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ABSTRACT This work presents a novel abc-based model applicable to surface-mounted permanent
magnet AC (SM-PMAC)machines with sinusoidal and non-sinusoidal back-electromotive force (back-emf).
It is capable of predicting the electromagnetic performance metrics such as torque waveforms, machine
inductances, flux linkages and back-emf. The closed form expressions of the model, which can be evaluated
with a high computational efficiency, are derived from basic geometric and winding parameters. Validation
of the model is carried out numerically and experimentally with a very good match in results. Finally,
the computational efficiency of the model is highlighted by considering a multi-objective evolutionary
optimization design of SM-PMAC machine with a relatively large number of design parameters, where
results are presented and discussed.
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INDEX TERMS AC motors, analytical model, electric machines, permanent magnet motors, park transfor-
mation, multiple reference frame transformation (MRFT).

I. INTRODUCTION12

Permanent Magnet AC (PMAC) machines stand out when13

it comes to electric machines with high-power density and14

high-power conversion efficiency. They have been used in a15

wide variety of applications such as electric vehicles, variable16

speed air-conditioning systems and robotics. While design-17

ing a PMAC machine for a given application, the electro-18

magnetic performance metrics, such as torque waveform,19

back-electromotive force (back-emf), and flux linkages, are20

captured using two common approaches; namely numerical21

models with finite element analysis (FEA) and analytical22

models. The accuracy of predictions made from FEA was23

shown to be comparable to experimental measurements [1],24

[2], [3], [4]. However, thismethod suffers from computational25

inefficiency and it might be impractical to use in the initial26
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stages of the design when many iterations are required to 27

study the variation of different parameters on the machine 28

performance [5], [6]. 29

Analytical models on the other hand can be convenient 30

for this purpose as they are much faster to evaluate and 31

their accuracy has been steadily improving [5], [7], [8], [9], 32

[10], [11], [12]. For instance, in [7], a high-speed permanent 33

magnet synchronous machine (PMSM) was designed using 34

an analytical model that in addition to the electromagnetic 35

performance; it could predict important thermal and mechan- 36

ical metrics. A machine with a very good match between 37

predicted and experimental measurements was designed and 38

tested. In [8], an analytical model of cogging torque in 39

PMSMs was developed. This model was capable of cap- 40

turing the airgap flux density with results comparable to 41

FEA considering eccentricity in the rotor or defects in the 42

magnets. It took just 15 seconds to solve the analytical model 43

in contrast to one hour in FEA. 44
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Sub-domain models were also applied for analyzing elec-45

tric machines in a number of research work [13], [14], [15],46

[16], [17]. In these methods, the machine is divided into sub-47

regions where Maxwell’s equations are developed in each48

and boundary conditions are imposed to take the interfaces49

into account. One example is to divide a machine into three50

regions: Region 1 includes the magnets, Regions 2 includes51

the airgap and Region 3 includes the stator steel. By solving52

Poisson and Laplacian equations in these regions considering53

the boundary conditions set by the interfaces of the regions;54

an accurate expression of the airgap flux density as function55

of radius and rotor position could be obtained [13]. Never-56

theless, sub-domain models analysis suffers from high com-57

plexity and can be time-consuming where the time required58

to solve the model was comparable to the time needed for an59

FEA simulation in [14].60

Analytical models for PMAC machines often rely on61

Park’s transformation which transforms abc time-varying62

variables into qd time-invariant variables that are easier to63

analyze [18]. An important assumption made when apply-64

ing Park’s transformation was that a sinusoidal back-emf65

existed. Yet, this is not always the case for certain sub-66

classes of PMSMs such as Brushless Direct Current (BLDC)67

PMSM and Vernier Motors, where the back-emf is not sinu-68

soidal [19]. The Multiple-Reference Frame Transformation69

(MRFT) was proposed to handle such situations and allow70

obtaining a time-invariant model. An average value model71

was often added to completely eliminate rotor position depen-72

dency in the transformed set of variables [20]. MRFT was73

applied to non-linear drive control [21], accurate estima-74

tion of torque ripple [22], and core loss calculation [23].75

However, models relying on MRFTs may require applying76

numerical integrations and taking the derivative of a number77

of equations which can affect the computational time. This78

is important especially when integrating an analytical model79

with an evolutionary optimization algorithm to design PMAC80

machines as was done in [24], [25], and [26].81

Accordingly, this work presents a novel abc-variable based82

analytical model for PMACmachines with sinusoidal or non-83

sinusoidal back-emf. The main contributions of this work are84

highlighted below:85

• Closed form expressions are presented to facilitate86

the calculations of machine parameters such as torque87

waveform, inductances and voltages. Hence no need88

to apply any numerical integrations or differentiations,89

which enhance the evaluation speed and computational90

efficiency.91

• The analytical model presented is valid for PMAC92

machines with sinusoidal and non-sinusoidal back-emf.93

Therefore, it very suitable to be used in an evolutionary94

optimization design algorithm where the variation in the95

degrees of freedommay result in one of these two classes96

of PMACmachines; raising the need for a general model97

that can handle both cases.98

• The model presented is simpler and faster than previ-99

ously reported models based onMRFTs and sub-domain100

analysis, and therefore can be easily applied to analyze 101

a given PMAC machine. 102

The organization of this paper is as follows. In Section II 103

the model is presented and derived in terms of basic machine 104

geometrical and winding parameters. In Section III the model 105

is validated using numerical and experimental measurements 106

on a lab-scale prototype. In Section IV, the model is used in 107

an evolutionary multi-objective optimization environment to 108

demonstrate its effectiveness from a computational perspec- 109

tive. In Section V, the conclusion and future work drawn from 110

this work are presented. 111

II. MACHINE DESIGN 112

The proposed model is derived and explained in this section. 113

In this derivation, the following assumptions were made. 114

First, the magneto-motive force (MMF) drop across the steel 115

is negligible. Second, only the radial component of the airgap 116

flux density is considered, the tangential and axial compo- 117

nents are neglected due to their negligible magnitude. Third, 118

the three-phase stator currents are assumed to be balanced and 119

harmonic free. Lastly, tooth-tips in the stator teeth are ignored 120

and the teeth are assumed to have a rectangular geometry. 121

A. GEOMETRY 122

A developed diagram of a surface-mounted PMAC machine, 123

which shows a portion of it redrawn in a linear fashion, 124

is shown in Fig. 1. The spatial mechanical position of the 125

machine φsm is defined with respect to the stator reference 126

axis located at the center of Stator Tooth 1 (ST1). Based on 127

this, the rotor position θrm is defined as the displacement with 128

respect to the stator reference axis. Note that blue sections 129

indicate magnets whose flux points radially outward from 130

rotor to stator, while red sections are the magnets with flux 131

pointing radially inward from stator to rotor. Each magnet 132

spans a mechanical angle θpm given by 133

θpm = αpm
2π
Pr

(1) 134

where Pr is the number of magnet poles and αpm is a fraction 135

between 0 and 1, controlling the circumferential span of the 136

magnets. Some additional crucial parameters to the design 137

and optimization process that are labeled in Fig. 1, are the 138

depths of the stator back-iron dsb and teeth dtb, the depth of 139

the rotor back-iron drb, the depth of the magnets dm, airgap 140

length g, the depth of the inert region di between shaft and 141

rotor and the radius of rotor shaft rrs. Each stator tooth has a 142

uniformwidthwtb. Using these variables, a number of param- 143

eters such as mass and volume of different components can be 144

derived [27], [28]. Amore detailed geometrical description of 145

the machine can be found in [18]. 146

B. STATOR WINDING FUNCTION 147

The stator winding distribution for each phase can be 148

expressed using the winding function, which is a continuous 149

function giving the number of turns around each stator tooth. 150
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FIGURE 1. Generic developed diagram of a PMSM at zero rotor position.

The a-phase winding function can be expressed as151

was (φsm) = wk cos
(
k
(
Ps
2
φsm + γφshift

))
(2)152

where was is a-phase continuous winding function, k is an153

odd harmonic positive integer, wk is the series coefficient154

of harmonic k , Ps is the number of stator electromagnetic155

poles and φshift is the phase angle shift between the phases.156

For a balanced three-phase systems with an abc sequence,157

φshift is equal to 0 for a-phase,−120◦ for b-phase, and+120◦158

for c-phase. It should be noted that (2) is generic and can159

be applied to both concentrated winding and sinusoidally160

distributed winding distributions. To ensure that the phase161

shifts applied in b- and c-phases with respect to the main162

working harmonic is such that an abc sequence is established,163

parameter γ is added, which is set to 1 or−1 according to the164

condition explained in [27]. Note that the series summation165

over k is not shown in (2) for clarity.166

C. STATOR WINDINGS AND MAGNETS MMFS167

The a-phase current can be expressed as168

ias (θrm) =
√
2 Is cos

(
Pr
2
θrm + φi

)
(3)169

where Is is the rms current and φi is the current vector position170

angle. Based on (2) and (3), and considering a balanced three-171

phase system, the stator MMF, Fs, can be expressed as the172

dot product between the three-phase currents and three-phase173

winding functions174

Fs (φsm, θrm) =
[
ias (θrm) ibs (θrm) ics (θrm)

]
175

×

was (φsm)

wbs (φsm)

wcs (φsm)

 (4)176

where ias, ibs, and ics are the a-phase, b-phase, and c-phase177

currents, respectively; and was, wbs, and wcs are the178

a-phase, b-phase, and c-phase winding functions, respec-179

tively. A closed-form expression for (4) is presented in [27]180

and [28] for concentrated winding and sinusoidally dis- 181

tributed winding distributions; respectively. 182

The MMF due to the rotor magnets can be expressed using 183

an odd function as 184

Fpm (φsm, θrm) = fpm,n sin
(
n
Pr
2
(φsm − θrm)

)
(5) 185

where n is the magnet MMF odd positive harmonic number, 186

and fpm,n is the harmonic component given by 187

fpm,n =
dm
µ0µr

(
4Br
nπ

)
sin
(
n
π

2

)
sin
(
nαpm

π

2

)
(6) 188

with µ0 is the vacuum permeability, µr is the magnet relative 189

permeability and Br is the residual flux density. Note that the 190

summation sign to represent the series is omitted for clarity 191

here and in the following equations. 192

D. AIRGAP PERMEANCE FUNCTION 193

The flux passing from rotor to stator or vice versa can contain 194

both radial and tangential components around the circumfer- 195

ence of the machine as indicated in Fig. 2. For the instance 196

shown in Fig. 2 (a), and assuming a relatively small airgap, 197

the flux is dominantly radial. However, for the instance of 198

Fig. 2 (b), the airgap flux does not flow in a straight path in 199

the region where the permanent magnet is not fully under the 200

span of a stator tooth. 201

Therefore, as presented in [29] and [30], the maximum 202

possible airgap depth to which the flux can reach in a stator 203

slot (SS), dfmx , depends on the width of the slot wso, the depth 204

of the magnets dm and their relative permeability µr , and the 205

length of the airgap g. It can be expressed as 206

dfmx=
(
g+ dmµ−1r

)
√√√√√1+

 wso

2
(
g+dmµ

−1
r

)
2
 (7) 207

Hence, and as demonstrated in Fig. 2, it is possible to define 208

an effective tooth depth d∗tb representing the maximum depth 209

of the slot the flux travels before emerging to the teeth given 210

by 211

d∗tb = dfmx −
(
g+ dmµ−1r

)
(8) 212

Based on the previous analysis, the airgap permeance vari- 213

ation shown in Fig. 2 can be expressed using the Permeance 214

function as 215

Pg (φsm) = pdc + pacj cos
(
j
Ss
2
φsm

)
(9) 216

where j is an even positive integer, Ss is the number of stator 217

teeth, and pdc and pacjare the dc and ac harmonic components, 218

respectively; given by the following two expressions 219

pdc = Pgmin +
(
Pgmax − Pgmin

)
αt (10) 220

pacj =
4
jπ

(
Pgmax − Pgmin

)
sin
(
j
2
αtπ

)
(11) 221
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FIGURE 2. Section of a machine showing airgap flux when a magnet is
(a) fully under a stator tooth, (b) partially under a stator tooth.

where αt is a fraction, theoretically in the range of 0 and 1,222

controlling a stator tooth angular span θt . This angle along223

with Pg,minand Pg,max are defined as224

θt = αt
2π
Ss

(12)225

Pg,min =

((
rst + d∗tb

)
µ0

ln
(
1+

g+ dm + d∗tb
rrb

))−1
226

(13)227

Pg,max =

(
rst
µ0

ln
(
1+

g+ dm
rrb

))−1
(14)228

where rst is the radius to a stator tooth, and rrb is the radius229

to the outer region of the rotor back-iron.230

Based on (4), (5) and (9), and using a radial field analy-231

sis [27], [28], the airgap flux density spatial and temporal232

distribution at any radius r between the outer rotor back-iron233

and stator teeth tips can be predicted using234

Bg (r, φsm, θrm) =
rst
r
Pg (φsm) (Fs (φsm, θrm)235

+Fpm (φsm, θrm)
)

(15)236

E. INDUCTANCES237

Considering a balanced three-phase system, the abc induc-238

tances can be obtained utilizing the following expression239

Lxx (θrm) =
µ0rst l
n2pw

2π∫
0

wxs (φsm)wxs (φsm)
gv (φsm, θrm)

dφsm (16)240

where l is the stack length of the machine, wxs is the x-phase241

winding function, npw is the number of parallel windings per242

phase and gv is the airgap variation function that describes243

the variation of the airgap around the circumference of the244

machine, as explained in [31]. Expressions similar to (16)245

were presented previously but assumed that the airgap is246

spatially uniform [19]. In this work, to increase the accuracy;247

the spatial variation is also considered. Using Fourier series,248

this function can be expressed as an even function given by249

gv (φsm, θrm)=gdc+gac,h cos
(
h
Pr
2
(φsm−θrm)

)
(17)250

where h is an even positive harmonic number, and gdc and gh 251

are the dc and ac harmonics components, respectively; given 252

by [31] 253

gdc = g+ dm
(
1− αpm

)
(18) 254

gac,h =
(
−4dm
hπ

)
sin
(
hαpm

π

2

)
cos

(
h
π

2

)
(19) 255

The inverse of (17) is defined as ev, which can be shown to 256

be equal to 257

ev (φsm, θrm)=edc + eac,h cos
(
h
Pr
2
(φsm−θrm)

)
(20) 258

in which edc and eac,h are the dc and ac harmonic components 259

given by 260

edc = e1 + e2αpm (21) 261

eac,h =
4
hπ

e2 sin
(
hαpm

π

2

)
cos

(
h
π

2

)
(22) 262

with e1 and e2 are given by 263

e1 =
1

(g+ dm) cs,min
(23) 264

e2 =
(

1
gcs,max

−
1

(g+ dm) cs,min

)
(24) 265

where cs,max and cs,min indicate the maximum and mini- 266

mum values of Carter’s coefficient, respectively; as described 267

in [32]. Note that the maximum occurs under a slot, while the 268

minimumoccurs under a tooth. Upon substituting (2) and (20) 269

into (16) for each phase, and considering the fundamental 270

h = 2, the three-phase self-inductances can be evaluated. 271

It can be shown that the a-phase self-inductance is given as 272

Lasm = Lls + Ldc + Lac cos
(
2
(
Pr
2
θrm

))
(25) 273

where Lls is the self-leakage inductance considering both slot- 274

windings and end-windings leakages as detailed in [18], Ldc 275

and Lac are the dc and ac-components of the self-inductance 276

given by the following two expressions 277

Ldc =

(
µ0 rst l N 2

pc

)
n2pw

(edc π)ws (26) 278

Lac =

(
µ0 rst l N 2

pc

)
n2pw

(
eac,2

π

2

)
w2(

Pr
Ps

) (27) 279

where Npc is the number of turns per coil and ws is obtained 280

by squaring the coefficient wk for each harmonic and then 281

summing them as follows 282

ws =
k∑
1

w2
k = w2

1 + w
2
2 + . . . .+ w

2
k (28) 283

Similar expressions can be obtained for b-phase and 284

c-phase with the appropriate phase shifts. In the same man- 285

ner, applying (16) for the mutual inductances between any 286

two phases, expressions for the mutual inductances can be 287
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obtained. For instance, the mutual inductance between the a-288

phase and b-phase is given by289

Labm = Lmdc + Lac cos
(
Prθrm − γ

2π
3

)
(29)290

where Lmdc is the dc component of the mutual-inductances291

defined by292

Lmdc =

(
µ0rst l N 2

pc

)
n2pw

(edcπ)ws
∑

k=1,2,..

(
cos

(
k
2π
3

))
293

(30)294

F. THREE-PHASE FLUX LINKAGES AND VOLTAGES295

The a-phase flux linkage can be calculated using the follow-296

ing expression297

λas=(Lasm+Lls) ias+Labmibs+Lacmics+λas,pm (31)298

where λas,pm is the a-phase open circuit flux linkage, which299

can be evaluated as300

λas,pm=rst l
∫ 2π

0
was (φsm)Bpm (φsm, θrm) dφsm (32)301

where Bpm is the airgap flux density due to permanent mag-302

nets only. Substituting expression (15) with Fs set to zero303

into (32) and evaluating gives304

λas,pm =
πrst lNpcfpm,n

n


w(

n PrPs

)pdc
+
1
2
w(

Ss−
Pr
2

Ps
2

)pac.j
305

× sin
(
n
Pr
2
θrm

)
(33)306

By the same procedure, the b- and c-phases can be evalu-307

ated with appropriate phase-shifts. Note that in (31)- (33) the308

dependence on θrm is not expressed on the left-hand side for309

clarity.310

Substituting (3), (25), (33) and the corresponding b- and311

c-phase currents, self-inductances and mutual inductances312

into (31) and evaluating; the total a-phase flux linkage is313

found to be314

λas =
√
2Is

 Lm cos
(
Pr
2
θrm + φi

)
+
3
2
Lac cos

(
Pr
2
θrm − φi

)
+ λas,pm315

(34)316

where Lm = (Ldc − Lmdc + Lls). Similarly, b-phase and317

c-phase total flux linkages can be evaluated.318

With the previous total flux linkages, the three-phase volt-319

ages can be found as per the following equation320

vxs = Rsixs +
dλxs
dt

(35)321

where Rs is the stator winding dc-resistance. Substituting and322

solving for each phase considering only the fundamental of323

the airgap permeance, j = 2, and the fundamental of the 324

magnets MMF, n = 1, yields the following expressions for 325

a-phase voltage 326

vas = va,R + va,L + va,B (36) 327

va,R =
√
2IsRs cos

(
Pr
2
θrm + φi

)
(37) 328

va,L =
−
√
2

2
IsPrωrm

 Lm sin
(
Pr
2
θrm + φi

)
+
3
2
Lac sin

(
Pr
2
θrm − φi

)
 329

(38) 330

va,B =
π

2
rst lNpcfpm,1Prωrm


pdcw( Pr

Ps

)
+
1
2
w(

Ss−
Pr
2

Ps
2

)pac.2
 331

× cos
(
Pr
2
θrm

)
(39) 332

where va,R, va,L , and va,B are the voltage drop across the 333

winding resistance, voltage drop across the self-inductance, 334

and the back-emf, respectively; ωrm is the rotor mechanical 335

speed, fpm,1 is the fundamental component of the magnets 336

MMF, and pac.2 is the fundamental component of the airgap 337

permeance function. 338

G. TORQUE WAVEFORM 339

The co-energy of the system, assuming magnetic linear con- 340

ditions, is given by 341

Wc =
1
2
iTabcsLsiabcs + iTabcsλabcs,pm +Wpm (40) 342

where Wpm is coupling field energy due to the permanent 343

magnets. The electromagnetic torque as a function of rotor 344

position can be found by taking the derivative with respect to 345

rotor mechanical position 346

Te (θrm) =
∂Wc

∂θrm
(41) 347

Substituting the expressions for currents (3), induc- 348

tances (16), and magnet flux linkages (32) into (40), and 349

from (41); the torque expression can be obtained. It can be 350

shown that the torque expression can be segregated into two 351

terms: a constant independent of rotor position term TL which 352

stems from the first term on the right-hand side of (40), and 353

coefficient term that is multiplied by terms that depend on the 354

rotor position resulting from the second term in (40): 355

Te (θrm) = TL + Te0 (Te1 (θrm)+ Te2 (θrm)) (42) 356

where TL , Te0, Te1, and Te2 are given by 357

TL =
9
4
I2s PrLac sin (2φi) (43) 358

Te0 =

√
2
4
IsPrπrst lNpcfpm,n

n
359
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×

w(n PrPs )pdc + 1
2
w(

Ss−
Pr
2

Ps
2

)pac.j
 (44)360

Te1 (θrm) =
(
1+ 2 cos

((
γ n

Pr
Ps
+ 1

)
2π
3

))
361

× cos
(
(n+ 1)

Pr
2
θrm + φi

)
(45)362

Te2 (θrm) =
(
1+ 2 cos

((
γ n

Pr
Ps
− 1

)
2π
3

))
363

× cos
(
(n− 1)

Pr
2
θrm + φi

)
(46)364

To get more insight on (42), Fig. 3 shows the predicted365

torque waveform versus electrical rotor position θr of a366

sample PMAC machine having a torque ripple percentage367

of 4.5% considering different harmonic components. It is368

observed that the dc-component of torque corresponds to the369

fundamental components of permeance function j = 2 in (11)370

along with its dc component, and permanent magnet MMF371

n = 1 in (6) as shown by the red and blue curves. Also372

shown therein is that the third and its multiple magnet MMF373

harmonics do not affect the torque production as indicated by374

the pink curve coinciding on the x-axis, as was discussed in375

[27]. In addition, torque ripple is significantly affected by the376

MMF harmonics n = 5 and n = 7, contributing to 3.56%377

and 0.92% to the overall torque ripple percentage, which378

are indicated by the cyan and black curves. Including only379

these ripples and adding them to the dc-torque gives a good380

representation of the overall torque, blue curve, which was381

calculated considering 100 harmonics. Finally, it is interest-382

ing to note that permeance harmonic j = 4 and higher have383

insignificant effect on the produced torque.384

III. MODEL VALIDATION385

In this section, the developed model is validated numeri-386

cally and experimentally. Fig. 4 (a) shows a cross section387

of a Y-connected 4.9 kW, 1500 rpm, 18-slot, 14-pole SM388

fractional slot concentratedwinding PMSM (FSCW-PMSM).389

Details on the machine geometry, magnet, winding and390

applied current are given in Table 1, where Irated is the rated391

line current, Vrated is the rated line-line voltage, Prated is the392

rated output power, Trated is the rated torque, and ωrated is the393

rated speed. The winding function harmonic coefficient for394

this machine is given in the first row of Table 2.395

This machine is equipped with NdFeB magnets with a396

residual flux density equal to 1.33 T. It also utilizes two397

parallel groups of windings with double layer configuration398

as shown in Fig. 4 (b). The line current from the inverter399

is divided equally into each group. For example, group 1 in400

the a-phase consists of coils C1, C2, and C3 representing the401

coils between slots 6 and 5, slots 5 and 4, and slots 1 and 18,402

respectively. Group 2 consists of the coils C4, C5, and C6403

representing the coils between slots 15 and 14, slots 13 and404

14, and slots 9 and 10, respectively. The return path of the405

FIGURE 3. Torque waveform expression (42) Vs. electrical rotor position
due to different harmonics.

FIGURE 4. (a) Cross section of an 18 slot 14 pole FSCW-PMSM
(b) Winding layout for a-phase.

current from both the groups is connected to the neutral in a 406

Y- configuration. 407

A. 2-D FEA VALIDATION 408

The analytical model developed was used to predict the 409

inductances, torque, no-load back-emf and airgap flux density 410

of this machine and the results were then compared to ones 411
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TABLE 1. Machine characteristics.

TABLE 2. Winding function Fourier series coefficient.

obtained numerically using a 2-D ANSYS Maxwell FEA412

software [33]. To get a better insight on the applicability of413

the model for wide and thin teeth, different values of magnet414

span and tooth span, αpm and αt , respectively, were selected415

as shown in Table 3. As can be seen, the results from the416

model match well with those predicted from the FEA model417

in terms of self-inductance and torque for various αpm and418

αt . Note that due to the concentrated winding configuration419

this machine employs, the mutual inductance between any420

two phases is small and almost zero; which is confirmed421

using (29) for a- phase and b-phase. It is noteworthy to422

point out that if in (16) the airgap was assumed uniform, the423

analytical model predicted a- phase average self-inductance424

value would be around 1.66 mH, 2.4 mH, and 3.22 mH,425

respectively; for the three cases shown in Table 3; which426

shows that such assumption can introduce some error in the427

predictions.428

Fig. 5 shows the torque waveforms as a function of elec-429

trical rotor position predicted using FEA and the developed430

analytical model under full rated torque (op1), 75% rated431

torque (op2) and 50% rated torque (op3). All points oper-432

ate at a rotor speed of 1500 rpm with αpm = 0.92 and433

αt = 0.52. The torque ripple percentage from the FEA and434

TABLE 3. FEA validation of average self-inductances.

analytical models are found to be 0.91% and 0.75% for op1, 435

0.90% and 0.74% for op2, and 0.93% and 0.76% for op3, 436

respectively. Nevertheless, a good match in results can be 437

seen. 438

It is noted that the predicted error increases as the excita- 439

tion level increases, and that the predicted analytical torque 440

is higher than that of the FEA This error stems from the 441

assumption made in the analytical model which ignores the 442

tangential component in the airgap flux density and assumes 443

all of the flux density in the airgap is radial. As the excita- 444

tion level keeps increasing, the tangential component in the 445

airgap increases. The analytical model assumes that all flux 446

density in the airgap is radial and uses that to calculate the 447

torque, which results in overestimation when compared to 448

FEA torque. 449

The airgap flux density under full rated torque is shown in 450

Fig. 6. It is observed that slotting effects are captured with 451

good accuracy. 452

B. EXPERIMENTAL VALIDATION 453

Experimental verification was carried out using the test-setup 454

shown in Fig. 7 and with the parameters listed in Table 1. This 455

setup consisted of a Y-configured PMSM coupled to a DC 456

machine. The DCmachine acts as generator and the output of 457

which is connected to a resistive load. The PMSM is powered 458

from an electronic variable frequency drive which generates 459

the three-phase PWM signal in an open-loop mode. A torque 460

sensor, rated at 100 Nm, 10000 rpm and with sensitivity of 461

50 mV/Nm, mounted on the shaft is used for torque measure- 462

ment. The machine stator inductance is measured using an 463

LCR meter. 464

Table 4 shows a comparison of the average torque val- 465

ues obtained analytically and experimentally for the three 466

aforementioned operating points. Note that due to equip- 467

ment limitations, torque ripple could not be measured. 468

Good agreement in results can be seen. The experimentally 469

measured a-phase self-inductance was equal to 2.20 mH 470

which is close to the analytical model predicted value of 471

2.26 mH shown in Table 3. The no-load back-emf wave- 472

forms at the rated conditions obtained from the analyti- 473

cal model, FEA and experimental measurement are shown 474

in Fig. 8 where it is noted that the back-emf is sinu- 475

soidal for these conditions. Good agreement in results 476

is seen. 477
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FIGURE 5. Analytical and FEA Torque for the three operating point using
αpm = 0.92 and αt = 0.52.

FIGURE 6. Analytical and FEA Airgap flux density at the rated condition
using αpm = 0.92 and αt = 0.52.

FIGURE 7. Experimental test setup 18 slot 14 pole FSCW-PMSM.

C. 2-D FEA VALIDATION WITH NON-SINUSOIDAL478

BACK-EMF479

As can be inferred from (33), the back-emf harmonics content480

becomes significant based on a number of conditions such481

as the winding topology applied which affects the winding482

TABLE 4. Comparison of average torque.

FIGURE 8. No-load back-emf at the rated speed (a-phase).

function and therefore the amplitude of the winding function 483

harmonic coefficients, and the slot and poles combination. 484

Based on this, an FEA model with magnet poles equal to 485

30 and with αt and αpm set 0.5 and 0.7, respectively; was 486

built. The rest of the machine parameters are unchanged as 487

listed in Table 1 while the winding configuration applied has 488

the winding function harmonics coefficient listed in row 2 of 489

Table 2. With the new number of magnet and stator poles, the 490

Vernier effect is satisfied and hence the machine is classified 491

as a Vernier machine [34], [35], [36], [37]. 492

Fig. 9 shows the back-emf obtained from the developed 493

model and FEA. As shown, the back-emf is non-sinusoidal 494

due to the existence of significant higher order harmonics 495

in (33). The analytically predicted average torque, torque 496

ripple percentage and a-phase self-inductance at θrm equals 497

to zero were calculated at 15.55 Nm, 0.8%, and 8.78 mH, 498

respectively. The same values obtained from FEAwere found 499

to be 14.75 Nm, 1.1%, and 8.12 mH; respectively. The 500

increased error in the average torque prediction compared to 501

the results in sub-sections A and B is due to the relatively 502

more magnet-magnet leakage present in Vernier machine 503

compared to FSCW-PMSM. 504

IV. APPLICATION TO OPTIMIZATION DESIGN 505

The developed analytical model was integrated into an evo- 506

lutionary optimization design algorithm with the purpose 507

of designing a 1.86 kW PMSM with a 5:1 constant power 508

speed range (CPSR) [27]. In this design, three torque-speed 509

operating points were modeled to capture the flux weakening 510
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FIGURE 9. Non-sinusoidal back-emf at the rated conditions (a-phase).

region [27]. A total of 20 design parameters/degrees of free-511

dom were used [27]. Ten of these parameters were geomet-512

rical and winding parameters, four were used to select the513

material of the stator, rotor, magnets, and conductors; and the514

last six were the stator current rms value and current angle515

for each operating point [27]. A total of 18 hard constraints516

were applied and two optimization objectives were set to517

be minimized which were the total machine electromagnetic518

mass and total weighted loss computed from the three points.519

The total weighted loss includes the winding conduction loss,520

core loss, magnet loss and conduction loss in the inverter.521

Recently, various promising evolutionary optimization522

algorithms such as Garra Rufa, Gray Wolves, and Dragon-523

fly have been proposed for various applications aiming to524

improve the computational speed of the optimization [38],525

[39], [40]. Integrating the developed model in one of these526

modern algorithms will be an interesting investigation in527

terms of convergence speed. It is therefore important to528

have a benchmark reference to compare with. For this pur-529

pose, the developed model is encapsulated into the classi-530

cal well-known genetic algorithm (GA) toolbox [41]. The531

number of stator slots, stator poles and rotor poles were532

fixed at 18, 2, and 14; respectively. A concentrated winding533

topology is adopted as described in [27]. More information534

about this design procedure can be found in [27].535

The optimization was run for a GA population of 500 and536

generation of 500. The resulting trade-off curve between the537

defined objectives, better known as the Pareto-optimal front,538

is shown in Fig. 10, where the x-axis represents the total539

electromagnetic mass of the machine and y- axis gives the540

total weighted power loss. Each point in this curve is a sep-541

arate machine design that satisfied all imposed constraints.542

For example, the lowest achievable machine electromagnetic543

mass during the optimization was found to be 2.8 kg. This544

machine has weighted power loss of around 190 W. Simi-545

larly, the heaviest machine has an electromagnetic mass of546

around 11.2 kg with weighted power loss of 145 W. It can be547

deduced that higher mass machines are more efficient (less548

weighted loss) due to the increase in the stator mass to reduce549

FIGURE 10. Pareto optimal front.

conduction and core loss happening in the stator region, but 550

at the expense of heavier machines. 551

A total of 147machines were designed as shown in Fig. 10, 552

where the optimization took around one hour on an i-5 desk- 553

top PCwith 8 GB-ram, 3.0 GHz processor, and 8 cores, which 554

involved 1.2 million evaluations of the analytical model 555

script. Similar design procedures using numerical methods 556

with much smaller space require much more computational 557

time [5], [6], [37]. 558

To assert the computational effectiveness of the developed 559

model, it was run using 300 winding function harmonics k 560

in (2), 300 magnet MMF harmonics n in (5), and 300 airgap 561

permeance harmonics j in (9). Moreover, 1200 points were 562

considered, in the span of zero to 2π , for φsm. The analytical 563

script was run for one rotor position corresponding to θrm 564

equal to zero. To make the comparison as fair as possible, 565

twomagneto-static linear FEA studies were conducted for the 566

same rotor position: the first incorporated adaptive meshing 567

with three pass/adaptions; while the second did not incorpo- 568

rate adaptive meshing and was relying on the initial mesh. 569

By running the studies on an i-5 desktop PCwith 3.0 GHz and 570

8 processing cores, it was found that the analytical script took 571

0.025 seconds to obtain the electromagnetic field solutions, 572

compared to 15 seconds and 9 seconds for the first and 573

second FEA studies, respectively. It should be noted that this 574

time does not include the time needed to build the machine 575

geometry or its winding in the analytical or FEA software. 576

V. CONCLUSION AND FUTURE WORK 577

This work presents a novel abc-variable based analytical 578

model for surface-mounted PMAC machines which can be 579

utilized to predict the electromagnetic machine performance 580

with a sinusoidal or non-sinusoidal back-emf. Closed-form 581

expressions for important parameters such as inductances, 582

flux linkages, and torque were presented. Validation of the 583

model was done using FEA and experimental tests on a lab- 584

prototype, where a good match in results was demonstrated 585

for sinusoidal and non-sinusoidal back-emf. In particular, 586
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it was shown that for a PMACmachine with sinusoidal back-587

emf, the maximum error in the average torque between the588

developed model and 2-D FEA, and the developed model and589

experimental results is 2.51% and 3.15%, respectively. For590

the machine with non-sinusoidal back-emf, the error in the591

average torque between the developed model and 2-D FEA is592

5.28%. Finally, the computational effectiveness of the model593

in a multi-objective evolutionary optimization setting was594

demonstrated.595

Future work includes further testing under different oper-596

ating conditions and in particular under the field-weakening597

region. The model can be further enhanced by adapting it to598

the presence of stator tooth-tips. This work can be expanded599

to model non-linear effects especially in the stator teeth.600

Finally, the inclusion of cogging torque prediction can be601

considered.602
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