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ABSTRACT Under-constrained cable-driven parallel robots (UCCDPRs) manipulate the end-effector (EE)
by employing fewer number of cables than the degree of freedom of the EE, which causes unwanted
swaying motions and oscillations. These unwanted vibrations can be suppressed by using the regenerated EE
trajectory through the input-shaper. However, in the case of the UCCDPR systems, generating the feasible
EE trajectory and deriving the natural frequency for designing the input-shaper is not straightforward since
finding the stable equilibrium configuration is challenging. This paper proposes a novel methodology to find
the stable equilibrium configuration of the general UCCDPRs in the assigned EE position.With the proposed
method, the EE trajectory can be reproduced as a vibration suppression trajectory through an input shaper
designed based on the analysis of the natural frequencies, as well as generating feasible EE trajectories based
on the equilibrium configuration. Also, even if the orientation trajectory is not given and only the position
trajectory is given, the cable length to follow the given position trajectory of the EE can be obtained based
on the equilibrium configuration corresponding to the given position trajectory. Computer simulations and
hardware experiments were conducted to verify the effectiveness and performance of the proposed method.

INDEX TERMS Cable-driven parallel robots, underconstrained robots, underactuated robots, equilibrium
configuration, natural frequency, input shaping, trajectory generation.

I. INTRODUCTION
Cable-driven parallel robots (CDPRs) are a group of par-
allel robots that control their end-effector (EE) or payload
by employing several cables, instead of rigid links, actuated
by servo-controlled winches. CDPRs have many advantages
compared with conventional link-based parallel and serial
manipulators. Since cables have low inertia, the mass of
the total moving parts of a CDPR system is small, making
high-speed operations possible and reducing its energy con-
sumption. In addition, CDPRs can have a broad workspace
and their structural simplicity makes it easy to adjust the
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size of their workspace and assemble and disassemble them.
These features make CDPR systems employed in various
application fields despite some disadvantages caused by cable
properties such as flexibility, sagging, and unidirectional
force transmission. Among different types of CDPRs, under-
constrained CDPRs (UCCDPRs), which use fewer number of
cables than the degrees of freedom (DoFs) of their EE, have
been frequently used in applications such as measurement,
rescue, service, and construction fields due to the simplic-
ity of their structure, low cost, expandability of workspace,
etc., [1], [2], [3], [4], [5], [6], [7], [8], [9].

However, an UCCDPR has a fundamental drawback
brought about by structural distinction. Since the number of
cables used is fewer than the DoFs of the EE, some DoFs
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are constrained by the cables but not the others. Even with
the control of the cables and the gravity pull of the EE, the
generalized coordinates of the EE are not uniquely deter-
mined, causing unwanted oscillatory motions of the EE. This
property unique to UCCDPRs raises a few challenging prob-
lems such as finding a stable equilibrium configuration [10],
finding a feasible solution set of the forward and inverse
kinematics [11], [12], [13], [14], [15], [16], [17], [18], and
subduing unwanted oscillatory motions of the EE [19], [20],
[21], [22], [23], [24], [25], [26], [27], [28], [29], [30], [31],
[32], [33], [34], [35], [36].

One research group conducted a stability analysis of
UCCDPR static equilibrium by applying a constrained opti-
mization based on ordinary linear-algebra routines [10].
Moreover, they proposed methodologies to solve the forward
kinematics for general UCCDPRs when each cable length
is assigned based on kinematic constraints and mechani-
cal equilibrium equations [11], [12], [13], [14]. A general
method for solving the forward kinematic problem was rep-
resented in [12], which sets the problem by a set of alge-
braic equations, finding a least-degree univariate polynomial
based on homotopy-continuation algorithms. In [14], fea-
sible solutions satisfying the positive cable tensions were
directly found by using interval analysis. Another research
group proposed an unsupervised neural network algorithm
to conduct real-time forward kinematic analysis by mod-
eling the problem as determining a nonlinear function
approximation [15], [16].

While intensive research has been conducted on the for-
ward kinematics of UCCDPRs, relatively few research works
were done on their inverse kinematics. The length of each
cable for a given EE pose can be straightforwardly calculated
through the kinematic constraints of the UCCDPR, but if the
EE pose assigned to solve the inverse kinematics is not a
feasible pose reflecting the characteristics of the UCCDPR,
then the pose cannot be realized by the cable length obtained
through the inverse kinematics. Finding the feasible cable
length at an assigned EE position was researched on a 2-cable
UCCDPR in the 2-dimensional plane and 3-cable UCCDPR
in the 3-dimensional space [34], [36]. In [17] and [18], studies
were conducted to find a solution set of the inverse kinematics
for two cases where EE’s position or orientation is given
for 3- and 4-cable UCCDPR systems. However, the methods
proposed in the above-introduced research have limitations
in their application to apply to all types of UCCDPR since
they can only work under special cases where the UCCDPR
is constructed with 2 and 3 cables or special constraints on
the EE are used.

Since the EE of UCCDPRs is not fully constrained,
unwanted oscillatory motions may occur. Moreover, if the
proper EE trajectory reflecting the features of the undercon-
strained system is not used, such motions can get worse.
To suppress and prevent these unwanted motions of the EE,
much research on pre-planning a trajectory for UCCDPRs has
been carried out. A method to plan a trajectory based on the
inverse dynamics and antisway control method was proposed

in [19] and [20]. And a trajectory trackingmethod on the basis
of flatness control was researched in [21]. Other research
groups proposed a trajectory planning method to extend the
workspace beyond the static equilibrium workspace by using
natural frequencies of UCCDPR caused by the preserved
DoFs of the EE [22], [23], [24], [25], [26], [27], [28], [29].
And a rest-to-rest trajectory planning method was proposed
by finding the solutions of the equations of motion of the
UCCDPR satisfying given boundary value and constraints on
position and velocity at start and end times [30]. Also, trajec-
tory generation methods to suppress unwanted oscillations of
EE were proposed by using an input shaping algorithm based
on the analysis of natural frequencies [31], [32], [33], [34],
[35], [36]. However, all the above-mentioned studies were
conducted only on 2- and 3-cable UCCDPR, Gentry, Crane
types, or generating simple linear trajectories for 4-cable
systems.

This paper proposes a methodology to find an equilibrium
configuration for a given EE position in the workspace of
generic m-cable UCCDPRs. Through the proposed method,
it is possible to generate a feasible EE trajectory for various
paths based on the equilibrium configuration and to calculate
the cable lengths that make the EE follow a given position
trajectory. In addition, the proposed method allows a fre-
quency analysis at all positions in the workspace by lineariz-
ing the dynamics of the UCCDPR around an equilibrium
point obtained from the proposed method. Thus, it is possible
to apply an input shaping algorithm to generic UCCDPRs to
suppress the unwanted oscillatory motion of the EE. The key
research contributions presented in this paper are summarized
as follows.

1) A novel methodology to find the equilibrium configu-
ration of the generic UCCDPRs withm cables (1<m<6)
is proposed.

2) An equilibrium-based trajectory (EQBT) of the EE
can be generated through the proposed method, which
makes it possible to obtain a feasible cable length that
allows the EE to track a given position trajectory even
if the orientation is not given in the UCCDPR used
4 cables or more.

3) This paper also shows how the proposed method can be
used to derive linearized internal dynamics expressed
by free variables only, which in turn yields the infor-
mation on frequencies, which are used in input shaping
algorithms.

This paper is organized as follows. In Section II, the
analysis on the kinematics of the UCCDPRs is described.
Section III investigates the dynamic of the UCCDPRs and
their internal dynamics. In Section IV, the proposed method
to find the equilibrium configuration of the UCCDPRs is
explained and the analysis on the natural frequencies is
conducted. In Section V, the zero-vibration (ZV) and zero-
vibration and derivative (ZVD) input shaper based on the nat-
ural frequencies is applied in order to generate the oscillation
suppression trajectory. Section VI shows the validation and
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FIGURE 1. Schematic configuration of UCCDPR on the ith cable.

FIGURE 2. Pulley diagram on the pulley plane (xi -zi plane).

effectiveness of the proposed method through the simulations
and experiments, followed by the conclusions of this work in
Section VII.

II. KINEMATIC ANALYSIS
A. KINEMATICS
The schematic diagram shown in Fig. 1 shows the structure
of a generic m-cable UCCDPR, where 1 < m < 6, with
more focus on cable i. The inertial coordinate frame {O} is
attached to the ground, which is one of the vertical posts in
this paper, and a moving coordinate frame {E} is attached
to an arbitrary point, point E , on the EE. The generalized
coordinate configuration related to an EE pose is defined as
q = [pT ηT ]T ∈ Rn, where p = [x y z]T represents the
position vector of the origin of {E}, and η = [φ θ ψ]T is the
Euler-angle vector based on Z -Y -X for the orientation of {E}
with respect to {O}. Let R denote the rotation matrix describ-
ing the orientation of the EE with respect to the coordinate
frame {O}. Thus,

R , Rz(ψ)Ry(θ )Rx(φ) (1)

where Rz, Ry, and Rx denote rotation matrices about Z -, Y -,
and X -axes, respectively. And point G is the center of mass
(COM) of the EE, and ζ is the related position of the COM
with respect to position point E .

Coordinate frame {Ai} is attached to pulley i at its groove,
denoted by Ai, such that its zi-axis is always tangential to
pulley i and aligned with the cable coming from the winch
driven by motor i. As shown in Fig. 2, let αi and βi angles be
invariant and known once the UCCDPR is installed. The xi-
axis of {Ai} heads toward point Pi, the center of the pulley. Let
the xi-zi plane of {Ai} be called the pulley plane in this paper.
The pulley plane rotates passively depending on the EE pose
along the zi-axis, and γi denotes its swivel angle. Thus, the
orientation of {Ai} can be expressed by

Ri , R∗i (αi, βi)Rzi (γi). (2)

Note that rotation matrix R∗i is constant. Also note that point
Bi is the point at which cable i comes out of the pulley, and ui
and wi are the position vectors from point Ai to point Pi and
from point Pi to point Bi, respectively, and a wrap angle, θi,
denotes the obtuse angle between ui andwi. Vector ri denotes
the vector from the origin of {E} to point Ci, where cable i is
attached to the EE. In Figs. 1 and 2, it is clear that

li = ui + wi − si (3)

where

si , ci − ai (4)

ci = p+ ri (5)

Note that since vector ai is invarient, vector si depends on
vector ci. The length of cable i from pointCi to pointBi, which
is equal to the norm of li, i.e, `i = ‖li‖, can be expressed as

`i = Li − riθi (6)

where Li is the length of cable i from point Ci to point Ai, and
ri are the radius of pulley i. See Appendix VII for the details
on Eq. (6).

Thus, the kinematic constraints expressed as vector form
in Eq. (3) can be rewritten by considering only its magnitude:

0 = 8(q, `) ∈ Rm (7)

where the ith element of 8 is φi = `2i − lTi li, and ` =
[`1 `2 · · · `m]T .

B. DIFFERENTIAL KINEMATICS
Let ω denote the angular velocity of the EE. Then,

ω =W(η)η̇ (8)

where

W(η) ,

cosψcosθ −sinψ 0
sinψcosθ cosψ 0
−sinθ 0 1

 . (9)

The velocity of point G is

vG = ṗ+ ω × ζ . (10)

And the velocity of point Ci is

ċi = ṗ+ ω × ri. (11)
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The rate of changes in cable length, L = [L1 · · · Lm]T ,
and EE pose, q, can be described by differentiating the
kinematic constraints, Eq. (7) (The details are explained in
Appendix VII.):

L̇ = −JDq̇ = −Jd q̇ (12)

where

J =


...

...

l̂Ti (ri × l̂i)T
...

...

 ∈ Rm×n (13)

D =
[

I3 03×3
03×3 W(η)

]
∈ Rn×n, (14)

and I3 and 03×3 represent the 3 × 3 identity matrix and
zero matrix, respectively. l̂i denotes the unit vector of li,
i.e., l̂i = li/`i, J and Jd are called the kinematic and the
analytic Jacobian, respectively, and they have the same rank
because columns of W are mutually independent except for
the case when the EE stays at the edge of the workspace,
i.e., φ = ±π/2 or θ = ±π/2 or ψ = ±π/2. In the case
of the UCCDPR system, the rank r is less than or equal to
m, i.e., rank(J) = rank(Jd ) = r ≤ m, the number of free
variables among q̇ is p = n− r . Thus, nullspace of Jacobian
is expressed by

q̇null = J∗dν ∈ N (Jd ) for any ν ∈ Rp (15)

where columns of J∗d ∈ Rn×p span the nullspace of Jd and
q̇null ⊂ Rn. Thus, Eq. (12) can be rewritten as

L̇ = −Jd (q̇+ q̇null) (16)

with

Jd q̇null = 0 (17)

It means that the EE can still move with q̇null 6= 0 even if
L̇ = L̈ = 0, with all the cables taut.

Generally, rank(Jd ) = m. However, a kinematic singularity
may arise, i.e., rank(Jd ) < m. In this case, the singularity can
be avoided by adjusting the cable connecting points, Ci for
cable i. Thus, it is assumed in this paper that rank(Jd ) = m.

III. MOTION ANALYSIS
A. DYNAMICS
In this section, the equations of motion (EOMs) are derived
based on the Euler-Lagrange method to analyze the behaviors
of the EE. The kinetic energy of the EE is

K =
1
2
mvTGvG +

1
2
ωT IGω (18)

wherem and IG denote the mass and the moment of inertia of
the EE, respectively. And the potential energy of the EE is

P = mgk̂T (p+ ζ ) (19)

where g denotes the acceleration of gravity.

The Lagrangian is defined as

L , K − V , (20)

and the extended Lagrangian is defined with Lagrange mul-
tiplier λ to reflect the holonomic constraints:

Le , L+
m∑
i=1

φiλi = L+8Tλ (21)

where λi denotes the ith component of λ ∈ Rm, which
represents the constraint forces, that is, the cable tensions
applied at the EE.

Then, the EOM becomes

d
dt

(
∂Le
∂q̇

)
−
∂Le
∂q
= 0 (22a)

or

d
dt

(
∂L
∂q̇

)
−
∂L
∂q
= 4Tλ (22b)

where

4 =
∂8

∂q
∈ Rm×n. (23)

Note that 4Tλ is the generalized force applied at the EE
caused by the cable tensions. Thus, the nonlinear dynamics
of the UCCDPR in Eq. (22a) or Eq. (22b) can be organized
by EE state variables and cable tensions:

M(q)q̈+ C(q, q̇)q̇+G(q) = JTdT (24)

where

M(q) =
[

mI3 −m[ζ ]×W(η)
mWT (η)[ζ ]× WT (η)IEW(η)

]
∈ Rn×n (25)

C(q, q̇) =
[
03×3 −m

(
[ζ ]×Ẇ(η)+ [ω]×[ζ ]×W(η)

)
03×3 WT (η)

(
IEẆ(η)+ [ω]×IEW(η)

) ]
∈ Rn×n (26)

G(q) = mg
[

iz
WT (η)[ζ ]×iz

]
∈ Rn (27)

T =
[
· · · Ti · · ·

]T
∈ Rm (28)

IE = IG + m[ζ ]T×[ζ×]. (29)

Note that symbol [·]× denotes a 3×3 skew-symmetric matrix
to represent cross product of vectors as a matrix multiplica-
tion, i.e., u × v , [u]×v for u, v ∈ R3, and Ti denotes the
tension in cable i.

B. INTERNAL DYNAMICS
By pre-multiplying a permutation matrix P ∈ Rn×n by q,
q can be separated into constrained state variables qc ∈ Rm

related to constrained DoFs of the EE, and free state variables
qf ∈ Rp related to free DoFs of the EE.

qp , Pq =
[
qTc qTf

]T
. (30)
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And the UCCDPR’s EOM can be split into two equations
by pre-multiplying P by both sides of Eq. (22):

d
dt

(
∂L
∂q̇c

)
−
∂L
∂qc
= 4T

c λ ∈ Rm (31a)

d
dt

(
∂L
∂q̇f

)
−
∂L
∂qf
= 4T

f λ ∈ Rp (31b)

where 4c = ∂8/∂qc ∈ Rm×m and 4f = ∂8/∂qf ∈ Rm×p.
By substituting Eq. (31a) in Eq. (31b) to remove λ,

the internal dynamics of the UCCDPR can be obtained as
follows.

0 =
d
dt

(
∂L
∂q̇f

)
−
∂L
∂qf
−4T

f 4
−T
c

(
d
dt

(
∂L
∂q̇c

)
−
∂L
∂qc

)
, D (q, q̇, q̈) ∈ Rp (32)

Note that Eq. (32) is a function of both free and constrained
state variables, and it can describe the free motion in free state
variables in accordance with the motion of constrained state
variables.

IV. ANALYSIS OF EQUILIBRIUM CONFIGURATION AND
NATRUAL FREQUENCY
A. METHODOLOGY TO FIND EQUILIBRIUM
CONFIGURATIONS
Finding a stable equilibrium configuration of the UCCDPR
is necessary to find the feasible solution of the inverse kine-
matics and to analyze the natural frequency to be covered
later. In this section, a novel method is proposed to find all
equilibrium configurations of the UCCDPR, the cable lengths
and the cable tensions as well as the orientation of the EE,
when the position of the EE is assigned. The equilibrium
configuration can be analyzed by finding the solution sat-
isfying the statics and the kinematic constraints in Eq. (7),
simultaneously. The statics of the UCCDPR system can be
described by setting q̇ = q̈ = 0 in Eq. (24) as follows.

G(q)− JTdT = 0. (33)

Note that the statics and kinematic constraints consist of
n + m nonlinear equations: n equations in Eq. (33) and m
kinematic constraint equations in Eq. (7). Note also that there
are n + 2m variables: q, L, and T. Therefore, state variables
that define the behavior for the UCCDPR in the steady-state
are X ,

[
qT0 ,L

T
0 ,T

T
0

]T , and if the position p0 of the EE is
assigned, unknown state variables of these equations become
Xu ,

[
ηT0 ,L

T
0 ,T

T
0

]T . Here, a symbol with subscript ‘0’
denotes a variable at static equilibrium.

In the cases of a 2-cable system in a 2-dimensional plane
and a 3-cable system in a 3-dimensional space, if p0 is given,
the number of equations in Eqs. (7) and (33) is equal to the
number of unknown variables in them; therefore, these cases
are determined systems. Thus, all unknowns can be uniquely
determined by considering the constraint conditions related to
feasible solution ranges [34], [36]. However, 4- and 5-cable
systems in 3-dimensional space are underdetermined because
the number of equations is less than the number of unknowns,

thus there exist infinitely many solution sets even though
the same constraint conditions used in previous research are
given.

To find the unique feasible solution satisfying Eqs. (7)
and (33), a numerical procedure based on the convex analysis
and optimization with constraints for feasibility is applied.
The optimization problem is defined by designing the objec-
tive function as the 2-norm of statics and by considering the
constraints that all cables are taut and that no twisting or
interference occurs at the cables as follows:

min
Xu
‖G(q)− JTdT‖

2 (34)

subject to

Equality constraints: φi (`i,q) = 0, ∀i (35a)

Inequality conditions: 0 < Ti, ∀i (35b)

|φ|, |θ |, |ψ | < π/2. (35c)

Note that the objective function, Eq. (34), has a minimum
point at zero and the kinematic constraints are reflected as
the equality constraints, Eq. (35a). The cable sagging can be
prevented by the minimum tension constraints expressed in
Eq. (35b) and the twisting and interference of each cable can
be avoided by the bounded range of the orientation of the EE
expressed in Eq. (35c).

The optimal solution can be found through an interior-
point algorithm. By confirming that all eigenvalues of the
Hessian matrix, H, expressed by Eq. (36) are larger than 0,
it is possible to confirm that the solution is theminimum point
within a given constraint.

H = ∇2f +
∑
i

λi∇
2φi (36)

Through the proposed method, it is possible to construct
a map of Xu in a given p0, and it can be used to generate a
trajectory based on the equilibrium, called equilibrium-based
trajectory (EQBT) in this paper, even when given only the EE
position trajectory.

B. ANALYSIS OF NATURAL FREQUENCY
To regenerate the trajectory to suppress the unwanted oscil-
latory motions through the input-shaper, the analysis of the
natural frequency of the UCCDPR should be carried out and
the quantity of the natural frequency at the position where the
EE is located should be also found. In the case of the general
m-cable UCCDPR, the number of normal modes is equal to
the dimension of Eq. (32).

To find the natural frequency of the UCCDPR system, the
nonlinear internal dynamics, Eq. (32), should be linearized
around equilibrium points based on the perturbation method.
When oscillations of the EE arise at an equilibrium configu-
ration of the EE, the constrained and free state variables can
be expressed as

qc = qc,0 + δqc (37)

qf = qf ,0 + δqf (38)
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where δqc and δqf denote perturbations bounded in a small
range when the EE sways at the equilibrium configuration.
Thus, by applying the fact that it can be possible to neglect the
effect of the quadratic and higher-order terms of perturbation
variables, the linearized internal dynamics can be represented
as follows:

D0 (q, q̇, q̈) = D (q0, q̇0, q̈0)+Mcδq̈c
+Mf δq̈f + Ccδq̇c + Cf δq̇f
+Kcδqc +Kf δqf (39)

where

Mc =
∂D
∂q̈p

∣∣∣∣
0
,Cc =

∂D
∂q̇p

∣∣∣∣
0
,Kc =

∂D
∂qp

∣∣∣∣
0
∈ Rp×m,

Mf =
∂D
∂q̈f

∣∣∣∣
0
,Cf =

∂D
∂q̇f

∣∣∣∣
0
,Kf =

∂D
∂qf

∣∣∣∣
0
∈ Rp×p,

and note that Cc = 0p×m and Cf = 0p×p because the system
model does not have any elements with viscous damping.

To compose the linearized internal dynamics, Eq. (39),
as only the function of free perturbation variables δqf , δq̇f ,
and δq̈f , the relation between the two perturbation variables
is identified by linearizing the constraint equations, Eq. (7),
with the same linearization method as above

80 = 8(q0, `0)+
∂8

∂qc

∣∣∣∣
0
δqc +

∂8

∂qf

∣∣∣∣
0
δqf . (40)

From Eq. (40), δqc, δq̇c, and δq̈c can be obtained as

δqc = 9δqf (41a)

δq̇c = 9δq̇f (41b)

δq̈c = 9δq̈f (41c)

where

9 , −

(
∂8

∂qc

∣∣∣∣
0

)−1
∂8

∂qf

∣∣∣∣
0
∈ Rr×p. (42)

By substituting Eq. (41) in Eq. (39), the linearized internal
dynamics expressed in terms of only free perturbation vari-
ables can be obtained as

D∗0
(
qf , q̇f , q̈f

)
=M∗f δq̈f +K∗f δqf = 0 (43)

where

M∗f = Mp9 +Mf ∈ Rp×p (44)

K∗f = Kp9 +Kf ∈ Rp×p. (45)

Thus, the natural frequencies of theUCCDPR can be obtained

as ωn =

√
eigenvalue

(
(M∗f )

−1K∗f
)

and they depend on

equilibrium pose of the EE, q0.

V. DESIGN OF INPUT-SHAPER
Input shaping is a feed-forward control technique that sup-
presses the vibration of an oscillating system by modifying
the original command input signal through a sequence of
impulse signals designed based on the natural frequency of
the target system [37], [38]. The modified command sig-
nal, which has a vibration canceling characteristic, is gen-
erated through convolution with the original command and
sequence of impulse signals. The sequence of impulses can
be expressed by

I (t) =
v∑
j=1

Mjδ(t − τj) (46)

where δ(·) represents the Dirac delta function, v is the number
of impulses demanded to reduce the oscillations andMj is the
amplitude of jth pulse at time τj. All of the Mj is a non-zero
value, and their sum is 1, that is,

∑
Mj = 1.

In this work, two input sharper is used to suppress the
residual vibrations caused by the free DOF of the UCCDPR
and to compare their oscillation reducing performance: one is
designed based on the Zero-Vibration (ZV) method and the
other is designed based on the Zero-Vibration and Derivative
(ZVD) method. Note that the input shaper based on ZVD
is significantly more robust to modeling errors than the ZV
shaper and the number of impulses is v = 2 for ZV-based and
v = 3 for ZVD-based.

And, since UCCDPR has p vibration modes, an impulse
signal is generated as

Ik (t) =
v∑
j=1

Mk,jδ(t − τk,j), (k = 1, · · · , p) (47)

where

ZV:
[
Mk,j
τk,j

]
=

[
Kk

1+Kk
1

1+Kk
0 π

ωd,k

]
, (48a)

ZVD:
[
Mk,j
τk,j

]
=

[
K2
k

(1+Kk )2
K

(1+Kk )2
1

(1+Kk )2

0 π
ωd,k

2π
ωd,k

]
(48b)

Here, Kk = exp(−ζkπ/
√
1− ζ 2k ) and ωd,k = ωn,k

√
1− ζ 2k .

ζk , ωd,k and ωn,k denote the damping ratio, damped natural
frequency, and natrual frequency of kth mode, respectively.
Eq. (48) means that each amplitude of Ik (t) is determined
depending on the dampling ratio ζk only and each time of
Ik (t) is decided by the damped natural frequency ωd,k .

By convoluting all the impulse signals in Eq. (47), the
multi-mode input shaper can be designed:

IS(t) = I1(t) ∗ · · · ∗ Ip(t). (49)

where the symbol ∗ denotes the convolution. And the total
number of the impulses of the multi-mode input shaper for
p-mode system is vp.

Fig. 3 shows the process of modifying the original com-
mand input signal to an input signal for vibration suppression
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FIGURE 3. Process of modifying the original command signal based on
multi-mode ZV shaper.

using the p-mode input shaper. The modified command sig-
nal, ym(t), is generated by convoluting the original command
signal, y(t), with the multi-mode input shaper, IS(t), that is:

ym(t) = IS(t) ∗ y(t). (50)

In case of UCCDPR systems, the number of modes is equal
to the number of the free state variables of the EE. And all
damping ratios are zero since the system in Eq. (43) does not
have damping, thusKk is 1 and the damped natrual frequency,
ωd , is equal to the natural frequency, ωn.

VI. SIMULATIONAL AND EXPERIMENTAL VERIFICATIONS
To validate the effectiveness and performance of the proposed
method, computer simulations were carried out by utiliz-
ing commercial software, Matlabr. In addition, experiments
were conducted on a 3-dimensional UCCDPR with a 4-cable
prototype.

The control procedure of the overall system applied for the
simulations as well as the hardware system is shown in Fig. 4.
The original position trajectory of the EE, pd , is designed
and passes through the input shaper, where it is adjusted as
the modified position trajectory, pm, for preventing the occur-
rence of unwanted vibrations. Based on the modified position
trajectory, each cable length, Ld , is calculated through the
EQBT generator based on the proposed method expressed in
Section IV-A. And the desired angular trajectory of a 2d

m(t)
is computed from the trajectory of desired cable length based
on the model of the motors combined with the winches.
Finally, to make eachmotor angle track the desired one, a PID
controller is applied. The control gains for all the motors are
set to be identical.

A. SIMULATIONS
In the simulations, a 4-cable UCCDPR model, which was
modeled based on the UCCDPR used in the experiments
shown in Fig. 5, was used. The main parameters of each
CDPR are listed in Tables 1 and 2. The cables used in the
simulation are assumed to have none of the compliance,
sagging, and damping. And it is assumed that the kinetics of
each winch is ignored and that there is no friction between
each cable and its pulley.

FIGURE 4. Block diagram of UCCDPR control system.

TABLE 1. Parameters of 4-cable UCCDPR system used in the simulations
and experiments (unit: meter).

TABLE 2. Parameters of the EE used in the simulations and experiments.

B. SIMULATION I: MAP OF EQUILIBRIUM
CONFIGURATIONS
In order to show that it is possible to obtain the equilib-
rium configuration over all positions within the workspace
of the UCCDPR through the proposed method, finding the
equilibrium configuration for positions of the EE was carried
out. Figs. 6 and 7 show how the orientation angle, each
cable length, and tension magnitude of the 4-cable UCCDPR
system change as the EE changes its horizontal position at
z = 1 m. As shown in Fig. 6, the tilting angle of the EE on
a horizontal plane increases rapidly as the EE approaches the
edge of the workspace. Fig. 7 shows the length and tension
magnitude of each cable of the 4-cable UCCDPR, and it
can be seen that the length and tension of each cable are
inversely proportional to each other. This phenomenon occurs
because the shorter the length of the cable, the greater the
angle between the cable vector li and the gravitational force.
Note that the map (p0→ Xu) depends on the inertial mass of
the EE and the cable connecting points on the EE.
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FIGURE 5. 4-cable UCCDPR system used in the experiments.

FIGURE 6. Orientation angles of the EE at stable equilibrium state on a horizontal plane at z = 1 m.

C. SIMULATION II: PERFORMANCE OF TRAJECTORY
GENERATED THROUGH THE PROPOSED METHOD
To highlight the effectiveness of the proposed method in
improving trajectory tracking and oscillation suppression,
simulations were performed based on a 4-cable UCCDPR
system shown in Fig. 5. Note that changes in the orienta-
tion of the EE and the natural frequencies of the UCCDPR
inevitably occur as the EE moves and that the amount of
their changes during the motion depends on the trajectory
of the EE. Therefore, to show the performance of the pro-
posed method for each of the large and small changes in
orientation and natural frequency, a set of simulations were
carried out using two different paths: one causing small
changes in the orientation and natural frequency, which is
Path 1, and the other causing relatively large ones, which is
Path 2. These paths are shown in Fig. 8, which are described
by

pd (t) = p0 +

Rx(cosθp(t)− 1)
Rysinθp(t)

Rz(cosθp(t)− 1)

 (51)

where p0 is the initial position of the EE. For Path 1, p0 =
[1.35, 1, 1]T , Rx = Ry = 0.35 and Rz = 0. For Path 2,
p0 = [1.5, 1, 1.5]T , Rx = Ry = Rz = 0.5. All the
units used here are meters. The orientation angles and natural
frequencies at equilibrium on each path versus θp are shown
in Figs. 9 and 10.

The performance in vibration suppression of the input-
shaped trajectories was compared for different angular veloc-
ities θ̇p(t): one with a constant angular velocity, one with a
trapezoidal angular velocity, and ZV and ZVD shaper-based
trajectories.

1) Constant velocity (CV): angle θp(t) in Eq. (51) is
designed with

θp(t) =
2π

Tf ,CV − T0
t, T0 ≤ t ≤ Tf ,CV (52)

where T0 and Tf ,CV denote the times at which the
motion starts and ends, respectively.

2) Trapezoidal velocity (TV): The velocity of θp(t) in
Eq. (51) is designed as

θ̇p(t)=



2π
(Tf ,CV − T0)Td

(t − t0), T0≤ t<T0+Td

2π
Tf ,CV − T0

, T0 + Td ≤ t < Tf ,CV

2π
(Tf ,CV − T0)

(1− t−Tf ,CV
Td

),

Tf ,CV ≤ t < Tf ,TV
(53)

where Td is the time interval for acceleration and decel-
eration, and it was set to be the same as the delay time
occurring in the ZV shaper to compare performance
with the ZV shaper under the same condition.

3) ZV and ZVD shaper-based trajectory:

pm(t) = ISZV (t) ∗ p∗d (t) (54)

pm(t) = ISZVD(t) ∗ p∗d (t). (55)

where p∗d (t) is the CV trajectory.
The EE stays at position p0 for 1 second, before it starts
moving along the given trajectory for the next 5 seconds
(Tf ,CV=6 s) in the case of CV, 5.672 seconds (Tf ,CV=6.672 s)
in the case of TV for Path 1, and 5.4 seconds (Tf ,CV=6.4 s) in
the case of TV for Path 2. Note that the time delays Td caused
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FIGURE 7. Each cable length and tension at the stable equilibrium states
on a horizontal plane at z = 1 m.

FIGURE 8. Two circular paths used in the simulations and the
experiments. Path 1 lies on a horizontal plane (Z=1) and Path 2 on a
tilted one.

by the ZV shaper were 0.672 s for Path 1 and 0.4 s for Path 2,
respectively.

FIGURE 9. Orientation angles at equilibrium on each path.

FIGURE 10. Natural freqeuncies along the path.

The desired orientation trajectory of the EE is generated
as the EQBT, generated by obtaining the orientation trajec-
tory based on the equilibrium configuration on the given
position trajectory through the proposed method explained in
Section IV-A. And orientation angles for a linear orientation-
based trajectory (LOBT) used to compare with EQBT are
generated as

η(t) = η(T0)+
t

Tf − T0
(η(Tf )− η(T0)), T0 ≤ t < Tf

(56)

where Tf denotes the time at which the EE motion ends.
Note that the positional trajectories of the EQBT are the
same as LOBT’s position trajectory, but not the orientation
trajectories.

The simulations were carried out using LOBTs and
EQBTs, designed to have 4 velocity types explained above
for each path, and their results were compared.

1) RESULTS ON PATH 1
In the first simulations, in the case of the path causing
the small changes of the orientation angles and natural
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TABLE 3. RMS of residual oscillations for Path 1.

TABLE 4. RMS of tracking error for Path 1.

frequencies, the focus was on how the performance on the
trajectory tracking is improved when the EQBT is used com-
pared with LOBT. And when EQBT is used with an input
shaper, it is also checked howmuch the vibration suppression
effect is improved.

As shown in Figs. 11 and 12, which are the results of
using LOBT and EQBT, respectively, the residual oscillations
could be significantly subsided using only the input shaper,
whether LOBT or EQBT was used. And the performance in
the residual oscillation suppression in all simulations was best
when the ZVD shaper was used, followed by when using the
ZV shaper. This result shows that the ZVD shaper is more
robust than the ZV shaper in the case that the change of fre-
quencies occurs on the path. The RMS values of the residual
oscillations were measured for 10 seconds after completing a
circular motion and summarized in Table 3. Although using
only the input shaper in LOBT can suppress the residual
vibration, using EQBT with the ZV shaper was able to sup-
press the residual vibrations by 26% more compared to using
LOBT with the ZV shaper. Besides, even for CV and TV,
using EQBT produced less residual vibration than CV and
TV of LOBT.

And, in the trajectory tracking performance, all the results
with the EQBT showed improved performance compared to
all the results with the LOBT. In particular, despite using
the same position trajectory in both LOBT and EQBT, the
position trajectory was followed well when using EQBT,
while the performance in the position tracking was poor when
using LOBT. These results are revealed by just comparing
Figs. 11c and 12c. In this simulation, the assigned z-axis
position trajectory was the time-invariant i.e., z = 1 m for
all the simulation time. As shown in Figs. 11c and 12c, using
LOBT did not track the z-axis trajectory, but using EQBT
could follow the given trajectory. The RMS values on the
tracking error, measured for the time for a single turn of
circular motion, are listed in Table 2. In the cases of TV, ZV,
and ZVD of EQBT, the tracking errors were reduced by more
than 85% compared to the case of TV, ZV, and ZVD of LOBT.

2) RESULTS ON PATH 2
For a motion along Path 2, large changes in the orientation
angles and natural frequencies are caused as shown in Figs. 9
and 10. Thus, additional simulations were conducted to see

FIGURE 11. Simulation results for the LOBT for Path 1.

how these changes in orientation and frequency affect the
transient and residual oscillations and tracking performance
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FIGURE 12. Simulation results for the EQBT the Path 1.

of EE and to see how effective it is to use EQBT in the path
where these changes occur significantly.

TABLE 5. RMS of residual oscillations for Path 2.

TABLE 6. RMS of tracking error for Path 2.

In the case of Path 2, as shown in Fig. 13, there was a
limit to suppressing the residual oscillation of the EE by using
LOBT with the input shaper even using the ZVD shaper.
Since the natural frequencies used to design the input shaper
are the value at the start point only, i.e., constant values,
the vibration suppression effect through the input shaper is
small in a path where large changes in natural frequencies
are caused, such as Path 2. However, looking at the results
shown in Fig. 14, it could be confirmed that the residual
oscillations were significantly subsided as well as transitional
oscillations caused during circular motion in all the cases of
using the EQBT. The RMS values on the residual oscillations
measured for 10 seconds after completing a circular motion
are listed in Table 5. It is noteworthy that even in the case of
TV of EQBT, residual vibration occurs less than in the case
of LOBT using ZVD. Also, despite the significant changes in
orientation angles and natural frequencies, residual oscilla-
tions were substantially subdued by more than 75% when the
EQBT was used with input shaper compared to using LOBT
with input shaper.

In addition, using EQBT could improve the performance
in trajectory tracking compared to using LOBT. In all the
cases of using EQBT, the tracking errors, measured for the
time for a single turn of circular motion, declined by more
than 85% compared to all the cases of using LOBT, and that
are summarized in Table 6. These results show how effective
the use of EQBT in the UCCDPR system is in suppress-
ing unwanted oscillatory motions and in reducing tracking
errors.

D. EXPERIMENTS
Hardware experiments were carried out with the UCCDPR
system with 4 cables, shown in Fig. 5. Stainless steel cables
with 1 mm diameter were used and the length was con-
trolled by an AC servomotor (Beckhoff, AM3024) with an
AC servo driver (Beckhoff, AX5203). A loadcell (Bongshin,
OBUH-10) to measure the cable tension was installed at each
of the sub-pulleys. To measure the orientation of the EE,
an IMU sensor (MocroStrain, 3DM-GX5-25) was installed
on the EE. And a laser leveler (Sincon, CU-900T) and a laser
range sensor (Magpie, VH-80) were used to set the initial
position of the EE and to measure the position when the EE is
stationary.
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FIGURE 13. Simulation results for the LOBT for Path 2.

E. EXPERIMENT I: PERFORMANCE OF TRAJECTORY
GENERATED THROUGH THE PROPOSED METHOD
The experiments were conducted using the paths and trajecto-
ries used in the simulations and all the data on the orientation
of the EE were measured with the IMU sensor attached to the
EE. And the experiment results for both Path 1 and Path 2
were similar to the simulation results.

FIGURE 14. Simulation results for the EQBT for Path 2.

In the case of experiments on Path 1, comparing the results
of using LOBT and EQBT shown in Figs. 15 and 16, it can
be seen that all the cases of using EQBT suppressed residual
oscillations of the EE compared to all the cases using LOBT.
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FIGURE 15. Experiment results for the LOBT for Path 1.

FIGURE 16. Experiment results for the EQBT for Path 1.

In particular, the use of only the TV of EQBT could suppress
residual vibration to a level equivalent to that of ZV of

FIGURE 17. Experiment results for the LOBT for Path 2.

FIGURE 18. Experiment results for the EQBT for Path 2.

LOBT, and in the case of using EQBT with the input shaper,
there was almost no residual vibration occurred. As clearly
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TABLE 7. RMS of the tracking error and residual oscillations on the
orientation of the EE in the experiments of motion along Path 1 (unit:
degrees).

TABLE 8. RMS of the tracking error and residual oscillations on the
orientation of the EE in the experiments of motion along Path 2 (unit:
degrees).

shown in the circular motion parts of Figs. 15 and 16, the
transition vibration was also reduced in all cases of EQBT
compared to the results of LOBT. The tracking performance
and residual vibration suppression performance of EQBT
with input shaper showed more than 80% improvement com-
pared to LOBT with input shaper, which is summarized
in Table 7.
Looking at the results for Path 2, it is better to see the

difference in performance between using LOBT and using
EQBT. As can be seen in Figs. 17, and 18, all the results
with EQBT were better than any of those with LOBT, even
ZVD. This shows how good the use of EQBT can be in the
case of paths with significant changes in natural frequency
and posture on the path. In Path 2, the tracking performance
and residual vibration suppression performance of the input-
shaped EQBT showed an improvement of more than 77%
compared to those of the input-shaped LOBT, which is sum-
marized in Table 8.
By the way, there is a difference between experimental and

simulation results on both Path 1 and Path 2. The amplitude
of the residual vibrations generated in the experiment is
smaller than the amplitude generated in the simulation. This
difference is caused by energy loss elements in the hardware
which were neglected in the simulation model, such as pulley
friction and damping/friction in the cables.

VII. CONCLUSION
This paper proposed a method for finding the equilibrium
configuration of general under-constrained cable-driven par-
allel robots. The cable length and tension, and orientation
of the EE could be obtained for the UCCDPR to be in a
stable and static equilibrium configuration at the given EE
position by solving the optimization problem, which has the
objective function as the 2-norm of statics with the constraints
concerning the cable tension and the orientation of the EE.
Through the proposed method, even in UCCDPR employing
more than 4 cables, EQBT could be generated considering
the orientation of the EE even if only the position trajectory

of the EE was assigned. In addition, the natural frequencies
of the UCCDPR were analyzed in the entire workspace by
linearizing the internal dynamics of UCCDPR around the
equilibrium point obtained by the proposed method, and an
input-shaper was designed based on the natural frequen-
cies. The trajectory tracking performance was significantly
improved by using the input-shaped EQBT as well as the sup-
pression of the transitional and residual oscillational motion.
By conducting simulations and experiments comparing the
performance of EQBT and LOBT, it was verified how effec-
tive it is to use EQBT in the UCCDPR system.

APPENDIX A
LENGTH OF CABLE
For convenience, for all, use î, ĵ, and k̂ for [1 0 0]T , [0 1 0]T ,
and [0 0 1]T . Note that ui, wi, li, and si are coplanar vectors
lying on the pulley plane i. The vector li in Eq. 3 can be
expressed with respect to {Ai} by multiplying both sides
by RT

i :

lAii = uAii + wAi
i − sAii (57)

where

uAii = ri î (58)

wAi
i = ri[−cosθi 0 sinθi]T (59)

sAii = RT
i si. (60)

Because all the vectors in Eq. (57) exist on the pulley
plane, their y-components must be zero. From this fact, the
y-component of sAii can be expressed as follows:

0 = sAii · ĵ

= RT
zi (R
∗
i )
T si · ĵ

= −sinγi((R∗i )
T si · î)+ cosγi((R∗i )

T si · ĵ). (61)

From Eq. (61), the swivel angle, γi, can be obtained as

γi = atan2
(
(R∗i )

T si · î, (R∗i )
T si · ĵ

)
. (62)

And the wrap angle, θi, can be obtained using the condition
that the edge of the pulley groove and the cable are in contact
at point Bi. On the pulley plane, the edge of the pulley can be
represented by(

xi − uAii · î
)2
+

(
zi − uAii · k̂

)2
= r2i (63)

and the line passing through point Ci and contacting the edge
of the pulley groove can be expressed as follows:

zi − sAii · k̂ = d
(
xi − sAii · î

)
(64)

where d means the gradient of the line and it is

d =
−γb ±

√
γ 2
b − 4γaγc

2γa
(65)
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where

γa = r2i −
(
(uAii − sAii ) · î

)2
γb = −2(u

Ai
i − sAii ) · (u

Ai
i − sAii )

γc = r2i +
(
(uAii − sAii ) · k̂

)2
.

Note that the line expressed in Eq. (64) mathces the vector li.
And two gradients are provided from Eq. (65), and it means
that the two tangent line satisfying both passing through point
Ci and contacting on the pulley exist. In this research, the
gradient with a larger absolute value is used because each
pulley is installed at a higher position than the position of EE.
By finding the point of tangency between Eqs. (63) and (64),
the x and z positions of Bi on the pulley plane can be obtained
by

BAii,x =
(d2sAii + uAii ) · î+ d(u

Ai
i − sAii ) · k̂

d2 + 1
(66)

BAii,z = d(BAii,x − sAii · î)+ sAii · k̂ (67)

and note that BAii,y is zero. From Eqs. (66) and (67), the vector

wAi
i can be obtained as follows:

wAi
i =

B
Ai
i,x
0
BAii,z

− uAii . (68)

Thus, the wrap angle θi can be calculated by using the relation
of the angle between ui and wi.

θi = acos
−ui · wi

‖ui‖‖wi‖
. (69)

As a consequence, the length of cable i from point Ci to
point Ai is

Li = riθi + `i. (70)

APPENDIX B
KINEMATIC JACOBIAN
The relation of the rate of change between cable length and
EE pose can be described by differentiating the kinematic
constraints, `2i − lTi li = 0, in Eq. (7):

˙̀i = l̂Ti l̇i, (71)

where l̂i = li/‖li‖ and

li = ai + Riu
Ai
i + Riw

Ai
i − ci (72)

l̇i = Ṙi

(
uAii + wAi

i

)
+ Riẇ

Ai
i − ċi, (73)

since ai and uAii are time-invarient. In Eq. (73), the direction
vector of ẇAi

i is parallel to l̂Aii since ẇi ⊥ wi. Thus, ẇ
Ai
i can

be represented as follows:

ẇAi
i = −riθ̇i l̂

Ai
i , (74)

and
d
dt
Ri = R∗i Ṙzi = γ̇i

[
R∗i k̂

]
×

Ri (75)

since Ṙ∗i = 0. As a consequence, Eq. (73) can be rewitten as

l̇i = γ̇i
[
R∗i k̂

]
×
(ui + wi)− riθ̇i l̂i − ċi. (76)

By substituting Eq. (76) in Eq. (71), the relation between
the rate of change of the length of cable i and the generalized
velocity is obtained by

˙̀i + riθ̇i = −l̂Ti ṗ− (ri × l̂i)Tω, (77)

where note that the vector of the first term of the right side in
Eq. (76) and l̂i are always orthogonal, thus their dot product is
zero. Finally, by expanding Eq. (77) with all cables, Eq. (12)
can be obtained.
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