumped disturbance, and
enhancing the transient responses. The relationship between
the output torque and input voltage in the hydraulic manipula-
tor is a nonlinear function due to the nonlinear functions in the
servo valves. In this study, we consider that this relationship
is a linear function. In this case, the modeling error includes
the actuator and manipulator dynamics, which pertain to the
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FIGURE 7. Comparison of the lumped uncertainties and the estimated
ones in a) joint 1, b) joint 2, c) joint 3.

Hydraulic Unit

FIGURE 8. Experimental platform for the hydraulic manipulator.

identification methods. In the simulation section, the friction
models are unknown functions, which are considered to be
modeling errors. The parameters of the manipulator dynamics
are the same as those specified in the simulation section.
The results presented in FIGURE 9. indicate that the error
responses of the proposed control (red line) are bounded
in the time-varying output constraints (dashed black line),
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FIGURE 9. Tracking error responses of the BC and proposed control in

three joints.

FIGURE 10.

Control signal (V)
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Control signals for the proposed control scheme.

with a steady-state value of 1.9°. The error responses of
the BC (black line) do not satisfy the output constraints.
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Additionally, the NESO in the proposed control estimated
and compensated well for the lumped uncertainties in the real
model. Consequently, the accuracy of the controlled system
with the proposed control is better than the BC. The control
signals, as electronic signals, are depicted in FIGURE 10. The
experimental results validate the advantages of the proposed
control.

VI. CONCLUSION AND FUTURE WORKS

This study proposed an advanced finite-time output control
for uncertain robot manipulators with time-varying output
constraints. A transformation technique was utilized to con-
vert the constrained system into an unconstrained one to
prevent the violation of the output constraint. A switching
NESO, constructed by swapping the nonlinear ESO and
traditional ESO, was utilized to estimate the unmeasured
states and approximate the lumped uncertainty, including the
unknown friction and external disturbance. The proposed
control was developed by combining the transformed dynam-
ics, switching NESO, and fractional auxiliaries in the con-
trol laws. The use of the auxiliaries ensured the finite-time
convergence of the output responses. Then, the advantages
of the proposed controller are satisfying the time-varying
output constraints, achieving high accuracy, and prompt con-
vergence. The stability and robustness of the proposed control
are demonstrated based on the Lyapunov theory. The effec-
tiveness of the proposed controller was demonstrated through
both simulations and experiments.

For future work, the accuracy of the robotic manipulator
can be improved when the advanced controller is developed
according to the approach in [36]. The manipulator dynamics
will be analyzed, including actuator dynamics, and the adap-
tive neural network will be used to approximate the modeling
errors of the manipulator.

APPENDIX A
To demonstrate Theorem 1, we consider a Lyapunov function
as follows:

Vo = EO’TPO’ (36)
where P presents a positive definite matrix. The matrix, P,
is chosen to satisfy the below qualification

A£1P + PA,1 = —2I3,x3n (37

From (22), the time derivative of the Lyapunov func-
tion (36) is depicted as

) | 1/ D\’
VO:EVG (Anl P+PAn1)G+§<;+ )/2> Po
1 » D
+—0TP(2+ (f))
2 Yy v
~ D T
:—yaTo—l—(g—i— (;()) Po
Yy v
<

Amax (P S
(— (y - Q) 1012 + > Amas <P)) ol
14 14
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(38)

The differential Lyapunov function (38) with respect to
Lo ®) g +

5
¥ (Y2 —cAmax (P)) Amax (P).

When the bandwidth y is increased, the estimation errors
in NESO are decreased, and the stability of the NESO is
guaranteed [37].

time is a negative function when — (y —

%,\max (P) < 0 that means ||o’|l, >

APPENDIX B

In the first step, the virtual control is designed such that
the new error approaches zero in a finite time. A candidate
Lyapunov function is chosen as follows:

1
Vi=—ele, (39)

By taking the time derivative of the Lyapunov func-
tion (39), and combining it with the first equation in (24). Its
result is presented as follows:

Vi=elée, =el (&xy (1) + W) (40)
From (28) and (29), the equation (40) is represented as:
Vi=el (®e2+a))+ W)
= —e/Kjpe. — e K; €72 + ! de 41
b4 Z 7 1167 b4 2
In the next step, the control law is constructed to guarantee

that the velocity vector will approach zero in finite time. Now
the Lyapunov function is selected as follows:

1
Vo =Vi+ Ee;fMez (42)
Differentiating V, with respect to time shows as
T ST ey
Vo =Vi+e,Me; + Eez Me, 43)
When we apply Property 1 to (43), its result yields
Va=Vi+el M(x))é&+C(x1, x2)e) (44)
Replacing (24), and (30) into (44), we get
V2 = Vite; ()~ Co(x1.%2) %2 (1) —Go (x1) — A (1)
—Mxpar+ C(xi1,x2)e2)
= —eZKloeZ — eZT K]](EZﬂ2 — e2TK20 € — englegz
+e Co (x1,X2) a1 + €] Go (x1) + ) M (x1) &
—e5Co (x1, X2) X2 — € Go (x1) — €5 A (1)
—&; M(xp & + €;C(x1,%2) e
= —eKjpe; — €} (Koo — AC (x1,%x2)) €2 — ! Ky ef2
—eJKyef” — el (A (1) + AM (x)) &)) (45)
Based on Young’s inequality, —eg A@) < %eg e +
IAT () A1), —el AM (x)) &) < tele;+1al AM” AM&,
and the Lemma 2 in [38], the differential Lyapunov function
is represented as follows:

V) < —ezTKloez — el (Ko — AC(x1, x2) —Lysn) €2
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1
— eTKy1ef — el Ky el + 5AT () A1)

1+52

1
+541 TAM? AMa| < —k1Va — 2V, 2 + 8o
(40)

where

k1 = min (Xmin (K10) » Amin <<K20 — AC (x1,x2)

1I M_l .
2 nxn k]
. _iz
K2 = mln( min (K11) ; Amin (KZIM ))»

o

1
 max (AT () A (1) + d{AMTAMdl).

There exists a scalar 0 < @9 < 1 so that the differential
Lyapunov function (46) can be represented in two cases.

In the first case, Vo > e (p e its result yields

1+8,

Va < —goi1Va — (1 = go) k1 Va — k2Vy > + 3o
b
< —pok1 V2 — K2V2 2 47)

Based on Lemma 1 in [39], the errors are driven into the

region e = [eT e2T ]T e {Vh < (17‘?’# in a finite time
given as
46y
K1V, 2 (e(tp)) + k2
T, <1+ wok1V, © (e (1))
@o (1 — B2) K2

(48)

JE
=

In the second case, V, * > (17‘3—0

o0 its result is presented
as

. 46 1+8y
Vo <2 —x1Va—goaV, * — (1 —go)kaV, > + 8o
1+

< —kc1Va —@okaV,y 2 (49)

By a similar analysis, the errors are driven into the region
1+8

ec 1V’ within a finite time which is pre-

)
= (I=go)2
sented as
1+
2 K1V, * (e (t0)) + poka

T, <to+ In (50)
TS QoK

From (46), (48) and (50), Theorem 2 is proven.

APPENDIX C
In order to prove theorem 3, the Lyapunov function is selected
based on (36) and (42) as follows:

1
—e, Mez (629

I 5 1
V=Vyg+Vo==0"Po + —e 3

2 et
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The differential Lyapunov function is presented as

. 1 .
V =0Ps +eZTéZ +egMéz + = egM (x1) ez

< —eZTKler — eZTKUeZﬂ2 ?
+el dey + <— <)/ — CA%X(P)) lloll
+ %Amax (P)) ol + €} (o)
—Co ( x1,x2) X2 — Go(x1 — A (1) — Mo (x1) &)
+C(x1,x2) €2)

< (- (y e LR ®) o,
—e Kioe. —e; TKi e’32 —e Kzoez —€ Kgle’g2
+ce2 |G|+02M0(X1)X3—62AM(X1)0£1 (52)

Based on Young s inequality, Tle| < e2 ez + 2(7 Tg,

82 My (x1) X3 < 7 MO (x1) My (X]) ey + X3 X3, the dif-
ferential Lyapunov functlon (51) is rewritten as follows

. A P
V<-— (y _ e (B) _ g) lo 13 — el Kioe,

— eTKneﬂ2 — € Kzleﬂz

T cLuxcn + Amax (Mg (x1) Mo (Xl))
Ka — €

2

8 1 7.
+ ﬁkmax ®) llolly + 5)63 X3

cAmax P) ¢
< - (y - 5) loll3 — e Kioe:

5
+ _2)\max @) ol
4
1 ,_,T,_,
+ 2x3 X3
- Lyxn + Amax (M7 (x1) M (x1))
Ky — €2
2
< —kV+ Ay (53)

where k = min
 Lnsen+Amax (MY (x1) M _
)\min KZO _ Clax +Ama ( 20 (x1) O(Xl))> M l) ,

KlO’ (V - C)Lm;X(P) - %) )&max (P_1)>,

Av = max (& P) o], + 3555 ).
From (53), the parameters of the observer and control
should be selected to satisfy the below conditions:

CAmax (P) c
y——m—=>0
y 2
( ( 2Luxn + dmax (M3 (x1) Mo (x»))
X Amin Ky —
2
X M‘1> >0 (54)
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Then, we can affirm that the system (24) is uniformly ulti-
mately bounded [40] with the control laws in (33) and (34),
and the observer in (17). Furthermore, based on non-
linear transformation in Section II. B, the output perfor-
mances are bounded by predefined constraints. Theorem 3 is
proven.
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