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ABSTRACT Vessels face uncertain factors during a voyage, such as bad weather and harsh sea conditions
along a route in container liner shipping. As such, the real vessel speed during each leg of a voyage
often deviates from the planned one, which may lead to fluctuations in vessel schedule and bunker
consumption. This paper investigates the problem of vessel scheduling and bunker management with speed
deviations (VSBMSD) for liner shipping in the presence of collaborative agreements. By establishing
the worst-case scenario of the maximum bunker consumption function with vessel sailing speed as an
independent variable, we develop a mixed-integer nonlinear programming model to minimize the total liner
shipping route service cost. A piecewise linear secant approximation method is designed, and then a CPLEX
solver is used to solve the problem. The results of the computational experiments conducted for the AEMX
route indicate that VSBMSD in the presence of collaborative agreements can enable shipping companies to
design vessel schedules reasonably and reduce the total cost of liner shipping route service by at least 2.95%
compared to the results from similar studies.

INDEX TERMS Liner shipping, vessel scheduling, bunker management, speed deviation, collaborative
agreement, robust optimization.

I. INTRODUCTION
Containerized cargo (containers) mainly move consumer
goods with a short life cycle, high unit value, and high
time sensitivity, including manufactured products, food, and
fashion goods [1]. As a result, liners travel at a higher speed
(for example, 20-25 knots) when transporting containerized
cargo, so the containers can be transported to their desti-
nations in less time [2]. Attracting potential customers and
improving transport services are very important in the cur-
rent downturn of the shipping market [3]. Therefore, liner
shipping companies may experience huge economic losses if
they do not set effective vessel schedules [4]. Vessel schedul-
ing (VS) for liner shipping services is a tactical-level plan-
ning decision made every three to six months [5]. For liner
shipping companies, VS includes determining the optimal
vessel speed of the voyage, the arrival time at each port, the
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handling rates of each port, the departure time from each port,
the optimal refueling amount of each port, and the number of
vessels required for the route [6].

A collaborative agreement between the liner shipping com-
pany and marine container terminal operators is critical for
both supply chain players [7]. Marine container terminal
operators offer liner shipping companies multiple vessel
arrival time windows (TWs) and handling rates, providing
liner companies with flexible port arrival scenarios, sail-
ing times, and port handling time options. This can help
reduce vessel bunker consumption and total port handling
cost [8]. For marine container terminal operators, a collabora-
tive agreement improves the efficiency of terminal operation
planning and relieves port congestion [9]. This highlights
the value of studying VS in the presence of collaborative
agreements.

The bunker consumption of a vessel is approximately
proportional to the cubed value of the vessel speed, and
container vessels consumemore bunker fuels than other types
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of vessels [10]. Previous studies have found that bunker costs
make up 30% to 70% of the total liner shipping operational
cost. This cost is closely related to bunker fuel prices [11].
To maintain liner shipping services, container vessels must
refuel their bunker fuel at certain ports of call during round-
trip voyages. The problem of bunker management (BM) is
urgent because profit margins in the shipping industry are
extremely low, with some liner shipping companies suffering
losses [12]. The approaches that liner shipping companies
use to determine refueling strategies and effectively manage
bunker fuel to reduce the total bunker cost is a vital and urgent
problem to address for these businesses. BM is critical for
optimizing vessel speeds because it provides an ideal balance
between bunker consumption on a particular leg of a voyage
and the difference in bunker inventory levels at two consecu-
tive ports. In addition, fluctuating vessel speeds significantly
impact bunker consumption [13]. An increase in the vessel
speed increases bunker consumption and the amount of fuel
needed at ports. Adopting an appropriate refueling policy
with fluctuating bunker consumption is an effective way to
accurately reduce bunker costs [14]. Therefore, it is of great
practical significance for shipping companies to study the
joint optimization problem of VS and BM in the presence of
collaborative agreements.

In the context of this background, this study solves an
optimization problem of VS and BM by jointly determin-
ing the optimal vessel speed between consecutive ports and
developing a robust refueling strategy in the presence of col-
laborative agreements. The goal is to minimize the total liner
shipping route service cost. Solving these problems supports
the operation of liner shipping companies in several ways.
First, at a tactical level, this method can help design a vessel
schedule that can benefit both supply chain players. Second,
the approach can be used to formulate medium-term and
long-term bunker fuel procurement plans for each port [15]
and facilitate the development of detailed bunker fuel pro-
curement contracts with bunker fuel suppliers [16], [17].
Finally, at an operational level, this method provides a use-
ful reference for liner shipping companies by considering
the fluctuation of bunker consumption and port bunker fuel
prices, determining different vessel speeds at different legs
of a voyage, and determining the refueling amount at each
port.

A. LITERATURE REVIEW
VS is closely related to the amount of cargo that vessels
handle at the port and the vessel speed at sea. Perakis and
Jaramillo [18] first established an integer linear program-
ming model to study this problem, assuming that the freight
demand is predetermined, and developed a schedule for ves-
sel arrivals and departures from the port. Ng [19] presented
a nonlinear mixed-integer programming model for VS in the
case of the stochastic fluctuation of demand, where the mean
and variance are known. The bunker cost accounted for a
large proportion of the total liner shipping route service cost.
Brouer et al. [20] found that vessel bunker consumption was

directly proportional to the cubed value of the vessel’s speed.
The problem of VS based on speed optimization has impor-
tant practical significance for liner shipping companies. For
that reason, many scholars have researched ways to reduce
vessel bunker consumption by optimizing vessel speed [6],
[21], [22], [23], [24].

However, these studies have not considered important
BM and refueling strategies. The bunker fuel price may
vary significantly at different ports, so correctly selecting
refueling ports and reasonably estimating refueling amounts
are important for reducing the bunker cost and optimiz-
ing the vessel speed, which then affects VS and handling
cost. Kim et al. [25] determined the optimal vessel speed
and required refueling amount for a given liner shipping
route, evaluated the performance of refueling ports, and con-
ducted a sensitivity analysis for refueling strategies. The
study identified a positive effect of a slow steaming policy on
the environment and analyzed changes in refueling strategy.
Yao et al. [26] stressed the importance of optimizing three
components: the selection of the refueling port, the estimated
refueling amounts, and adjustments in the vessel speeds dur-
ing different legs of the voyage. These were jointly evaluated
to calculate an optimal refueling strategy.

In another study, Kim [27] proposed a Lagrangian heuristic
to determine the variable speed and refueling ports for a
container vessel, allowing the vessel to arrive at ports at
any time. Sheng et al. [28] developed a multistage dynamic
model, considering the stochastic nature of bunker prices to
dynamically determine the refueling strategy for liner ship-
ping. Sheng et al. [29] investigated an effective dynamic (s,S)
policy in a refueling and speed determination problem, given
uncertainties in both bunker fuel prices and bunker consump-
tion. Meng et al. [30] developed a joint route and refueling
problem for tramp vessels by considering differences in cargo
types and bunker fuel prices. That study proposed a branch
and price solution approach based on predictions of future
cargo demand to obtain an optimal refueling strategy and
effective route options. When addressing the speed optimiza-
tion problem in liner shipping, Aydin et al. [31] considered
the randomness of time and proposed a dynamic program-
ming model to determine the impact of BM policies and
bunker prices on vessel schedules.

In addition, different collaborative agreements have been
established between marine container terminal operators
and liner shipping companies [32], gradually attracting
widespread attention in the shipping market. This highlights
the need to discuss the problem of VS in the presence of a
collaborative agreement. Wang et al. [3] proposed an overall
solution that merged the available vessel service TWs at each
port in a week and expressed it as a mixed-integer nonlinear
nonconvex optimization model to solve a tactical problem
of VS. The results showed that the designed schedule based
on multiple vessel arrival TWs offered by marine container
terminal operators can be applied in practice without or
with only minor modifications. However, that study’s model
focused on arrival time windows and did not model and
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analyze other influencing factors. Alharbi et al. [33] studied
the problem of VS, focusing on the availability of multiple
vessel arrival TWs for container supply chain networks. They
proposed a mixed-integer nonlinear nonconvex programming
model with the objective function of minimizing the total
route service cost and designed an iterative optimization
approach. Simulations showed that the vessel arrival TWs
selected significantly influenced the number of vessels, ves-
sel speed, and route service.

Focusing even more clearly on collaboration, Liu et al. [9]
applied an operational collaborative mechanism where
marine container terminal operators offer multiple handling
rates and liner shipping companies pay for the additional
costs. Higher handling rates allow vessels more time to sail at
sea, reducing bunker consumption. The reduced bunker costs
for liner shipping companies may be more essential than the
additional costs incurred by container terminals. To minimize
the sum of bunker consumption and port handling cost, this
study proposes a global optimization algorithm and conducts
a set of calculation experiments on a CCX liner shipping
route. The results showed that the proposed collaborative
agreement helped liner shipping companies reduce bunker
costs and improved the overall efficiency of container trans-
portation. In another study, Dulebenets proposed a new col-
laborative agreement [7] where for each port along a given
liner shipping route, the marine container terminal operators
provided liner shipping companies withmultiple arrival TWs,
multiple TW start and end times, and multiple TW-specific
handling rates. Several numerical simulations performed for
the Pacific Atlantic 1 liner shipping route showed that the
proposed collaborative agreement provided an effective alter-
native to liner shipping business improvements.

In the above studies on the problems of VS and BM, the
factors to be considered ranged from a clear determination
of transport demand to random demand, from no refueling
strategy to a refueling strategy selection, from bunker fuel
prices that followed a specific random distribution to prices
that followed a defined stochastic process, and from no TW
constraints to multiple TWs and multiple handling rate strate-
gies. However, these reviewed studies were conducted with
the assumption of a constant speed on each leg of a voyage.
In practical applications, the vessel speed often deviates due
to environmental and human factors, resulting in a series of
chain reactions. Only a few studies considered speed devia-
tion for the problem of VS. Wang and Meng [14] examined
the vessel speed and refueling strategy in a liner shipping
network, allowing the real speed of the vessel to deviate from
the planned speed. They derived a closed-form expression for
the worst-case bunker consumption by assuming real speed
changes in a certain range. Arijit De et al. [34] expanded
the research by considering stochastic bunker consumption,
stochastic bunker fuel prices, and different bunker refueling
policies to determine an optimal refueling strategy. They then
proposed a novel approximate algorithm based on a math-
ematical formulation. Different from the above two studies,
our work puts forward the VS and BM optimization problem

in accordance with speed deviation and collaborative agree-
ments jointly and adopts a robust optimization framework by
defining interval uncertain sets for the nonlinear model. The
key issues involved in our paper are shown in Table 1, which
provides a setting comparison for the most relevant VS and
BM studies of our paper.

B. CONTRIBUTION
The contribution of this study is threefold. First, the
VSBMSD optimization problem for liner shipping in the
presence of collaborative agreements is proposed jointly. It is
a new research topic with practical significance because it
has never been addressed comprehensively by the literature.
In practice, real vessel speeds continuously change within a
range above and below the planned speed. As such, we con-
sider the change in real speed. Second, the maximum bunker
consumption function under the worst-case speed deviation
is derived, and an approximate expression of it is obtained.
Then, a ‘‘big M ’’ technique was exploited to transform the
model into a MILP model based on the analysis of its struc-
tural properties to further accelerate the convergence of our
algorithm. Third, we conduct extensive computational experi-
ments based on realistic instances to validate the effectiveness
of our model and the efficiency of the algorithm. Based on
the results from the experiments, managerial insights are
acquired.

The rest of this paper is organized as follows.
Section 2 describes the problem, and Section 3 presents
the mathematical model. Section 4 presents a closed-form
expression for the worst-case bunker consumption and
presents piecewise linear secant approximation methods
for the model. Section 5 describes a numerical experiment
of a real-case route to illustrate the model’s effectiveness.
Section 6 provides conclusions and outlines the prospects for
future research.

II. PROBLEM DESCRIPTION
Consider a liner shipping company that deploys a certain
number of vessels to provide container transportation ser-
vice on a given route, which has several container ports of
call. The shipping company has signed collaborative agree-
ments with container terminal operators in the ports of call.
When considering vessel speed deviation, the goal of the
shipping company’s VS and BM is to minimize the total
liner shipping route service cost. Thus, this section presents
the following concepts or expressions in the study problem:
(a) collaborative agreement; (b) port handling cost; (c) late
arrival penalty; (d) container inventory cost; (e) bunker con-
sumption; (f) the worst-case bunker consumption model; and
(g) refueling ports and bunker cost. The optimization model
for the VSBMSD problem is formulated accordingly in the
next section.

A. COLLABORATIVE AGREEMENT
We denote the set of ports where vessels visit as I =
{1, 2, · · · , n}. A vessel sails between two consecutive ports
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TABLE 1. Setting comparison for VS and BM literature.

i and i + 1 along voyage leg i. The liner shipping com-
pany negotiates a specific collaborative agreement with
marine container terminal operators, with three main com-
ponents: (1) a set of vessel arrival TWs Ti = {1, 2, · · · ,mi},
where i ∈ I is provided to the liner shipping company at each
port of call; (2) a set of start times Sit = {1, 2, · · · , git }, where
i ∈ I , t ∈ Ti, and end times Eit = {1, 2, · · · , oit }, where i ∈ I ,
t ∈ Ti, are included for each TW; and (3) a set of handling
rates Hit = {1, 2, · · · ,wit }, where i ∈ I , t ∈ Ti is provided to
the liner shipping company during each TW.

The arrival TWs at each port are divided into two parts:
TW S

its is the start time s for TW t at port i, and TWE
ite is the end

time e for TW t at port i. A vessel should arrive at the port
of call within these two TWs. This assumes that the marine
container terminal operator of each port provides the liner
shipping company with m vessel arrival TWs, g available
start times for each TW, o available end times for each TW,
and w available vessel handling rates during the available
TWs. These variables are transformed into the collaborative
agreement, where the marine container terminal operator of
each port provides (m · g · o) available vessel arrival TWs
and w available vessel handling rates during the available
TWs. The TW durations vary from port to port but generally
range from 1 to 3 days. Figure 1 shows a scenario where the
marine container terminal operator of port i provides 3 start
times and 3 end times for each TW t . This is transformed
as follows: the marine container terminal operator of port i
provides 3·3·m=9m vessel arrival TWs (where m is the total
vessel arrival TWs). The vessel must arrive within the TWs.
Section 2.3 describes the impacts of arriving outside the TWs
on the liner shipping service.

FIGURE 1. Port scenario with 3 start times and 3 end times.

B. PORT HANDLING COST
Along with TW selection, each marine container terminal
operator offers a set of handling rates, with a corresponding
handling productivity HPith, i ∈ I , t ∈ Ti, h ∈ Hit (measured
in TEU/hour). Handling productivities differ at different ports
and depend on the amount of handling equipment available
to the marine container terminal operator in the selected TW.
The vessel handling time during the selected TW t at port i
is estimated based on the number of containers to be handled
at a given port Di (TEU) and the handling rate h. This yields
the following equation:

tbi =
∑
t∈Ti

∑
h∈Hit

yith
Di
HPith

(1)

The vessel handling cost Chc
ith, i ∈ I , t ∈ Ti, h ∈ Hit

(USD/TEU) gap depends mainly on the ports of call, selected
TWs, and requested handling rates. Even if the handling
productivity is the same, the vessel handling cost at one
port may be higher compared to other ports of call. Vessel
handling costs may vary due to equipment availability during
the selected TW at each port. Furthermore, a higher han-
dling productivity results in a higher vessel handling cost.
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The expected total port handling cost is computed as:

TPC =
∑
i∈I

∑
t∈Ti

∑
h∈Hit

Chc
ithyithDi (2)

where TPC is the total port handling cost (USD) and yith is a
binary variable used to determine the vessel handling rate.

C. LATE ARRIVAL PENALTY
Generally, vessels need to arrive at port i on time, within the
selected arrival TW t . Vessels that arrive at port i before the
TW range must wait in a dedicated area, and vessels that
complete port operations outside the TWpay penalty charges.
Vessels that arrive late cause congestion at ports, disrupting
marine terminal operations and causing service delays for
other vessels. The total penalty paid by the vessel arriving
after the selected arrival TW ends is estimated as follows:

TLP =
∑
i∈I

C lc
i t

l
i (3)

where TLP is the total late arrival penalty (USD), C lc
i is the

per unit late arrival penalty at port i (USD/h), and t li is the
number of hours that the vessel is late in arriving at port i (h).

FIGURE 2. Three scenarios of a vessel arriving at the next port.

Figure 2 shows three scenarios where a vessel leaves from
port i and arrives at the next port. The variable tdi denotes
the vessel departure time from port i (h), and t i denotes the
planned sailing time of a vessel at voyage leg i (h).

D. CONTAINER INVENTORY COST
Generally, a higher vessel speed is associated with lower
container inventory costs. The container inventory cost relates
to the total sailing time and the number of containers. This
cost is calculated as:

TIC = C ic
∑
i∈I

Rit i (4)

where TIC is the total container inventory cost (USD), C ic is
the unit container inventory cost (USD per TEU per hour),
and Ri is the number of containers transported during voyage
leg i (TEU).

E. BUNKER CONSUMPTION
During actual operations, the vessel speed is impacted by
uncertain factors, including weather, sea conditions, and the
route’s environment. As such, the vessel cannot sail at a
fixed speed during the voyage. We assume that a vessel’s real
sailing speed at time t during voyage leg i is vi (t), and vi (t)
deviates from the planned speed vi within a set range. The
deviation range is expressed as:

vi − V err
≤ vi (t) ≤ vi + V err , ∀i ∈ I (5)

Past studies have found that the bunker consumption gi (v)
(ton/hour) is directly proportional to the power function of the
real speed vi (t)9. Therefore, the vessel bunker consumption
function at time t on voyage leg i is expressed as:

gi (vi (t)) = αvi (t)β , α > 0, β > 2,∀i ∈ I (6)

where α and β are bunker consumption function coefficients.
Here, Li is the length of voyage leg i (i.e., port i to port

i + 1, n miles). To ensure that the vessel arrives at the next
port of call i at the scheduled time of arrival tdi +

Li
vi
, the

captain periodically adjusts the vessel speed to respond to
bad weather or other uncertainties. Therefore, the real bunker
consumption of a vessel during a particular leg varies over
time throughout the voyage. To facilitate this expression,
we introduce variable t i, representing the planned sailing
time of voyage leg i. This variable replaces equation Li

vi
.

Thus, the relationship between the total bunker consumption
Qi (vi (t)) and the real sailing speed vi (t) during voyage leg i
is calculated using the following formula.

Qi (vi (t)) =
∫ t i

0
gi (vi (t)) dt, ∀i ∈ I (7)

F. THE WORST-CASE BUNKER CONSUMPTION MODEL
We propose a model to calculate the bunker consumption
during a certain leg of the voyage; the model estimates the
worst-case bunker consumption during a particular leg of the
voyage along a certain route with the given planned speed vi.
The maximum bunker consumption under the worst case of
speed deviation is expressed as Qmax

i (vi) and depends on
the change in the vessel speed vi (t). The vessel speed is
evaluated at all possible vessel speed profiles vi (t) under
given planned speed conditions vi, maximizing bunker con-
sumption Qi (vi (t)). Therefore, the worst-case scenario of
maximum bunker consumptionQmax

i (vi) is determined using
the following formula:

Qmaxi (vi) = max
vi(t)

∫ t i

0
gi (vi (t)) dt, ∀i ∈ I (8)

To meet the requirements of shipping schedules and cus-
tomer transportation services, the vessel must arrive at the
next port of call at a scheduled time. The following expression
shows the constraint of the planned arrival time to ensure that
the vessel arrives on time:∫ t i

0
vi (t)dt = Li, ∀i ∈ I (9)
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As stated in the above constraint, the speed variability of
vi (t)must fall within the range vi−V err

≤ vi (t) ≤ vi+V err ,
which is consistent with real-world conditions. The higher
the value of V err is, the more bunker fuel the vessel must
consume. The lower the value of V err is, the more vessels
may be developed on the route.

G. REFUELING PORTS AND BUNKER COST
We assume that the bunker inventory level when the vessel
arrives at port i is z1i . The bunker inventory level when the
vessel leaves port i is z2i . The relationship between z1i and z

2
i

is as follows:

z1i+1 = z2i − Q
max
i (vi) , ∀i ∈ I , i < n (10)

z11 = z2n − Q
max
n (vn) (11)

We denote zi as the refueling amount at port i; it is calcu-
lated as zi = z2i − z1i . To facilitate the research, we introduce
the refueling cost function f (zi) , which is a piecewise lin-
ear function with three linear segments about the refueling
amount zi, as shown in Figure 3.

FIGURE 3. A piecewise linear function of the bunker cost.

Hence, the refueling cost function at port i is expressed as

in (12), shown at the bottom of the page, where C f 0
i is the per

unit fuel price at port i for regular bunkers when the refueling
amount is within W 1

i (USD/ton); and λ1i , λ
2
i are the bunker

fuel price discount factors for different refueling amounts at
each port (%), where 0 < λ2i ≤ λ

1
i ≤ 1. The variablesW 1

i and
W 2
i are the breakpoints in the refueling amounts, where the

liner shipping company can receive a price discount, W 1
i ≤

W 2
i (tons).
Liner shipping companies pay a fixed fee for each refu-

eling. Hence, the total bunker cost of all ports is FC =∑
i∈I

[F + f (zi)] bi. Here, F is the fixed cost to refuel the vessel

(USD), and bi is a binary variable used to decide whether to
refuel at port i.

III. MODEL FORMULATION
In this section, we start by denoting the parameters and
variables and then formulate a mixed-integer nonlinear math-
ematical model for the VSBMSD problem in the presence
of collaborative agreement. Then, we present some important
theoretical results of the model through reformulations and a
‘‘bigM ’’ technique, which are used for our algorithm design
in the following section.

A. SYMBOLS AND NOTATIONS
• Sets

I = {1, 2, · · · , n} : set of ports in the liner shipping route,
indexed by i;
Ti = {1, 2, · · · ,mi}, i ∈ I : set of arrival TWs available at

port i, indexed by t;
Sit = {1, 2, · · · , git }, i ∈ I , t ∈ Ti: set of start times for

TW t at port i, indexed by s;
Eit = {1, 2, · · · , oit }, i ∈ I , t ∈ Ti: set of end times for TW

t at port i, indexed by e;
Hit = {1, 2, · · · ,wit }, i ∈ I , t ∈ Ti: set of handling rates

available at port i during TW t , indexed by h.
• Parameters

Coc
: weekly vessel operational cost (USD/week);

C lc
i , i ∈ I : unit vessel late arrival penalty at port i (USD/h);

C ic
: unit container inventory cost (USD/TEU/h);

C f 0
i , i ∈ I : unit regular bunker fuel price at port i when the

refueling amount is withinW 1
i (USD/ton);

Chc
ith, i ∈ I , t ∈ Ti, h ∈ Hit : handling cost at port i under

handling rate h during TW t(USD/TEU);
W 1
i , i ∈ I : amount of refueling with the first discount at

port i (tons);
W 2
i , i ∈ I : amount of refueling with the second discount at

port i (tons);
λ1i , i ∈ I : bunker fuel price discount factor at port i when

the refueling amount is in the range of
(
W 1
i ,W

2
i

]
(%);

λ2i , i ∈ I : bunker fuel price discount factor at port i when
the refueling amount exceedsW 2

i (%);
Li, i ∈ I : length of voyage leg i (i.e., port i to port i + 1,

n miles), where Ln is the length between consecutive ports n
and 1 (n miles);
Ri, i ∈ I : total amount of containers transported at voyage

leg i (TEU);
Di, i ∈ I : total amount of containers handled at port i

(TEU);
Vmin

: minimum vessel sailing speed (knots);
Vmax

: maximum vessel sailing speed (knots);

f (zi) =


C f 0
i zi 0 ≤ zi ≤ W 1

i

C f 0
i

[
W 1
i + λ

1
i

(
zi −W 1

i

)]
W 1
i < zi ≤ W 2

i

C f 0
i

[
W 1
i + λ

1
i

(
W 2
i −W

1
i

)
+ λ2i

(
zi −W 2

i

)]
W 2
i < zi ≤ W

(12)
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V err
: speed deviation from extreme value (knots);

W : vessel bunker tanker maximum capacity (tons);
F : fixed cost to refuel vessel (USD);
I0 : vessel initial bunker inventory level (tons);
TW S

its, i ∈ I , t ∈ Ti, s ∈ Sit : the start time s for TW t at
port i (h);
TWE

ite, i ∈ I , t ∈ Ti, e ∈ Eit : the end time e for TW t at
port i (h);
HPith, i ∈ I , t ∈ Ti, h ∈ Hit : handling productivity for

handling rate h at port i during TW t (TEU/h).
• Decision Variables

vi, i ∈ I : planned vessel sailing speed during voyage leg i
(i.e., port i to port i+ 1, knots);
bi, i ∈ I := 1 if the vessel refuels at port i (= 0 otherwise);
xTWit , i ∈ I , t ∈ Ti: = 1 if the vessel arrives at port i within

TW t (= 0 otherwise);
xSits, i ∈ I , t ∈ Ti, s ∈ Sit : = 1 if start time s is selected for

TW t at port i (= 0 otherwise);
xEite, i ∈ I , t ∈ Ti, e ∈ Eit : = 1 if end time e is selected for

TW t at port i (= 0 otherwise);
yith, i ∈ I , t ∈ Ti, h ∈ Hit := 1 if handling rate h is selected

at port i during TW t (= 0 otherwise).
• Auxiliary Variables

p : number of vessels to be deployed for the liner shipping
route (vessels);
tai , i ∈ I : vessel arrival time at port i (h);
tbi , i ∈ I : vessel handling time at port i (h);
tdi , i ∈ I : vessel departure time from port i (h);
twi , i ∈ I : vessel waiting time at port i (h);
t li , i ∈ I : vessel late arrival time at port i (h);
t i, i ∈ I : sailing time of the vessel with planned vessel

speed vi during voyage leg i (h);
z1i , i ∈ I : bunker inventory level when the vessel arrives at

port i(tons);
z2i , i ∈ I : bunker inventory level when the vessel leaves

port i (tons);
zi, i ∈ I : refueling amount at port i (tons);
f (zi), i ∈ I : refueling cost function of the vessel at port i;
Qmax
i (vi), i ∈ I : maximum bunker consumption under the

worst-case speed deviation when sailing at planned speed vi
during voyage leg i.

B. MODELING THE VSBNSD PROBLEM
As we have discussed in the previous sections, liner shipping
companies should make their decision to minimize the total
cost of liner shipping route service in the presence of collab-
orative agreements. The VSBMSD model can be formulated
as:

min

Cocp+
∑
i∈I

[F + f (zi)] bi +
∑
i∈I

∑
t∈Ti

∑
h∈Hit

Chc
ithDiyith

+C ic
∑
i∈I

t iRi +
∑
i∈I

C lc
i t

l
i

}
(13)

The model is subject to the following constraints:

0.1biW ≤ zi ≤ biW , ∀i ∈ I (14)

zi = z2i − z
1
i , ∀i ∈ I (15)

z11 = I0 (16)

z1i ≥ 0.1W , ∀i ∈ I (17)

z2i ≤ W , ∀i ∈ I (18)

z1i+1 = z2i − Q
max
i (vi) , ∀i ∈ I , i < n (19)

z11 = z2n − Q
max
n (vn) (20)∑

t∈Ti

xTWit = 1, ∀i ∈ I (21)

∑
t∈Ti

∑
s∈Sit

xSits = 1, ∀i ∈ I (22)

xSits ≤ x
TW
it , ∀i ∈ I , t ∈ Ti, ∀s ∈ Sit (23)∑

t∈Ti

∑
e∈Eit

xEite = 1, ∀i ∈ I (24)

xEite ≤ x
TW
it , ∀i ∈ I , t ∈ Ti, e ∈ Eit (25)∑

t∈Ti

∑
h∈Hit

yith = 1, ∀i ∈ I (26)

yith ≤ xTWit , ∀i ∈ I , ∀t ∈ Ti, ∀h ∈ Hit (27)

t i =
Li
vi
, ∀i ∈ I (28)

tbi =
∑
t∈Ti

∑
h∈Hit

yith
Di
HPith

, ∀i ∈ I (29)

tdi = tai + t
b
i + t

w
i , ∀i ∈ I (30)∑

i∈I

(
t i + tbi + t

w
i

)
= 168p (31)

tai+1 = tdi + t i, ∀i ∈ I , i < n (32)

ta1 = tdn + tn − 168p (33)

t li ≥ t
a
i −

∑
t∈Ti

∑
e∈Ei

TWE
itex

E
ite, ∀i ∈ I (34)

twi+1 ≥
∑
t∈Ti

∑
s∈Sit

TW S
(i+1)tsx

S
(i+1)ts

−tai − t
b
i − t

w
i − t i, ∀i ∈ I , i < n (35)

tw1 ≥
∑
t∈T1

∑
s∈S1t

TW S
1tsx

S
1ts − t

a
n − t

b
n

−twn − tn + 168p (36)

Vmin
+ V err

≤ vi ≤ Vmax
− V err , ∀i ∈ I (37)

xTWit , xSits, x
E
ite, bi, yith ∈ {0, 1} ,∀i ∈ I ,∀t ∈ Ti,

∀e ∈ Eit , ∀s ∈ Sit , ∀h ∈ Hit (38)

Objective Function (13) of the VSBMSDmodel minimizes
the total liner shipping route service cost incurred by one
vessel per cycle. This total cost includes the following com-
ponents: vessel operational cost, bunker cost, port handling
cost, container inventory cost, and vessel late arrival penalty.

The following constraints listed above apply in the model.
Constraints (14) and (15) calculate the bunkers purchased
at a port and provide the respective range. Constraint (16)
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represents the vessel’s initial bunker fuel inventory level.
Constraint (17) ensures that the minimum level of bunker
fuel inventory is reached before every refueling of a ves-
sel. Constraint (18) ensures that the maximum bunker fuel
inventory is reached after every refueling of a vessel. Con-
straints (19) and (20) define the relationship between the
worst-case scenario of maximum bunker consumption and
the bunker inventory level before and after every refueling
at the port. Constraint (21) ensures that only one service
TW is selected from the vessel’s available arrival TWs at
each port. Constraints (22) to (25) ensure that the vessel
has only one start time and one end time in the selected
TW at each port. Constraints (26) and (27) ensure that the
vessel selects only one handling rate for the operations within
the selected TW at each port. Constraint (28) computes the
planned sailing time of the vessel for each leg of the voyage.
Constraint (29) computes the vessel handling time, operated
using the selected handling rate at each port. Constraint (30)
computes the vessel departure time from each port. Constraint
(31) ensures that the weekly service is provided by each
port, so a round-trip voyage is timed to be an integer that
is a multiple of a week; this equals 168 hours (one week),
multiplied by the number of vessels developed on the route.
Constraints (32) and (33) compute the vessel’s arrival time at
each port. Constraint (34) estimates the vessel’s late arrival
time. Constraints (35) and (36) estimate the vessel’s waiting
time at a later port. Constraint (37) imposes the range limits of
the vessel sailing speed. Constraint (38) is a binary constraint.

IV. METHODOLOGY
In this section, we first derive the maximum bunker consump-
tion function under the worst-case speed deviation and obtain
an approximate expression of it. After that, a linearization
method is applied to transform the model into a MILP model
based on the nonlinear characteristics of the objective func-
tion and model constraints. The MILP solver is then used to
solve the problem.

A. DERIVATION OF THE WORST-CASE BUNKER
CONSUMPTION FUNCTION
First, we analyze and verify the model defined in the problem
description above and obtain an approximate expression of
the function Qmax

i (vi).
Theorem 1: For speed vi (t), the vessel is assumed to sail

at speed vi−V err in time period t i
2 . It sails at speed vi+V

err

for the other time period t i
2 . In this case, the maximum bunker

consumption function under the worst-case speed deviation
Qmaxi (vi) is obtained as follows:

Qmaxi (vi) =
t i
2
α
[(
vi − V err)β

+
(
vi + V err)β] (39)

Proof: We prove the theorem through contradiction.
Assume the speed is v∗i (t) under the worst-case speed
deviation (in this case, v∗i (t) is considered the variable
speed); we then select a small time interval [t1, t1 +1t],
with a constant mean speed, specified as vi. Its range is

vi − V err < vi < vi + V err . The variable vi increases
or decreases within a smaller value 1vi, where 1vi =
min

{
vi − (vi − V err ) , (vi + V err )− vi

}
. We then build a

new speed piecewise function −→v i (t):

−→v i (t) =


v∗i (t) , t ∈ [0, t1] ∪ [t1 +1t, t]

vi +1vi, t ∈ (t1, t1 +
1t
2
]

vi −1vi, t ∈ (t1 +
1t
2
, t1 +1t]

(40)

Then, we compare the bunker consumption at speed−→v i (t)
and speed v∗i (t):∫ t

0
gi
(
−→v i (t)

)
dt −

∫ t

0
gi
(
v∗i (t)

)
dt

=

∫ t1+1t

t1
α−→v i (t)β dt

−

∫ t1+1t

t1
αv∗i (t)

β dt =
1t
2
α[(vi +1vi)β

+ (vi −1vi)β ]−1tαv
β

i > 0 (41)

The bunker consumption is larger at speed −→v i (t) compared
to speed v∗i (t). Hence, v

∗
i (t) is not the speed that causes the

maximum bunker consumption under the worst-case speed
deviation. To determine the model solution, we verify the
properties of the function Qmax

i (vi).
Theorem 2: Qmax

i (vi) is an increasing convex function with
respect to the planned speed vi.
Proof:We calculate the first and second derivatives of the

function Qmaxi (vi) =
αLi
2vi

[
(vi − V err )β + (vi + V err )β

]
with

respect to vi and analyze their properties.
The first derivative is as in (42), shown at the bottom of the

next page.
This yields

Qmaxi (vi)
dvi

> 0.
Then, we calculate the second-order derivative as in (43),

shown at the bottom of the next page.

We also determine that
d2Qmaxi (vi)

dv2i
> 0. Hence, Qmax

i (vi) is

an increasing convex function of the planned speed vi, where
the range of vi is Vmin

+ V err
≤ vi ≤ Vmax

− V err .

B. MODEL TRANSFORMATION
After obtaining the closed-form expression of the VSBMSD
model, we transform the model to derive the solution.
In the objective function of the VSBMSD model, the bunker
cost f (zi) and binary variable bi have multiplicative rela-
tionships. Constraint (28) includes the reciprocal of the
planned speed vi, while Constraints (19) and (20) contain the
closed-form expression for Qmax

i (vi), which is an increas-
ing convex function of vi. The VSBMSD model contains
both continuous decision variables and 0-1 integer variables,
representing the reciprocal terms of the decision variables
and the product terms of the decision variables, respectively.
Therefore, the VSBMSD model is a mixed-integer nonlinear
programming model, and the exact optimal solution cannot
be directly calculated.
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Therefore, the VSBMSD model is linearized according to
its characteristics.

First, the reciprocal method is adopted to make ui =
1/vi,∀i ∈ I . Then, the decision variable vi is replaced by
its reciprocal ui. Thus, we reformulate the nonlinear term Li

vi
by using the new decision variables ui, and Constraint (28) is
linearized.

Then, the linear secant approximation method is adopted.
vi is replaced with its reciprocal ui. Then, the worst-case
scenario of the maximum bunker consumption function
Qmax
i (ui) is linearized. The specific steps are as follows [35].
Step 1: We determine the range of the independent vari-

able ui values and then divide the range into several small
sections. The range of ui in the worst-case scenario of
the maximum bunker consumption function Qmax

i (ui) is

the interval
[
U

min
,U

max
]
, where U

min
= 1/

Vmax
− V err ,

U
max
= 1/

Vmin
+ V err , and ∀i ∈ I . We divide the interval[

U
min
,U

max
]
into N uniform segments and obtain N + 1

equal points. The value of ui at the equal point τ is U
τ

i =

U
min
+ (τ − 1) U

max
−U

min

N .
Step 2: We adopt the piecewise linear secant approxima-

tion method. First, we calculate the value Qmax τ
i

(
U i
)
, τ ∈

{1, 2, · · · ,N + 1} given the equal point τ on the interval[
U

min
,U

max
]
of the worst-case scenario of the maximum

bunker consumption function Qmax
i (ui). Then, we construct

the piecewise linear secant function Q
max τ
i (ui). The range

of ui in the worst-case scenario of the maximum bunker
consumption function Qmax

i (ui) is the small segment τ . The
formula is as follows:

Q
max τ
i (ui) =

Qmax
i

(
U
τ+1
i

)
− Qmax

i

(
U
τ

i

)
U
τ+1
i − U

τ

i

ui

+

U
τ

i Q
max
i

(
U
τ+1
i

)
− U

τ+1
i Qmax

i

(
U
τ

i

)
U
τ

i − U
τ+1
i

,

∀i ∈ I , τ ∈ {1, 2, · · · ,N } (44)

The linear piecewise functions of the worst-case scenario
of the maximum bunker consumption function Qmax

i (ui) are
composed of the piecewise linear secant function Q

max τ
i (ui)

in each uniform segment τ . The linearization method in
Figure 4 approximates the nonlinear function. Figure 4 shows
that when the divided uniform segment N is sufficiently
large, the piecewise linear secant function Q

max τ
i (ui), where

τ ∈ {1, 2, · · · ,N } is approximately the same as the
worst-case scenario of maximum bunker consumption func-
tion Qmax

i (ui). Using the ‘‘big M ’’ piecewise linear secant
approximations method (‘‘M ’’ is a large number) [36], the
VSBMSD model can be transformed into the linearized
VSBMSD model as follows:

FIGURE 4. The linear secant approximation of the worst-case bunker
consumption function.

The objective function is expressed as:

min

Cocp+
∑
i∈I

[F + f (zi)] bi +
∑
i∈I

∑
t∈Ti

∑
h∈Hit

Chc
ithDiyith

+C ic
∑
i∈I

t iRi +
∑
i∈I

C lc
i t

l
i

}
(45)

with Constraints (14)-(18), (21)-(27), (29)-(37) and (44). The
following new constraints also apply:

z1i+1 = z2i − Q
max τ
i (ui) , ∀i ∈ I , i < n,

∀τ ∈ {1, 2, · · · ,N } (46)

z11 = z2n − Q
max τ
i (un) , ∀τ ∈ {1, 2, · · · ,N } (47)

Q
max τ
i (ui) ≥

Qmax
i

(
U
τ+1
i

)
− Qmax

i

(
U
τ

i

)
U
τ+1
i − U

τ

i

ui

+

U
τ

i Q
max
i

(
U
τ+1
i

)
− U

τ+1
i Qmax

i

(
U
τ

i

)
U
τ

i − U
τ+1
i

−M
(
1− γ τi

)
,∀i ∈ I , τ ∈ {1, 2, · · · ,N } (48)

dQmaxi (vi)

dvi
=
αLi (vi − V err )β−1 [(β − 1) vi + V err ]+ αLi (vi + V err )β−1 [(β − 1) vi − V err ]

2v2i
(42)

d2Qmaxi (vi)

dv2i
=

αLi(vi − V err )β−2
[
(β − 1) (β − 2) v2i + 2(β − 2)viV err

+ 2 (V err )2
]

v3i
(43)
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t i = Liui, ∀i ∈ I (49)

1/Vmax
− V err

≤ ui ≤ 1/Vmin
+ V err , ∀i ∈ I (50)

N∑
τ=1

γ τi = 1, ∀i ∈ I (51)

γ τi ∈ {0, 1} , ∀i ∈ I , ∀τ ∈ {1, 2, · · · ,N } (52)

In the linearized VSBMSD model, Objective Function
(45) minimizes the total liner shipping route service cost.
Constraints (46) and (47) use linear functions to redefine
the relationship between the worst-case scenario associated
with maximum bunker consumption and the bunker inventory
level before and after every refueling, respectively. Constraint
(48) expresses the closed-form expression for the worst-case
scenario of maximum bunker consumptionQmax

i (vi), using a
number of linear secant functions. Constraint (49) calculates
the sailing time using the reciprocal of the planned speed.
Constraint (50) shows the range of the planned speed recip-
rocal. Constraint (51) indicates that only one linear secant
functionQ

max τ
i (ui) is selected to approximate the worst-case

scenario of maximum bunker consumption. Constraint (52)
introduces a new binary variable. The linearized VSBMSD
model can be efficiently solved using an off-the-shelf MILP
solver (such as CPLEX) [36].

V. NUMERICAL EXPERIMENTS
This section presents numerical experiments for a specific
simulated liner shipping route and identifies management
insights with respect to vessel scheduling, refueling strategy,
and collaborative agreement formulation.

A. INPUT DATA DESCRIPTION
The numerical simulations focus on the Asia–Northern
Europe (AEMX) liner shipping route served by the
China Ocean Shipping Co., Ltd. (COSCO) [37]. Figure 5
shows that the sequential ports visited weekly along the
AEMX liner shipping route are as follows: Busan →
Shanghai→Ningbo→Kaohsiung→Xiamen→ Shekou→
Singapore→ Suez Canal→ Beirut→ Said→ Piraeus→
Evyap→ Istanbul→ Constanta→ Odessa→ Istanbul→
Mersin→ Said→ Jeddah→ Kelang→ Busan. The ports
of Said and Istanbul are visited twice; all other ports are
visited only once. Two virtual nodes represent the ports of
Said and Istanbul. As such, the port rotation for the AEMX
liner shipping route includes 18+2=20 ports.

Table 2 presents the distances between two consecutive
ports (n miles) [38] and bunker fuel prices at each port
(USD/ton) [39].

To verify the validity of the linearized VSBMSD model,
data from previous liner shipping studies are used as the
parameter values required for numerical experiments (see
Table 3).

Based on previous studies [7], marine container terminal
operators offer 4 vessel arrival TWs to the liner shipping
company at each port. Each TW has 3 start times and 3 end
times. Table 4 shows the 4 arrival TWs provided by Busan

FIGURE 5. AEMX liner shipping route.

TABLE 2. Lengths of each leg of the voyage and bunker fuel prices at
each port.

Port, which is the first port on the route, and the start time s
(hours) of each TW.

The starting time s of the four TWs at other ports is
evaluated using the formula TW S

(i+1)ts = TW S
its +

Li
vi
, i ∈

I , t ∈ Ti, s ∈ Sit (hours). The vessel’s planned speed vi
(knots) on the given leg i is subjected to the uniform distribu-
tion U

[
Vmin

+ V err ,Vmax
− V err

]
. The duration of the TW

(hours) at each port is randomly generated from the uniform
distribution TWE

ite − TW S
its = U [24, 74], i ∈ I , t ∈ Ti, e ∈

Eit , s ∈ Sit (hours) [7].
Busan, Shanghai, Ningbo, Kaohsiung, Xiamen, Singapore,

and Kelang are among the 20 largest ports in the world.
The weekly amount of the containers handled (TEU) at
these large ports is randomly generated from a uniform
distribution U [500, 2 000] [36]. In contrast, the weekly
amount of the containers handled (TEU) at the small ports
is randomly generated from a different uniform distribution
U [200, 1000] [36]. We assume that the marine container
terminal operators provide 4 container handling rates at each
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TABLE 3. Related parameters.

TABLE 4. TWs and their start times offered by Busan Port.

port. The container handling productivity HPith(TEUs/hour)
for handling rate h at port i during TW t is generated using
the formula HPith = HPmpth ± 1h, i ∈ I , t ∈ Ti, h ∈ Hit .
In this expression,HPmith is the average handling productivity,
which varies based on the available equipment at each port.
Therefore, the 4 values of HPmith offered at large ports are set
at 50, 75, 100, and 125, and the 4 values offered at small
ports are set at 50, 60, 75, and 100 [36]. The difference in the
handling productivity value 1h is randomly generated from
the uniform distribution U [0, 20] [7]. The handling cost Chc

ith
(USD/TEU) under handling rate h at port i during TW t is
calculated using the formula Chc

ith = Cm
ith ±1hc, i ∈ I , t ∈ Ti,

h ∈ Hit . In this expression, Cm
ith is the unit average handling

cost (TEU), with values at each port of 475, 550, 625, and
700 [7]. The difference in handling cost 1hc is randomly
generated from the uniform distribution U [0, 50] [7].

B. EVALUATION OF SOLUTION METHODOLOGY
To evaluate the proposed solution methodology, 5 groups of
calculation examples with the number of segments uniformly
increasing from 10 to 50 are constructed by changing the
number of uniform segments N of the piecewise linear secant

function [36]. The median values of the uniform distribu-
tion parameters are used for the calculation and comparison.
Based on the piecewise linear secant approximation of the
bunker consumption function simulated by MATLAB 2016a,
the linearized VSBMSD model is numerically analyzed by
the ILOG CPLEX 12.6 solver on a Pentium (R) i5 3.10 GHz
computer with 4 GB of RAM. This yields the total cost Y for a
different number of uniform segmentsN . When Lingo is used
to directly solve the VSBMSD model, it continues running
after 24 hours, leading us to cut the Lingo calculations after
that time point. Therefore, more time is required to solve
the VSBMSD model, and the objective value Y ∗ is still not
ideal. Table 5 shows the total costs and calculation times for
different numbers of uniform segments.

TABLE 5. Total costs and calculation times for different numbers of
uniform segments.

Table 5 shows that an increase in the number of uniform
segments N is associated with the increased optimization of
total cost Y ; however, this requires more calculation time.
To identify the balance between calculation error and cal-
culation time, we set the number of uniform segments N
at 40 [36].

C. MANAGERIAL INSIGHTS
This section analyzes the experimental results from three
perspectives, each with important management implications:
(i) vessel schedule and robust refueling strategy; (ii) compar-
ative analysis with other models; and (iii) sensitivity analysis
of the linearized VSBMSD model. This analysis is followed
by a discussion.

1) RESULTS FOR THE SIMULATED AEMX SHIPPING ROUTE
Based on the analysis above, 1 000 scenes are randomly
generated using the numerical values above. The bunker con-
sumption function is divided into 40 uniform segments to
construct piecewise linear secant approximations. Then, the
CPLEX solver is programmed on GAMS for the numerical
analysis, generating the round-trip voyage vessel scheduling
and refueling strategy shown in Table 6.

Table 6 shows that the total round-trip voyage time is 1 176
hours. As such, the vessel schedule along the liner ship-
ping route is designed to be 1 176 hours (7 weeks), with
7 developed vessel scenarios. Vessels refuel at three different
ports: Xiamen, Singapore, and the Suez Canal. The refueling
decisions are based on bunker fuel prices at different ports
and the inventory level of the bunker tanker. Therefore, most
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TABLE 6. Results for the simulated AEMX shipping route.

vessels refuel at ports where bunker fuel prices are low; the
ports where the most bunker fuel is purchased also have
the lowest prices. This numerical experiment determines the
vessel schedules and refueling policies, considering collabo-
rative agreements and speed deviations.

2) COMPARATIVE ANALYSIS
To verify the effectiveness and applicability of the proposed
model, we compare the numerical experiment results with
those from similar studies. The models in similar studies are
listed as follows:

1) linearized VSBMSD: The model presented in this
paper.

2) linearized VSBMSD-NCA: This model, presented
in [14], involves VS, BM and speed deviation but does

not involve collaborative agreements. Instead, it fol-
lows a different approach, where the liner shipping
company is offered multiple handling rates but a single
vessel arrival TW at each port of call.

3) linearized VSSD-NBM: This model, presented in [7],
involves VS, speed deviation and collaborative agree-
ments but does not involve BM.

4) linearized VSBM-NSD: This model involves VS,
BM and collaborative agreements but does not involve
speed deviation. This is an ideal hypothetical state, but
in most cases, it does not match reality.

This paper compares the above four mathematical models
using the following performance indicators: ¬ total liner
shipping route service cost TRC;­mean vessel sailing speed
MS; ® total port handling cost THC; ¯ total number of
vessels P;° total late arrival penalty TLC;± total bunker cost
TBC; ² total refueling amount TRT and ³ refueling amount
at different ports RAP. Table 7 shows the average values
of the performance indicators over 1 000 scenes for each
model.

Table 7 shows that, compared with the linearized
VSBMSD-NCA model, the linearized VSBMSD model
yields a lower total liner shipping route service cost, port
handling cost, late arrival penalty and a higher mean vessel
sailing speed. Among these, it can reduce the total liner
shipping route service cost by 11.33%. This is because the lin-
earized VSBMSD model considers the collaborative agree-
ment signed between the marine container terminal operator
and the liner shipping company. The liner shipping company
has multiple options, such as multiple TWs, multiple start and
end times, and multiple port handling rates. This provides a
buffer for uncertainties in the transportation process. Using
this approach, liner shipping companies can reduce the total
liner shipping route service cost, the total port handling cost,
and the total late arrival penalty through global optimization.
This helps determine the optimal refueling ports and the
refueling amounts, enabling more flexible choices for the
vessel arrival and departure times and the port handling rate.

Compared with the linearized VSSD-NBM model, most
of the costs obtained in the linearized VSBMSD model are
lower, with the same total number of vessels. Among these,
it can reduce the total liner shipping route service cost by
2.95%. The reason is that in terms of the refueling strategy,
the linearized VSBMSD model considers the bunker fuel
price difference and discount factors of each port, allowing
the liner shipping company to choose refueling ports with
lower bunker fuel prices. The company may even choose to
refuel more to receive bunker fuel price discounts, signifi-
cantly reducing the total bunker cost.

Compared with the linearized VSBM-NSD model, the lin-
earized VSBMSD model accounts for the speed deviation,
reducing the mean vessel sailing speed. As such, an increase
in the sailing time at sea leads to a decrease in the time at port.
The total port handling cost and total late arrival penalty are
higher, but the total bunker cost and the total refueling amount
are lower. Although it will increase the total liner shipping
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TABLE 7. Average values of performance indicators for different models.

TABLE 8. Average values of performance indicators with different durations of TWs.

TABLE 9. Average values of performance indicators with different bunker fuel price rates.

route service cost by 3.60%, it is more practical because it is
more realistic.

3) SENSITIVITY ANALYSIS
In actual operations, there are differences in the duration
of the arrival TWs, port bunker fuel prices, vessel bunker
consumption rates, vessel bunker tanker capacity, and vessel
speed deviations from extreme values. These also have differ-
ent impacts on the VS and BM strategies of the liner shipping
company. A sensitivity analysis explores the impact of these
factors on the optimization results of the study model. Each
set of calculations and experiments is based on 1 000 scenar-
ios, randomly generated.

a: THE IMPACT OF CHANGES IN THE DURATION OF THE
VESSEL’S ARRIVAL TWs
The duration of the vessel’s arrival TW is an important term
in the collaborative agreement signed between liner shipping
companies and marine container terminal operators. This
makes it an essential factor in simulations. This study con-
structs 10 sets of calculation examples according to the dura-
tion of the vessel’s arrival TWs, randomly generated from the
uniform distribution U [24, 29] to U [69, 74]. Table 8 shows
the VS and BM strategies along the AEMX liner shipping
route, with different durations of the vessel’s arrival TWs.

Table 8 shows that as the duration of the vessel’s arrival
TWs is extended, the total liner shipping route service cost,
the total port handling cost, and the total late arrival penalty
all decrease. In contrast, the mean vessel sailing speed, the
total bunker cost and the total refueling amount all slightly
increase. This is because the liner shipping company can
choose a lower port handling rate more flexibly to reduce the
total port handling cost with the extension of the TWduration.
In addition, to mitigate the extension of the vessel handling
time at ports that are limited to a vessel fleet of a certain size,
the vessel speed increases, and the total bunker cost and the
total refueling amount increase accordingly.

b: THE IMPACT OF CHANGES IN PORT BUNKER FUEL PRICE
Bunker cost is the main component of the total liner shipping
route service cost. Based on the bunker fuel price of each
port in Table 2, this paper constructs 10 sets of calculation
examples, reflecting changes in the bunker fuel price from -
30% to+60%. Table 9 shows the VS and BM strategies of the
AEMX liner shipping route with different bunker fuel price
rates.

Table 9 shows that the total port handling cost and the
total late arrival penalty do not significantly change as bunker
fuel prices increase. However, the total bunker cost increases
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TABLE 10. Average values of performance indicators with different bunker consumption coefficients.

TABLE 11. Average values of performance indicators with different bunker tanker capacities.

TABLE 12. Average values of performance indicators with different speed deviations.

rapidly, leading to a direct increase in the total liner shipping
route service cost. In addition, the mean vessel speed and the
total amount of refueling gradually decrease. This is because
as the bunker fuel price rises, liner shipping companies need
to slow down the vessel speed to reduce bunker consumption
and the total fuel amount over a round-trip voyage.

c: THE IMPACT OF CHANGES IN VESSEL BUNKER
CONSUMPTION COEFFICIENT α
Next, we construct 6 sets of calculation examples using an
increasing range in the vessel bunker consumption coeffi-
cient, from 0.010 to 0.015. Table 10 shows the VS and BM
strategies along the AEMX liner shipping route, with differ-
ent vessel bunker consumption coefficients α.
Table 10 shows that this factor is similar to the port bunker

fuel price and total port handling cost factors, with very
few changes in values. However, as the bunker consumption
coefficient α increases, bunker consumption also increases.
This is associated with a significant increase in the total
bunker cost and the total refueling amount, thereby increasing
the total liner shipping route service cost.

d: THE IMPACT OF CHANGES IN BUNKER TANKER CAPACITY
Next, we construct 5 sets of calculation examples based
on the bunker tanker capacity, ranging from 3 000 tons to
7 000 tons. Table 11 shows the VS and BM strategies along

the AEMX liner shipping route based on different bunker
tanker capacities.

Table 11 indicates that a lower bunker tanker capacity
increases the refueling time and impacts the total bunker cost,
resulting in a decreased vessel speed. A higher bunker tanker
capacity may be associated with a decline in cargo capac-
ity. The total liner shipping route service cost may increase
accordingly, impacting freight revenues.

The refueling strategy differs at different bunker tanker
capacities. When the bunker tanker capacity is 3 000, Said
(Port 18) and Kelang (Port 20) become new refueling ports,
sharing some of the refueling amounts otherwise conducted
at Singapore (Port 7) or the Suez Canal (Port 8). This
differs from the ports used with bunker tanker capacities
of 4 000, 5 000, and 6 000. When the bunker tanker capac-
ity increases to 7 000, new refueling ports include Ningbo
(Port 3), Singapore (Port 7), and the Suez Canal (Port 8).
Different bunker tanker capacities significantly impact the
computational results. This highlights the need to design
an appropriate bunker tanker capacity for the optimization
problem of VS and BM.

e: THE IMPACT OF CHANGES IN VESSEL SPEED DEVIATION
FROM EXTREME VALUES
Finally, 6 groups of numerical examples are constructed
according to the vessel speed deviation from an extreme
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value, increasing from 0 to 5 knots. Table 12 shows the VS
and BM strategies along the AEMX liner shipping route with
different vessel speed deviations from extreme values.

Table 12 shows that the total liner shipping route service
cost, the total port handling cost, and the total late arrival
penalty increase rapidly as the speed deviations increase from
extreme values. This leads directly to reductions in the mean
vessel speed, the total bunker cost, and the total refueling
amount. In addition, if the speed deviations from extreme
values change, so do the refueling amounts at optimal refu-
eling ports. As the speed deviations from extreme values
increase, the total refueling amounts at Singapore (Port 7)
also increase, while the total refueling amounts at Xiamen
(Port 5) and the Suez Canal (Port 8) decrease. To balance
the reduced bunker consumption and the total bunker cost
due to speed deviations, liner shipping companies are more
likely to reduce the vessel speed, adjust refueling strategies,
and increase port handling rates.

VI. CONCLUSION
Designing a reasonable and effective shipping schedule and
determining a realistic refueling strategy can help container
liners better meet customer demands for container cargo
transportation. This can also optimize the joint needs of
shipping companies and marine container terminal operators.
By evaluating the worst-case speed deviations during each
leg of a voyage in the presence of a collaborative agreement
between marine container terminal operators and liner ship-
ping companies, this paper investigates the VSBMSD prob-
lem for container liner transportation. We present a nonlinear
mixed-integer programmingmodel to minimize the total liner
shipping route service cost. The maximum bunker consump-
tion function is derived under the worst-case speed deviation
for each leg of the voyage. We also adopt a piecewise linear
secant approximation method. Using the AEMX route as a
case study, numerical experiments are presented using 1 000
simulation scenes.

The analysis yields the following conclusions and manage-
ment insights:
• When facing the maximum bunker consumption under
the worst-case speed deviation on a certain leg of a
voyage, a vessel sails at the lowest speed deviation value
during the first half of the planned sailing time and
sails at the highest speed deviation value during the
second half. Therefore, based on the maximum bunker
consumption, liner shipping companies can determine
the minimum safe bunker inventory level of the bunker
tanker during every leg of the voyage.

• A longer duration of the vessel’s arrival TWs in the
collaborative agreement is associated with increased
flexibility for the liner shipping company to choose the
appropriate port handling rate and to reduce the total
liner shipping route service cost. The duration of the
vessel’s arrival TWs does not equal the time duration that
a vessel occupies a berth; however, an increase in the TW
duration may negatively impact the use of terminal berth

resource services by other shipping companies. This
creates an opportunity cost for marine container terminal
operators. Thus, determining reasonable vessel arrival
TWs helps establish mutually beneficial and win-win
collaborative agreements between shipping companies
and marine container terminal operators.

• With increases in the port bunker fuel price and vessel
speed deviations from extreme values on each leg of
the voyage, the total liner shipping route service costs
increase, while the mean vessel speed and the bunker
consumption decrease. Therefore, liner shipping com-
panies need to consider the differences in bunker fuel
prices (including discounts) among different ports and
the impact of speed deviations. This may help the liners
formulate an optimal vessel schedule, minimize the total
liner shipping service cost, and ensure the appropriate
level of bunker fuel supply.

• In providing container liner transportation services, liner
shipping companies should address changes in bunker
fuel prices and speed deviations from extreme values and
consider changes in bunker consumption coefficients
and bunker tanker capacity. Liner shipping companies
need to formulate scientific vessel scheduling and refu-
eling strategies to reduce the total liner shipping route
service cost and improve the voyage cargo revenue when
engaged in liner shipping services on different routes
(speed deviation from extreme values and the different
port bunker fuel prices). It is also important to deploy
different types of vessels (with different bunker con-
sumption coefficients and bunker tanker capacities).

This paper mainly addresses the problems of vessel schedul-
ing and bunker management to support container liner ship-
ping by considering speed deviations in the presence of a
collaborative agreement. Future research should consider the
vessel scheduling and bunker management problems under
the conditions of multiple routes and multiple vessel types.
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