IEEE Access

Multidisciplinary  Rapid Review : Open Access Journal

Received 1 October 2022, accepted 18 October 2022, date of publication 21 October 2022, date of current version 27 October 2022.

Digital Object Identifier 10.1109/ACCESS.2022.3216323

== RESEARCH ARTICLE

A Reduced-Order Extrapolation (ROE) Method for
Solution Coefficient Vectors in the Mixed Finite
Element (MFE) Method for the Two-Dimensional
(2D) Fourth-Order Hyperbolic Equation

CHANGBIAO YU, WENWEN XU, (Member, IEEE), AND XINDONG LI, (Member, IEEE)

School of Mathematics and Statistics, Qilu University of Technology (Shandong Academy of Sciences), Jinan 250353, China
Corresponding author: Xindong Li (1xd851268 @126.com)
This work was supported in part by the National Natural Science Foundation of China under Grant 11801293, in part by the Natural

Science Foundation of Shandong Province under Grant ZR2020MA049, and in part by the Education and Industry Integration Pilot Project
Basic Research Project of the Qilu University of Technology (Shandong Academy of Sciences) under Grant 2022PY058.

ABSTRACT This study focuses on a reduced-order extrapolation method for the coefficient vectors of
the mixed finite element solution for two-dimensional fourth-order hyperbolic equation. We first establish
the mixed finite element scheme for the equation and give the matrix model of the mixed finite element
scheme and the existence, stability and error estimates of its solutions. Then, we derive a reduced-order
extrapolation mixed finite element matrix model with a small number of unknowns, where the proper
orthogonal decomposition method is used to save central processing unit time, and prove the existence,
stability and error estimates of the reduced-order extrapolation mixed finite element solutions with the help
of matrix knowledge. More importantly, the reduced-order extrapolation mixed finite element matrix model
have the same basis functions and error accuracy as the mixed finite element matrix model. Finally, some
numerical experiments confirm the effectiveness of the reduced-order extrapolation mixed finite element
matrix model, where the central processing unit time is greatly reduced and the accuracy is maintained.

INDEX TERMS Fourth-order hyperbolic equation, mixed finite element method, reduced-order extrapola-
tion, proper orthogonal decomposition, existence and stability as well as error analysis.

I. INTRODUCTION
Consider the following two-dimensional (2D) fourth-order
hyperbolic equation.

Uy + A%u =1,

u=g1, Au= g,
u(x,y, 0) = up(x, y),
ur(x,y, 0) = ui(x, y),

in 2 xJ,

on 02 x J,
at# =0andin €,
att =0andin €,

ey

where 2 is an interconnected domian with bounded boundary
90, Q = QUIN,J = [0, T'], T is the final moment, f (x, y, )
is the given sufficiently smooth source function, gi(x, y, t),
g2(x, v, 1), up(x, y) and u1(x, y) are given sufficiently smooth
boundary functions and initial functions respectively.
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The 2D fourth-order hyperbolic equation is an important
partial differential equation describing vibration or wave phe-
nomena, which has important application value in aerospace,
petroleum exploration, urban construction, crustal sounding
and so on [1], [2], [3]. For practical problems, due to the
complexity of the physical problem itself and the solution
region, it is often difficult to obtain the exact solution of
the problem (1). In the last few years, many scholars have
deeply studied the numerical solution of the problem (1) and
put forward a variety of numerical calculation methods. Li [4]
constructed a two-layer implicit Crank-Nicolson (CN) com-
pact difference scheme for the problem (1). Zhang [5] pro-
posed a lower order conforming mixed finite element (MFE)
approximation scheme with the bilinear element Q1 for a
type of nonlinear fourth-order hyperbolic equation. However,
these numerical methods contain too many unknowns, which
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lead to very high computation and complexity, as well as the
accumulation of rounded-off errors will affect the accuracy
of numerical solutions.

The proper orthogonal decomposition (POD) method has
played an important role in reducing the number of unknowns
in the numerical methods [6], [7], [8], [9]. Kunisch and
volkwein first proposed to apply the POD method to the
reduced-order of the Galerkin method for the parabolic prob-
lems [10] and Luo extended the POD-based reduced-order
method to other finite element (FE) methods and also to
finite difference (FD) mthod, finite volume element (FVE)
method [11], [12], [13], but this resulted in the repeated cal-
culation. The POD-based reduced-order extrapolation meth-
ods [14], [15], [16], [17] don’t have to repeat large-scale
calculations because they only need to select a few classical
numerical solutions as snapshots to formulate the continu-
ous POD basis, but it requires a lot of abstract mathemat-
ical knowledge and the original space, such as FE space,
is replaced by subspaces spanned with few continuous POD
basic functions, resulting in large errors in the process of
reduced-order.

In order to overcome the above two problems caused by the
continuous POD basic functions, a reduced-order extrapola-
tion method for coefficient vectors of the classical numerical
solutions is proposed in [18], [19], [20], and [21], which not
only has the same basis function and accuracy as the classical
numerical methods, but also the theoretical analysis is easy.
In this paper, we will establish the reduced-order extrapola-
tion MFE (ROEMFE) matrix model for the problem (1) by
reducing the order of coefficient vectors of the MFE solutions
by means of POD basis vectors, in which the POD basis
vectors are formed by the initial coefficient vectors of the
MEE solutions. The ROEMFE matrix model has the same
basis functions and accuracy as the MFE method owing to
the basis functions in the MFE subspace are absorbed into the
stiffness matrix and mass matrix of the MFE matrix model
and the unknown solution coefficient vectors in the MFE
matrix model are reduced with the linear combinations of
the few POD basic vectors. Besides, the stability and error
estimates of the ROEMFE matrix model are analyzed with the
help of the matrix idea, which makes the theoretical analysis
simple.

The rest of the paper is organized as follows. In Section II,
the existence, uniqueness and error estimates of the MFE
solutions are given. We write the MFE scheme as matrix
form and prove the stability of the MFE matrix model and
the MFE scheme. In Section III, we establish the ROEMFE
matrix model by the POD basis vectors produced by the
initial coefficient vectors of the MFE solutions and prove the
stability and error estimates of the ROEMFE solutions by
the matrix idea. Some numerical experiment which confirms
the theoretical results is presented in Section IV. Section V
summarizes the main conclusions.

In this article, we adopt the classical Sobolev spaces W"?
and their norms || - ||, p. When p = 2, we will briefly note
W2 as H™ and || - |2 as || - |lm. C is a general positive
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constant independent of 2 and Az, which may be different in
different places.

Il. THE MFE METHOD FOR THE 2D FOURTH-ORDER
HYPERBOLIC EQUATION

Let w = —Au, problem (1) is equivalent to
up —Aw=f, inQxJ,
w=—Au, indQxJ,

— 2)
att = 0 and in €2,

atf = 0andin ©,

ux, y, 0) = uo(x, y),
ut(x» y7 0) = M[(X, y)v

The weak formulation for the problem (2) is: Find {u, w} :
[0, T] — HJ x H] such that

(e, ) + (Vw, Vo) = (f, ), Yo € H],
w, ¥) = (Vu, Vi), Vi € Hy,

u(x, Y, 0) = Mo(x7 }’), (x’ )’) € §
u(x,y,0) = u(x,y), (x,y) € Q.

3

Let I, be a uniformly regular rectangular partition of
rectangle 2 with mesh size &, The bilinear finite element
subspace Vj, spanned by the basis {N;(x, y)}f.‘i |» be defined
as follows:

Vi ={v € Hy (2N C(Q) : vl € Q11 (K), K € Jp},

where Q11 = span{l, x, y, xy}.
Let Ry, : H)(Q) — Vj, be the Ritz projection [5], [22], [23],
that is, for Yu € Hé(Q) such that

(V(Rpu — u), Vv) =0, Vv € V).

Ifu € HX(Q) N H(} (R2), then the Ritz projection has the
following boundedness and error estimates [5], [22], [23]

IVRuullo < [IVullo. “

Furthermore, let 0 = 9 < 1 < --- < ty = T be a
partition with step size At = 1% on interval [0, 7] and ¢, =
nAt,n =0,1,2,...,N. u" = ulx,y, t,), w' = wx, y, tp),
u; and wy be the approximation of u(#,) and w(t,) in Vj,
respectively.

Thus, The MFE scheme of the problem (3) is to find
{u, wh} € Vi x Vj such that

W)=Vl VY, 1 <n < N+ 1,V¢ € Vy,
1

A—tz(uz+1 — 24 ul !, ¢)+Z(V(wz“ +2w) Q)

W, Vo) =(f", ¢), 1 <n < N,V¢ € Vj,
where the initial values u2 = Ryuy, ”}11 = Ry(up + Atuy +
$A%u,(0)) and W) = Ry(—Aug), wy = Rp((—Aup) +
At(—Auy) + 3 A (—Auy(0))), uy (0) = £(0) — Auq.

The following results for the existence, uniqueness and

error estimates for the solutions to the problem (5) were
proved in [5].
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Lemma 1: If u,w € L®(J; H3(RQ)), the problem (5) has
a unique set of solutions {uy, wj} € Vy x V(1 < n < N)
satisfying the following error estimates:

" = wpll + Iw" = willh < Ch+ AP), 1 <n<N.

Set U" = (u},u, ..., uj)T, W' = (wi,wh, ... wipt.
Therefore, the problem (5) can be rewritten into the following
matrix model by the basis {N;(x, y)}f.‘i I

The matrix model for the problem (5) is to find {U", W"} €
RM x RM and {u}, w}'} € Vi, x Vj, such that

AW ' =BU" ' 1<n<N +1,
At?
AU + = BW = 240" — AU — TBW”
Atz n—1 2n
_TBW + At°F", 1 <n<N —1,
M M
wh = uNi = U"Nowj = 3 wiNg= W' N,
i=1 i=1

(6)

where A = ((N;, N))mxm and B = ((VN;, VNj))pxm are
both positive definite matrices [5], F* = ((f", N)mx1, N =
(N Na o . Np)T. Ut = U + AtU + AU, W =
WO+AIW +1A2W,, U, U1, Uy, WO, W and W, are the
Ritz projection values of ug(x, y), u1(x, y), ux(0), —Aup(x, y),
—Au(x,y) and —Au,(0) at grid points, respectively.
Lemma 2: The positive definite matrices A and B in the
problem (6) satisfies the following inequalities (see [24],
Lemma 1.22 and [25], Lemma 1.4.1 and Lemma 1.4.2):

[Allc = Ch, [IA™

Bllow < C, B oo < C.
Theorem 1: The coefficient vectors {U", W"} € RM x RM
(1 < n < N) of the MFE solutions in the problem (6) are
unconditionally stable, so that the solutions {u;, w;} € Vj X
Vi (1 < n < N) of the problem (5) are also unconditionally
stable.
Proof: Because the matrices A and B are positive defi-
nite matrices, set D| = A’IBA’IB, D, = B’IAB’IA, then
the problem (6) can be rewritten as

oo < Ch,

Ar?
Un+1 _ 2Uﬂ + Un71 — _TDI(Un+1 + 2Ul’l

+U Y+ APATIF L <n<N—-1. (7)
Noting that U' = U° + AtU; + %AtzUn and summing
from 1 ton (n > 1) for (7), we have

Ar? At? ‘

U = U" + AU + —U,t - =D Z(U’“

n
U+ U+ APAT Y Flil<n<N-1. (8)
i=1
Summing from 1 ton — 1 (n > 2) for (8), we obtain

n—1 Jj

Ly, - A—’ZDI >y w!

j=1 i=1

U =U° + nAtU, + 2

111998

n—1 Jj
+2U + U 4+ Ar*A7! ZZF’ 2<n<N.
j=1 i=1
By Lemma 2, we have

n—1 j
U™ < (10N + nALU 1+ CRAR Y D " |IF ]y
j=1 i=1

J
j=1i=1
X ||Ui+l +2Ui+Ul—1||l

nAr? Ch2 2t
+ Ul +

n—1
< 0% + nAL|U ||y + nChAP Y " ||F'|y
i=1
At? nCh2 A2 =1
—— U - =
+——Uulh + — ;
x U™ + 20" + U,
< U N + T Ul + CT At|Uy |y

n—1 n—1
+ChT ALY " |[F|ly + CR*T ALY
i=1 i=0

X Ul + CR’TAL|U" 1.2 <n < N.
Further, the above inequality is equivalent to

(1= CRTADU" |y < |U°h + TIU |l + CT AL Uy |y

n—1 n—1
+ChT ALY |Fi|ly + CR*T ALY U1, 2 <n < N.
i=1 i=0

©))

Apply the discrete Gronwall inequality (see [26], Lemma
1.4.1) to (9) and using the smoothness of f(x, y, t), ug(x, y)
and u1(x, y), we have

n—1

10" = (0 + TIU L+ CHT A Y IF
i=1

+CT AU, ||1) exp(CH2TnAl) < C,2 <n < N.
(10)
We can know from (10) that the solution U" of the prob-
lem (6) is unconditionally stable, and ||[N|; < C, then we
get
luplly = 1U" -Nly < CINIW U < C, 1 <n <N.
(11)
The derivation process similar to (11) yields

[wipli =C, 1 <n<N. (12)

Thus, the solutions {uj, w} € V, x Vj, (1 < n < N) of the
problem (5) are also unconditionally stable. ]

Remark 1: Aslongash, At, f(x,y,t), uo(x,y)andui(x,y)
are given, we can get two sequences of the coefficient vectors
{U", W"} and the MFE solutions {uj,, w;} (n =1,2,...,N)
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for the equation (1) by computing the problem (5) or the
problem (6). But the MFE scheme contains many unknowns
and so we need to decrease the unknowns for the problem (5)

by the POD method.

lll. THE ROEMFE MATRIX MODEL FOR THE 2D
FOURTH-ORDER HYPERBOLIC EQUATION

A. GENERATION OF POD BASIS

We firstly choose two sets of the first L vectors
U' and W' n = 1,2,...,L) from the series of
the coefficient vectors L vectors U" and W' (n =
1,2,...,N) for problem (6), forming two snapshot matri-
ces 0 = (U1 U,....U" Dy and @, =
(W1 W2 WL W)Mx(L+1), respectively, where U =
Ut — UL~ 1)/At and W = (WX — WL=1)/Ar. Then,
we can obtain the positive eigenvalues A; ; G = 1,2, ..., 1 =
rank(Q;),i = 1,2) with ;1 > Aijp > > Ai
and the corresponding orthonormal eigenvectors X, =
(xi1, X2, ..., Xir,) of Q,-QiT. Finally, we accquire two sets of
POD basis X; = (xj1,X2,...,Xiq) (d < ri,i = 1,2) from
the foremost d orthonormal eigenvectors in X;and satisfying
the following properties [26], [27], [28]:

10, — X:X[Qill22 = VAia+1s

where [|Q;ll22 = supuzollQ;Ull2/|Ull2 and [[U]2 is the
L2 norm for vector U.

i=1,2 (13

From (13), whenn = 1,2, ..., L, we have
IU" — X\ XTU"| = 1(Q, — X1X[Qpe"|
<10 — X1XTQll22l€"ll < v/A1at1. (14)
IU—X 1 X{U|l = (@, — X1 X]{ Qe
<10, — X1 X1Qll22le" | < VAras1,  (19)
IW" — XX W"|| = [(Q, — X2X30))e" |

<105 — X2X20sll2.21l€" | < VA2at1, (16)
W — XX W = [I(Q, — X2X3 Q)" |

<10, — X2X2Qlla2lle" M < Vr2ar1,  (17)

where ¢" (n = 1,2, ...,L,L + 1) are the unit vectors with
the nth component is 1.

Remark 2: Because M > (L + 1) and the positive eigen-
values hij = 1,2,...,ri,i = 1,2) of Q;QF and Q] Q; are
identical, so we may first obtain the foremost d eigenvalues
rij(l <=j=<d,i=12)o0of QZTQ, and the corresponding
eigenvectors Yij (1 <j<d,i=1,2). Then, we can easily
acquire the eigenvectors x;; = Qiyi,j/\/)?j (1<j<d,i=
1, 2) corresponding to the positive eigenvalues A; j for Q,-QiT
to make up the POD basis.

B. ROEMFE MODEL

Let U = (4, uly, ..., ul)T = X1 X[U" =: X4 and
Wi o= W wh o WOl = XoXT W =: Xob') be the
first L (L < N) coefficient vectors of the ROEMFE solutions,
where @’ = (d}, d3, ..., )", by = (b}, bg, ..., b")T. Then
we acquire the first L ROEMFE solutions u}; = U, - N and
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wi = W) -N (I <n < L). Substituting the solutions U"
and W" in the problem (6) for U}; = X1aj; and W}, = X b,
(L+1 < n < N), respectively, we get the following the
ROEMEE model.

Find {a", b"} € RY x R? and {u, w"} € V}, x V}, such that

ay =X|U",
AXob"" i

by =X, W' 1<n<L,
BX1a 1T L+1<n<N-+1,
AXait TBX b = 24X 14" — AX 1
Atz n At 2 n—1 2 n
TBXzb _Tszbd +AtF,L§I’l§N—1,

M
n __ E noar, n no__ E AT n
Ltd— Mle[—Ud'N,Wd— Wlel—Wd'N,
i=1 i=1

(18)

where U" and W" (1 < n < L) are two sequence of the initial
L coefficient vectors in the problem (6) and the matrices A,
B, F" are given in the problem (6).

Remark 3: The solutions of the problem (18) exists and is
unique due to A and B are both positive definite matrices.
It is not difficult to find that the problem (6) has M unknowns
in each level, but the problem (18) has only d unknowns at
the same time level (d & M), which means that the prob-
lem (18) can greatly reduce unknowns, so that enormously
reduce the CPU time, reduce the accumulation of round-off
errors, and more importantly, compared with the problem (6),
it improves the accuracy of numerical solutions in the practi-
cal calculation (see Section 1V). Therefore, the problem (18)
is clearly superior to the problem (6). In addition, since the
problem (18) and the problem (6) has the same basis, this
ensures that they have the same error accuracy.

C. STABILITY AND ERROR ESTIMATES OF THE ROEMFE
SOLUTIONS

Theorem 2: Under the same hypotheses in Lamma 1, the
ROMEFE solutions {uj, wj} € Vi x Vs (1 < n < N)in
the problem (18) are unconditionally stable and satisfy the
following error estimates:

lu™ — wlilly + [w" — willi < C(h+ A2
+vVALa41 +VA2ar1), 1 <n <N. (19)

Proof:

1) STABILITY OF THE SOLUTIONS OF THE PROBLEM (18)
When 1 < n < L, using the orthonormality of vectors in X
and X, we have

lugll + Iwgll = UG - Nl + 1Wg - Nl

= X1 XTU" Nl + [ X2X3W" - N

< Cluply + lwpll), 1 <n < L. (20)
Therefore, according to the unconditional stability of

{uh} _, and {wh} _; in Theorem 1, we can find that{ud}
and {w d} _, are unconditionally stable.
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WhenL+1 < n < N, duetoA is a positive definite matrix,
we can rewrite (18) as

At?
un 200 Ut = Dy + 207!

UTH+APAT'F L+ 1<n<N. (1)
Summing from L to n (n > L + 1) for (21), we have

N
n=U""+ UL - UL 1——D12(Ud+2U

i=L
n
"+ APAT! ZFH,L +1<n<N. (22)
i=L

Summing from L to n (n > L + 1) for (22), using U}, =
X XTU" and (8), we obtain

n

1. Ar?
Ut )——Dlzz(vd

Jj=L i=L

noJ
U+ UTH + APAT Y N R
j=L i=L
t2

= (- L)U5 -

D] Z(UI—H

A
= —L)X, XT{AtU1 + =

U+ Ui—1)+ A4~ ZFi—l}
i=1
n

Ar Ui-?
——DIZZ(Ud +2U 4 U

Jj=L i=L
n j )
+APATI Y ST L+ 1 <n<N.
j=L i=L
Using Lemma 2 and (10), we have

(n— L)A#?

UG < (n—L)At|| U |1 + 5

U1

n
+Ch*(n — L)At> + Ch(n — L)At? Z IF=1)
i=1

n
+CR (n — L)A? Y U+ 205 + U
i=L
< TIU Il + CTAt|Uy Iy + CR*T At

n n—1

+ChTAL Y I+ CHPT AL Y UG
i=1 i=L-2

+CR*TAt|U"|l;,L+1<n<N.

From the above inequality, we can get

(1= CRPTAD| U1 < T||U1I|1 + CT AUy

+Ch*T At + ChT At Z IF=H,
i=1

112000

n—1
+CRPTAt Y Uy L+1<n<N.  (23)
i=L—2
Apply the discrete Gronwall inequality (see [26], Lemma
1.4.1) to (23) and using the smoothness of f(x,y,t) and
u1(x,y), we have

n—1
1031 = (THU I + CRTAr+ CHT Ay IR,
i=1
+CTAt||U,;||1) exp(CHTnA?)
<C,L+1<n<N. (24)

Noting that |N||; < C, from (24) we obtain

Iyl = 1UY - Ny < CINIWIUY 1 < C,L+1<n<N.
(25)

Similarly, we can prove that the solution w/; of the prob-
lem (18) have the following result

Iwilh <C,L+1<n<N. (26)

It can be seen from (20), (25) and (26) that the solutions
{uj,wi} € Vi x Vi (1 < n < N) of the problem (18) is
unconditionally stable.

2) ERROR ESTIMATION OF THE SOLUTIONS OF THE
PROBLEM (18)

When 1 < n < L, noting that uy = N -U",w) =N - W",
IN|1 < C, by (14) and (16), we have

luy — uily < 1U" = UljllooIN |11
< CIU" = X1 X{U"|| < C\/hia+1, 27)
W) —willi < [IW" = WiillooIN 11
< CIIW" = XX W"|| < C\/A2a+41. (28)
SetE} =U" — U and Ey = W" — W. When L + 1 <

n < N, subtract (21) from (7), we obtain the following error
equation about E'f

At?
—— D

+E7),L+1<n<N. (29

El —2EV' +EIT? =
+2E!
Summing from L ton (n > L + 1) for (29), we have

N

textslE} —E7~' — (EL — EX 1y = ——1)] Z(E’

F2ET L ETY L+1<n<N. (30)

Summing from L to n (n > L + 1) for (30), we have

J
— (n— LYEX — EF 1y — Az, zn: > (ES
- 1 1 4 1 1
j=L i=L
i—1 i—2
+2E7 +E[)
= (n—L)[U" - U

-x xTwt -vt
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TABLE 1. The error and CPU time of u} and u?} for example 1 at ¢ = 1.

MEFE model ROEMFE model
mesh [u™ —up|ly  order CPUtime(s) |lu™ —wu}|l1 order CPU time (s)
8 X8 9.2911e-02 - 0.2616 9.2910e-02 - 0.1829
16 x 16 4.6360e-02 1.0021 1.0845 4.6359¢-02 1.0021 0.7074
32x 32  2.3165e-02 1.0006 15.2990 2.3165e-02 1.0006 4.6487
64 x 64 1.1581e-02 1.0001 639.5934 1.1580e-02 1.0002 115.4294
TABLE 2. The error and CPU time of u}) and u7} for example 1 at t = 2.
MFE model ROEMFE model
mesh lu™ —u}|l1  order CPUtime(s) [u™—wuZ|l1 order CPU time (s)
8 X8 3.4047e-02 - 0.4212 3.4047e-02 - 0.2409
16 x 16 1.7035e-02  0.9993 1.6604 1.7035e-02  0.9993 0.7619
32x 32  8.5197e-03  0.9997 36.1407 8.5197e-03  0.9997 5.4753
64 x 64  4.2601e-03  0.9999 1350.9701 4.2601e-03 1.0000 124.6507
TABLE 3. The error and CPU time of wj and w] for example 1 at ¢ = 1.
MFE model ROEMFE model
mesh lw™ —wpll1  order CPUtime(s) |lw™ —w}|l1 order CPU time (s)
8 x 8 1.9204e+00 - 0.2574 1.9204e+00 - 0.1739
16 x 16 9.2600e-01 1.0369 1.1000 9.2600e-01 1.0369 0.6863
32 x 32 4.5866e-01 1.0094 18.3554 4.5866e-01 1.0094 4.7448
64 x 64 2.2878e-02 1.0024 659.3240 2.2878e-02 1.0024 130.5486
TABLE 4. The error and CPU time of wy and w}] for example 1 at ¢ = 2.
MFE model ROEMFE model
mesh lw™ —wpll1  order CPUtime(s) |lw™ —w}|l1 order CPU time (s)
8 x8 9.1018e-01 - 0.4106 9.1018e-01 - 0.2193
16 x 16 3.7048e-01 1.2283 1.8429 3.7048e-01 1.2283 0.7545
32 x 32 1.7259e-01 1.0732 34.3898 1.7259¢-01 1.0732 5.0977
64 x 64 8.4636e-02 1.0196 1128.6204 8.4636e-02 1.0196 139.0451

A2 , ,
D1 )Y B+ 2B B
Jj=L i=L

) oA o
= (n = L)AU = X, X10) — —-D; >0 (E
j=L i=L
2B v ETD L+1<n<N. 31)

From Lemma 2, (15) and (31), we have

IETIT < (n — L)At\/A1,441

n
+C(n— LAY B} + 2B + E7
i=L
< CT/A1,4+1 + CT At||ET||y

n—1
+CTAt Y |Eili.L+1<n<N. (32
i=L-2
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Further, (32) can be rewritten as the following form

(1 - CTAD|E I < CT/ 1,441

n—1
+CTAt Y |Ejli.L+1<n<N. (33)
i=L—2
According to discrete Gronwall inequality (see [26],
Lemma 1.4.1) for (33), we obtain

IETIT < Cy/ALd+1s

Similar to the process of | E'||, we have

IESI1 < Cy/A2,d+1,

From (27), (28), (34) and (35) with Lemma (1),
we acquire (19). O
Remark 4: The error term /A1 41 + /A 2,a+1 in Theo-
rem (2) is generated by the reduced-order for the MFE matrix
scheme, which can be used to determine how many POD

L+1<n<N. (34)

L+1<n<N. (35)
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(a) Exact solution u™ (b) MFE solution uj; (c) ROEMFE solution u[;

FIGURE 1. The graphics of u”, u} and u} for example 1 at ¢ = 1.
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FIGURE 2. The graphics of u", uf and u} for example 1 at ¢ = 2.
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(a) Exact solution w™ (b) MFE solution wj’ (c) ROEMFE solution w;

FIGURE 3. The graphics of w”, wj] and w]] for example 1 att =1.
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(a) Exact solution w™ (b) MFE solution wj’ (c) ROEMEE solution w;

FIGURE 4. The graphics of w", wy and w} for example 1 at ¢ = 2.

basis to select, namely, the number d of POD basis must VALd+1 and \JA2 a1 will quickly tend to 0. Usually, when
satisfy /Aras1 + /A2,a41 < h+ A%, A large number of  d = 5 or6, VALday1 and /i3 11 arevery small and satisfies
numerical experiments have indicated that the eigenvalues ¢A1,d+1 + \/)»2,d+1 <h+ A2
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TABLE 5. The error and CPU time of u} and u?; for example 2 at ¢ = 1.

MFE model ROEMEFE model
mesh [u™ —up|l1  order CPUtime(s) ||u™ —wu}|l1 order CPU time (s)
8 x 8 1.9925e-02 - 0.2643 1.9902e-02 - 0.1854
16 x 16 1.0025e-02  0.9937 1.1999 9.9888e-03  0.9962 0.7890
32 x 32 5.0482e-03  0.9930 13.4973 5.0118e-03  0.9965 49117

64 x 64  2.5070e-03 1.0068 541

1359 2.5022e-02  1.0014 119.8134

TABLE 6. The error and CPU time of u}) and u7} for example 2 at t = 2.

MFE model ROEMFE model
mesh lu™ —u}|l1  order CPUtime(s) [u™—wuZ|l1 order CPU time (s)
8 X8 9.8803e-03 - 0.4450 8.0973e-03 - 0.2128
16 x 16 4.0919e-03 1.2072 1.6163 3.9214e-03 1.0324 0.7928
32 x 32 1.9157e-03 1.0679 23.5288 1.8770e-03 1.0445 5.1370

64 x 64  9.2594e-04  1.0344 1029.9082 9.2205e-04  1.0178 134.5199

TABLE 7. The error and CPU time of wj and w] for example 2 at t = 1.

MFE model ROEMFE model
mesh lw™ —wpll1  order CPUtime(s) |lw™ —w}|l1 order CPU time (s)
8 x 8 4.0217e+00 - 0.2794 3.3134e+00 - 0.2092
16 x 16 1.5935e+00 1.2619 1.0679 1.7567e+00 0.9430 0.7648
32 x 32 6.8178e-01 1.1686 15.4672 7.2380e-01 1.2135 49219

64 x 64 3.3896e-01 1.0056 535

.3630 3.3697e-01 1.0739 135.2695

TABLE 8. The error and CPU time of wy and w}] for example 2 at t = 2.

MFE model ROEMEFE model
mesh lw™ —wpll1  order CPUtime(s) |lw™ —w}|1 order CPU time (s)
8 x8 1.8442e+00 - 0.4729 2.1281e+00 - 0.1929
16 x 16 9.9001e-01 0.9314 1.6245 9.8238e-01 1.0831 0.7357
32 x 32 3.5226e-01 1.4180 26.4556 3.8138e-01 1.2879 5.0984

64 x 64 1.5107e-01 1.1658 1111.5471 1.2530e-01 1.5218 140.9505
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(a) Exact solution u™ (b) MFE solution uj (c) ROEMFE solution u;

FIGURE 5. The graphics of u", u}) and u for example 2 at t = 1.

IV. NUMERICAL EXPERIMENT

In this section, we present some numerical examples to illus-
trate the superiority of the ROEMFE matrix model. Exam-
ple 1 and Example 2 are used to reflect the calculation time
and verify the error accuracy of the original variable u); and

VOLUME 10, 2022

the intermediate variable w’;l of the ROEMFE matrix model,
in which the smooth exact solution is constructed and the
corresponding right term, initial and boundary conditions and
the intermediate variable w are computed from the exact
solution respectively.
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(a) Exact solution u™

FIGURE 6. The graphics of u", uf and u} for example 2 at ¢ = 2.
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(a) Exact solution w™

FIGURE 7. The graphics of w”, wj and w} for example 2 at ¢ = 1.

(a) Exact solution w™

FIGURE 8. The graphics of w”, wj] and w]] for example 2 at t = 2.

Take Q = [0, 1] x [0, 1] and the domain is divided into
uniform rectangles in each direction. When the spatial step
h = 1/64 and the time step At = 1/100, then the theoretical
error is O(1072) according to Lemma 1 and Theorems 2.

Example 1: u = exp™! sin(;rx) sin(rry).

In order to use the ROEMFE matrix model, taking L =
20 and d = 1, we can find \/A1 2 + /A2, < 1.5 x 1072
by calculating the positive eigenvalues of Qt-TQi (i =1,2).
Tables 1-2 show the error estimates of uj and u; in H L
norm and the CPU time, we can see that |lu" — uj||; and
lu" — u|l1 have the same accuracy and basically satisfies
the first-order convergence rate, which conforms to our theo-
retical analysis. More importantly, when the domain is finely
divided, ||u" —u}}||1 is smaller than ||u" —uj ||, which implies
that the solution u); of the ROEMFE matrix model is more
accurate than the solution uj, of the MFE matrix model.
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(c) ROEMFE solution w}

We also can see from Tables 1-2 that as the spatial step
decreases and the time increases, the CPU time of the
ROEMFE matrix model is shorter and increases slower than
that of the MFE matrix model. When the grid is 64 x 64 and
t = 2, the CPU time for the ROEMFE matrix model is about
1/10 times that of the MFE matrix model. When the grid
is 64 x 64, fromt = 1 tot = 2, the ROEMFE matrix
model takes only 9.2213s, while the MFE matrix model takes
711.3767s, which means that the ROEMFE matrix model
can greatly reduce the CPU time. Tables 3-4 show the error
estimates of WZ and wZ in H!-norm and the CPU time, we can
see that [|[w" —wy |l and |w" —w/ ||| have the same accuracy
and basically satisfies the first-order convergence rate, and
w gets faster than wy.

For clarify, we present the graphics of exact solution ", the
MEE solution «j, and the ROEMFE solution u; in Figures 1-2
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and graphics of exact solution w", the MFE solution w} and
the ROEMEFE solution w/; in Figures 3-4 at t = 1,2 for
Example 1, respectively. We can see from Figures 1-4 that
the graphics in Figure (a), Figure (b) and Figure (c) look very
much alike, but the ROEMEFE solutions are better than the
MEE solutions due to the accumulation of small round-off
errors in the calculation process of the ROEMEFE algorithm.

Example 2: u = exp~' x(1—x)y(1 —y) sin(2x) sin(27y).

In order to use the ROEMFE matrix model, taking L =
20 and d = 2, we can find /A1 3 + \/A23 < 1.5 x 1072
by calculating the positive eigenvalues of Q,.TQI- i@=12).
Tables 5-8 shows the error estimates of u}, u};, wy and w/j in
H'-norm and the CPU time, we can see that ||u" — uy |y and
lu® — ujj|l1 has the same accuracy and basically satisfies the
first-order convergence rate and so do those in |w”" —w/! || and
[w" — will1, which conforms to our theoretical analysis.
In addition, when the domain is finely divided, [lu" — u}j|ly is
smaller than ||u" — u} ||1, which implies that the solution u/; of
the ROEMFE matrix model is more accurate than the solution
uy, of the MFE matrix model. For clarify, we present the
graphics of exact solution ", the MFE solution u}, and the
ROEMEE solution uj in Figures 5-6 and graphics of exact
solution w", the MFE solution WZ and the ROEMFE solution
w" in Figures 7-8 at t = 1,2 for Example 2, respectively.
Similarly, Tables 5-8 and Figures 5-8 also shows that we can
quickly obtain more accurate numerical solutions using the
ROEMEFE matrix model.

V. CONCLUSION

In this paper, we have studied the reduced-order of solution
coefficient vectors for the MFE method for the 2D fourth-
order hyperbolic equation by means of the POD method. The
ROEMFE matrix model for the equation has been proposed
with the POD basic vectors consisting of the first few known
MFE solution coefficient vectors, the existence, stability and
error estimates of the ROEMEFE solutions has been readily
proved with the help of matrix analysis tools, and some
numerical experiments have confirmed the correctness of
the theoretical analysis and the superiority of the ROEMFE
matrix model. Since the unknowns of the ROEMFE matrix
model are far less than those of the MFE matrix model, which
not only greatly reduces the accumulation of round-off errors,
but also greatly shortens CPU time and maintains accuracy in
the calculation. In addition, the intermediate variable w also
have been successfully reduced-order, which means that the
method can be extended to more variable problems. Particu-
larly, the ROEMFE matrix model for higher order problem is
come up for the first time, thus it is totally different from the
existing POD-based reduced-order MFE methods. Therefore,
this study on the reduced-order of solution coefficient vectors
for the MFE method for the equation is meaningful.
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