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ABSTRACT Topological indices (TIs) are functional tools which correlate with a computational value
through a undirected, finite and simple networks. Many physicochemical properties and chemical reactions
are studied with the help of these TIs. Recently, they are commonly used in the behavior of quantitative
structures activity as well as property relationships. In 1972, connection number based TIs are studied by
Gutman and Trinajstić to calculate the entire π -electron energy of the alternant hydrocarbons. Moreover, the
data provided by the website http://www.moleculardescriptors.eu shows that the relations between Zagreb
indices and connection based indices that provide the better absolute values of the correlation coefficients
for the thirteen physicochemical properties of the octane isomers. In this paper, we discuss the two invariants
which are modified indices and modified coindices based on connection number of the resultant networks
obtained by the different operations of product such as lexicographic and corona. For the molecular networks
such as fence, closed fence, alkene and cycloalkane are depicted in the consequences of the obtained results.
The comparisons between two invariants of the aforemention molecular networks are also presented through
tables and graphical depictions. In addition, the uses and significance related to product of networks are also
included.

INDEX TERMS Indices and coindices, product of networks, connection number.

NOMENCLATURE
Abbreviation Meaning

TI Topological index.
ZI Zagreb index.
ZC Zagreb coindex.
ZCI Zagreb connection index.
ZCCI Zagreb connection coindex.
CGT Chemical Graph Theory.

I. INTRODUCTION
A molecular-network is a graphical depiction of a chemical
compounds that connects components of a compound via
some tools. These tools in graph theory known as topological
indices (TIs). The relation of TI is physically written as Q =
β(M), here Q is any property or activity, β is any function
and M is any molecular-network [2]. A molecular-network
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collects information of the relations between vertices (carbon
atoms) and edges (covalent bonds) which comes up a huge
variety of significance in various disciplines of science. This
source of information is used to highlight the carbon-based
(organic) molecules and networks protocol in mathematical
chemistry [3] as well as computer science [4]. The purpose
of a network is to enable the sharing of data with the help
of some tools (TIs). So, the structural study of networks
provides the useful tools in exploring new horizon in the
modern chemistry.

Moreover, a number of drugs particles that are mostly
used in nanotechnology and the medicinal contents have
developed through these TIs, see [5]. Recently, the con-
cept of connection number based Zagreb indices are pro-
posed for the best chemical applicability of the molecule
for testing the different apparatus of octane isomers, par-
ticular families of alkanes of the S-sum networks and
also presented some molecular-networks, see [6], [7],
and [8].
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There are several networks are working in chemical the-
ory of networks. One of them is operations on networks.
It depends on operations such as Cartesian, lexicographic,
tensor, strong, zig-zag and disjunction. The networks based
on operations play a significant position in constructing
the new networks with the help of given conditions, such
results are called resultant networks. A few decades ago,
Graovac and Pisanski [9] initially computed different results
for Wiener index based on Cartesian product. In particular,
a rectangular grid, polyomino chain and carbon nanotube
(TUC4(r, l)) are the Cartesian product of Pr & Pl , Pr &
P2 and Cr & P2 respectively, fence and closed fence are
the lexicographic product of Pr & P2 and Cr & P2 respec-
tively, alkene (C3H6) and cyclohexane (C6H12) are the corona
product of P3 & N2 and C6 & N2 respectively, where Nl , Pl
and Cl are null, path and cycle networks of specific order l.
Up till now, a huge number of results related to product of
molecular-networks for the TIs have been computed, see [10],
[11], [12], [13], and [14].

Almost five decades ago, two famous mathematical
chemist Gutman and Trinajstić [15] firstly studied the degree
based TI known as first Zagreb index to compute the entire
π -electron energy of the molecular-networks. A large vari-
ety of TIs is presented in literature but degree based TIs
are extensively more discussed than others, see the survey
report [16], [17]. The TIs based on degree of various networks
such as metal-organic, oxide, hexagonal, icosahedral honey
comb, octahedral, neural, rhombus type silicate and carbon
nanotubes are computed in [18], [19], [20], and [21].

Recently, Ali and Trinajstić [6] reopened the concept of
connection number (second degree) based TIs. Connection
number means the cardinality of particular vertex from its
neighbors vertices at distance two. They used this approach
and defined modified first Zagreb connection index (ZCI)
that was first time defined by Gutman and Trinajstić [15]
to find the behavior of different molecular-networks. They
also reported that the chemical possession of this connection
based TI (ZC∗1 ) is better than the degree based TI (M1) for the
thirteen physicochemical properties of octane isomers such as
total surface area, acentric factor, entropy, molar volume, heat
capacity at pressure, heat capacity at temperature, enthalpy of
vaporization, boiling point, octanol water partition, enthalpy
of formation, density, standard enthalpy of vaporization and
standard enthalpy of formation. For further studies for the
second degree-based TIs on unicycle, acyclic (alkane), oper-
ations, subdivision and semi-total point networks, we refer to
[22], [23], [24], [25], [26], and [27].

Almost two decades ago, Nikolić et al. [28] defined the
modified ZIs. Hao et al. [29] presented some formulae for
the modified ZIs and also computed the comparative relations
between ZIs and modified ZIs. Dhanalakshmi et al. [30],
[31] showed different results for modified and multiplica-
tive ZIs of operations on networks and also computed some
properties of bethe trees, fascia network, polytree, dendrimer
trees for modified ZIs. The concept of coindices was defined
by Ashrafi et. al [32] to compute the several results for

product on networks. The Results of some distance based TIs
and Zagreb coindices (ZCIs) have established in [33]. The
second, multiplicative and reformulated ZCs and ZIs with
certain chemical networks are defined in [34], [35], [36], and
[37]. Ali et al. [1] computed the analysis between connection
number based indices and coindices on product of molecular-
networks.

In this paper, we computed connection based modified
indices and coindices of the resultant networks such as lex-
icographic and corona products in the shape of exact solu-
tions and upper bounds. Several molecular networks liked
fence, closed fence, alkene and cyclohexane are presented by
these aforesaid results. Moreover, the comparative relation
between modified indices and modified coindices based on
connection number of several molecular networks are also
presented through tables and graphical depictions. The rest
of the paper is settle as: Section II gives the basic defini-
tions and key findings which are used in the main results,
Section III covers a few molecular-networks, Section IV
gives the uses and significance for product of networks,
Section V and VI contain the main results for product of net-
works and Section VII presents the comparisons, applications
and conclusions. At the end, a list of abbreviation is also
included.

II. PRELIMINARIES
Let 0 = (V (0),E(0)) be a simple and undirected molecular-
network. The cardinality of vertex set V (0) and edge set
E(0) ⊆ V (0) × V (0) are called order and size of 0
respectively. The neighborhood set of a vertex t ∈ V (0) is
obtained all those pairs of vertices which are adjacent to t . It is
symbolically (N0(t)) and mathematically written as N0(t) =
{s ∈ V (0); s is adjacent with t}. If d0(t) = |N0(t)|
is called degree of vertex t . If d0(t) = exactly 1 and at
least 2 without edge, then networks become trivial and null
respectively. If a network is 0 then its complement represents
as 0̄. The degree of the vertex t in 0̄ is d0̄(b) = p−1−d0(t).
Connection number means number of those vertices whose
distance from particular vertex t must be two. It is denoted by
τ0(t). The atoms depict vertices and the bonds depict edges
in both chemical and graphical terminology of molecular
descriptors. Since 01 and 02 are two molecular-networks in
all over the study and suppose that |V (01)| = p1, |V (02)| =
p2, |E(01)| = q1, |E(02)| = q2 and |E(0̄)| =

(p
2

)
− q = µ.

Moreover, it is interested to explain that both indices ZCIs
and ZCCs related to 0 and 0̄ respectively, are not same
because the connection number operates through 0. For more
preliminary notions and terminologies, we refer to [38].

Let V0(0) be the set of isolated vertices of the graph 0 and
|V0(0)| = n0. The following relation was computed [39]:∑
a∈V (0)\V0(0)

d0(s)g(d0(s)) =
∑

st∈E(0)

[g(d0(s))+ g(d0(t))],

where g denotes the set of degree of vertices which is also real
valued function of network 0. The truthness of this relation
is defined by Ali and Trinajstić [6] on the equal pattern:
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∑
s∈V (0)\V0(0) d0(s)f (s) =

∑
st∈E(0)[f (s)+f (t)], where g and

f have equal conditions. They have to use f (s) = τG(s) and
f (t) = τ0(t) in the above identity and find modified first ZCI
(ZC∗1 (0)) as

ZC∗1 (0) =
∑

st∈E(0)

[τ0(s)+ τ0(t)].

Ali et al. [27] uses the above pattern on the similar way by
putting f (s) = d0(s)τ0(t) and f (t) = d0(t)τ0(s) or f (s) =
d0(s)τ0(s) and f (t) = d0(t)τ0(t).We get themodified second
ZCI (ZC∗2 ) and modified third ZCI (ZC∗3 ), as follows:

(a)

ZC∗2 (0) =
∑

st∈E(0)

[d0(s)τ0(t)+ d0(t)τ0(s)],

(b)

ZC∗3 (0) =
∑

st∈E(0)

[d0(s)τ0(s)+ d0(t)τ0(t)].

The first and second ZIs (M1, M2) [15], [40] are classical
degree-based TIs. If we replace degree of a vertex into con-
nection number. We get first ZCI and second ZCI. These
are called second degree (connection number) [6] based TIs.
Mathematically, first ZI (M1), second ZI (M2), first ZCI (ZC1)
and second ZCI (ZC1) can be inserted as
(a)

M1(0) =
∑
t∈V (0)

[d0(t)]2 =
∑

st∈E(0)

[d0(s)+ d0(t)],

(b)

M2(0) =
∑

st∈E(0)

[d0(s)× d0(t)],

(c)

ZC1(0) =
∑

t∈V (0)

[τ0(t)]2,

(d)

ZC2(0) =
∑

st∈E(0)

[τ0(s)× τ0(t)].

For a (molecular) network 0, modified first ZCCI
(MZ̄C1(0)) and modified second ZCCI (MZ̄C2(0)) are writ-
ten as

(a)

MZ̄C1(0) =
∑

st /∈E(0)

[d0(s)τ0(t)+ d0(t)τ0(s)],

(b)

MZ̄C2(0) =
∑

st /∈E(0)

[d0(s)τ0(s)+ d0(t)τ0(t)].

A few list of ZIs, ZCIs and ZCCIs in the form of Table 1 is
listed below
Definition 2.2: Lexicographic product or composition (01 ·

02) of two networks 01 and 02 are given with vertex set :

TABLE 1. A few list of ZIs, ZCIs and ZCCIs.

FIGURE 1. (a)01 ∼= C4, (b)02 ∼= P3 and (c)Closed fence(C6H12 = C4 · P3).

V (01 · 02) = V (01) · V (02) and edge set : E(01 · 02) =
{(s1, t1)(s2, t2); where (s1, t1), (s2, t2) ∈ V (01) · V (02)} with
conditions: either [s1 = s2 ∈ V (01) ∧ t1t2 ∈ E(02)] or
[t1, t2 ∈ V (02) ∧ s1s2 ∈ E(01)]. For further learning, see
Figure 1.
Definition 2.3: Corona product (01 � 02) of two graphs

01 and 02 is given with one copy of 01 and p1 copies of 02
(i.e {0i2 : 1 ≤ i ≤ p1}) then by joining each vertex of the
ith copy of 02 to the ith vertex of one copy of 01, where 1 ≤
i ≤ p1. In corona product, |V (01 � 02)| = p1p2 + p1 and
|E(01�02)| = q1+p1q2+p1p2 are the cardinality of vertex
set and edge set respectively. For more detail, see Figure 2.

Now, it is necessary to define some useful identities which
will have surely needed to use in the main section.
Lemma 2.1 (see [38]): Suppose that a connected graph 0

and |V (0)| = p and |E(0)| = q. Then,∑
t∈V (0)

d0(t) = 2q.

Lemma 2.2 (see [7]): Suppose that a connected graph 0
with {C3,C4}− free network and |V (0)| = p and |E(0)| = q.
Then,
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FIGURE 2. (a)01 ∼= P5, (b)02 ∼= N2 and (c)Alkene(P5 � N2).

(a) τ0(s)+ d0(s) =
∑

t∈N0(s)
d0(t),

(b)
∑

t∈V (0)
τ0(t) = M1(0)− 2q.

Lemma 2.3: Let suppose
(a)

J1(01, 02) =
∑

s1s2∈E(01)

∑
t1t2∈E(02)

[d01 (s1)d02 (t2)

+ d01 (s2)d02 (t1)],

(b)

J ′1(01, 02) =
∑

s1s2∈E(01)

∑
t1t2 /∈E(02)

[d01 (s1)d02 (t2)

+ d01 (s2)d02 (t1)].

Lemma 2.4 Let suppose
(a)

J2(02, 01) =
∑

s1s2∈E(01)

∑
t1t2∈E(02)

[d02 (t1)τ01 (s2)

+ d02 (t2)τ01 (s1)],

(b)

J ′2(02, 01) =
∑

s1s2∈E(01)

∑
t1t2 /∈E(02)

[d02 (t1)τ01 (s2)

+ d02 (t2)τ01 (s1)].

Lemma 2.5: Let suppose
(a)

J3(01, 02) =
∑

s1s2∈E(01)

∑
t1t2∈E(02)

[d01 (s1)d02 (t1)

+ d01 (s2)d02 (t2)],

(b)

J ′3(01, 02) =
∑

s1s2∈E(01)

∑
t1t2 /∈E(02)

[d01 (s1)d02 (t1)

+ d01 (s2)d02 (t2)].

FIGURE 3. (a)P2,P3,P4 are simple networks of alkanes and (b)P2,P3,P4
are Lewis networks of alkanes.

FIGURE 4. Lewis networks of (a) Methane, (b) Ethane and (c) Propane.

Lemma 2.6: Let suppose
(a)

J4(02, 01) =
∑

s1s2∈E(01)

∑
t1t2∈E(02)

[d02 (t1)τ01 (s1)

+ d02 (t2)τ01 (s2)],

(b)

J ′4(02, 01) =
∑

s1s2∈E(01)

∑
t1t2 /∈E(02)

[d02 (t1)τ01 (s1)

+ d02 (t2)τ01 (s2)].

Lemma 2.7: Let suppose
(a)

JC1(01, 02) =
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

×[d01 (s1)d02 (t2)+ d01 (s2)d02 (t1)],

(b)

JC2(02, 01) =
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

×[d02 (t1)τ01 (s2)+ d02 (t2)τ01 (s1)].

Lemma 2.8: Let suppose
(a)

JC3(01, 02) =
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

×[d01 (s1)d02 (t1)+ d01 (s2)d02 (t2)],

(b)

JC4(02, 01) =
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

×[d02 (t1)τ01 (s1)+ d02 (t2)τ01 (s2)].
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FIGURE 5. (a) The Lewis networks of ethene and propene, (b) The Lewis
networks of butene and pentene.

III. UNDER STUDY MOLECULAR-NETWORKS
Under study molecular networks are defined as follows:

• The saturated hydrocarbon compounds are called alka-
nes which are also the simplest organic compounds
obtained single bound between carbon atoms. It means
single covalent bounds lies between carbon atoms which
shares pair of electrons. Figure 3 shows its simple and
Lewis networks. Methane (CH4), ethane (H3C − CH3)
and propane (H3C − CH2 − CH3) are few exam-
ples of alkanes and their Lewis networks are shown in
Figure 4. CnH2n+2 is the general formula of this alkane
series. A general formula gives us to encrypt a series of
molecules that alter to each other by a constant unit. For
example, let us look again propane (C3H8), where n rep-
resents 3 carbon atoms of propane. Then, C3H2(3)+2 =

C3H8. Using this, we can easily find the macular for-
mula for other alkanes e.g. Decane (H3C(CH2)8CH3),
an alkane has 10 carbon atoms. So, C10H22 is chemical
formula of decane. Let us look now another molecular
series that is alkenes which are unsaturated, so they con-
tain double covalent bond between two carbon atoms.
The some examples of alkenes are ethene, propene,
butene & pentene and their Lewis networks are shown
in Figure 5. CnH2n is the general formula of this alkene
series. For example, the chemical formula of decene is
C10H20 if n = 10 carbon atoms.

• In Chemistry, cyclic compounds are molecules obtained
to each other by atom bond connection and form a
ring network. Organic cyclic compounds are found
when the ring consists of carbon atoms only. On the
symmetric way, inorganic compounds are found when
the ring consists of non-carbon atoms. They can be
divided into two classes as homocyclic and hete-
rocyclic compounds. The cyclo organic compounds
are formed into small, medium and large according
to their carbon atoms [1 to 5], [6 to 10] and [11
to on wards] respectively. CnH2n denotes the gen-
eral formula of cyclic compounds. The examples of
cyclic compounds which are homocyclic and hete-
rocyclic compounds that are given in the form of
sets {Cyclopropane, cyclobutane, cyclopentane etc.}
and {pyrol, thiophene, pyridine etc.} respectively.

FIGURE 6. (a) The Lewis network of ’cyclopropane, cyclobutane,
cyclopentane and cyclohexane’, (b) The Lewis network of ’pyrol,
thiophene and pyridine’.

Moreover, the Lewis networks of these cyclic com-
pounds are depicted in the Figure 6.

IV. USES AND SIGNIFICANCE FOR PRODUCT OF
NETWORKS
The graphs operations especially products of networks play
an important role in the studies of complex structures related
to chemistry and computer science [2], [4]. In particular, it is
well known fact that many chemical graph structures can
be molded from simple networks via product-related oper-
ations on networks. For detail study, see [41] and [42]. More-
over, molecular-networks such as fence and closed fence are
formed by the lexicographic and strong product of paths and
cycles. Khalifeh et al. [43] and Ashrafi et al. [32] studied
different results of classical Zagreb indices and coindices via
product of networks. So, the graphs operations have become
a vast field of research in CGT because of its useful applica-
tions in various disciplines of science i.e. chemo-informatics
(combination of three subjects mathematics, chemistry and
informatics), pharmaceutical industries and drug discovery
labs. The following are some important significance related
to product of networks discussed below:

• Topological indices (TIs) are numeric values which
correlate the chemical structures with its several chem-
ical reactions, physical properties and biological exper-
iments under various product of networks. So, they are
used in nano-technology in isomer, chemistry, biochem-
istry, organic compounds, pharmaceutical industries,
crystallinematerials andmostly applied in QSAR/QSPR
([13], [44]).

• The product of networks are mostly used in CGT for
chemical structures such as carbonnano tube, bottle-
neck graph, linear polyomino chain, fence, closed fence,
alkane and cyclohexane ( [1], [8], [13], [45]).

• The product of networks are also used in mathematics,
chemistry as well as computer science. Model for link-
ing computers are defined by Cartesian product. For the
modeling of this model, we synchronize Hamiltonian
paths and cycles in the network ( [46]).
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• Several drug structures have been determined by apply-
ing the product of networks i.e. Zig-Zag chain is used in
the field of pharmacy engineering ( [47]).

• Moreover, in the treatment of pandemic virus
COVID-19, we can use two TIs sum-connectivity index
and ZI to investigate the topological polar surface area
and the molecular weight of phytochemical ( [48]).

• Recently, corona product have been directly used in
chemistry to make chemical structures such as alkanes,
alkenes, cycloalkane and cycloalkenes ( [1]).

V. RESULTS FOR MODIFIED INDICES
This section contains the general results for the modified
second ZCI (ZC∗2 ) and modified third ZCI (ZC∗3 ) on product
of molecular-networks i.e. lexicographic product and corona
product.
Theorem 4.1: Let 01 and 02 be two connected graphs.

Then, ZC∗2 and ZC∗3 of the composition or lexicographic
product (01 · 02) of 01 and 02 are as follows:
(a)

ZC∗2 (01 · 02)

≤ p22(p2 + 2q2 + δ2)ZC∗2 (01)+ 2p2(p2 + 1)

×q2ZC∗1 (01)− 2(p1 + 2q1)M2(02)

+ p2[p2(p2 − 1)− 2q2 + 2

×(p2 − 1)q2 + (p2 − 1)δ2]M1(01)

+ [2q1(p2 − 2)+ p1(p2 − 1)

− 4p2q1]M1(02)+ p2M1(01)M1(02)+ 4(p22 − 1)q1q2

− 2q1M̄2(02)+ (p2 − 1)q1M̄1(02)

− 2p2J1(01, 02)+ 2p2

×J2(02, 01)− p2J ′1(01, 02)+ p2J
′

2(02, 01),

(b)

ZC∗3 (01 · 02)

≤ p22(p2 + 2q2 + δ2)ZC∗3 (01)+ 2p2(p2 + 1)

×q2ZC∗1 (01)− (p1 + 2q1)M3(02)

+ [p2(p2 − 1)(p2 + 2q2 + δ2)

− 2p2q2]M1(01)+ [(p2 − 1)(p1 + 2q1)

− 2(2p2 + 1)q1]M1(02)

+ p2M1(01)M1(02)+ 4(p22 − 1)q1q2 − q1F̄(02)

+ (p2 − 1)q1
×M̄1(02)− 2p2J3(01, 02)+ 2p2J4(02, 01)

− p2J ′3(01, 02)+ p2J
′

4(02, 01).

Proof (a):
For s ∈ V (01), t ∈ V (02) and (s, t) ∈ V (01 · 02), we have
• d01·02 (s, t) = p2d01 (s)+ d02 (t),
• τ01·02 (s, t) = p2τ01 (s)+d0̄2 (t) = p2τ01 (s)+ (p2−1)−
d02 (t).

ZC∗2 (01 · 02)

=

∑
(s1,t1)(s2,t2)∈E(01·02)

[d01·02 (s1, t1)

×τ01·02 (s2, t2)+ d01·02 (s2, t2)τ01·02 (s1, t1)]

=

∑
s∈V (01)

∑
t1t2∈E(02)

[d(s, t1)τ (s, t2)+ d(s, t2)τ (s, t1)]

+

∑
t∈V (02)

∑
s1s2∈E(01)

[d(s1, t)τ (s2, t)+ d(s2, t)τ (s1, t)]

+

∑
s1s2∈E(01)

∑
t1t2∈E(02)

[d(s1, t1)τ (s2, t2)+ d(s2, t2)

×τ (s1, t1)]+
∑

s1s2∈E(01)

∑
t1t2 /∈E(02)

[d(s1, t1)τ (s2, t2)

+ d(s2, t2)τ (s1, t1)]

Taking∑
s∈V (01)

∑
t1t2∈E(02)

[d(s, t1)τ (s, t2)+ d(s, t2)τ (s, t1)]

=

∑
s∈V (01)

∑
t1t2∈E(02)

[{p2d01 (s)+ d02 (t1)}{p2τ01 (s)

+ (p2 − 1)− d02 (t2)} + {p2d01 (s)+ d02 (t2)}{p2τ01 (s)

+ (p2 − 1)− d02 (t1)}]

=

∑
s∈V (01)

∑
t1t2∈E(02)

[p22d01 (s)τ01 (s)+ p2(p2 − 1)d01 (s)

− p2d01 (s)d02 (t2)+ p2d02 (t1)τ01 (s)+ (p2 − 1)d02 (t1)

− d02 (t1)d02 (t2)+ p
2
2d01 (s)τ01 (s)+ p2(p2 − 1)d01 (s)

− p2d01 (s)d02 (t1)+ p2d02 (t2)τ01 (s)+ (p2 − 1)d02 (t2)

− d02 (t1)d02 (t2)]

= 2p22q2ZC
∗

1 (01)+ 4p2(p2 − 1)q1q2 − 2p2q1M1(02)+ p2
×M1(02)[M1(01)− 2q1]+ p1(p2 − 1)M1(02)

− 2p1M2(02).

Also taking∑
s1s2∈E(01)

∑
t1t2 /∈E(02)

[d(s1, t1)τ (s2, t2)+ d(s2, t2)τ (s1, t1)]

≤

∑
s1s2∈E(01)

∑
t1t2 /∈E(02)

[{p2d01 (s1)+ d02 (t1)}{p2τ01 (s2)

+ (p2 − 1)− d02 (t2)} + {p2d01 (s2)+ d02 (t2)}{p2τ01 (s1)

+ (p2 − 1)− d02 (t1)}]

=

∑
s1s2∈E(01)

∑
t1t2 /∈E(02)

[p22d01 (s1)τ01 (s2)+ p2(p2 − 1)

×d01 (s1)− p2d01 (s1)d02 (t2)

+ p2d02 (t1)τ01 (s2)+ (p2 − 1)

×d02 (t1)− d02 (t1)d02 (t2)

+ p22d01 (s2)τ01 (s1)+ p2(p2 − 1)

×d01 (s2)− p2d01 (s2)d02 (t1)

+ p2d02 (t2)τ01 (s1)+ (p2 − 1)

×d02 (t2)− d02 (t1)d02 (t2)]
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Using Lemmas’ 2.3 & 2.4 and suppose that∑
t1t2 /∈E(02)

= p2(p2 − 1)− 2q2 = δ2
= p22δ2ZC

∗

2 (01)+ p2(p2 − 1)δ2M1(01)− p2J ′1(01, 02)

+ p2J ′2(02, 01)+ (p2 − 1)q1M̄1(02)− 2q1M̄2(02).

Similarly,∑
t∈V (02)

∑
s1s2∈E(01)

[d(s1, t)τ (s2, t)+ d(s2, t)τ (s1, t)]

=

∑
s∈V (01)

∑
t1t2∈E(02)

[{p2d01 (s1)+ d02 (t)}{p2τ01 (s2)

+ (p2 − 1)− d02 (t)} + {p2d01 (s2)+ d02 (t)}{p2τ01 (s1)

+ (p2 − 1)− d02 (t)}]

= p32ZC
∗

2 (01)+p
2
2(p2 − 1)M1(01)−2p2q2M1(01)+ 2p2q2

×ZC∗1 (01)+ 4(p2 − 1)q1q2 − 2q1M1(02).

And∑
s1s2∈E(01)

∑
t1t2∈E(02)

[d(s1, t1)τ (s2, t2)+ d(s2, t2)τ (s1, t1)]

≤ 2
∑

s1s2∈E(01)

∑
t1t2∈E(02)

[{p2d01 (s1)+ d02 (t1)}{p2τ01 (s2)

+ (p2 − 1)− d02 (t2)} + {p2d01 (s2)+ d02 (t2)}{p2τ01 (s1)

+ (p2 − 1)− d02 (t1)}]

Using Lemmas’ 2.3 & 2.4, we have

= 2p22q2ZC
∗

2 (01)+ 2p2(p2 − 1)q2M1(01)− 2p2J1(01, 02)

+2p2J2(02, 01)+ 2(p2 − 1)q1M1(02)− 4q1M2(02).

Consequently,

ZC∗2 (01 · 02)

≤ p22(p2 + 2q2 + δ2)ZC∗2 (01)+ 2p2(p2 + 1)

×q2ZC∗1 (01)− 2(p1 + 2q1)M2(02)

+ p2[p2(p2 − 1)− 2q2 + 2

×(p2 − 1)q2 + (p2 − 1)δ2]M1(01)

+ [2q1(p2 − 2)+ p1(p2 − 1)

− 4p2q1]M1(02)+ p2M1(01)M1(02)+ 4(p22 − 1)q1q2
− 2q1M̄2(02)+ (p2 − 1)q1M̄1(02)

− 2p2J1(01, 02)+ 2p2
×J2(02, 01)− p2J ′1(01, 02)+ p2J

′

2(02, 01).

Proof (b):

ZC∗3 (01 · 02)

=

∑
(s1,t1)(s2,t2)∈E(01·02)

[d01·02 (s1, t1)

×τ01·02 (s1, t1)+ d01·02 (s2, t2)τ01·02 (s2, t2)]

=

∑
s∈V (01)

∑
t1t2∈E(02)

[d(s, t1)τ (s, t1)+ d(s, t2)τ (s, t2)]

+

∑
t∈V (02)

∑
s1s2∈E(01)

[d(s1, t)τ (s1, t)+ d(s2, t)τ (s2, t)]

+

∑
s1s2∈E(01)

∑
t1t2∈E(02)

[d(s1, t1)τ (s1, t1)+ d(s2, t2)

×τ (s2, t2)]+
∑

s1s2∈E(01)

∑
t1t2 /∈E(02)

[d(s1, t1)τ (s1, t1)

+ d(s2, t2)τ (s2, t2)]

Taking∑
s∈V (01)

∑
t1t2∈E(02)

[d(s, t1)τ (s, t1)+ d(s, t2)τ (s, t2)]

=

∑
s∈V (01)

∑
t1t2∈E(02)

[{p2d01 (s)+ d02 (t1)}{p2τ01 (s)

+ (p2 − 1)− d02 (t1)} + {p2d01 (s)+ d02 (t2)}{p2τ01 (s)

+ (p2 − 1)− d02 (t2)}]

Similarly,

= 2p22q2ZC
∗

1 (01)+ 4p2(p2 − 1)q1q2 − 2p2q1M1(02)+ p2
×M1(02)[M1(01)− 2q1]

+ p1(p2 − 1)M1(02)− p1M3(02).

Also taking∑
s1s2∈E(01)

∑
t1t2 /∈E(02)

[d(s1, t1)τ (s1, t1)+ d(s2, t2)τ (s2, t2)]

≤

∑
s1s2∈E(01)

∑
t1t2 /∈E(02)

[{p2d01 (s1)+ d02 (t1)}{p2τ01 (s1)

+ (p2 − 1)− d02 (t1)} + {p2d01 (s2)+ d02 (t2)}{p2τ01 (s2)

+ (p2 − 1)− d02 (t2)}].

Using Lemmas’ 2.5 & 2.6, we have

= p22δ2ZC
∗

3 (01)+ p2(p2 − 1)δ2M1(01)− p2J ′3(01, 02)

+p2J ′4(02, 01)+ (p2 − 1)q1M̄1(02)− q1F̄(02).

Similarly,∑
t∈V (02)

∑
s1s2∈E(01)

[d(s1, t)τ (s1, t)+ d(s2, t)τ (s2, t)]

= p32ZC
∗

3 (01)+ p
2
2(p2 − 1)M1(01)− 2p2q2M1(01)

+ 2p2q2ZC∗1 (01)+ 4(p2 − 1)q1q2 − 2q1M1(02).

And∑
s1s2∈E(01)

∑
t1t2∈E(02)

[d(s1, t1)τ (s1, t1)+ d(s2, t2)τ (s2, t2)]

≤ 2
∑

s1s2∈E(01)

∑
t1t2∈E(02)

[{p2d01 (s1)+ d02 (t1)}{p2τ01 (s1)

+ (p2 − 1)− d02 (t1)} + {p2d01 (s2)+ d02 (t2)}{p2τ01 (s2)

+ (p2 − 1)− d02 (t2)}]

Using Lemmas’ 2.5 & 2.6, we have,

= 2p22q2ZC
∗

3 (01)+ 2p2(p2 − 1)q2M1(01)− 2p2J3(01, 02)

+2p2J4(02, 01)+ 2(p2 − 1)q1M1(02)− 2q1M3(02).
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Consequently,

ZC∗3 (01 · 02)

≤ p22(p2 + 2q2 + δ2)ZC∗3 (01)+ 2p2(p2 + 1)

×q2ZC∗1 (01)− (p1
+ 2q1)M3(02)+ [p2(p2 − 1)(p2 + 2q2 + δ2)

− 2p2q2]M1(01)+ [(p2 − 1)(p1 + 2q1)

− 2(2p2 + 1)q1]M1(02)

+ p2M1(01)M1(02)+ 4(p22 − 1)q1q2
− q1F̄(02)+ (p2 − 1)q1
×M̄1(02)− 2p2J3(01, 02)

+2p2J4(02, 01)− p2J ′3(01, 02)

+ p2J ′4(02, 01).

Theorem 4.2: Let 01 and 02 be two connected and
{C3,C4}− free graphs. Then, ZC∗2 and ZC∗3 of the corona
product of G1 and G2 are as follows:

(a)

ZC∗2 (01 � 02)

= ZC∗2 (01)+ p2ZC
∗

1 (01)+ 2p2M2(01)

− 2p1M2(02)+ (p22 + 2p2
+ 2q2)M1(01)+ [p1(p2 − 1)− p1
+ 2q1]M1(02)+ p1p22(p2 − 1)+ 2p2(3p2 − 2)q1−2p1q2
+ 4(p2 − 1)q1q2,

(b)

ZC∗3 (01 � 02)

= ZC∗3 (01)+ 2p2ZC∗1 (01)+ p2M3(01)

− p1M3(02)+ 3p22M1(01)+ (p1p2 − 3p1 + 2q1)M1(02)

+ p1p2(p2 − 1)+ 2p2(p22 − p2 + 1)q1
+ 2p1(2p2 − 3)q2 + 8q1q2.

Proof (a):
If for any t ∈ V (01 � 02) either t ∈ V (01) or t ∈ V (0i2),

where 1 6 i 6 p1 and we have
• Case(I): If t ∈ V (01), then d01�02 (t) = d01 (t)+ p2,
Case(II): If t ∈ V (0i2),then d01�02 (t) = d0i2

(t)+ 1.
• Case(I): If t ∈ V (01), then
τ01�02 (t) = τ01 (t)+ n2d01 (t),
Case(II): If t ∈ V (0i2),then
τ01�02 (t) = (p2 − 1)− d0i2

(t)+ d01 (ti).

ZC∗2 (01 � 02)

=

∑
st∈E(01�02)

[d(01�02)(s)τ(01�02)(t)

+ d(01�02)(t)τ(01�02)(s)]

=

∑
st∈E(01�02)
s,t∈V (01)

[d01 (s)τ01 (t)+ d01 (t)τ01 (s)]

+

∑
st∈E(01�02)
s,t∈V (02)

[d02 (s)τ02 (t)+ d02 (t)τ02 (s)]

+

∑
st∈E(01�02)

s∈V (01)∧t∈V (02)

[d01 (s)τ02 (t)+ d02 (t)τ01 (s)].

Taking∑
st∈E(01�02)
s,t∈V (01)

[d01 (s)τ01 (t)+ d01 (t)τ01 (s)]

=

∑
st∈E(01)

[{d01 (s)+ p2}{τ01 (t)+ p2d01 (t)} + {d01 (t)+ p2}

×{τ01 (s)+ p2d01 (s)}]

=

∑
st∈E(01)

[d01 (s)τ01 (t)+ p2d01 (s)d01 (t)+ p2τ01 (t)+ p
2
2

×d01 (t)+ d01 (t)τ01 (s)+ p2d01 (s)d01 (t)+ p2τ01 (s)

+ p22d01 (s)]

= ZC∗2 (01)+ 2p2M2(01)+ p2ZC∗1 (01)+ p
2
2M1(01).

Also taking∑
st∈E(01�02)
s,t∈V (02)

[d02 (s)τ02 (t)+ d02 (t)τ02 (s)]

=

n1∑
i=1

∑
st∈E(0i2)

[{(d0i2
(s)+ 1}{(p2 − 1)− d0i2

(t)+ d01 (si)}

+ {(d0i2
(t)+ 1}{(p2 − 1)]− d0i2

(s)+ d01 (si)}

=

p1∑
i=1

[(p2 − 1)M1(02)− 2M2(02)+ d01 (ti)M1(02)+ 2q2

×(p2 − 1)−M1(02)+ 2q2d01 (ti)]

= p1(p2 − 1)M1(02)− 2p1M2(02)+ 2q1M1(02)+ 2p1
×(p2 − 1)q2 − p1M1(02)+ 4q1q2.

Again taking∑
st∈E(01�02)

s∈V (01)∧t∈V (02)

[d01 (s)τ02 (t)+ d02 (t)τ01 (s)]

=

p1∑
i=1

∑
t∈V (0i2)

[{d01 (si)+ p2}{(p2 − 1)− d0i2
(t)+ d01 (si)}

+ {d0i2
(t)+ 1}{τ01 (si)+ p2d01 (si)}]

= 2p2(p2 − 1)q1 − 4q1q2 + p2M1(01)

+ p1p22(p2 − 1)− 2p1p2q2
+ 4p22q1 + 2q2[M1(01)− 2q1]

+ 4p2q1q2 + p2[M1(01)− 2q1].

Consequently,

ZC∗2 (01 � 02)

= ZC∗2 (01)+ p2ZC
∗

1 (01)+ 2p2M2(01)

− 2p1M2(02)+ (p22 + 2p2 + 2q2)M1(01)

+ [p1(p2 − 1)− p1
+ 2q1]M1(02)+ p1p22(p2 − 1)+2p2(3p2 − 2)q1 − 2p1q2
+ 4(p2 − 1)q1q2.
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Proof (b):

ZC∗3 (01 � 02)

=

∑
st∈E(01�02)

[d(01�02)(s)τ(01�02)(s)

+ d(01�02)(t)τ(01�02)(t)]

=

∑
st∈E(01�02)
s,t∈V (01)

[d01 (s)τ01 (s)+ d01 (t)τ01 (t)]

+

∑
st∈E(01�02)
s,t∈V (02)

[d02 (s)τ02 (s)+ d02 (t)τ02 (t)]

+

∑
st∈E(01�02)

s∈V (01)∧t∈V (02)

[d01 (s)τ01 (s)+ d02 (t)τ02 (t)].

Taking ∑
st∈E(01�02)
s,t∈V (01)

[d01 (s)τ01 (s)+ d01 (t)τ01 (t)]

=

∑
st∈E(01)

[{d01 (s)+ p2}{τ01 (s)+ p2d01 (s)}

+ {d01 (t)+ p2}{τ01 (t)+ p2d01 (t)}]

= ZC∗3 (01)+ p2M3(01)+ p2ZC∗1 (01)+ p
2
2M1(01).

Also taking∑
st∈E(01�02)
s,t∈V (02)

[d02 (s)τ02 (s)+ d02 (t)τ02 (t)]

=

p1∑
i=1

∑
st∈E(0i2)

[{(d0i2
(s)+ 1}{(p2 − 1)− d0i2

(s)+ d01 (si)}

+ {(d0i2
(t)+ 1}{(p2 − 1)]− d0i2

(t)+ d01 (si)}

= p1(p2 − 1)M1(02)− p1M3(02)+ 2q1M1(02)+ 2p1
×(p2 − 1)q2 − p1M1(02)+ 4q1q2.

Again taking∑
st∈E(01◦02)

s∈V (01)∧t∈V (02)

[d01 (s)τ01 (s)+ d02 (t)τ02 (t)]

=

n1∑
i=1

∑
t∈V (0i2)

[{d01 (si)+ p2}{τ01 (si)+ p2d01 (si)}

+ {d0i2
(t)+ 1}{(p2 − 1)− d0i2

(t)+ d01 (si)}]

= p2ZC∗1 (01)+ p
2
2M1(01)+ p22[M1(01)− 2q1]+ 2p32q1

+ 2p1(p2 − 1)q2 − p1M1(02)+ 4q1q2 + p1p2(p2 − 1)

− 2p1q2 + 2p2q1.

Consequently,

ZC∗3 (01 � 02)

= ZC∗3 (01)+ 2p2ZC∗1 (01)+ p2M3(01)

− p1M3(02)+ 3p22M1(01)+ (p1p2 − 3p1 + 2q1)M1(02)

+ p1p2(p2 − 1)+ 2p2(p22 − p2 + 1)q1
+ 2p1(2p2 − 3)q2 + 8q1q2.

VI. RESULTS FOR MODIFIED COINDICES
This section contains the general results for the modified
first ZCCI (MZ̄C1) and modified second ZCCI (MZ̄C2) on
product of molecular-networks i.e. lexicographic product and
corona product.
Theorem 5.1: Let 01 and 02 be two connected and
{C3,C4}− free graphs. Then, MZ̄C1 and MZ̄C2 of the com-
position or lexicographic product (01 · 02) of 01 and 02 are
as follows:

(a)

MZ̄C1(01 · 02)

= 2p22µ2ZC∗1 (01)+ p
2
2(p2 + 2µ2)

×MZ̄C1(01)+ 2p2q2Z̄C1(01)− 2(p1 + 2µ1)M̄2(02)

+ [p2(p2 − 1)(p2 + 2µ2)− 2p2q2]M̄1(01)

+ [p2(M1(01)− 4q1)

+ (p2 − 1)(p1 + 2µ1)]M̄1(02)− 2µ1M1(02)+4(p2 − 1)

×(p2q1µ2 + q2µ1)−2p2JC1(01, 02)+ 2p2JC2(02, 01),

(b)

MZ̄C2(01 · 02)

= 2p22µ2ZC∗1 (01)+ p
2
2(p2 + 2µ2)

×MZ̄C2(01)+ 2p2q2Z̄C1(01)− (p1 + 2µ1)F̄(02)

+ [p2(p2 − 1)(p2 + 2µ2)− 2p2q2]M̄1(01)

+[p2(M1(01)− 4q1)

+ (p2 − 1)(p1 + 2µ1)]M̄1(02)−2µ1M1(02)+4(p2 − 1)

×(p2q1µ2 + q2µ1)− 2p2JC3(01, 02)+2p2JC4(02, 01).

Proof (a):

MZ̄C1(01 · 02)

=

∑
(s1,t1)(s2,t2)/∈E(01·02)

[d01·02 (s1, t1)

×τ01·02 (s2, t2)+ d01·02 (s2, t2)τ01·02 (s1, t1)]

=

∑
s∈V (01)

∑
t1t2 /∈E(02)

s1=s2

[d(s, t1)τ (s, t2)+ d(s, t2)τ (s, t1)]

+

∑
t∈V (02)

∑
s1s2 /∈E(01)

t1=t2

[d(s1, t)τ (s2, t)+ d(s2, t)τ (s1, t)]

+

∑
s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

[d(s1, t1)τ (s2, t2)+ d(s2, t2)

×τ (s1, t1)]+
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1�t2

[d(s1, t1)τ (s2, t2)

+ d(s2, t2)τ (s1, t1)]

Taking∑
s∈V (01)

∑
t1t2 /∈E(02)

s1=s2

[d(s, t1)τ (s, t2)+ d(s, t2)τ (s, t1)]

=

∑
s∈V (01)

∑
t1t2 /∈E(02)

s1=s2

[{p2d01 (s)+ d02 (t1)}{p2τ01 (s)
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+ (p2 − 1)− d02 (t2)} + {p2d01 (s)+ d02 (t2)}{p2τ01 (s)

+ (p2 − 1)− d02 (t1)}]

Similarly,

= 2p22µ2ZC∗1 (01)+ 4p2(p2 − 1)q1µ2 − 2p2q1M̄1(02)+ p2
×[M1(01)− 2q1]M̄1(02)

+ p1(p2 − 1)M̄1(02)− 2p1M̄2(02).

Also taking∑
t∈V (02)

∑
s1s2 /∈E(01)

t1=t2

[d(s1, t)τ (s2, t)+ d(s2, t)τ (s1, t)]

=

∑
t∈V (02)

∑
s1s2 /∈E(01)

t1=t2

[{p2d01 (s1)+ d02 (t)}{p2τ01 (s2)

+ (p2 − 1)− d02 (t)} + {p2d01 (s2)+ d02 (t)}{p2τ01 (s1)

+ (p2 − 1)− d02 (t)}]

Similarly,

= p32MZ̄C1(01)+ p22(p2 − 1)M̄1(01)− 2p2q2M̄1(01)

+2p2q2Z̄C1(01)+ 4(p2 − 1)q2µ1 − 2µ1M1(02).

Again taking∑
s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

[d(s1, t1)τ (s2, t2)

+ d(s2, t2)τ (s1, t1)]

= 2
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

[{p2d01 (s1)+ d02 (t1)}

×{p2τ01 (s2)+ (p2 − 1)− d02 (t2)}

+{p2d01 (s2)+ d02 (t2)}

×{p2τ01 (s1)+ (p2 − 1)− d02 (t1)}]

Using Lemma 2.7, we have

= 2p22µ2MZ̄C1(01)+ 2p2(p2 − 1)µ2M̄1(01)

−2p2JC1(01, 02)

+ 2p2JC2(02, 01)+ 2(p2 − 1)µ1M̄1(02)− 4µ1M̄2(02).

Further taking (Null case)

N =
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1�t2

[d(s1, t1)τ (s2, t2)

+ d(s2, t2)τ (s1, t1)] = 0

Consequently,

MZ̄C1(01 · 02)

= 2p22µ2ZC∗1 (01)+ p
2
2(p2 + 2µ2)

×MZ̄C1(01)+ 2p2q2Z̄C1(01)− 2(p1 + 2µ1)M̄2(02)

+ [p2(p2 − 1)(p2 + 2µ2)− 2p2q2]M̄1(01)

+[p2(M1(01)− 4q1)

+ (p2 − 1)(p1 + 2µ1)]M̄1(02)−2µ1M1(02)+4(p2 − 1)

×(p2q1µ2 + q2µ1)− 2p2JC1(01, 02)+2p2JC2(02, 01).

Proof (b):

MZ̄C2(01 · 02)

=

∑
(s1,t1)(s2,t2)/∈E(01·02)

[d01·02 (s1, t1)

×τ01·02 (s1, t1)+ d01·02 (s2, t2)τ01·02 (s2, t2)]

=

∑
s∈V (01)

∑
t1t2 /∈E(02)

s1=s2

[d(s, t1)τ (s, t1)+ d(s, t2)τ (s, t2)]

+

∑
t∈V (02)

∑
s1s2 /∈E(01)

t1=t2

[d(s1, t)τ (s1, t)+ d(s2, t)τ (s2, t)]

+

∑
s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

[d(s1, t1)τ (s1, t1)+ d(s2, t2)

×τ (s2, t2)]+
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1�t2

[d(s1, t1)τ (s1, t2)

+ d(s2, t2)τ (s2, t2)]

Taking∑
s∈V (01)

∑
t1t2 /∈E(02)

s1=s2

[d(s, t1)τ (s, t1)+ d(s, t2)τ (s, t2)]

=

∑
s∈V (01)

∑
t1t2 /∈E(02)

s1=s2

[{p2d01 (s)+ d02 (t1)}{p2τ01 (s)

+ (p2 − 1)− d02 (t1)} + {p2d01 (s)+ d02 (t2)}{p2τ01 (s)

+ (p2 − 1)− d02 (t2)}]

Similarly,

= 2p22µ2ZC∗1 (01)+ 4p2(p2 − 1)q1µ2 − 2p2q1M̄1(02)+ p2
[M1(01)− 2q1]M̄1(02)+ p1(p2 − 1)M̄1(02)− p1F̄(02).

Also taking∑
t∈V (02)

∑
s1s2 /∈E(01)

t1=t2

[d(s1, t)τ (s1, t)+ d(s2, t)τ (s2, t)]

=

∑
t∈V (02)

∑
s1s2 /∈E(01)

t1=t2

[{p2d01 (s1)+ d02 (t)}{p2τ01 (s1)

+ (p2 − 1)− d02 (t)} + {p2d01 (s2)+ d02 (t)}{p2τ01 (s2)

+ (p2 − 1)− d02 (t)}]

Similarly,

= p32MZ̄C2(01)+ p22(p2 − 1)M̄1(01)− 2p2q2M̄1(01)

+2p2q2Z̄C1(01)+ 4(p2 − 1)q2µ1 − 2µ1M1(02).

Again taking∑
s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

[d(s1, t1)τ (s1, t1)

+ d(s2, t2)τ (s2, t2)]
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= 2
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1vt2

[{p2d01 (s1)+ d02 (t1)}

×{p2τ01 (s1)+ (p2 − 1)− d02 (t1)}

+{p2d01 (s2)+ d02 (t2)}

×{p2τ01 (s2)+ (p2 − 1)− d02 (t2)}]

Using Lemma 2.8, we have

= 2p22µ2MZ̄C2(01)+ 2p2(p2 − 1)µ2M̄1(01)− 2p2
×JC3(01, 02)+ 2p2JC4(02, 01)

+2(p2 − 1)µ1M̄1(02)− 2µ1F̄(02).

Further taking (Null case)

N =
∑

s1s2 /∈E(01)
s1 6=s2∧s1vs2

∑
t1t2 /∈E(02)
t1 6=t2∧t1�t2

[d(s1, t1)τ (s1, t1)

+ d(s2, t2)τ (s2, t2)] = 0

Consequently,

MZ̄C2(01 · 02)

= 2p22µ2ZC∗1 (01)+ p
2
2(p2 + 2µ2)

×MZ̄C2(01)+ 2p2q2Z̄C1(01)− (p1 + 2µ1)F̄(02)

+ [p2(p2 − 1)(p2 + 2µ2)− 2p2q2]M̄1(01)

+[p2(M1(01)− 4q1)

+ (p2 − 1)(p1 + 2µ1)]M̄1(02)− 2µ1M1(02)+ 4(p2 − 1)

×(p2q1µ2 + q2µ1)− 2p2JC3(01, 02)+ 2p2JC4(02, 01).

Theorem 5.2: Let 01 and 02 be two connected and
{C3,C4}− free graphs. Then,MZ̄C1 andMZ̄C2 of the corona
product (G1 � G2) of 01 and 02 are as follows:
(a)

MZ̄C1(01 � 02)

= MZ̄C1(01)+ p2Z̄C1(01)+ 2

×[p2M̄2(01)− p1M̄2(02)]+ p22M̄1(01)

+ [p1(p2 − 2)+ 2q1]

×M̄1(02)+ 2µ2[p1(p2 − 1)+ 2q1],

(b)

MZ̄C2(01 � 02)

= MZ̄C2(01)+ p2Z̄C1(01)+ p2
×F̄(01)− p1F̄(02)+ p22M̄1(01)+ [p1(p2 − 2)+ 2q1]

×M̄1(02)+ 2µ2[p1(p2 − 1)+ 2q1].

Proof (a):

MZ̄C1(01 � 02)

=

∑
st /∈E(01�02)

[d01�02 (s)τ01�02 (t)

+ d01�02 (t)τ01�02 (s)]

=

∑
st /∈E(01�02)
s,t∈V (01)

[d01 (s)τ01 (t)+ d01 (t)τ01 (s)]+
∑

st /∈E(01�02)
s,t∈V (02)

×[d02 (s)τ02 (t)+ d02 (t)τ02 (s)]+
∑

st /∈E(01�02)
s∈V (01)∧t∈V (02)

×[d01 (s)τ02 (t)+ d02 (t)τ01 (s)]

Taking ∑
st /∈E(01�02)
s,t∈V (01)

[d01 (s)τ01 (t)+ d01 (t)τ01 (s)]

=

∑
st /∈E(01)

[{d01 (s)+ p2}{τ01 (t)+ p2d01 (t)}

+ {d01 (t)+ p2}{τ01 (s)+ p2d01 (s)}]

Similarly,

= MZ̄C1(01)+ 2p2M̄2(01)+ p2Z̄C1(01)+ p22M̄1(01).

Also taking∑
st /∈E(01�02)
s,t∈V (02)

[d02 (s)τ02 (t)+ d02 (t)τ02 (s)]

=

n1∑
i=1

∑
st∈E(0i2)

[{d0i2
(s)+ 1}{(p2 − 1)− d0i2

(t)+ d01 (si)}

+ {d0i2
(t)+ 1}{(p2 − 1)− d0i2

(s)+ d01 (si)}]

Similarly,

= p1(p2 − 1)M̄1(02)− 2p1M̄2(02)+ 2q1M̄1(02)+ 2p1
×(p2 − 1)µ2 − p1M̄1(02)+ 4q1µ2.

Again taking (Null case)

N =
∑

st /∈E(01�02)
s∈V (01)∧t∈V (02)

[d01 (s)τ02 (t)+ d02 (t)τ01 (s)] = 0.

Consequently,

MZ̄C1(01 � 02)

= MZ̄C1(01)+ n2Z̄C1(01)+ 2[p2M̄2(01)

− p1M̄2(02)]+ p22M̄1(01)

+ [p1(p2 − 2)+ 2q1]M̄1(02)+ 2µ2

×[p1(p2 − 1)+ 2q1].

Proof (b):

MZ̄C2(01 � 02)

=

∑
st /∈E(01�02)

[d01�02 (s)τ01�02 (s)

+ d01�02 (t)τ01�02 (t)]

=

∑
st /∈E(01�02)
s,t∈V (01)

[d01 (s)τ01 (s)+ d01 (t)τ01 (t)]+
∑

st /∈E(01�02)
s,t∈V (02)

×[d02 (s)τ02 (s)+ d02 (t)τ02 (t)]+
∑

st /∈E(01�02)
s∈V (01)∧t∈V (02)

×[d01 (s)τ02 (s)+ d02 (t)τ01 (t)]
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Taking∑
st /∈E(01�02)
s,t∈V (01)

[d01 (s)τ01 (s)+ d01 (t)τ01 (t)]

=

∑
st /∈E(01)

[{d01 (s)+n2}{τ01 (s)+ p2d01 (s)}+{d01 (t)+ p2}

×{τ01 (t)+ p2d01 (t)}]

Similarly,

= MZ̄C2(01)+ p2F̄(01)+ p2Z̄C1(01)+ p22M̄1(01).

Also taking∑
st /∈E(01�02)
s,t∈V (02)

[d02 (s)τ02 (s)+ d02 (t)τ02 (t)]

=

p1∑
i=1

∑
st∈E(0i2)

[{(d0i2
(s)+ 1}{(p2 − 1)− d0i2

(s)+ d01 (si)}

+ {(d0i2
(t)+ 1}{(p2 − 1)]− d0i2

(t)+ d01 (si)}

Similarly,

= p1(p2 − 1)M̄1(02)− p1F̄2(02)+ 2q1M̄1(02)+ 2p1
×(p2 − 1)µ2 − p1M̄1(02)+ 4q1µ2.

Again taking (Null case)

N =
∑

st /∈E(01�02)
s∈V (01)∧t∈V (02)

[d01 (s)τ02 (s)+ d02 (t)τ01 (t)] = 0.

Consequently,

MZ̄C2(01 � 02)

= MZ̄C2(01)+ p2Z̄C1(01)+ p2F̄(01)

− p1F̄(02)+ p22M̄1(01)+ [p1(p2 − 2)+ 2q1]M̄1(02)

+ 2µ2[p1(p2 − 1)+ 2q1].

VII. COMPARISONS, APPLICATIONS AND CONCLUSION
In that section, we compare modified indices and modified
coindices based on connection number for the particular
molecular networks such as fence, closed fence, alkene and
cycloalkane, see Figures (7, 9, 11, and 13), related to the
results given by Sections IV and V. We also develop the
Tables (2− 6) with the help of numerical values for modified
ZCIs (ZC∗2 ,ZC

∗

3 ) and modified ZCCs (MZ̄C1,MZ̄C2) of the
aforesaid molecular-networks. The graphical depictions for
connection based modified indices and coindices of above-
said molecular networks are also depicted in Figures (8, 10,
12 and 14). Suppose that N2 be a null network (of order 2),
P2, P3, & P5 be three particular alkanes known as paths (of
orders 2, 3 & 5) and C4 & C6 be cycles (of orders 4 & 6).
Moreover, for particular cases of main results in this section,
we compare all results with respect to upper bounds due to
{C3,C4}-not free networks and 01 and 02 are two undirected
networks.

FIGURE 7. (a) 01 ∼= P5 (b) 02 ∼= P2 and (c) Fence (P5 · P2).

TABLE 2. Fence of θ4 = Pm · Pn.

A. LEXICOGRAPHIC PRODUCT
(1) Fence: Let Pm and Pn be two particular alkanes called
by paths, then the fence (Pm · Pn) are obtained by the lexi-
cographic product of Pm and Pn. For m = 5 and n = 2, see
Figure 7.

Using Theorem 5.1, modified ZCCs (MZ̄C1 and MZ̄C2)
of fence are obtained as follows:

(i) MZ̄C1(Pm ·Pn) ≤ 8mn3−16mn−8n2−4n+16m+16,
(ii) MZ̄C2(Pm · Pn) ≤ 8mn3 − 16mn+ 2n3 − 8n2 − 4n+

16m+ 16.
Using Theorem 4.1, modified ZCIs (ZC∗2 and ZC∗3 ) of

fence are as follows:
(i) ZC∗2 (Pm ·Pn) ≤ 12mn4+8mn3−48mn−28n4−18n3+

48n+ 40m− 32,
(ii) ZC∗3 (Pm · Pn) ≤ 12mn4 + 8mn3 − 66mn − 28n4 −

18n3 + 60n+ 76m− 56.
Table 2 and Figure 8 depict the numerical and graphical

behaviours for the modified ZCIs and modified ZCCs of
fence using values m = n.
(2) Closed fence: LetCm and Pn be a cycle and a particular

alkane called by path, then the closed fence (Cm · Pn) are
obtained by the lexicographic product of Cm and Pn. For
m = 4 and n = 2, see Figure 9.
Using Theorem 5.1, modified ZCCs (MZ̄C1 and MZ̄C2)

of closed fence are obtained as follows:
(i) MZ̄C1(Cm·Pn) ≤ 4mn3−14mn−8n2+32n+16m−32,
(ii) MZ̄C2(Cm·Pn) ≤ 4mn3−14mn−8n2+32n+16m−32.
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FIGURE 8. Fence of θ4 = Pm · Pn with respect to Table 2 for connection
based modified indices and coindices.

FIGURE 9. (a) 01 ∼= C4 (b) 02 ∼= P2 and (c) Closedfence (C4 · P2).

TABLE 3. Closed fence of θ5 = Cm · Pn.

Using Theorem 4.1, modified ZCIs (ZC∗2 and ZC∗3 ) of closed
fence are as follows:

(i) ZC∗2 (Cm · Pn) ≤ 8mn4 + 4mn3 − 48mn+ 40m,
(ii) ZC∗3 (Cm · Pn) ≤ 8mn4 + 4mn3 − 66mn+ 76m.

Table 3 and Figure 10 depict the numerical and graphical
behaviours for the modified ZCIs and modified ZCCs of
closed fence using values m = n.

B. CORONA PRODUCT
(3) Alkene (C3H6) : Let Pm and Nn be a particular alkene
called by paths and a null graph, then the alkenes (Pm �
Nn) are obtained by the corona product of Pm and Nn. For
arbitrary n = 2, n = 3 and m > 0 yield equivalence

FIGURE 10. Closed fence of θ5 = Cm · Pn with respect to Table 3 for
connection based modified indices and coindices.

FIGURE 11. (a) 01 ∼= P3 (b) 02 ∼= N2 and (c) Alkene (P3 � N2 ∼ C3H6).

TABLE 4. Alkanes of θ6 = Pm � Nn.

alkenes and alkanes chemical networks, respectively. Any
other sense liked as n > 3, we see their is no chemical shape
of compounds with the help of corona product. So, we make
alkene (P3 � N2) for m = 3 and n = 2, see Figure 11.
Using Theorem 5.2, modified ZCCs (MZ̄C1 and MZ̄C2)

of alkanes are obtained as follows:
(i) MZ̄C1(Pm � Nn) ≤ mn2 + 3mn− n2 − 5n+ m− 1,
(ii) MZ̄C2(Pm � Nn) ≤ mn2 + 2mn− n2 − 2n+ m− 1.
Using Theorem 4.2, modified ZCIs (ZC∗2 and ZC∗3 ) of

alkanes are as follows:
(i) ZC∗2 (Pm�Nn) ≤ mn

3
+9mn2+16mn−12n2−34n+

m+ 1,
(ii) ZC∗3 (Pm � Nn) ≤ 2mn3 + 11mn2 + 17mn − 2n3 −

16n2 − 36n+ 8m− 22.
Table 4 and Figure 12 depict the numerical and graphical

behaviours for the modified ZCIs and modified ZCCs of
alkanes using values m = n.
(7) Cyclohexane (C6H12): Let Cm and Nn be a cycle and

a null graph, then Cycloalkanes (Cm � Nn) are obtained by
the corona product of Cm and Nn. For arbitrary n = 1,
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FIGURE 12. Alkanes of θ6 = Pm � Nn with respect to Table 4 for
connection based modified indices and coindices.

FIGURE 13. (a) 01 ∼= C6 (b) 02 ∼= N2 & (c) Cycloalkanes (C6�N2 ∼= C6H12).

TABLE 5. Cyclohenane of θ7 = Cm � Nn.

n = 2 and m > 0 yield equivalence cycloalkenes and
cycloalkanes chemical networks, respectively. Any other
sense liked as n > 2, we see their is no chemical shape of
compounds with the help of corona product. So, we make
Cycloalkanes (C6�N2) for m = 6 and n = 2, see Figure 13.
Using Theorem 5.2, modified ZCCs (MZ̄C1 and MZ̄C2)

of cycloalkanes are obtained as follows:
(i) MZ̄C1(Cm � Nn) ≤ 6mn2 + 18mn+ 12m,
(ii) MZ̄C2(Cm � Nn) ≤ 6mn2 + 18mn+ 12m.
Using Theorem 4.2, modified ZCIs (ZC∗2 and ZC∗3 ) of

cycloalkanes are as follows:
(i) ZC∗2 (Cm � Nn) ≤ mn

3
+ 9mn2 + 16mn+ 8m,

(ii) ZC∗3 (Cm � Nn) ≤ 2mn3 + 11mn2 + 17mn+ 8m.

FIGURE 14. Cycloalkanes of θ7 = Cm ◦ Nn with respect to Table 7 for
connection based modified indices and coindices.

TABLE 6. Particular numeric values for the obtained results of different
molecular-networks.

FIGURE 15. Comparisons of molecular-networks with respect to Table 6
for connection-based modified indices and coindices.

FIGURE 16. Comparisons of modified second ZCIs.

Table 5 and Figure 14 depict the numerical and graphical
behaviours for the modified ZCIs and modified ZCCs of
cycloalkanes using values m = n.
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FIGURE 17. Comparisons of modified third ZCIs.

FIGURE 18. Comparisons of modified first ZCCIs.

VIII. CONCLUSION
Now, from Tables 2-6 and Figures 8, 10, 12, and 14-19,
the discussion is closed with the following consequence’s
findings:

• All the modified indices and modified coindices based
on connection number of themolecular-networks (fence,
closed fence, alkene and cycloalkane) are similar with
more values in ascending order respectively as:
MZ̄C2 ≥ MZ̄C1 ≥ ZC∗3 ≥ ZC

∗

2 .
• The modified third ZCI and the modified second ZCCI
are responding steadily and quickly for increasing values
of m and n in all the molecular networks (fence, closed
fence, alkene and cycloalkane).

• In ascending order, all the modified indices and mod-
ified coindices based on connection number receive
the upward values for different values of m and n.
These general relations conclude that modified second
ZCCI attains more upper layer than other TIs in all the
molecular-networks.

• Table 6 and Figure 15 are depicted the particular com-
parisons for the obtained results of molecular-networks
such as fence, closed fence, alkene and cycloalkane.
This particular relation also concludes that modified
second ZCCI attains more upper layer as similar to all
the general relations.

• Moreover, Figures 16-19 provide the obtained results
such as modified second ZCI, modified third ZCI,
modified first ZCCI and modified second ZCC which
are also depicted the molecular-networks fence to

FIGURE 19. Comparisons of modified second ZCCIs.

cycloalkane in ascending order respectively. In addition,
we also conclude that the last molecular network which
is cycloalkane attains more upward layer than other
molecular networks for modified indices and modified
coindices based on connection number.

The resultant networks are obtained to the study of con-
nection based modified indices and coindices via some other
product of networks such as modular product, rooted product
and zig zag product.

The investigation of these molecular descriptors for
obtained from other operations of networks (subtration, addi-
tion, modular product and rooted product etc) is still open.
Conflicts of Interest: Authors declare that there is no con-

flict of interest.
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