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ABSTRACT In statistical process monitoring, it is often assumed that the sequential observations generated
by processes are independent and identically distributed (iid). However, in real practice, these observations
tend to exhibit an autocorrelation pattern. Thus, an autocorrelated process yields misleading results in
terms of a high false alarm rate and slow detection of process changes if employing iid-based designed
monitoring schemes. Therefore, in this article, we propose the dual cumulative sum (DCUSUM) and dual
Crosier’s CUSUM (DCCUSUM) mean charts for monitoring the autocorrelated processes using a first-order
autoregressive model. Monte Carlo simulations are extensively used to compute the performance measures:
the average run length, standard deviation run length, extra quadratic loss, and relative average run length
of the two-sided DCUSUM and DCCUSUM charts under both the zero-state and steady state cases. It is
observed that as the level of autocorrelation increases, the performance of the studied charts deteriorates.
Thus, a s-skipping sampling scheme is incorporated to reduce the negative effect of autocorrelation.
To demonstrate the effect of autocorrelation and highlight implications further, a simulated dataset with
a shift in the process mean is considered.

INDEX TERMS AR (1) model, autocorrelation, DCUSUM chart, Monte-Carlo simulations, s-skipping
sampling, statistical process control.

I. INTRODUCTION

Control charts (CCs) are commonly used in statistical process
control (SPC) to keep a check on industrial and service pro-
cesses in order to improve process quality and productivity.
The main objective of a CC is to distinguish between two
types of variability: random and assignable causes. A process
is said to be in-control (IC) if it only operates with a random
cause of variation. On the other hand, the process is out-of-
control (OC) when it continues to operate in the presence of
identifiable causes (as a result of additional variations brought
on by equipment, human error, and/or material error). Any
efficient monitoring technique must react quickly to changes
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in parameter(s) of interest in order to eliminate/reduce unde-
sirable waste (cf., Montgomery, [1]).

CCs are classified into two categories based on their
current and previous realizations, namely: memory-less and
memory-type. In the former category, the most well-known
and easiest-to-implement SPC schemes are those developed
by CC pioneer Dr. Walter A. Shewhart [2] in the 1920s.
Despite their simplicity and excellent adaptability for large
shifts, they have a major drawback in noticing slight to
moderate shifts. Page [3] and Roberts [4], on the other
hand, proposed memory-type charts, primarily cumulative
sum (CUSUM) and exponentially weighted moving average
(EWMA), respectively. Later, Crosier [5] proposed a modi-
fied CUSUM chart for detecting mean shifts, known as the
CCUSUM chart. The functioning of the CCUSUM chart is
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TABLE 1. Zero-state ARL; profile of the DCUSUM chart with ARL, = 500.

0.0

3] S| d— 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0 ARL 27137 29338 313.85 33224 35339 368.79 38434 39744 4126 422586
SDRL 267.01 291.66 30925 328.87 34926 364.56 38244 39742 41055 419.41
| ARL 2733 27504 28142 29288 307.55 323.54 34464 367.1 3904 41235
0.20 SDRL 269.66 271.58 277.03 29039 30528 321.18 3415 362.65 38521 408.61
s ARL 27205 27267 27485 27756 28744 29931 31885 3408 37122 403.41
SDRL 267.76 268.15 27278 272.87 284 29558 31485 33674 368.1  399.89
ARL  273.88 27232 273.08 27405 27894 28439 29951 321.85 35348 393.07
3 SDRL 271.69 268.74 2695 269.94 27655 27998 29598 317.36 349.03 389.78
ARL 9632 11283 1314 15002 1704 19196 213.6 236.89 259.46 279.97
0 SDRL 9201 108.75 127.7 14538 16657 18825 210.19 233.13 255.82 276.88
ARL  96.65 9822 102.66 11145 12392 14082 162.68 190.02 22291 2613
0.40 ! SDRL 9275 9358 9856 107.11 119.69 13678 15839 186.58 21842 25841
5 ARL  96.16 9672  97.88 10071 10697 11744 13426 15873 19456 24277
SDRL 92 9209 9398 9679 10335 11345 130.14 15493 190.88 239.69
3 ARL  96.13 9598 9678  97.39 100.56 106.68 117.88 13829 172.1 22672
SDRL 9201 9179 9276 9299 9577 10242 113.61 13472 1687 223.39
ARL 3893 4705 5662 678 8083 9601 111.62 13035 150.17 169.72
0 SDRL 3449 424 5187 63.63 77.07 9184 1073 12646 14601 1657
ARL 3901 3952 4207 4623 5238 6204 7547 9348 11896 151.89
! SDRL 3439 3506 3757 41.68 4783 5757 7104 89.16 11491 14836
060 ARL 3888  39.01 3946 4097 4376 4935 5835 73.04 9721 13573
2 SDRL 3436 3443 3489 366  39.11 4477 5372  68.69 9283 13128
3 ARL 3887 3884 3883 3937 4075 4369 4972 6126 8204 12174
SDRL 3438 343 3434 3481 3614 3907 4499 5659 77.83 11693
o ARL 1955 2365 2846 3458 4184 51.02 6098  73.07 8733 102.87
SDRL 1517 1931 2405 3012 3739 4634 563 6886 8285  98.87
X ARL  19.56 20 2106 2322 2652 3148 3888  50.04 6594  89.1
SDRL 1525 158 1665 1881 2206 2695 3433 4548 6153 8476
080 5 ARL 1953 1957 1982 2053 2204 247 2949 376 5196 7694
SDRL 1519 1529 1543 162  17.64 2026 2501 33.09 4747 7236
ARL 1954 195 1964 1982 2053 2198 2493  30.64 4272  67.72
3 SDRL 1523 152 1521 1552 1616 1758 2049 26.12 3826  63.09
ARL 1192 1418 169 2036 2454 2971 361 4384 5329  63.83
0 SDRL 803  10.11 1264 161 2012 252 3173 39.18 4894 5928
ARL 1192 1212 1275 1395 1567 1857 2278 2922 3935 5416
100 ! SDRL 809 822 88 987 1153 1427 1833 2466 3472  50.02
5 ARL 1188 1185 1206 1249 1331 1478 1736 221 3044 466
SDRL  8.01 7.95 8.1 8.5 927 1068  13.08 17.77 2584 419
3 ARL 1193 1195 1195 1209 1243 1323 1485 1823 2503 4039
SDRL  8.03 804 806 817 848 924 1073 1396 2051 3589
ARL 831 966 1134 1341 1601 1933 233 2827 3484 4182
0 SDRL 489 602 748 937 1185 1507 1888 2372 304 3739
ARL 8.3 8.45 885 951 1065 1236 1499 1892 2523  35.15
! SDRL  4.85 5 532 587 6.9 841 1089 1463  20.84 3058
120 ARL 831 8.33 8.41 867 9.4 1007 1167 1449 1978  30.12
2 SDRL 483 480 496 517 556 638 779 1038 1549  25.65
3 ARL 831 832 833 842 862 914 1016 1213 1638  26.04
SDRL 488 49 491 496 515 557 646 821 1217 2158
0 ARL 6.3 722 839 976 1153  13.66 1638 1977  23.82 2885
SDRL 331 399 496 611 768  9.66 1219 1543 1939 2433
X ARL 628 639 664 715 789 903 1074 1342  17.63 2441
140 SDRL 329 338 354 395 451 547 692 941 1343 2007
s ARL 6.3 632 635 656 688 75 8.6 1048 1394 2074
SDRL 332 332 336 351 373 424 512 675 987 1632
ARL 628 6.3 634 638 653 685 756 891 1171 1815
3 SDRL 33 332 333 336 347 374 429 536 783 1382
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TABLE 1. (Continued.) Zero-state ARL, profile of the DCUSUM chart with ARLy = 500.

1.60 0 ARL 5.05 5.77 6.58 7.58 8.82 10.35 12.21 14.54 17.44  21.02
SDRL 243 2.93 3.53 431 5.3 6.66 8.29 10.48 13.21 16.71
ARL 5.06 5.12 5.32 5.67 6.22 7.06 8.33 10.12 13.1 17.75
! SDRL 245 2.48 2.62 2.86 3.25 3.88 49 6.39 9.14 13.51
) ARL 5.05 5.05 5.11 5.22 5.48 5.95 6.71 8.07 10.47 15.33
SDRL 2.45 2.43 2.47 2.56 2.72 3.07 3.62 4.69 6.73 11.21
3 ARL 5.06 5.05 5.07 5.1 5.21 5.49 5.99 6.97 8.97 13.5
SDRL 2.44 2.44 2.46 248 2.55 2.73 3.09 3.8 5.43 9.48
0 ARL 42 4.76 5.4 6.18 7.08 8.22 9.61 11.33 13.47 15.99
SDRL 1.92 2.24 2.67 3.22 3.92 4.78 5.99 7.52 9.41 11.83
1 ARL 42 4.25 4.4 4.69 5.11 5.78 6.69 8.08 10.22 13.65
1.80 SDRL 1.9 1.95 2.02 22 2.48 2.94 3.6 4.7 6.51 9.56
’ ARL 42 4.2 4.22 4.34 4.54 491 5.52 6.53 8.36 11.86
SDRL 1.9 1.92 1.94 2 2.12 2.34 2.75 3.47 4.93 7.95
ARL 42 42 421 4.26 433 4.53 4.94 5.69 7.19 10.51
3 SDRL 1.92 1.91 1.92 1.96 1.99 2.11 237 2.86 3.98 6.73
0 ARL 3.59 4.03 4.56 5.18 5.91 6.8 7.85 9.16 10.78 12.77
SDRL 1.58 1.81 2.12 2.52 3.02 3.69 4.49 5.55 6.99 8.83
| ARL 3.59 3.62 3.75 3.99 4.35 4.85 5.61 6.67 8.36 10.96
2.00 SDRL 1.58 1.6 1.67 1.79 2 2.31 2.82 3.59 4.93 7.17
2 ARL 3.58 3.58 3.6 3.71 3.88 4.16 4.66 5.47 6.91 9.57
SDRL 1.59 1.58 1.59 1.64 1.72 1.89 2.18 2.72 3.78 5.93
ARL 3.59 3.58 3.6 3.61 3.69 3.86 4.19 4.8 5.98 8.54
3 SDRL 1.58 1.57 1.59 1.59 1.63 1.72 1.91 2.28 3.08 5.08
TABLE 2. Steady-state ARL, profile of the two-sided DCUSUM chart with ARL, = 500.
o) S| b— 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
ARL 27255 294.19 315.05 332.61 35091 366.77 383.88 399.84 411.01 424.08
0 SDRL  271.12 29347 31529 33217 34886 36548 383.85 40035 412.01 424.32
1 ARL 27299 27527 279.51 290.63 306.03 32381 346.06 36827 38927 412.84
0.20 SDRL  271.74 273.64 277.73 29138 30548 321.92 34438 366.87 391.96 416.30
) ARL  272.04 272.60 27470 278.56 286.58 30094 317.24 342.01 37035 403.02
SDRL 27042 270.75 27422 27690 286.13 299.98 31820 341.72 368.69 400.97
ARL  271.64 27126 272.83 27429 27736 286.55 300.84 322.57 35324 393.00
3 SDRL  270.07 269.68 271.30 274.34 27549 28491 299.24 320.75 351.51 393.20
0 ARL 95.73  112.23 12982 149.61 16934 19151 213.86 236.97 256.87 280.86
SDRL  93.18 109.63 126.69 146.46 167.00 188.62 211.32 23589 254.88 279.98
1 ARL 9542 9693 101.73 11035 12298 13935 161.86 188.51 22339 261.34
0.40 SDRL  92.12  93.69 9878 107.31 12034 137.30 159.16 186.79 223.14 261.09
5 ARL 96.10 9576  96.77 99.74  105.85 116.16 132.66 157.94 194.01 24432
SDRL 9326 9237  94.02 96.98 103.24 113.86 130.36 15548 190.98  242.09
ARL 96.31 95.61 95.85 96.98 99.51  105.62 11693 137.01 172.00 227.04
3 SDRL  93.45 92.54 9291 94.11 96.68 10291 11427 13412 169.99 225.26
ARL 37.88  46.51 55.75 67.16  79.55 94.60 11120 12835 14831 169.85
0 SDRL  34.11 43.15 52.28 63.84 7599 9143  108.64 125.62 14634 166.99
ARL 38.11 38.88 4096 4534 51.98 61.28 74.58 9336  118.19 151.00
0.60 ! SDRL  34.47 35.21 3737 41.60  48.12 57.74 71.33 90.50  115.65 149.43
) ARL 3829  38.14  38.79  40.10 4325 48.58 57.45 72.67  96.77 13448
SDRL  34.64 3444 3521 36.60 39.76  44.86 54.08 69.64 9371  132.20
3 ARL 37.94  38.01 38.28 38.60  40.06  43.18 48091 59.95 81.52 12093
SDRL 3433 3433 34.52 3491 36.35 39.69  45.37 56.61 78.35  118.63
0 ARL 19.00 2295 27.93 33.89 4094 4986 6022  72.67 86.12  101.61
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TABLE 2. (Continued.) Steady-state ARL; profile of the two-sided DCUSUM chart with ARLy = 500.
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SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
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ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL

15.29
19.08
15.31
19.00
15.29
18.97
15.25
11.42
8.00
11.50
8.08
11.52
8.08
11.51
8.02
7.94
4.89
7.93
4.89
7.96
491
7.96
4.88
5.99
3.31
6.00
3.30
6.02
3.33
6.01
3.31

4.80
2.44
4.80
2.44
4.81
2.44
4.80
243
4.00
1.91
3.99
1.90
4.01
1.91
4.01
1.91
3.42
1.57
3.42
1.57
3.42
1.57
3.42
1.57

19.23
19.30
15.56
19.04
15.30
19.03
1531
13.65
10.07
11.65
8.25
11.46
8.01
11.51
8.08
9.30
6.05
8.06
4.98
7.95
4.89
7.93
4.89
6.92
4.05
6.10
3.38
6.02
333
6.00
331

5.48
2.92
4.87
2.48
4.81
2.44
4.82
2.45
4.53
2.25
4.04
1.93
4.01
1.92
4.01
1.92
3.85
1.81
3.45
1.59
3.43
1.57
3.43
1.57

24.16
20.57
16.88
19.23
15.49
19.09
15.48
16.33
12.66
12.26
8.76
11.64
8.24
11.52
8.10
10.93
7.56
8.45
5.36
8.02
4.96
7.94
4.90
8.00
491
6.35
3.60
6.08
3.37
6.01
3.32

6.27
3.53
5.07
2.63
4.88
2.49
4.82
2.46
5.14
2.67
421
2.05
4.04
1.94
4.01
1.92
4.36
2.14
3.59
1.66
3.44
1.58
3.42
1.57

30.28
22.54
18.83
19.98
16.21
19.30
15.57
19.71
16.02
13.41
9.85
11.96
8.53
11.62
8.17
12.93
9.46
9.14
5.92
8.26
5.15
8.03
4.98
9.35
6.14
6.82
3.95
6.22
3.48
6.08
3.38

7.23
4.30
5.42
2.87
4.98
2.57
4.86
2.46
5.87
3.21
4.48
222
4.13
1.99
4.04
1.93
4.94
2.55
3.80
1.79
3.53
1.63
3.45
1.58

37.42
25.80
21.89
21.48
17.81
19.85
16.12
23.91
20.21
15.23
11.57
12.78
9.31
11.94
8.45
15.55
12.02
10.18
6.85
8.79
5.61
8.27
5.17
11.06
7.64
7.56
4.57
6.58
3.78
6.26
3.51

8.42
5.31
5.93
3.25
5.23
2.73
4.98
2.56
6.76
3.90
4.88
2.49
4.33
2.11
4.12
1.98
5.64
3.04
4.14
2.00
3.68
1.71
3.53
1.63

46.23
30.82
27.11
24.15
20.39
21.41
17.63
29.04
25.37
17.97
14.21
14.30
10.74
12.78
9.29
18.80
15.04
11.92
8.45
9.67
6.39
8.78
5.60
13.17
9.65
8.66
5.50
7.19
4.26
6.55
3.74

9.92
6.61
6.75
3.88
5.66
3.07
5.21
2.74
7.85
4.79
5.49
293
4.66
2.35
4.32
2.11
6.49
3.68
4.64
232
3.97
1.89
3.67
1.72

56.73
38.15
34.50
28.72
24.81
24.42
20.72
3543
31.62
22.20
18.43
16.85
13.27
14.43
10.91
22.65
18.88
14.42
10.85
11.21
7.80
9.73
6.46
15.81
12.14
10.30
6.94
8.20
5.08
7.22
4.29

11.70
8.24
7.92
4.85
6.41
3.64
5.70
3.08
9.22
6.01
6.39
3.60
5.27
2.76
4.70
237
7.51
4.53
5.33
2.81
4.44
2.19
3.98
1.90

69.48
49.17
45.43
36.75
33.14
30.13
26.46
43.04
39.70
28.52
24.86
21.39
17.69
17.65
13.90
27.66
23.95
18.45
14.82
13.92
10.36
11.65
8.19
18.98
15.28
12.92
9.33
10.04
6.76
8.52
5.38

14.02
10.43
9.73
6.48
7.74
4.69
6.64
3.82
10.86
7.48
7.73
4.71
6.26
3.51
5.42
2.88
8.76
5.59
6.39
3.62
5.23
2.74
4.58
2.28

82.88
65.03
61.74
50.85
47.27
41.89
38.05
52.56
49.24
38.43
34.77
29.71
25.75
24.40
20.65
33.89
30.20
24.59
20.76
19.22
15.42
15.79
12.16
23.24
19.42
17.03
13.40
13.47
9.95
11.25
7.86

16.90
13.30
12.62
9.07
10.11
6.78
8.57
5.44
12.92
9.42
9.85
6.56
8.00
4.95
6.88
4.01
10.34
7.00
7.99
4.93
6.60
3.78
5.71
3.08

98.39
88.43
85.31
7591
72.67
67.06
63.58
63.12
59.59
53.00
49.45
45.64
41.97
39.68
36.14
41.14
3743
34.30
30.62
29.19
25.53
25.35
21.66
28.19
24.55
23.76
20.10
20.31
16.52
17.56
13.92

20.45
16.82
17.26
13.60
14.82
11.29
12.95
9.42
15.61
12.03
13.17
9.61
11.43
7.99
10.11
6.84
12.25
8.79
10.50
7.18
9.20
5.98
8.16
5.07
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TABLE 3. Zero-state ARL; profile of the DCCUSUM chart with ARLy = 500.

o) S| ¢— 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
ARL 27028 290.70 310.03 329.77 34727 366.48 378.72 396.26 408.01 42121

0 SDRL 26836 288.15 307.61 325.86 343.62 364.64 37572 394.63 403.54 419.44
ARL  268.61 27133 27770 28640 30240 317.80 340.86 363.79 38435 410.06
! SDRL  265.02 267.85 27445 283.82 299.05 31477 33584 359.01 379.63 407.53
020 ARL 26836 27046 271.69 275.08 280.90 296.12 31329 33831 367.77 40024
2 SDRL  264.64 268.75 267.51 270.54 27671 29348 310.51 33633 36655 397.05
; ARL 26832 26698 269.96 271.13 273.82 283.03 297.58 317.51 349.12 391.08
SDRL  264.63 26342 26673 26623 270.88 279.81 29586 313.53 34629 389.12
ARL 9442 11045 127.62 146.07 16659 187.50 208.98 23438 255.13 277.09
0 SDRL  90.59 106.79 12428 142.10 162.75 18438 20523 23125 25136 27343
1 ARL 9386 9556 100.58 108.65 121.01 137.49 15841 186.16 219.41 256.58
0.40 SDRL  89.40 9150  96.83  104.05 11651 133.52 15443 182.94 21548 252.12
5 ARL 9386 9454 9552 9822 10444 114.83 13041 154.09 19125 238.79
SDRL  89.70  90.22  91.83 9433 10048 111.09 126.03 150.03 187.51 234.52
ARL 9388 9420 9418 9540 9845 10342 11501 13552 16826 222.68
3 SDRL  89.86 89.99 8936  91.05 9411 9951 11081 132.19 16490 219.14
ARL 3806 4579 5512  66.09 7891 9284 108.80 127.09 147.06 167.13
0 SDRL  33.77 41.15 5061  61.53 7458 8849 104.81 12382 14398 162.74
ARL  37.88 3866 4082 4493 5132 60.19 7335 9144 11670 148.10
0.60 ! SDRL  33.53 3446 3635 4054 4673 5614 6877 8699 11379 14431
) ARL 3803 37.89 3842 3978  42.65 48.07 56.88 7156 9491  132.48
SDRL  33.76  33.57 3404 3557 3817 4355 5261 6692  90.62 12847
ARL  37.83 37.86 38.12 3848 3978 4261 4827 5938 7972  118.04
3 SDRL 3320 3353 3378  34.06 3549 3826 4384 5525 7543 11433
ARL  19.14 2305 2784 3375 4095 49.65 59.82 7113 8455  100.09
0 SDRL  14.95 1871 2344 2936  36.67 4510 5550  66.69 8020  96.00
1 ARL  19.06 19.50  20.66  22.53 2593 3070  37.84 4878 6439  86.38
SDRL 1484 1538 1633 1821 2149 2622  33.52 4428  60.00  81.93
080 ARL  19.07 1920 1938 2011  21.57 2411  28.69 3664 5047  75.01
2 SDRL 1486 1487 1514 1582 1738 1983 2432 3230 4618  70.88
ARL  19.09 1907 1911 1942 2002 2143 2429 2991 4160 6581
3 SDRL 1492 1490 1492 1527 1585 17.19 2000 2564 3730 6141
ARL 1166 1380 1645 1986 2394 2909 3516 4278  51.85  62.22
0 SDRL 791 988 1230 1568  19.55 2476  31.03 3850  47.60  57.82
ARL 1166 1191 1248 13.60 1538  18.14 2217 2861 3822  52.63
oo ! SDRL 784 809 866 967 1137 1399 1791 2434 3379 4833
ARL 1167 1170 1183 1219  13.01 1447 1694 2152 2972 4530
2 SDRL 788  7.93 8.03 840 9.4 1045 1285 1722 2529  40.94
ARL 1172 1163 1169 11.83 1218 1293 1452 1772 2440  39.38
3 SDRL  7.93 786 787 799 834 901 1059  13.63  20.18  35.18
ARL 815 946  11.10 1321 1566 18.83 2271  27.60  33.57  40.82
0 SDRL 482 593 737 933 1167 1464 1840 2321 2927 3645
ARL 812 826 863 933 1037 1211 1460 1854 2459 3428
12 ! SDRL 481 492 523 582 672 833 1060 1436 2031  29.90
ARL 810  8.13 824 846 897 987 1143 1418 1933 2922
2 SDRL 479 480 491 506 549 629  7.68 1023 1513  24.83
ARL  8.15 8.14 814 825 8.45 894 992 1189 1594 2539
3 SDRL 482 477 481 489 508 548 632 807  11.89  21.08
o ARL 617 711 819 956 1125 1334 1601 1923 2335 2821

SDRL 3.27 3.99 4.87 6.04 7.51 9.46 11.96 15.09 19.11 23.86

ARL 6.19 6.26 6.52 7.01 7.75 8.86 10.57 13.15 17.11 23.73

1.40 SDRL 3.28 3.33 3.53 3.91 4.46 5.41 6.91 9.24 13.05 19.53
ARL 6.17 6.17 6.23 6.39 6.75 7.36 8.39 10.27 13.63 20.33

SDRL 3.26 3.27 3.29 3.46 3.72 4.17 5.03 6.65 9.66 16.19

3 ARL 6.16 6.15 6.17 6.23 6.38 6.73 7.42 8.71 11.45 17.72
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TABLE 3. (Continued.) Zero-state ARL, profile of the DCCUSUM chart with ARLy = 500.

SDRL 3.26 3.25 3.27 3.32 341 3.68 4.23 5.28 7.68 13.55
ARL 4.95 5.65 6.45 7.43 8.67 10.11 11.91 14.20 1698  20.50
SDRL 2.41 2.90 3.48 425 5.28 6.48 8.12 10.25 12.81 16.29
ARL 4.95 5.00 5.21 5.55 6.11 6.91 8.11 9.89 12.78 17.36
160 SDRL 241 244 2.57 2.83 3.21 3.85 4.79 6.30 8.91 13.27
ARL 4.93 4.96 5.00 5.12 5.38 5.82 6.58 7.90 10.30 14.99
SDRL 2.40 241 2.44 2.52 2.69 3.01 3.57 4.64 6.69 10.98
ARL 4.95 4.94 4.94 4.99 5.11 5.37 5.86 6.82 8.77 13.16
SDRL 242 2.40 2.40 242 2.52 2.70 3.04 3.76 5.35 9.26
ARL 4.12 4.66 5.28 6.03 6.92 8.05 9.37 11.05 13.12 15.71
SDRL 1.88 2.23 2.65 3.15 3.84 4.75 5.83 731 9.19 11.68
ARL 4.12 4.18 4.33 4.60 5.02 5.64 6.56 791 10.01 13.36
180 SDRL 1.88 1.93 2.02 2.19 245 2.89 3.57 4.63 6.43 9.40
ARL 4.12 4.13 4.17 4.25 4.45 4.81 541 6.41 8.19 11.56
SDRL 1.88 1.90 1.92 1.97 2.10 231 2.71 3.44 4.85 7.78
ARL 4.12 4.11 4.12 4.16 4.23 4.46 4.84 5.58 7.04 10.30
SDRL 1.89 1.89 1.89 1.91 1.96 2.08 234 2.86 3.92 6.67
ARL 3.52 3.96 4.47 5.08 5.80 6.63 7.68 8.99 10.53 12.46
SDRL 1.55 1.80 2.10 2.49 3.00 3.59 4.43 5.52 6.86 8.60
ARL 3.52 3.56 3.69 3.92 4.26 4.77 5.48 6.58 8.18 10.72
SDRL 1.56 1.57 1.65 1.77 1.97 2.29 2.78 3.58 4.83 7.09
200 ARL 3.53 3.53 3.55 3.63 3.80 4.09 4.56 5.37 6.75 9.40
SDRL 1.56 1.56 1.58 1.61 1.72 1.87 2.17 2.69 3.70 591
ARL 3.52 3.52 3.53 3.56 3.62 3.79 4.12 4.71 5.87 8.37
SDRL 1.55 1.56 1.56 1.57 1.61 1.70 1.89 2.26 3.05 5.02
TABLE 4. Steady-state ARL, profile of the DCCUSUM with ARL, = 500.
8| S| ¢o— 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
ARL 26930 29034 309.98 329.02 350.83 364.68 383.27 395.61 41030 42240
0 SDRL  267.60 287.61 308.70 327.63 34877 365.01 383.68 394.07 409.05 421.11
| ARL 268.99 271.21 277.42 28597 304.08 320.18 340.71 367.43 387.21 408.27
0.20 SDRL  267.51 269.30 276.64 28458 303.63 320.51 341.61 363.95 386.92 407.02
) ARL 27023 269.52 271.67 27497 282.89 29555 314.60 338.77 368.16 397.68
SDRL  268.02 267.19 270.61 27422 28149 293.78 31227 337.82 368.71 397.36
3 ARL  269.19 267.57 269.12 270.78 273.26 280.53 29492 31740 350.08 390.56
SDRL  266.82 26647 267.65 26923 27293 279.18 29359 31620 349.89 388.21
0 ARL 93.71 11020 128.10 146.18 16649 186.41 209.33 232.86 254.85 276.28
SDRL 9093  106.87 12470 143.60 16436 184.39 206.77 23235 253.83 274.59
| ARL 93.92 95.37 99.87  108.03 120.18 13597 157.61 18575 218.72  256.13
0.40 SDRL  90.75 92.18 96.78  104.72 117.56  133.61 15529 18222 21833 254.10
5 ARL 93.77 93.73 95.11 9798 10348 11411 130.18 155.03 19148 238.84
SDRL  90.73 90.57 92.08 94.93 99.86  111.85 12728 15231 189.54  236.40
3 ARL 93.90 94.14 94.23 94.78 97.50  103.18 11498 13445 169.25 223.84
SDRL  90.31 91.16 90.53 92.27 9439 10032 111.86 131.66 166.63  223.01
0 ARL 37.49 45.48 54.88 65.59 77.82 92.63  108.85 12633 14596  166.58
SDRL  33.62 41.75 51.24 62.04 74.80 89.45 10552 123.40 143.82 163.80
1 ARL 37.45 3833 40.60 44.44 50.77 59.89 72.42 9122 11534 148.19
00 SDRL  33.73 34.76 36.76 40.62 47.08 56.17 69.32 87.48  112.08 146.13
) ARL 37.30 37.65 38.04 39.47 42.65 47.48 56.09 70.73 94.87  132.70
SDRL 3343 33.86 3432 35.46 38.91 43.73 52.64 67.32 9123  129.28
N ARL 37.53 37.68 37.72 38.07 39.51 42.42 48.08 58.98 7947  118.17
SDRL  33.68 33.84 33.81 34.21 35.62 38.71 44.58 55.20 7593 11436
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TABLE 4. (Continued.) Steady-state ARL; profile of the DCCUSUM with ARL; = 500.

111194

1.00

1.40

1.60

1.80

ARL
SDRL

ARL
SDRL

ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL

SDRL
ARL

SDRL

ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL
ARL
SDRL

18.81
14.98

18.86
15.05

18.80
14.92
18.81
14.98
11.49
7.94
11.45
791
11.45
7.98
11.45
791
7.98
4.85
7.97
487
7.98
4.85
7.97
4.86
6.06
3.34
6.06
3.32
6.05

3.31
6.07

3.32

4.87
2.46
4.87
2.47
4.87
2.47
4.86
2.46
4.04
1.94
4.05
1.95
4.04
1.94
4.05
1.95
3.46
1.61
3.45
1.60
3.47
1.62
3.46
1.61

22.71
18.91

19.21
15.36

18.81
15.10
18.81
14.95
13.63
9.97
11.69
8.20
11.47
8.00
11.49
7.95
9.32
6.01
8.08
4.93
7.99
4.87
8.01
4.88
6.95
4.04
6.14
3.38
6.05

3.33
6.05

3.30

5.53
2.93
4.92
2.50
4.87
2.47
4.86
2.46
4.58
2.28
4.10
1.97
4.06
1.95
4.04
1.95
391
1.86
3.49
1.63
3.47
1.62
3.46
1.61

27.48
23.55

20.32
16.47

19.11
15.24
18.86
15.01
16.30
12.52
12.25
8.72
11.64
8.09
11.46
7.96
10.94
7.49
8.49
5.30
8.08
4.93
8.03
4.88
8.08
4.94
6.39
3.58
6.15

3.39
6.09

3.34

6.34
3.54
5.12
2.62
491
2.49
4.88
247
5.21
2.68
4.26
2.07
4.10
1.97
4.06
1.96
4.40
2.16
3.61
1.70
3.49
1.63
3.47
1.62

33.26
29.33

22.28
18.36

19.79
15.94
19.09
15.30
19.49
15.68
1333
9.63
12.00
8.45
11.64
8.11
12.94
9.32
9.15
5.90
8.32
5.17
8.08
4.95
9.41
6.05
6.87
3.95
6.30

3.51
6.12

3.36

7.31
4.30
5.48
2.89
5.04
2.59
4.92
2.51
5.93
3.21
4.52
2.25
4.19
2.03
4.09
1.99
4.98
2.55
3.85
1.83
3.58
1.67
3.49
1.61

40.44
36.75

25.50
21.62

21.34
17.46
19.77
15.87
23.61
19.80
15.14
11.36
12.76
9.17
11.94
8.37
15.44
11.65
10.22
6.83
8.80
5.57
8.32
5.13
11.06
7.59
7.60
4.53
6.62

3.76
6.27

3.49

8.47
5.27
6.01
3.28
5.28
2.74
5.03
2.59
6.82
3.93
4.94
251
4.38
2.16
4.18
2.03
5.70
3.05
4.19
2.04
3.73
1.76
3.57
1.67

49.28
45.74

30.11
26.28

23.86
20.05
21.23
17.21
28.61
24.74
17.83
14.03
14.18
10.52
12.74
9.11
18.69
14.85
11.85
8.31
9.65
6.30
8.78
5.53
13.17
9.51
8.70
5.46
7.20

4.23
6.62

3.76

9.92
6.51
6.80
3.88
5.74
3.09
5.26
2.76
7.92
4.82
5.56
2.94
4.73
2.39
4.38
2.16
6.51
3.65
4.69
2.35
4.02
1.93
3.72
1.76

58.96
55.31

37.68
33.72

28.38
24.47
23.86
20.00
35.00
31.27
21.87
17.97
16.71
12.84
14.32
10.62
22.50
18.66
14.38
10.64
11.22
7.72
9.77
6.38
15.68
11.90
10.34
6.92
8.25

5.06
7.28

4.29

11.76
8.22
7.98
4.85
6.48
3.64
5.76
3.08
9.26
5.95
6.45
3.63
5.30
2.78
4.75
2.39
7.55
4.50
5.40
2.83
4.47
221
4.05
1.94

70.58
67.09

47.84
44.08

36.04
3221
29.75
25.82
42.37
38.36
27.88
23.90
21.19
17.36
17.50
13.72
27.34
23.39
18.27
14.49
13.94
10.28
11.70
8.14
18.94
15.19
12.94
9.29
10.02

6.60
8.58

5.36

13.97
10.31
9.75
6.40
7.77
4.70
6.69
3.80
10.87
7.41
7.79
4.73
6.29
3.52
5.48
2.90
8.81
5.55
6.44
3.63
5.28
2.75
4.63
2.31

84.36
81.26

63.94
60.18

50.12
46.47
41.09
37.40
51.23
47.75
37.72
33.98
29.34
25.72
24.16
20.35
33.29
29.53
24.32
20.50
19.00
15.12
15.69
11.95
22.89
19.09
16.93
13.15
13.40

9.74
11.24

7.69

16.74
12.95
12.55
8.92
10.09
6.69
8.56
538
12.87
9.27
9.85
6.52
8.03
4.90
6.89
3.97
10.29
6.85
8.01
4.90
6.65
3.76
5.76
3.10

99.83
96.88

86.12
83.36

74.58
70.96
65.45
61.79
62.05
58.29
52.52
49.16
45.03
41.29
39.10
35.35
40.42
36.54
33.92
30.01
28.98
25.01
24.95
21.02
28.01
24.01
23.28
19.44
20.12

16.25
17.46

13.55

20.14
16.21
17.13
13.35
14.66
10.94
12.94
9.30
15.40
11.66
13.14
9.50
11.42
7.92
10.09
6.72
12.23
8.63
10.51
7.04
9.23
5.94
8.23
5.07

VOLUME 10, 2022



Y. Li et al.: DCUSUM Charts for Monitoring Autocorrelated AR (1) Processes Mean

IEEE Access

450

X 5=0 -4 - §=00
400 5 — o §=03

AN - =06
350 VY —%—§=09
000 4N\

0\‘ Y X

o A VAN

200 VN
v N
\ N\
150 \\.\ )&._
\ \‘ \
\ N Y
100 \\\,\‘L-.“ X.._
50 R R
L S *"“"'X—-‘
0 LRRRE ST S F LD G
02 04 06 08 10 12 14 16 18 2.0
A
450
8=1 - - §=00
0 X — &= =03
3 —eckees =06
350 \ —%—§=09
A\
000N
‘\“\\ \
- 230 ;
% WX
oo
200 AN
W
150 W, -
\"\ X
100 A
A ')(.,\
5 e r
\‘-\::: . x =y
R VAL SRt I SRR

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
A

450

5=1 - - §=00
wm X — =03
\ -k =06
By —%—¢=09
o
v .
MW e\
.. L .
S50 N\ X
W\ N
200 MU
e \ \\ ‘\
RN
X .
150 \\\k X,
\ ,
\\‘ NN
100 NN :
N s
N X
50 },};_\.* ____ ~ .
BRLAR P il D
0 e ==
02 04 06 08 10 12 14 16 18 2.0
A
40
§=3 -+ - =00
400 X — &= §=03
, ~ehe== §=06
350 \ —%=¢=09
0 4 N
-
\
250 \"\ .
WX
200 RN
“i .
150 \ \
\% 'X‘
100 \ ~
% NK . X -
\":‘:‘:-::‘._.. \X“""-)(.....
. R, o SUAL AL —STE S SRR
02 04 06 08 10 12 14 16 18 20
A

FIGURE 1. Zero-state ARL Curves for DCUSUM chartats =0,s=1,s=2ands = 3.

quite similar to that of the CUSUM, but the former pro-
vides slightly better performance. To improve the CUSUM
and EWMA charts’ sensitivity to large shifts and to detect
simultaneously both small and large size shifts through a
single chart, Lucas [6] integrated the Shewhart chart with
the CUSUM and Klein [7] combined the Shewhart with
EWMA and suggested the combined Shewhart-CUSUM and
combined Shewhart-EWMA charts, respectively. The fast
initial response (FIR)-based CUSUM, referred to as the FIR-
CUSUM chart, was proposed by Lucas and Crosier [8] by
combining the CUSUM chart with a head-start feature. The
FIR-CUSUM chart detects mean shifts in the early/start-up
process faster than the CUSUM chart. Steiner [9] proposed
incorporating a FIR feature into the EWMA chart. The said
charts, as well as their extensions and mixed versions, are well
documented in the literature in order to improve the detection
speed when signaling a change in an ongoing process param-
eter (s).

Actually, it is difficult to predetermine the exact size of
the shifts in most practical process monitoring. Therefore,
a more suitable choice is to detect a range of shifts based on
prior engineering knowledge and information from historical

VOLUME 10, 2022

data, instead of the pre-assumed shift size. While traditional
EWMA and CUSUM CCs are not intended to monitor a wide
range of process shifts, Failure to accommodate a range of
mean-shift values may reduce a system’s ability to trigger
corrected signals. To overcome this issue, Zhao et al. [10] first
proposed a dual CUSUM (DCUSUM) chart for monitoring
a variety of process mean shifts. The DCUSUM chart is
more sensitive than the CUSUM and the Shewhart-CUSUM
charts. Similarly, Haq and Lubna [11] proposed a new dual
CCUSUM chart, referred to as DCCUSUM, which provides
greater sensitivity than the DCUSUM chart. These charts are
a combination of two separate CUSUM/CCUSUM charts,
one of which is sensitive to small to moderate size shifts and
the other to moderate to large size shifts. In the SPC literature,
the DCUSUM and DCCUSUM CCs have received consider-
able attention because of their excellent detection abilities in
detecting a range of process mean shifts. Recent publications
on dual CUSUM charts include (cf., [12] and [16]), and many
others.

Autocorrelation is a common practice in many pro-
cesses, which could be due to the fundamental process
dynamics. Furthermore, as measurement and data collection
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FIGURE 2. Steady-state ARL Curves for DCUSUM chartats =0,s=1,s=2ands = 3.

technologies have become more automated in recent years,
a process can now be sampled at higher frequencies, resulting
in autocorrelation. Consequently, when there is autocorrela-
tion in data, it might have a significant negative impact on a
CC’s performance. Positive autocorrelation, for example, can
cause substantial negative bias in classical estimators of the
process standard deviation, resulting in considerably tighter
control limits than anticipated. When tight control limitations
are paired with autocorrelation in the plotted observations,
the average false alarm rate can be significantly greater than
the expected one. Because of the high probability of false
alarms, the process staff has to waste much time looking
for unusual causes. This can lead to a loss of trust in the
CC, and possibly the termination of the process monitor-
ing. As a result, autocorrelation should not be overlooked
when creating CCs, because failure to correctly account for
autocorrelation can significantly reduce or eliminate a CC’s
effectiveness. Recently, Costa and Castagliola [17] investi-
gated the performance of the Shewhart X control chart under
the separated and combined effects of autocorrelation and
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measurement errors when the observations can be modelled
as an AR(1) model and they proposed the idea of building
up the samples with the non-neighboring items, such as
from the production line, and s-skipping one, two, or more
before selecting the next. Many researchers have developed
the control charts for monitoring the autocorrelated process
parameter in a variety of scenarios, see for instance, (cf., [18]
and [25]), a few cited therein.

The research on the DCUSUM and DCCUSUM CCs are
studied under the assumption that observations follow iid.
However, in practice, the observed process measurements
are collected automatically at high sampling rates, and their
consecutive values are serially correlated, with the following
consequences: i) invalidating the iid assumption, ii) inability
to identify variation caused by random/special causes, iii)
increasing false alarms, and iv) compromising the effective-
ness of the charts for fault detection, and so on, for more
details, refer to (cf., [26] and [32]), a few cited therein. In this
article we propose the DCUSUM and DCCUSUM charts
for monitoring the mean of the autocorrelated processes and
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FIGURE 3. Zero-state ARL Curves for DCCUSUM chartats =0,s=1,s=2ands = 3.

employs the s-skipping sampling strategy as a remedy to
counter the adverse effect of autocorrelation. The run length’s
average and standard deviation (abbreviated as ARL and
SDRL, respectively) and some overall performance compari-
son measures, such as the extra quadratic loss (EQL), relative
average run length (RARL), and performance comparison
index (PCI), are obtained using the Monte-Carlo simulation
algorithm to evaluate the CC’s performance.

The remaining paper is organized as follows: The struc-
ture of the DCUSUM and DCCUSUM, as well as the
models for the autocorrelation effect, are discussed in
Section 2. Section 3 investigates the effect of autocorrelation
on both charts; Section 4 offers a simulation-based compar-
ative analysis; and Section 5 offers a simulated data-based
implementation example. Finally, Section 6 concludes with
recommendations.

Il. A REVIEW OF THE TWO DUAL CUSUM CHARTS
This section provides a brief overview of dual CUSUM charts
for monitoring the range of process mean shifts when the

VOLUME 10, 2022

observations are assumed to be independently identically
normally distributed (i.i.d).

Let {X;;;t > 1;i = 1,2,...,n} represent under-
consideration observations of the quality characteristic, and
assume X; ; has a normal distribution with parameters: mean
0 and variance o2 at t time, ie, Xii~ N(u, 02) fort > 1.
To monitor changes in the mean parameter, a sample of size
n:(X:1,X:2,...,X;n),1s repeatedly taken from the process
at time 7, then X, = % 27: 1 Xt.,i» is computed. Assume that
a process {X; ;} is in the IC state up until a certain time point
(let’s say t < tp) and then goes OC due to the occurrence
of an unknown shift § in the process mean u, leading to
X; ~ N(u1,0?%) when t > to. Here 8 is the standardised
shift: [0 — pol/(on~2) and g is the IC process mean.

A. THE DCUSUM CHART

In practice, the shift size is frequently unknown, whereas
the CUSUM charts’ performance is based only on a given
size of shift. As a result, traditional CUSUM charts may not
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FIGURE 4. Steady-state ARL Curves for DCCUSUM chartats =0,s=1,s=2ands = 3.

be sensitive enough to detect an unknown shift in a process
parameter(s).

According to the argument, it would be more appropriate
to assume that the shift occurs uniformly within a specified
range, say, 6 € [a, b], Zhao et al. [10] proposed a DCUSUM
chart to monitor a range of process mean shift where two dif-
ferent CUSUM charts work alongside. The DCUSUM chart
performs better than the CUSUM and Shewhart-CUSUM
charts at identifying mean shifts in ranges. A two-sided
DCUSUM chart based on {X;} includes two upper charts,
(A-I’:I’Al_,z) and two lower (Azz’A;,z)’ at time ¢, that run
concurrently:

Ay = max 0.+ (% — no) = K, + A, ] "
Ay =max [0, = (% = o) = K, + A7, |

where ATy = A = 0 and Ki(=k, . k> 0) is the
reference parameters for » = 1, 2. The two-sided DCUSUM
chart generates an OC signal whenever A:f, > HjorA,, >
H,, for r = 1, 2. The value of H,(= hr%, h,> 0) is chosen
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so that the in-control ARL of the DCUSUM chart reaches a
specified level. The DCUSUM scheme requires the following
assumptions to function effectively: (i) The shift magnitude
8 occurs uniformly in [a, b]; (ii) k1h; = kohy and k1 + hy >
ky 4 ho; (iii) ky = (3a + b)/8 and k» = (a + 3b)/8. More
details can refer to Zhao et al. [10].

B. THE DCCUSUM CHART

To improve the sensitivity against the detection range and fol-
low Zhao et al. [10]’s procedure, Haq and Bibi [11] proposed
the DCCUSUM chart, which consists of two CCUSUM
charts, one for detecting small-to-modest shifts and the other
for modest-to-large shifts. It turns out that this chart is slightly
more sensitive than the DCUSUM. The DCCUSUM chart
starts by plotting the statistics of the two-sided CUSUM, say
(B1,t, B2,1), based on X,, which is given by

_ K-\ .
B, =(Xi—po+Br—1) (1— C’ ) if Crt > K,

it 2
Bl,t =0 lf Cr,t <K,
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TABLE 5. Zero- and Steady-state RARL, EQL, and PCl performance comparisons of the dual charts at s = 0, 1, 2, and 3.

Chart — DCUSUM
S| d— 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Zero state
RARL 1.50 1.72 1.97 2.26 2.60 2.99 345 3.99 4.62 5.34
0 EQL 14.12 16.18 18.56 21.31 24.57 28.43 32.94 38.36 44.82 52.25
PCI 1.34 1.54 1.76 2.02 2.33 2.70 3.13 3.64 425 4.96
RARL 1.51 1.53 1.59 1.70 1.87 2.11 2.46 2.95 3.66 4.69
1 EQL 14.14 14.33 14.91 15.97 17.57 19.90 23.23 27.98 35.04 45.48
PCI 1.34 1.36 141 1.52 1.67 1.89 2.20 2.65 3.32 431
RARL 1.50 1.51 1.52 1.56 1.64 1.78 2.02 2.40 3.04 4.16
2 EQL 14.12 14.14 14.27 14.67 15.42 16.74 18.98 22.65 28.92 40.12
PCI 1.34 1.34 1.35 1.39 1.46 1.59 1.80 2.15 2.74 3.81
RARL 1.51 1.50 1.51 1.52 1.56 1.64 1.79 2.08 2.63 3.74
3 EQL 14.14 14.14 14.17 14.28 14.64 15.37 16.86 19.62 24.93 35.90
PCI 1.34 1.34 1.34 1.35 1.39 1.46 1.60 1.86 2.37 341
Steady state
RARL 1.46 1.67 1.92 2.20 2.52 291 3.36 3.89 4.51 5.23
0 EQL 13.63 15.63 17.90 20.58 23.72 27.50 31.95 37.21 43.50 50.95
PCI 1.29 1.48 1.70 1.95 2.25 2.61 3.03 3.53 4.13 4.83
RARL 1.46 1.48 1.54 1.65 1.82 2.05 2.39 2.87 3.57 4.58
1 EQL 13.64 13.82 14.39 15.40 16.95 19.21 22.42 27.10 33.98 44.20
PCI 1.29 1.31 1.37 1.46 1.61 1.82 2.13 2.57 3.22 4.19
RARL 1.46 1.46 1.48 1.51 1.59 1.73 1.96 2.33 2.96 4.06
2 EQL 13.67 13.66 13.78 14.14 14.88 16.17 18.30 21.89 27.99 38.94
PCI 1.30 1.30 1.31 1.34 1.41 1.53 1.74 2.08 2.66 3.69
RARL 1.46 1.46 1.46 1.48 1.51 1.59 1.74 2.02 2.56 3.65
3 EQL 13.65 13.64 13.67 13.79 14.11 14.85 16.26 18.93 24.09 34.79
PCI 1.30 1.29 1.30 1.31 1.34 1.41 1.54 1.80 2.29 3.30
Chart — DCCUSUM
Zero state
RARL 1.48 1.69 1.93 2.22 2.54 2.93 3.37 391 4.52 5.23
0 EQL 13.88 15.87 18.17 20.89 24.06 27.81 32.22 37.56 43.78 51.15
PCI 1.32 1.51 1.72 1.98 2.28 2.64 3.06 3.56 4.15 4.85
RARL 1.47 1.50 1.56 1.66 1.83 2.07 2.41 2.89 3.58 4.58
1 EQL 13.86 14.06 14.64 15.65 17.22 19.49 22.72 27.44 34.30 44.45
PCI 1.31 1.33 1.39 1.48 1.63 1.85 2.16 2.60 3.25 4.22
RARL 1.47 1.48 1.49 1.53 1.61 1.75 1.97 2.35 2.98 4.07
2 EQL 13.86 13.90 14.01 14.37 15.11 16.43 18.59 22.19 28.31 39.24
PCI 1.31 1.32 1.33 1.36 1.43 1.56 1.76 2.11 2.69 3.72
RARL 1.47 1.47 1.48 1.49 1.53 1.60 1.76 2.04 2.58 3.66
3 EQL 13.87 13.85 13.89 14.02 14.35 15.07 16.51 19.22 24.39 35.10
PCI 1.32 1.31 1.32 1.33 1.36 1.43 1.57 1.82 2.31 3.33
Steady state
RARL 1.46 1.67 1.91 2.19 2.52 2.90 3.34 3.86 4.47 5.19
0 EQL 13.66 15.65 15.65 20.58 23.74 27.46 31.87 37.06 43.21 50.59
PCI 1.30 1.48 1.48 1.95 2.25 2.61 3.02 3.52 4.10 4.80
RARL 1.46 1.48 1.54 1.64 1.81 2.04 2.38 2.86 3.54 4.54
1 EQL 13.65 13.85 14.40 15.42 16.98 19.19 22.41 27.06 33.83 43.93
PCI 1.30 1.31 1.37 1.46 1.61 1.82 2.13 2.57 3.21 4.17
RARL 1.46 1.46 1.47 1.51 1.59 1.73 1.95 2.32 2.95 4.03
5 EQL 13.66 13.67 13.81 14.17 14.89 16.18 18.32 21.87 27.97 38.79
PCI 1.30 1.30 1.31 1.34 1.41 1.54 1.74 2.07 2.65 3.68
RARL 1.46 1.46 1.46 1.47 1.51 1.58 1.74 2.02 2.55 3.63
3 EQL 13.65 13.67 13.70 13.81 14.51 14.87 16.28 18.95 24.07 34.68
PCI 1.30 1.30 1.30 1.31 1.38 1.41 1.54 1.80 2.28 3.29

where C,; = |X;, — jto + By,—1| with B, g = O forr = 1, 2.
Here K, = k% and H, = hrin, for r = 1,2, are
the slack/sensitive parameters and decisions intervals of the
DCCUSUM chart, respectively. As it can be seen that By ; and
B ; are the two different plotting-statistics which are used to
operate the DCCUSUM charts more effectively. Whenever
either B,; > H, and/or B,; < —H,, the DCCUSUM
generates an OC signal. This chart works with the same
assumptions as discussed for the DCUSUM chart, see for
further details in Haq and Bibi [11].
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1ll. DUAL CHARTS FOR THE AR (1) PROCESS WITH
S-SKIPPING SAMPLING SCHEME

Let {Y;;},i=1,2,...,nbe asequence of samples from the
stationary AR(1) model that fits the autocorrelated normal
distribution N (1o, 0p) at ¢t > 1, given by

Yii—wmo=¢ (Yi-1 — 1o) + & 3)

where Y, ; is the current measurement of the quality char-
acteristic of the time series, which depends on the previous
measurement, Y; ;1. ¢ (|¢| < 1) is a specified parame-
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FIGURE 5. Zero-state RARL comparison for DCUSUM and DCCUSUM Charts ats = 0, 1, 2 and 3.

ter which is also called as a level of autocorrelation. Mean
1o and the standard deviation oy, are the IC process parame-
ter and &, is iid (0, o) normal random variable — see Alwan
and Radson [33]. When assignable causes are present, the
process mean changes from pg to 1 = o + oy, resulting
ind = pu1 — po/oo.

Let ¥, = Y %, Y /n indicate the charting-statistic at
sampling point. The sampled observations are autocorrelated,
which means that there is dependence within the computation
of ¥, and at the same time, ¥; and Y;(i # j) are independent,
indicating no cross-correlation.

It has been established that sampling methods of skipping
some of the succeeding observations can reduce serial depen-
dence in time series data. Considering Gilbert et al. [34]’s
advice in contradiction of using high skipping values, the

111200

use of skipping s(= 1, 2, 3) consecutive sample(s) was sug-
gested by Costa and Castagliola [17] as a strategy to lessen
serial dependence on the Shewhart X monitoring schemes.
The corresponding s-skipping sampling strategy process is
therefore remains an AR(1) process, however is defined as
(Yri:t>1;i=1,5s4+2,2543,3s44, ...} with parameter
¢S+1 .

Yii—po = ¢! (Yrims—1 — 10) + & 4)

with &} = ¢; + pei_; + ¢*ci_o + ...+ ¢°si_s. The plotting-
statistic (mean) is Y, = %Z?:l Y (s+1)i—s, at t sampling
point and the standard deviation in Eq. (4) is given by

— 0’0

(1) = iy ®)
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where
n
Vs (.5, ¢)= (HD (1) _pyp2s+2 ] ©
@O+ D 72542+ (n—1Dg*
n + 2 [ (¢s+l_1)2 ]

We investigate how the dual CCs perform when autocorre-
lation is present in the following sections.

A. THE DCUSUM CHARTS FOR AUTOCORRELATED
PROCESS

To deal with autocorrelated processes, a DCUSUM CC is
presented. Two upper and two lower statistics are respectively
given as (D;f,, D, ;) by using the order of Y; in Eq. (1). The

VOLUME 10, 2022

DCUSUM mean chart is given bellow.

D{, = max |0, + (X; — po) — K« +D§,71

_ - _ @)
Dr,t =max |0, — (Xt - ”’0) —K: +Dr,t—1

where D:_,o = D,y = 0 and K,(= k,%;k, > 0) is the
sensitive parameter of the DCUSUM chart for r = 1, 2.
An OC signal is produced by a two-sided DCUSUM chart
for the detection of an increase or decrease in the process
mean when Dj',t > Hy orD,, > H,, for r = 1,2, where
H, (= hrin; h,> 0), is the control limit, respectively. This
CC also works with the same constraints as discussed in
Subsection (2.1).
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B. THE DCCUSUM CHARTS FOR AUTOCORRELATED
PROCESS

The DCCUSUM control chart for monitoring the mean in the
presence of autocorrelation, has been studied in this subsec-
tion.

Using the sequence {V;} based on the model in Eq. (4),
the plotting two upper statistics (E;f R E2+ ;) and two lower
statistics (EE o Es. ;) of the DCCUSUM mean chart are given
by:

E. = ()_(t — MO +Er,t—1) <1 - lerl) if Fri> K,

_ ®)
El,t:() lfFr,thr

111202

where the starting values for the statistics are E,o = O,
r = 1,2 with F,;, = |¥, — po + Er,—1]. K; and K;
are the sensitive parameters of the DCCUSUM chart and
if the plotting-statistics go over the threshold limits H; and
Hy, E,;, > H, and/or E,; < —H,, where r = 1,2,
then the process is considered to be OC, and the rest of the
DCCUSUM chart’s description is the same as presented in
the Subsection (2.2).

IV. SENSITIVE MEASURES AND COMPARATIVE
ANALYSES

This section conducts detailed investigations for both the
DCUSUM and DCCUSUM charts in the presence of
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FIGURE 8. Steady-state EQL comparison for DCUSUM and DCCUSUM Charts ats =0, 1, 2 and 3.

autocorrelated observations. This comparative analysis aims
to demonstrate how autocorrelated observations have a sig-
nificant impact on the performance of the aforementioned
charts when monitoring a variety of process mean shifts.
Measures commonly used in SPC to evaluate the performance
profiles of control charts, such as the ARL and SDRL, are
used to evaluate the performance sensitivity of a CC for a
given specific size of shift. When the shift is unknown and can
be reasonably assumed to be within a certain range. In this
case, it is appropriate to consider the measures capable of
providing the overall range of performance. These are the
well-established performance measures in the SPC litera-
ture, namely the EQL, RARL, and PCI. The measures are

VOLUME 10, 2022

computed using Monte Carlo simulations with the developed
algorithms in RStudio 4.1.2 (R Foundation for Statistical
Computing). Interpretations of these measures are given as
follows:

1) ARL and SDRL: The average of the run length dis-
tribution is usually used to analyses a chart. A run is
a collection of samples that the process remains IC.
The ARL is typically defined as the reciprocal of the
probability that a statistic used for process monitoring
would fall outside the control limits. When a process
is either IC or OC, it refers to the number of samples
taken before a shift is noticed. For the purposes of

111203



IEEE Access

Y. Li et al.: DCUSUM Charts for Monitoring Autocorrelated AR (1) Processes Mean

2)

111204

6.0

000 @01 B0z @o3

5.0

4.0

PCI

2.0

0.0

6.0

0oo0 @01 B0z @o3

5.0

4.0

PCI

2.0

0.0

B804 ®05> MmMo6 @07

@08 HBO09

D e e

PRI R R,

i

1

B04 ®05 MmMo6 ©HO7

(o

=

@08 ®BO09

FIGURE 9. Zero-state PCl comparison for DCUSUM and DCCUSUM Charts at s = 0, 1, 2 and 3.

computing ARL, it is assumed that the process has
been in IC from its starting value, which is referred
to as the zero-state ARL (ZSARL). Another type of
the ARL is calculated by supposing that the process
has been running for a long time when the monitoring
scheme is applied, implying that the scheme’s starting
value may not be zero, resulting in the steady-state ARL
(SSARL). The SDRL measures the spread in the run
length distribution. When the process is IC or OC, it is
preferable to have low SDRL values.

EQL: The EQL measures a CC’s overall effectiveness
against a range of shifts. It is a weighted average of the
ARLSs over the entire mean shift domain, for example
[a, b], using 8].2 as a weight function. The following

3)

formula is used to calculate the EQL.:

52

EQL ~ Z, STARL (). 9)
where a is the minimum and b is the maximum bound of
the mean shift . The lower the EQL value, the greater
the control chart’s detection capabilities when (a <
8 < b]. The EQL values are calculated by integrating
across the entire shift domain, and the integration can
be assessed numerically.

RARL: To evaluate the run length performance of CCs,
it can also be used an alternative performance metric
RARL, which describes the effectiveness of a CC over
the entire process shift domain (¢ < § < b], see for
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FIGURE 10. Steady-state PCl comparison for DCUSUM and DCCUSUM Charts ats = 0, 1, 2 and 3.

example, Zhao et al. [10] and Wu et al. [35]. The RARL
can be expressed in a discrete form as follows:

4) PCI: PCl s the ratio of competing and optimum charts’
EQL values under the same conditions. It assists
in the evaluation of performance by completing an
EQL ranking. The PCI value for the chart with the

(10) lowest EQL is one, while the PCI value for other

charts is more than one. This could be mathematically

formulated as:

ARL. (3))

1 m
RARL =~ m+ 1 ijo ARLyp; (61') ’

and §; = a+j(b—a)/m, where m is a specified number.
The RARL value for the underlying optimal CUSUM
chart (OCC) is 1, as expected, and all the charts are
compared to the OCC. In comparison to the OCC, the

PCl ~ —=— . (11)

smaller the RARL value for a given range of the mean
shift, the more powerful the control chart (compared
chart) is in detecting the process shifts over the range.
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Many authors, including, (Zhao et al. [10]; Ahmad et al.
[35]), employ the above performance indicators in their
research works.
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FIGURE 11. Control charts for DCUSUM and DCCUSUM charts at ¢ = 0.0.
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FIGURE 12. Control charts for DCUSUM and DCCUSUM charts at ¢ = 0.5.

A. EVALUATION
The performance of the two-sided dual CUSUM charts for
a specific shift size is evaluated in terms of the ARL and
SDRL in the presence and absence of autocorrelation. For
the sake of brevity, on the lines of Zhao et al. [10], the range
[0.25, 5.0] is considered for different sizes of shifts in a range
in the process’s mean parameter and the ARL of different
charts are matched at 500 for both the ZSARL and SSARL
profiles, respectively. Other measures, EQL, RARL and PCI,
are calculated to observe the overall performance of the CCs
with the help of the ARL values.

The level of autocorrelation, notation ¢, are set between
0 and 1 with an increment of 0.1, the ARL; performance
of the corresponding charts are estimated. Here, ¢ =
0 denotes an ongoing process with no autocorrelation, while
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¢ = 1 denotes the worst-case scenario. The s-skipping
sampling strategy is used as a remedial measure to com-
pensate for the negative effect of autocorrelation by incor-
porating different non-neighbouring item settings, such as
s = 0,1,2,3. Before the mean shifts happen in a pro-
cess, the SSARL is based on 32 samples, see Lucas and
Crosier [8]. The values of ki and k> in the DCUSUM and
DCCUSUM charts are the lower and upper quartiles of the
range [a/2,b/2], ki = Ba + b)/8 and kn» = (a + 3b)/8,
respectively.

The simulation results are computed using the Monte Carlo
approach with 100,000 replications from a standard normal
distribution of a particular size for each random sample. The
generated replications are used to calculate the run length
profiles.
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FIGURE 13. Control charts for DCUSUM and DCCUSUM charts at ¢ = 0.9.

At various values of s and ¢, the run length profiles (ARL;
& SDRL) for the ZSARL and SSARL for a certain shift size
are reported in Tables 1-4. The ARL curves (Figs. 1-4) are
employed to show how well charts perform when autocor-
relation is present. Figs. 5-10 show the EQL, RARL, and
PCI values, which can be used to assess the charts’ overall
performance.

These figures show how autocorrelation affects the per-
formance of the dual charts and how the s-skipping strategy
remedy reduce this negative effect. The following are the
main findings:

1) Shift § 4 then ARL/SDRL |: From Tables 1-4, it can
be shown that as shift increases from 0.2 to 2.0, the
ZSARL; and SSARL; values of the DCUSUM and
DCCUSUM charts drop at any value of s (0 to 3)
and ¢ (0.0 to 0.9), respectively. The ARL/SDRL is
inversely proportional to the shift size when the ARL
is fixed. For example, Table 1 shows (§, ARL]) as
(0.20, 271.37), (1.00, 11.92), and so on (2.00, 3.59).
The results show a similar declining behavior of SDRL
values. For example, Table 1 shows (6, SDRL) as (0.20,
267.01), (1.00, 8.03), and so on (2.00, 1.58). For s =
0,1,2,3 and ¢ (0.0 to 0.9), the same falling trend of
ARL curves can be seen in Figs. 1-4 with the increase
of §.

2) Level ¢ 1 then ARL/SDRL 1: Tables 1-4 show that
as the amount of ¢ increases from 0 (no autocorrelation
scenario, say iid) up 0.9, the ZSARL; and SSARL;
values of DCUSUM and DCCUSUM charts (at s =
0, 1, 2, and 3) have an increasing trend. The OC ARL
(ARL) is proportional to the level ¢, meaning that
the higher the autocorrelation, the higher the ARL;.
For example, we can see (¢, ARL) from Table 2 as
(0.00, 93.18), (0.30, 146.46), (0.60, 211.32), and so
on(0.9,279.98) at § = 0.4 with s = 0. The left
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bottom curve in Figs. 1-4 is for ¢ = 0.0 while the right
uppermost curve is for ¢ = 0.9. The ARL; curves,
in general, tilt upwards to the right as the ¢ value
increases and decreases as the value of s increases.
As the level of ¢ rises, the SDRL values rise as well.
For example, Table 3 shows (¢, SDRL) as (0.0,271.12),
(0.3, 332.17), (0.6, 383.85), and so on (0.9, 424.32) at
8 = 0.4 with s = 0. Table 1, Table 2, and Table 4 and
show that ARL and SDRL values (with respect to ¢)
have similar behaviour.

Level s 1 then ARL/SDRL |: The s-skipping sam-
pling was used to reduce autocorrelation and hence
lower the ZSARL and SSARL; of both the DCUSUM
and DCCUSUM charts. This can be seen in Tables
1-4. That is, for instance, values from Table 2 in
pair form are reported here, (s, [ARL{(SDRL)]e {(0,
[366.77(365.48)]), (1, [323.81(321.92)]), (2, [300.94
(299.98)]), (3, [286.55(284.91)])} and Table, for
¢ =05ats = 0.2, (0, [366.48 (364.64)]), (1,
[317.80 (314.77)]), (2, [296.12 (293.48)]), (3, [283.03
(279.81)]). The phenomena is also supported by the
results in Figs. 5-10.

Level ¢ 1 then EQL/RARL/PCI 4: In Table 5, the
overall zero-state and steady-state performance of the
DCUSUM and DCCUSUM charts are presented and
can also be observed from Figs. 5-10. For example, one
may observe (¢, EQL) at s = 0 for the DCUSUM chart
as (0.0, 14.12), (0.30, 21.31), (0.60, 32.94) and (0.9,
52.25) while for the DCCUSUM chart, they are (0.0,
13.88), (0.30, 20.89), (0.60, 32.22) and (0.9, 51.15),
respectively.

Level s 1 then EQL/RARL/PCI | : It can be observed
from the Table 5 and Figs. 5-10 that the EQL, RARL
and PCI values of each chart decrease as the value of
s increases, which shows that the overall effectiveness
of a chart is directly proportional to the number of s.
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For instance, it may be observed that (at ¢ = 0.9, s =
0, 1, 2, 3), the respective EQL values for the DCUSUM
chart are 52.25, 45.48, 40.12, and 35.9, and for the
DCCUSUM chart, are 51.15, 44.45, 39.24, and 35.1.
On the similar lines for other overall measures, (RARL,
PCI) are (5.34, 4.96), (4.69, 4.31), (4.16, 3.81), and
(3.74, 3.41) for the DCUSUM chart, as well as they are
(5.23, 4.85), (4.58, 4.22), (4.07, 3.72), and (3.66, 3.33)
for the DCCUSUM chart, respectively.

6) Sensitivity based preference: In the presence of auto-
correlation, all the results reported in tables or shown
in the figures demonstrate that the DCCUSUM chart is
slightly more sensitive than the DCUSUM charts in the
zero-state and steady-state, with or without applying
the skipping strategy to both charts.

V. AN ILLUSTRATIVE EXAMPLE (APPLICATION OF
STUDY)

In this example, a simulated dataset with different levels of
autocorrelation is considered to illustrate how the DCUSUM
and DCCUSUM chart’s detection performance is seriously
affected due to presence of autocorrelation when detecting a
range of process mean shifts.

Assume that {Y;; for ¢t > 1} observations of quality char-
acteristic of the ongoing process follow a standard normal
distribution with the process parameters uy = 0 and oy = 1.
It is supposable that this process stays in the IC state for
t < ty; however, when t > ftg, this process goes OC due
to an upward shift in the IC process mean uy = 0 with the
value of § = 0.5. For the sake of brevity, three different levels
of autocorrelation are considered here: no autocorrelation
(¢ = 0.0), moderate level of autocorrelation (¢ = 0.5) and
high level of autocorrelation in process (¢ = 0.9). 70 samples
were generated with the first 50 for in-control state Phase-1
and the last 20 for OC Phase-II e.g., (fp = 50, 20). In order
to detect shift in this process, the two-sided DCUSUM and
DCCUSUM charts are applied to these data with the chart
parameters (ky = 0.72,k; = 1.91,h = 3.9070,h; =
1.4728) and (k; = 0.72,k, = 1.91,h) = 3.8136,h; =
1.4376), respectively. The IC ARLs of these two-sided dual
CUSUM CCs are set to ARLy = 500 and are displayed in
Figs. 11-13.

The above figures vividly explain the deteriorating powers
of the two charts, with the gradual intensity of autocorrela-
tion. When there is no autocorrelation at work, the DCUSUM
and DCCUSUM initiate a signal at sample number 54 and
53. With 0.5 autocorrelation level, it becomes 61, 61, while
0.9 autocorrelation aggravates it further to 67 and 66.

VI. CONCLUSION AND RECOMMENDATIONS

In this article, we have proposed the new DCUSUM and
DCCUSUM charts for monitoring the mean of the auto-
correlated processes using the AR(1) model. Monte-Carlo
simulations are used to compute the sensitive performance
run-length measures, ARL and SDRL, for both zero-state
and steady-state. In addition, to compute the overall perfor-
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mance of a chart for different size of shifts, we calculated
EQL, RARL, and PCI. These measures have shown that
the autocorrelation significantly affected the performance
of the DCUSUM and DCCUSUM charts. To reduce this
adverse effect, it could be used by s-skipping sampling as
a redial measure. By comparing the two charts, it is found
that the DCCUSUM is slightly more efficient as compared to
the DCUSUM chart. Thus, the DCCUSUM chart is recom-
mended for efficiently monitoring the autocorrelated process
mean.

Since this study assuming that the process parameters are
known, for future research works, it is possible to extend the
research for estimated parameters. Moreover, as we consid-
ered the AR(1) model for the autocorrelation, the study can
also be prolonged for other time series processes, such as
AR(p) with p>1.
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