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ABSTRACT Aiming at the formation control problem for unmanned surface vehicles under input overload
and external disturbance, a leader-follower formation control law based on input saturation and the adaptive
super-twisting algorithm was designed in this paper. Firstly, the mathematical model of underactuated
unmanned surface vehicle formation based on the leader-follower method is established, and the virtual
expected velocity is designed by the back-stepping method to improve the control accuracy of formation.
Secondly, the parametric uncertainties and unknown external disturbances in the USV’s dynamical model are
compensated by the proposed adaptive super-twisting control laws. In addition, the input saturation function
is added to the controller to avoid machine necrosis caused by input overload. Finally, Simulation results
show that the controller can roughly keep the trajectory of the USV consistent with the expected trajectory
and ensure that the input values are within the safe range, which proves the effectiveness of the method in
this paper.

INDEX TERMS Unmanned surface vehicles, multi-agent system, super-twisting algorithm, input saturation.

I. INTRODUCTION
With the rapid development of unmanned intelligent sys-
tems and the growing demand for unmanned surface
vehicles(USVs), USVs formation is gradually coming to
researchers’ minds. Due to the limitations of a single USV
operation, a single USV can not efficiently complete or even
complete complex tasks, with a small operating range and
poor fault tolerance. Scholars are currently conducting exten-
sive research on the performance of USV formations in some
special missions [1], [2], [3], [4], [5]. Multiple USVs oper-
ating at the same time can enable marine operations to be
more durable, intelligent and large-scale, becoming one of the
important development trends of future marine operations.
Meanwhile, due to the diversity of tasks and the complexity of
the external environment [6], the control performance of the
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USV formation is increasingly required, which greatly affects
the stability of the USV formation.

USVs can be mainly divided into underactuated USVs and
fully actuated USVs. The fully actuated USVs haye a lateral
swing direction control mechanism, which can provide the
lateral swing direction of power. However, considering that
most USVs are only equipped with propellers and rudders in
the transverse swing direction in practical applications, this
under-actuated system cannot be transformed into a drift-free
system. In [7], and [8], neural networks (NNs) are used to
approximate the uncertainty of the USV model and realize
the ideal formation mode. However, the problems of external
interference and input overload are not considered. In order to
solve the problem of underactuated USV formation control in
a complex external environment, a leader-follower formation
control law based on saturation safety constraints and the
adaptive super-twisting algorithm was designed in this paper,
which is more suitable for the actual application and more in
line with the genuine demand of underactuated USV.
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There have been many research achievements in improv-
ing the accuracy of formation control and maintaining the
formation state [1], [9], [10]. In [9], a Bio-Inspired Method
based on a virtual leadership strategy is proposed to ensure
the organization’s stability and reduce disturbance through
coordination transformation. By combining virtual structure
with the artificial potential field, the USV can maintain high
formation accuracy and formation change flexibility [10].
The formation control model based on deep reinforcement
learning (DRL) was constructed in [1] to promote USV to
form preset formation. However, to solve the problem that the
upper and lower bounds of the external disturbance of USVs
formation are unknown, this paper introduces the adaptive
super-twisting algorithm on the conventional formation con-
trol strategy to compensate for the external disturbance so that
the accuracy of formation control is better guaranteed.

Back-stepping control is a recursive design method with
high robustness when disturbance and uncertainty do not
meet the matching conditions, and has been widely studied
in formation control [11], [12], [13], [14], [15]. In order
to improve the robustness of the control system under
model uncertainty and environmental interference, Sun Z al.
proposed a robust adaptive trajectory tracking algorithm
based on proportional integral sliding mode control and
back-stepping technology [11]. In [12], a sliding mode con-
troller based on approach law and adaptive back-stepping
execution are designed to improve the disturbance rejection
accuracy of USV. In [13], an adaptive technique based on
back-stepping sliding mode theory is introduced to compen-
sate for model uncertainties and time-varying disturbances
of the system, which enhances the robustness of the under-
actuated USV in unknown environments. In [14], a con-
trol method combining adaptive back-stepping technique and
sliding mode is proposed to achieve a smooth transition of
formations and cope with various uncertain disturbances.
In [15], a Lyapunov-based back-stepping controller is pro-
posed to successfully achieve cooperative motion control
of multiple underwater robots in discrete data transmission.
Inspired by the above literature, this paper uses back-stepping
control in the controller’s design to improve the formation
control’s stability.

During work time, USVs are inevitably subject to exter-
nal environmental influences that interfere with the normal
operating conditions of the USVs. Therefore, how to realize
convergence of USV in finite time has been widely studied,
and finite time convergence control can achieve faster con-
vergence speed and provide higher control precision and anti-
interference ability. Among them, the adaptive super-twisting
(AST) scheme is a second-order continuous sliding mode
control algorithm with relative degrees equal to 1. When
the bound is known and smooth matching perturbations with
bounded gradients is existent, a continuous control function is
generated and the sliding variable and its derivative are driven
to zero in a finite time. It has been widely studied in academia
because of its fast convergence speed and high convergence
accuracy. [14], [15], [16], [17], [18], [19]. In order to improve

the tracking performance, Qiu B designs an im- proved fast
and super fast nonlinear sliding mode controller for nonlinear
sliding surfaces [14]. In [18], to ensure the ideal performance
of uncertain nonlinear systems, a new adaptive super-twisting
structure is designed to solve the problem of uncertain match-
ing and mismatching nonlinear systems. However, the litera-
ture above does not guarantee finite time convergence in the
upper and lower bounds of unknown systems and perturba-
tions. Adopting the adaptive algorithm enables us to eliminate
the boundary information of the lumping uncertainties. The
tracking controller in this paper adopts super-twisting control
to ensure the formation convergence of USV in finite time
under unknown initial conditions.

When the USV is working on the water surface, the control
force and control torque required by the USV may exceed
the maximum control force and control torque it can provide
when resisting external interference and achieving tracking
targets, so that the dynamic performance of the USV forma-
tion will become low, the closed-loop system may become
unstable, and it is easy to lead to collisions between USVs.
Saturation control is a safety constraint for setting upper and
lower limits on the control rate at the control terminal so that it
is within the limits that the system can withstand. Qiu B intro-
duced smoothing assistant system in tracking path to alleviate
the influence of input saturation [20]. In [21], neural net-
work minimum learning parameter method and disturbance
observer are used to compensate the unmodeled dynamic
disturbance and external disturbance respectively. In [22],
RBF network was used to approximate the input saturation of
the system, and optimization was carried out through genetic
algorithm. The safety constraint used in this paper is a con-
straint function attached to the adaptive super-twisting con-
troller, which is used to further improve the dynamic stability
of the USV formation and avoid input overload problems.

Motivated by the above discussion, we note some research
results on sliding mode control of USVs and the application
of saturation control in the presence of input saturation, which
are instructive for our research work. Unlike the controller
designed in [23] that cannot achieve finite-time convergence
and guarantee the USV’s dynamic performance in input sat-
uration when the upper and lower limits of disturbance are
unknown. Compared with existing USVs formation meth-
ods, we have the following four advantages: 1. Faster con-
vergence, higher control precision and stronger robustness.
Benefiting from the adaptive super-twisting (STW) scheme,
the USVs can maintain tracking stability and good control
accuracy despite disturbances from external factors. 2. The
boundary information is no longer needed, thanks to the adap-
tive algorithm that eliminates the lumping uncertainty. 3. Bet-
ter formation retention capability. The leader-follower control
and back-stepping method are used to improve the stability
of formation control. 4. Avoid the input overload problem.
The use of saturation control provides greater stability inUSV
formations.

The contributions in this paper are as follows. 1. To achieve
trajectory tracking under uncertainty, a controller based
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on leader-follower control and back-stepping method is
designed to improve the stability of formation control. 2. The
controller uses adaptive super-twisting control, which enables
the USV to maintain tracking stability and good control accu-
racy despite disturbances from external factors. 3. To avoid
the input overload problem, the controller uses input satura-
tion control to make the dynamic performance of the USV
formation more stable.

II. PROBLEM DESCRIPTION
The motion of USV is a compound motion in three-
dimensional space, which is composed of linear motion and
rotational motion around three coordinate axes. The motions
of the six free degrees are as follows: 1) longitudinal oscil-
lation along x-axis and transverse oscillation around x-axis;
2) transverse oscillation along y-axis and longitudinal oscil-
lation around y-axis; 3) vertical oscillation along z-axis and
bow oscillation around z-axis. Since the effects of vertical,
longitudinal and transverse oscillation can be ignored for nav-
igation on river water in this paper, the model can be simpli-
fied to a nonlinear model with three degrees of freedom. The
mathematical model is described as follow:

Define water surface coordinate system OeXeY . obxbyb is
the system coordinate system. The formation system consists
of many USVs, define the model of the ith USV:

ẋi = ui cos (ϕi)− vi sin (ϕi)
ẏi = ui sin (ϕi)+ vi cos (ϕi)
ϕ̇i = ri
MiV̇i + Ci (vi)Vi + Di (vi)Vi +1d = τi

(1)

where (xi, yi) is the coordinates of the ith USV under OeXeY .
The heading of the ith USV is respectively defined as ϕi, ui,
vi and ri are the longitudinal velocity, the transverse veloc-
ity and the bow-roll velocity of the ith USV respectively,
Vi = [ui, vi, ri]T , i = 1, 2 . . . n; τi =

[
τiu 0 τir

]T is the

control input of USV; Mi =

m11 0 0
0 m22 0
0 0 m33

 is the Cori-

olis force and centripetal acceleration matrix of the USV;

Di (vi) =

 d11 0 0
0 d22 0
0 0 d33

 is the damping matrix of the USV.

1d =
[
1du 0 1dr

]T is the unknown external disturbance.

A. FORMATION MODEL OF USVs
The leader-follower method is used to control the formation
of USVs in this paper. As shown in Figure 1, one USV in
the formation is designated as the leader. In practice, we use
the latitude and longitude information obtained by GPS to
determine the position information between USVs. L is the
distance between the two USVs, Lx and Ly are the transverse
and longitudinal distances of the two ships. By making the
actual distance L between the leader and follower close to the
expected distance Ld , we can realize the formation control of
multiple USVs.

FIGURE 1. Leader-follower model.

From Figure 1, it can be seen that the relative position
relationship between the leader and the follower is{

Lx = −(xil − xif ) cosϕil − (yil − yif ) sinϕil
Ly = (xil − xif ) sinϕil − (yil − yif ) cosϕil

(2)

Take the derivative of both sides and we get the following:{
L̇x = −uil + uif cos eϕ + vif sin eϕ + Lyril
L̇y = −vil − uif sin eϕ + vif cos eϕ − Lxril

Among the formulas, θd represents the expected relative
angle of the leader and the follower, and Ld represents the
expected relative distance between them. Then, the error in
the x and y directions is{

ex = Lx − Ld cos θd
ey = Ly − Ld sin θd

(3)

Take the derivative of both sides of (3) and we get the model
of the USV formation

ėx = uif cos eϕ + vif sin eϕ + eyril + f1
ėy = −uif sin eϕ + vif cos eϕ − exril + f2
ėϕ = ril − rif
u̇if =

m2f
m1f

vif rif −
d1f
m1f

uif + 1
m1f
τiuf +1du

v̇if = −
m1f
m2f

uif rif −
d2f
m2f

vif

ṙif =
m1f−m2f
m3f

uif vif −
d3f
m3f

rif + 1
m3f
τirf +1dr

(4)

where τiuf and τirf are the forward thrust and bow rolling
moment of the follower respectively; f1 and f2 are defined as
follows: {

f1 = −uil − L̇dy + Ld yril
f2 = −vil − L̇dx − Ld x ril

(5)

To illustrate the idea and design of the leader-follower
approach in this paper more accurately, we have added more
descriptions and added a navigator-follower topology dia-
gram as shown in figure 2.
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FIGURE 2. Leader-follower topology diagram.

FIGURE 3. Formation control block diagram.

B. FORMATION CONTROL GOAL
(a) In order to make Lx → Ld x , Ly → Ld y , we design the
virtual lateral velocity uf α and virtual longitudinal velocity
vf α of the following ship such that lim

t→∞

∥∥Lx − Ldx∥∥ = lim
t→∞
‖ex‖ = 0

lim
t→∞

∥∥∥Ly − Ld y∥∥∥ = lim
t→∞

∥∥ey∥∥ = 0

(b) In order to make vf → vfa, since there is no control rate to
directly control vf , we design the virtual bow swing angular
velocity rfa such that

lim
t→∞

∥∥vf − vf α∥∥ = 0

(c) In order to make uf → ufa, rf → rfa,We change the
forward thrust and the yaw angle torque so that lim

t→∞

∥∥uf − uf α∥∥ = 0

lim
t→∞

∥∥rf − rf α∥∥ = 0

III. FORMATION CONTROLLER DESIGN
A. VIRTUAL QUANTITY DESIGN
Based on back-stepping control method, define z1 and z2 as:{

z1 = ex cos eϕ − ey sin eϕ
z2 = ex sin eϕ + ey cos eϕ

(6)

take the derivative of both sides and we get the following:{
ż1 = uif + f1 cos eϕ − f2 sin eϕ + z2rif
ż2 = vif + f1 sin eϕ + f2 cos eϕ − z1rif

(7)

Suppose uf , vf are (z1, z2) system inputs, ufα and vfα are
non-dummy quantities of uf and vf , respectively, and define
the Lyapunov function V1 = 1

2 z1
2
+

1
2 z2

2, the derivative of
both sides gives

V̇1 = z1(uf + f1 cos eϕ − f2 sin eϕ + z2rf )

+ z2(vf + f1 sin eϕ + f2 cos eϕ − z1rf ) (8)

the expected value of virtual velocity uif and vif are
designed as ufα and vfα relatively.{

ufα = −k1z1 − f1 cos eϕ + f2 sin eϕ
vfα = −k2z2 − f1 sin eϕ − f2 cos eϕ

(9)

The velocity error is ev = vif − vfα . Take the derivative of
both sides and we get

ėv =
m11

m22
uif rfα −

d22
m22

vif + k2(vif + f1 sin eϕ

+ f2 cos eϕ − z1rif )+ f1 cos eϕ(ril − rfα )

− f2 sin eϕ(ril − rfα ) (10)

In order to obtain the control goal lim
t→∞

ev = 0, we choose
the Lyapunov function by virtual expectation of the angular
velocity of the heading

Vev =
1
2
e2v (11)

d22
m22

vif − k2
(
vif + f1 sin eϕ + f2 cos eϕ

)
rfα =

−f1 cos eϕril − k3ev
m11
m22

uif − k2z1 − f1 cos eu + f2 sin eu
(12)

Substitute (12) into the derivative of (11) we can get V̇ev =
−k3ev2 6 0, which indicates that ev is asymptotic stability
Remark 1: The parameters k1, k2 and k3 in equation (9)

and (12) affect the convergence rate of velocity error of the
unmanned surface vehicle. The larger k1, k2 and k3 lead to
the faster convergence rate but at the cost of introducing more
measurement noises.

B. POSITION CONTROLLER DESIGN
In the above section, the distance error was designed using
the inverse step method for coordinate transformation, and
the virtual desired speed was designed based on the distance
error. The purpose of this section is to use the design con-
troller to make the actual velocity converge to the virtual
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desired velocity. When the velocity error tends to zero, the
USVs formation is in a stable state. The velocity error is
designed as eu = uif − uifa. After deriving both sides of the
equation, the velocity error equation can be transformed into:

ėu = κ1τiuf + φ1 + φ2 (13)

where κ1 = 1
m11

, a = τiuf , φ1 =
m22
m11

vif rif −
d11
m11

uif − u̇fα ,
φ2 = 1du, which satisfies ¯̇φ2 6 δ̄.

Consider the influence of input saturation of underactuated
unmanned surface vehicle, the above formula can be trans-
formed into the following formula:

ėu = κ1a+ φ1 + φ2 (14)

among them, a is the nonlinear saturation characteristic func-
tion, a = g1 + τiuf . g1 is expressed as follows:

g1 =

{
sign(τiuf )τiumax − τiuf ,

∣∣τiuf ∣∣ > τiumax

0,
∣∣τiuf ∣∣ < τiumax

(15)

where τiumax is the maximum allowable force value of the
actuator. Saturation control and high-twisting control are used
in a single USV. According to the above formula, the speed
controller is designed as follows:

τiuf = −φ1 −
1
κ1

(ku1ξ1(eu)+2u)

2̇u = −ku2ξ2(eu) (16)

For more precise control, we have designed ξ1(eu) as the
sliding surface of the controller and ξ2(eu) =

dξ1(eu)
deu

ξ1(eu)
as the partial derivative of ξ1(eu) with respect to eu.

ξ1(eu) =
eu
‖eu‖1/2

+ ku3eu, ku3 > 0

ξ2(eu) =
dξ1(eu)
deu

ξ1(eu)

=
1
2

eu
‖eu‖

+
2
3
ku3

eu
‖eu‖1/2

+ ku32eu (17)

in which ku1, ku2 are the adaptive gain greater than 0.

k̇u1 =

{
µ, ku1 6 µ

k̄u1 · ‖eu‖ · sign(‖eu‖ − ε1), ku1 > µ
(18)

ku2 = ηuku1 (19)

Substitute (16) into (13), we can get

ėu = −ku1ξ1(eu)+2u

2̇u = −ku2ξ2(eu)+1ḋu (20)

Theorem 1: In the velocity subsystem, the error eu can
converge to 0 in finite time under the control law (16) and
adaptive gain (18) and (19) when appropriate parameter
µ, ku3, ηu, ε1, eu are selected.

Proof In this part, we will analyze the stability of the
USV system. Select the Lyapunov candidate function as

V1 = ςTPς︸ ︷︷ ︸
V10

+
1
2γ1

(
ku1 − k∗u1

)2
+

1
2γ2

(
ku2 − k∗u2

)2
︸ ︷︷ ︸

V1ad

(21)

where, ku1 and k∗u1 are constants greater than 0; ς =[
ξ1 2u

]T , P = [
λ2 + 4ε1 −λ
−λ 1

]
is a symmetric positive

definite matrix, where λ > 0, ε1 > 0.
Take the derivative of both sides of (22) to get

V̇1 = ς̇TPς + ςTPς̇ +
1
γ1

(
ku1 − k∗u1

)
k̇u1

+
1
γ2

(
ku2 − k∗u2

)
k̇u2 (22)

make Ku = ku2 −
1ḋu
ξ2

, V10 = ςTPς can be turned into:

V̇10 = −2ξ̇1ςTQς (23)

in this formula, Q is a symmetric matrix, and Q =
[
q1 q2
q2 q3

]
;

q1 = ku1λ2 + 4ku1ε1 − λKu = a1ku1 − λKu

q2 =
1
2

(
−λ2 − 4ε1 − λku1 + Ku

)
=

1
2
(−a1 − λku1 + Ku)

q3 = λ

If V̇10 is negative definite, then the matrix Q is positive
definite and its determinant has to be greater than zero.
If det(Q) > 0 is to be guaranteed, then the root discriminant
λKu(ku1 − λ) > 0. And because |1du| 6 δ̄,

∥∥∥ 1
ξ2

∥∥∥ 6 2,

so Ku > 0, then ku2 > 2δ̄, ku1 > λ, where the range of

Ku is Ku ∈
[
k2
−
, k̄2

]
=
[
ku2 − 2δ̄, ku2 + 2δ̄

]
.

Let ku1 = λ+ τ , then the solution of det[Q] = 0 is

ρ+1 = λku1 + Ku + 2
√
λKu (ku1 − λ)

ρ−1 = λku1 + Ku − 2
√
λKu (ku1 − λ) (24)

If ρ1 takes values in the range
(
p−1max, p

+

1min

)
, then

det[Q] > 0. The existence of a root is guaranteed when
ρ−1max < P−1max. Let k2− = κ

2, which gives δ̄2 < λτκ2, from

which we can deduce k2
−
> δ̄2

λτ
, hence k2 > δ̄2

λτ
+ 2δ̄.

(23) can be turned into

V̇10 = −2ξ̇1‖ς‖2λmin{Q} 6 −γ1V
1/2
10 − γ2V10 (25)

where γ1 =
λmin{Q}λλ

1/2
min{P}

λmax{P}
, γ2 = 2ku3

λmin{Q}λ
λmax{P}

, so

V̇10 6 −γ1V
1/2
10 (26)

Substituting the adaptive gain (18) (19) into (22) can be
translated as

V̇1 6 −βηV
1/2
1

+

(
−

1
γ1
k̄u1 |eu| sign (|eu| − ε1)+ β1

) ∣∣ku1 − k∗u1∣∣︸ ︷︷ ︸
ζ1

+

(
−

1
γ2
ηk̄u1 |eu| sign (|eu| − ε1)+ β2

) ∣∣ku2 − k∗u2∣∣︸ ︷︷ ︸
ζ2

(27)
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where βη = min {η1, β1, β2} , β1 =
1
γ1
k∗u1,

β2 =
1
γ2
k∗u2

In order for ku1 and ku2 to grow at the slopes of k̄u1 |eu| and
ηuk̄u1 |eu| respectively, |eu| > ε1 has to be satisfied, when the
following conditions are met:

γ1 <
k̄u1ε1
β1

, γ2 <
ηuk̄u1ε1
β2

(28)

We can get ζ1 > 0 and ζ2 > 0, so V̇1 6 −βηV
1/2
1 +ζ1+ζ2 6

−βηV
1/2
1 , |eu| can converge to |eu| > ε1 in finite time,

if |eu| < ε1, then ζ1 < 0 and ζ2 < 0, the state of V̇1 is
unknown. The rate of change in gain is going to be −k̄u1 |eu|
and −ηuk̄u1 |eu|. So when the gain goes down to interval
|eu| > ε1, the gains will increase at the slope of k̄u1 |eu| and
ηuk̄u1 |eu|.
Remark 2: When the velocity error is greater than ε1,

the adaptive gain k̇u1 remains unchanged at a fixed value.
When the velocity error eu is less than ε1, the adaptive gain
k̇u1 decreases with a small slope. To speed up the conver-
gence rate, ε1 should be given a small value. The parameter
k̄u1 determines how fast the adaptive gain decreases, which
should depend on the control effect. In order to avoid singu-
larities in the system, the parameter µ is as small as possible
in the range of values. The parameter ku3 in the equation
relate to the rate of growth of the adaptive gain. A larger
ku3 results in faster growth of the adaptive gain and a more
dramatic response to changes in error, but at the cost of intro-
ducing more measurement noise. The parameter ηu is the
ratio between the respective adaptive gains ku1 and ku2, which
should depend on the control effect.

C. ATTITUDE CONTROLLER DESIGN
Define the angular velocity error er = rif − rfα , take the
derivative of both sides:

ėr =
m11 − m22

m33
uif vif −

d33
m33

rif +
1
m33

τirf − ṙfα (29)

Consider the effects of unknown external disturbances
1dr , we get the velocity error equation:

ėr = κ2τirf + φ3 + φ4 (30)

where κ2 = 1
m33

, φ3 =
m11−m22
m33

uif vif −
d33
m33

rif − ṙd , φ4 = 1dr
is the external interference of the angular velocity ring, and
meet ¯̇φ3 6 δ̄.
Among them b is nonlinear saturation characteristic func-

tion. b = g2 + τirf , g2 is expressed as follows:

g2 =

{
sign(τirf )τir max − τirf ,

∣∣τirf ∣∣ > τir max

0,
∣∣τirf ∣∣ < τir max

(31)

τir max is the maximum allowable torque value of the actuator.
According to the formula, the angular velocity controller

is designed as follows:

τirf = −φ3 −
1
κ2

(kr1ξ1(er )+2r )

2̇r = kr2ξ2(er ) (32)

For more precise control, we have designed ξ1(er ) as the
sliding surface of the controller and ξ2(er ) =

dξ1(er )
der

ξ1(er )
as the partial derivative of ξ1(er ) with respect to er .

ξ1(er ) =
er
‖er‖1/2

+ kr3er , kr3 > 0

ξ2(er ) =
dξ1(er )
der

ξ1(er )

=
1
2

er
‖er‖
+

2
3
kr3

er
‖er‖1/2

+ kr32er (33)

kr1, kr2 is the adaptive gain greater than 0.

k̇r1 =

{
σ, kr1 6 σ

k̄r1 · ‖er‖ · sign(‖er‖ − ε2), kr1 > σ
(34)

kr2 = ηrkr1 (35)

Substitude (33) into formula (31)

ėr = −kr1ξ1(er )+2r

2̇r = −kr2ξ2(er )+1ḋr (36)

Theorem 2: In the attitude subsystem, the attitude angle
tracking error er can converge to 0 in finite time under the
attitude controller (32) and adaptive gain (34) and (35) when
appropriate parameter σ, kr3, ηr , ε3, er , k̄r1.

Proof In this part, the stability of the USV system will
be analyzed, select the Lyapunov candidate function:

V2 = ςTP2ς︸ ︷︷ ︸
V20

+
1
2γ3

(
kr1 − k∗r1

)2
+

1
2γ4

(
kr2 − k∗r2

)2
︸ ︷︷ ︸

V2ad

(37)

kr1 and k∗r1 are constants greater than 0; ς2 =
[
ξ2 2r

]T ,
P2 =

[
λ2

2
+ 4ε2 −λ2
−λ2 1

]
is a symmetric positive definite

matrix, among them λ2 > 0, ε2 > 0.
Take the derivative of both sides of (38) to get

V̇2 = ς̇T2 P2ς2 + ς2
TP2ς̇2 +

1
γ3

(
kr1 − k∗r1

)
k̇r1

+
1
γ4

(
kr2 − k∗r2

)
k̇r2 (38)

Let Kr = kr2 −
1ḋr
ξ2

, then V20 = ςTPς can be reduced to

V̇20 = −2ξ ′1ς
TQς (39)

where Q is a symmetric matrix and Q =
⌊
q1 q2
q2 q3

⌋
;

q1 = kr1λ2 + 4kr1ε − λKr = a1kr1 − λKr

q2 =
1
2

(
−λ2 − 4ε − λkr1 + Kr

)
=

1
2
(−a1 − λkr1 + Kr )

q3 = λ

If V̇20 is negative definite, then the matrix Q is positive
definite and its determinant has to be greater than zero.
If det(Q) > 0 is to be guaranteed, then the root discriminant
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FIGURE 4. Formation trajectory diagram with IS-STW and AB-NDO.

FIGURE 5. Formation detail trajectory diagram.

λKr (kr1 − λ) > 0. Again, because |1dr | 6 δ̄,
∥∥∥ 1
ξ2

∥∥∥ 6 2,

so Kr > 0, and thus kr2 > 2δ̄, kr1 > λ. where Kr takes

values in the range Kr ∈
[
k2
−
, k̄2

]
=
[
kr2 − 2δ̄, kr2 + 2δ̄

]
.

Let kr1 = λ + τ where τ > 0. Then the solution for
det[Q] = 0 is

ρ+1 = λkr1 + Kr + 2
√
λKr (kr1 − λ)

ρ−1 = λkr1 + Kr − 2
√
λKr (kr1 − λ) (40)

If ρ1 takes values in the range
(
p−1max, p

+

1min

)
, then

det[Q] > 0. The existence of a root is guaranteed when
ρ−1max < P−1max. Let k2− = κ

2 and we have δ̄2 < λτκ2, from

which we deduce that k2
−
> δ̄2

λτ
, hence Kr > δ̄2

λτ
+ 2δ̄.

Let the maximal and minimal eigenvalues of the λmax{P}
and λmin{P}, on matrix P such that (3) can be reduced to

V̇20 = −2ξ ′1‖ς‖
2λmin{Q} 6 −γ1V

1/2
20 − γ2V20 (41)

where γ3 =
λmin{Q}λλ

1/2
min{P}

λmax{P}
, γ4 = 2kr3

λmin{Q}λ
λmax{P}

.

Therefore, we gain

V̇20 6 −γ1V
1/2
20 (42)

Substituting the adaptive gain (34)(35) into (38) can be
transformed into

V̇2 6 −βηV
1/2
2

+

(
−

1
γ3
k̄r1 |er | sign (|er | − ε2)+ β3

) ∣∣kr1 − k∗r1∣∣︸ ︷︷ ︸
ζ3

+

(
−

1
γ4
ηk̄r1 |er | sign (|eu| − ε2)+ β4

) ∣∣kr2 − k∗r2∣∣︸ ︷︷ ︸
ζ4

(43)

where βη = min {η2, β3, β4} , β3 = 1
γ3
k∗r1, β4 =

1
γ4
k∗r2

In order for kr1 and kr2 to grow at the slopes of k̄r1 |er | and
ηr k̄r1 |er | respectively, |er | > ε2 has to be satisfied. When the
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FIGURE 6. Position error diagram of USV ith (i=1,2,3,4,5).

following conditions are met:

γ3 <
k̄r1ε2
β3

, γ4 <
ηr k̄r1ε2
β4

(44)

we can get ζ3 > 0 and ζ4 > 0.
Therefore V̇2 6 −βηV

1/2
2 + ζ3 + ζ4 6 −βηV

1/2
2 , so |er |

can converge to |er | > ε2 in finite time; if |er | < ε2, then
ζ3 < 0, ζ4 < 0. The plus or minus of V̇2 is unknown. The
rate of change in gain is going to be−k̄r1 |er | and−ηr k̄r1 |er |,
so when the gain goes down to interval |er | > ε2, the gains
will increase at the slope of k̄r1 |er | and ηr k̄r1 |er |.
Remark 3: When the velocity error is greater than ε2,

the adaptive gain k̇r1 remains unchanged at a fixed value.
When the velocity error er is less than ε2, the adaptive
gain k̇r1 decreases with a small slope. To speed up the

convergence rate, ε2 should be given a small value.
The parameter k̄r1 determines how fast the adaptive gain
decreases, which should depend on the control effect. In order
to avoid singularities in the system, the parameter σ is as
small as possible in the range of values. The parameter kr3
in the equation relate to the rate of growth of the adaptive
gain. A larger kr3 results in faster growth of the adaptive gain
and a more dramatic response to changes in error, but at the
cost of introducing more measurement noise. The parameter
ηr is the ratio between the respective adaptive gains kr1 and
kr2, which should depend on the control effect.

IV. SIMULATION
A. SIMULATION PARAMETER SETTING
The designed adaptive super-twisting controller is simulated.
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FIGURE 7. Control law diagram of USV ith (i=1,2,3,4,5).

TABLE 1. Control parameter setting.

The USV parameters are:

m11 = 1.2× 105kg, d11 = 2.15× 104kg

m22 = 2.179× 105kg, d22 = 1.17× 103kg · s−1

m33 = 6.36× 107kg, d33 = 8.02× 106kg · s−1

In order to verify the feasibility of the formation keep-
ing algorithm in this paper, time-varying reference trajectory

is used to test the performance of formation. Consider the
case that the initial position of the virtual leader is PL0 =
[xL0, yL0, ϕL0]T = [0, 0, 0]T . The dynamics of the virtual
leader is described by

ẋL = uL cos (ϕL)− vL sin (ϕL)
ẏL = uL sin (ϕL)+ vL cos (ϕL)
ϕ̇L = rL

(45)

The variable xL , yL , ϕL , uL , vL , rLare the position and the
velocity of the virtual leader. Where uL = 200, vL = t, rL =
0, vl = sin(t), The initial positions of the USVs are selected
as Table.2.Since the external disturbance is related to the
environmental changes of the unmanned boat sailing and the
external wind and wave current loads, we define the external
disturbance as a sinusoidal function 1dr = 3 sin(3t), and
1du = 3 sin(3t) to test and compare the response speed
and immunity of the system to the external disturbance.
The parameters are set as shown in the table 2, and the
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FIGURE 8. Control gain diagram of USV ith (i=1,2,3,4,5).

parameters are selected by referring to Remark 1Remark 1Remark 1, Remark 2Remark 2Remark 2
and Remark 3Remark 3Remark 3. The proposed algorithm is compared with
an adaptive back-stepping control formation strategy based
on a nonlinear disturbance observer in literature [25]. Its
control parameters are shown below, kri = 20, kϕi =
2, kui = 20, kdui = 15, kdri = 15, λu0i = λr0i = 10,
λu1i = λr1i = 0.1.

B. THE SIMULATION RESULTS
Figure 4 - Figure 5 show the trajectory of USV forma-
tion based on the leader-follower method of back-stepping
formation control of unmanned surface vehicles with
input saturation based on adaptive super-twisting algorithm

TABLE 2. Formation settings.

(IS-STW) and adaptive backstepping control formation strat-
egy based on a nonlinear disturbance observer (AB-NDO)
in [26]. The solid line is IS-STW and the dash line is
AB-NOD. Figure 6 describe the lateral and longitudinal
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position error of the USVs under IS-STW control and
AB-NDO under external disturbances. Figure 7 describe
the control efforts of the USVs with time of the USVs
under IS-STW method and without input saturation method.
Figure 8 describe the control gain of the each USV in the
formation.

It can be clearly observed from Figure 4 the two meth-
ods all can ensure satisfactory control performance under
complex practical applications. The performance of forma-
tion strongly verifies the validity of back-stepping formation
scheme. Meanwhile, our proposed method can still ensure
the best comprehensive control performance compared with
the AB-NOD control schemes as indicated in Figure 5.
At the beginning, the USVs can form a stable formation more
quickly under the IS-STW method, which shows the effec-
tiveness of the proposed control more specifically.When voy-
aging in straight line and curve line with external disturbance,
the formation of theUSVs under IS-STWcontrol is keptmore
perfect, which shows that our method is able to respond more
rapidly to external disturbances.

As can be seen in Figure 6, when there are large error
between the initial position and the desired position, the tra-
jectory error of the USVs under IS-STW control converges
at 0.05s seconds, while the error converges in more than 0.4s
under AB-NDO control. When the formation is asymptoti-
cally stable, the trajectory error of the USV under IS-STW
control is much smaller under external perturbations, indi-
cating that our adaptive gain and controller are better able
to deal with time-varying external environments and have
higher control accuracy.

In Figure 7, the velocity of convergence is more quickly
and the force and moment of is bigger under the IS-STW
method, which represents the USVwith our proposedmethod
can highly resistant to the external disturbance. Furthermore,
the torque under saturation control always remains within the
range of the upper and lower bounds ±3× 1010, ±8× 1010,
which means that saturation control can successfully limit
the input to a safe range. Our approach additionally avoids
the problem of input overload while ensuring good control
accuracy and fast convergence of errors in the controller.

As can be seen in Figure 8, the derivative of the adaptive
gain k̇u1 remains constant at a fixed value when the veloc-
ity error is greater than ε1. When the speed error eu is less
than ε1, the derivative of the adaptive gain k̇u1 decreases
with the decrease of the error. Since the error varies abruptly
because of external disturbances, the adaptive gain changes
from moment to moment in order to maintain the stability of
the formation. The change rule of the adaptive gain k̇r1 is the
same as k̇u1.

V. CONCLUSION
In this paper, we have solved the problem of the formation of
multiple unmanned surface vehicles under input overload and
external disturbance. Firstly, the modelling of underactuated
USVs formation and the design of virtual desired velocity
are completed using the leader-follower and back-stepping

methods. Secondly, the proposed adaptive super-twisting
algorithm is used to compensate for parameter uncertainties
and unknown external disturbances in the dynamics model.
In addition, an input saturation function is constructed to
prevent the input overload problem during the navigation
of USV. Finally, the effectiveness of the proposed control
law is verified by simulations. Simulation results show that
the controller can roughly keep the trajectory of the USV
consistent with the expected trajectory and ensure that the
input values are within the safe range. In the formation of
multiple unmanned surface vehicles, this controller not only
can achieve the USV trajectory while keeping the formation
stable, but also can maintain the stable dynamic performance
of the USV during navigation and avoid the problems of
input overload and jitter, which proves the effectiveness of
the method in this paper.
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