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ABSTRACT In this study, we propose a three-phase power-flow calculation using the initial voltage estima-
tion for unbalanced radial distribution systems. Graph theory, Kron reduction, and injection current methods
are combined in the proposed method. Network components, such as transmission lines, transformers, and
loads, are integrated into the system bus impedancematrix (ZBUS ). If there are only network components with
constant or quasi-constant impedance characteristics in distribution systems, the power flow can be solved
without iterative procedures. Therefore, the proposed method can be called the ‘‘direct solution method’’.
Because the initial estimations can approximate the final converged solutions, the proposed method has
excellent convergence capability. To demonstrate the feasibility and effectiveness of the proposed method,
five IEEE test systems are used for comparisons in different scenarios. The test results demonstrate that
the proposed method performs well by offering good convergence in complex distribution networks with
different transformer connections.

INDEX TERMS Distribution network, distribution transformer modeling, power flow analysis, three-phase
power flow, unbalanced power network.

I. INTRODUCTION
In recent years, due to the rapid economic development of
countries, people’s standards of living have continued to
improve. The industrial and commercial sectors are booming,
and electricity consumption continues to increase annually.
With the increase in green energy awareness, many renewable
energy sources have been added to power grids. Research
on transmission and distribution systems has expanded. The
planning, design, operation, and maintenance of distribution
systems and the quality and reliability of the power supply
must be evaluated using a complete and accurate power flow
analysis tool. Therefore, developing a powerful three-phase
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power-flow analysis method is necessary to address the com-
plexity and variety of distribution systems.

The purpose of the power flow study is to determine the
electrical quantities of the entire power system under the
given operating conditions and network topologies. In other
words, the bus voltage magnitudes and angles, line power
flows, and line power losses can be determined. The results
of power flow calculations are the basis for stability and fault
studies. The development of these methods is based on some
basic requirements, which can be summarized as follows:

1. Reliability and convergence of algorithms;
2. Calculation speed and memory usage;
3. Convenience and flexibility of calculations.
Research on power flow analysis began in 1956 and

has been ongoing since then. Various calculation meth-
ods for power flow studies, including Gauss-Seidel and
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Newton-Raphson (NR) methods [1], [2], have been devel-
oped. However, they are generally only applicable to trans-
mission networks and are not significantly compatible with
low-voltage distribution networks. Most distribution systems
operate in a radial arrangement, i.e., when power flow is
unidirectional. The distribution network supplies electricity
directly to the end customers with lower voltage levels and
smaller transmission capacities. The cross-sectional area of
the conductors is smaller, resulting in a large R/X ratio of
the feeders. Therefore, the traditional power flow calculation
for transmission networks cannot be directly applied to power
flow calculations for distribution networks.

Several algorithms have been designed for distribution
networks with radial arrangements. From the viewpoint of
network analysis, algorithms can be divided into two main
categories: nodal voltage and branch current analyses. Typ-
ical nodal voltage analysis methods include modified NR
and fast decoupling [3]. The improved NR method conforms
to the topological characteristics of distribution networks.
However, the NR method is significantly influenced by the
initial guess of the iterative process, which must be close to
the final converged results. Otherwise, the iteration diverges
easily.

Owing to the large R/X of the distribution networks, the
boundary conditions of the fast decoupling method cannot be
satisfied. Thus, it is difficult to obtain the desired converged
results when calculating the power flows of the distribution
networks. Nevertheless, some studies have been conducted to
improve the fast decoupling method applicable to distribution
networks [4], [5], [6]. The modified fast decoupling methods
may lose the original small computation and reliable conver-
gence features by improving the B

′

and B
′′

matrices to handle
line conductors with large R/X.

Branch-current analysis method is the most popular algo-
rithm for distribution power-flow calculations. These types
of solution algorithms can be categorized as follows: the
loop-impedance method [7], forward/backward sweep [8],
[9], [10], [11], ladder, and direct ZBUS methods [12]. These
type of algorithms exhibit the characteristics of a simple
algorithm and reliable convergence. In the loop-impedance
method, the load at the node is represented by a constant
impedance without considering line-to-ground conductances
in the distribution networks, and the number of branches in
the distribution networks is larger than the number of links.
Therefore, the loop-current method is suitable for power-flow
studies. From the slack bus to each load node, it forms a loop.
A distribution network consists of a finite number of loops.
The bus voltage can be determined using Kirchhoff’s law of
voltage.

In recent years, the forward/backward sweep method has
been widely used in power flow studies of distribution
networks. According to the breadth priority, all branch com-
ponents are numbered hierarchically for the sequence of iter-
ation steps. Moreover, this type of method, with simple and
practical characteristics, does not require the formation of a
conductance or impedance matrix. In the second method, the

line power loss is regarded as the state quantity. The effects of
the reactive powers and line voltage drops on the line power
losses are considered. In the forward sweep process, the node
voltages are obtained from the injected powers at the nodes.
The line power losses are updated in the backward sweep
process using new node voltages. The new node voltages are
then iteratively updated by the nodal injected powers until
convergence is achieved.

In the direct ZBUS method, graph theory is used to build a
constant bus impedancematrix with series impedances for the
branch components. During the iterative process, the shunt
conductances of the feeder conductors, mutual couplings
of the transformers, and load demands are represented as
equivalent injected currents. Convergence is achieved when
the difference between the bus voltages obtained by two
successive iterations is less than the preset tolerance.

The aforementioned power flow solution algorithms
require an iteration process. Therefore, the holomorphic
embedding load flow method (HELM) was used to solve this
problem [13], [14] based on complex analysis. The HELM
embeds the original physical power flow problem into the
holomorphic function for mapping the corresponding volt-
ages, ensuring the definiteness of the final solution. The
HELM is non-iterative and deterministic. However, the accu-
racy requirement and computation effort of HELM are still
in concern. The accuracy of the computation process must be
improved by combining iteration processes [15].

Finally, the purpose of this study is to develop a method-
ology to improve the solution procedure of the direct ZBUS
method. In the proposed method, both the series and shunt
impedances are involved in the bus impedance matrix. The
initial estimations approximate the final converged solutions.
The convergence solution can be quickly obtained using
negligible compensation currents. The results demonstrate
that the proposed method exhibits excellent convergence,
robustness, and feasibility.

II. DISTRIBUTION SYSTEM COMPONENT MODELS
Theoretically, distribution systems are more complex than
transmission systems because of various network compo-
nents and load demand behaviors. Additionally, the topology
of distribution systems is inherently asymmetrical. Network
component models may affect the accuracy and convergence
of solution algorithms. The selection of the network compo-
nentmodels corresponds to the solution algorithms. However,
a trade-off between the accuracy of the network component
models and the convergence of the solution algorithms is a
challenge.

Network components in power systems can be divided into
series and shunt components. In general, series and shunt
components are represented as resistances, inductances and
capacitances, or injected currents. In the direct ZBUS method,
the resistances, inductances and capacitances were integrated
into the bus impedance matrix. The shunt components were
represented as injected currents. In the proposed method,
the phase-to-ground shunt component is equivalent to
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a constant-impedance and injection-current source. There-
fore, when building the bus impedance matrix, the series
components of the distribution networks are first involved,
and then the shunt components are considered using the Kron
reduction method.

A. TRANSMISSION LINE MODEL
In this study, the transmission lines are represented as
π model equivalent circuits [16], [17], [18], [19], as shown
in Fig. 1. Using the Carson equation, the self-impedance
and phase-to-phase mutual impedance of each phase as well
as the shunt self-inductance and mutual inductance can be
calculated. Moreover, the series impedance matrix and shunt
capacitance matrix with the implied neutral or ground wire
effect can be obtained using the Kron reduction, as shown
in (1) and (2). The charging capacitances between conductors
or between conductor and ground are represented as shunt
capacitances, as shown in Fig. 2 (a), and the charging capac-
itances are expressed as equivalent impedances, as shown
in Fig. 2 (b).

[zabc]line =

zaa−g zab−g zac−g

zba−g zbb−g zbc−g

zca−g zcb−g zcc−g

�/mile (1)

[Cabc]line =

Caa−g Cab−g Cac−g

Cba−g Cbb−g Cbc−g

Cca−g Ccb−g Ccc−g

µF/mile (2)

FIGURE 1. Transmission line π-equivalent model.

FIGURE 2. Equivalent model of charging capacitance and equivalent
impedance of three-phase conductor.

By integrating the series impedance model and shunt
impedance equivalent model, the complete equivalent model

for the three-phase three-wire transmission line used in the
proposed algorithm can be obtained, as shown in Fig. 3.

FIGURE 3. Three-phase three-wire transmission line equivalent model.

B. TRANSFORMER MODEL
In this study, an equivalent model for three-phase three-wire
distribution transformers [19], [20] is used for the proposed
algorithm using single-phase two-wire transformer models
and the superposition method. Here, the Yg − Yg transformer
is used as an example. The primary and secondary winding
taps of the transformers are α and β, respectively, and the bus
admittance matrix for the distribution transformers is shown
in (3).

where yt is the per-unit (p.u.) leakage admittance measured
using the short-circuit test.

The decoupled circuit can be determined using the bus
admittance matrix. Only the self-admittances in the decou-
pled circuit are retained and expressed in terms of the
impedance, as shown in (4). The mutual inductances are
expressed as the equivalent shunt impedances, as shown
in Fig. 4.

[
zprim

]
tr =


αβ
yt

0 0

0 αβ
yt

0

0 0 αβ
yt

 (4)

C. LOAD MODEL
The loads can be divided into a lumped load connected to
the nodes and a load evenly distributed along the feeder.
Depending on the number of phases, loads can be divided
into three- and single-phase load demands. Three-phase loads
can be connected as Y-connected or 1-connected loads,
whereas single-phase loads can be connected between the
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FIGURE 4. Equivalent impedance model for Yg − Yg transformer.

phase and neutral wires or between the phase and phase wires.
Depending on the load behavior, the loads can be classified
as constant impedance (Z), constant current (I), or constant
power (P) loads [19], [21]. In this study, a ZIP load model
was adopted, as shown in Fig. 5.

FIGURE 5. ZIP load model.

However, the load power depends on the phase voltage and
load behavior. Therefore, the load power S ik,ZIP for each phase
connected to bus-k is calculated, as shown in (5).

S ik,ZIP = S i0,ZIP

a0 + a1 · [V i
k

V i
0

]1
+ a2 ·

[
V i
k

V i
0

]2 ,
i ∈ {a, b, c} (5)

where S ik,ZIP are the load complex powers with operating
phase voltages V i

k and S i0,ZIP is the load complex power at
the rated phase voltage V i

0. In addition, a0, a1, and a2 are the
load coefficients for constant power, current, and impedance
loads, respectively. Here, a0 + a1 + a2 = 1.
In this study, the load powers were decomposed into two

parts: (1) the rated load impedance Z i and (2) the com-
pensation injection current I ik . The rated load impedance
is determined by the rated power and rated phase volt-
age. The load impedance Z i is calculated for each phase
using (6).

Z i =

∣∣V i
0

∣∣2
S i0

, i ∈ {a, b, c} (6)

where V i
0 is the rated phase voltage and S i0 is the rated

complex power.

Furthermore, the constant Z load complex power S iz at
phase voltage V i

k is shown in (7). The mismatch between
the ZIP load complex power S ik,ZIP and the constant Z-load
complex power S iz are corrected using injection current
compensation. The compensating injection current I ik,ZIP for
each phase at bus k is calculated using (8).

S iz = V i
k ·

(
V i
k

Zi

)∗
, i ∈ {a, b, c} (7)

I ik,ZIP = −(
S ik,ZIP − S

i
z

V i
k

)
∗

, i ∈ {a, b, c} (8)

III. NETWORK PERFORMANCE EQUATIONS
A. GRAPH THEORY
In 1736, Swiss mathematician Euler solved the seven-bridge
problem. Thus, graph theory was initiated. Graph theory
focuses on collecting nodes and edges to graphically describe
the geometric relationships of their network topologies.
As computing speed increases, electrical system analysis
techniques have also changed considerably. Since then, schol-
ars have introduced graph theory into electrical power sys-
tem studies. A complex network topology is regarded as a
geometric graph of nodes and line segments. The connection
relationship of the electrical system components is described
by the corresponding incidence matrix [22].

To facilitate the derivation of the incidencematrix, a single-
line diagram of a simple radial distribution system was used,
as shown in Fig. 6. In traditional power system studies, a slack
bus is often considered to be the ideal voltage source. How-
ever, the internal impedance of the slack bus was considered
in the proposed algorithm. The single-line diagram shown in
Fig. 6 has been modified, as shown in Fig. 7.

FIGURE 6. Single-line diagram for radial power distribution system.

In a radial power system with n nodes, the e elements and
b branches can be determined using b = e = n− 1. In Fig. 7,
the n = 7, therefore e = 6 and b = 6. Additionally, the
following section introduces the incidence matrices used in
this study, consisting of an element-node incidence matrix Ê,
bus incidence matrix E, and branch-path incidence matrix B.
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FIGURE 7. Single-line diagram with a voltage source model.

1) ELEMENT-NODE INCIDENCE MATRIX Ê
The element-node incidence matrix Ê is defined as a matrix
with e×n dimensions, describing the connection relationship
of a power grid mainly through the association of elements
and nodes, which is described as follows:

Ê (i, j) = +U : The i-th element is connected to the j-th
node and is oriented to outflow the j-node.

Ê (i, j) = −U : The i-th element is connected to the
j-th node and is oriented to flow into the j-th node.

Ê (i, j) = 0 : The i-th element has no connection to the j-th
node.
where U is the unit matrix. For single-phase, two-phase, and
three-phase elements, the dimensions were 1× 1, 2× 2, and
3× 3, respectively, and the remaining unconnected elements
were zero matrices. In Fig. 7, the element-node incidence
matrix Ê is expressed as follows:

2) BUS INCIDENCE MATRIX E
The bus incidence matrix E is defined as a matrix with
e × (n− 1) dimensions, where the element-node incidence
matrix Ê is obtained by deleting the corresponding column of
the reference node. Any node can be selected as a reference.
The ground node at the system voltage source was selected
as a reference in the proposed algorithm. The bus incidence

matrix E for Fig. 7 is expressed as follows:

3) BRANCH-PATH INCIDENCE MATRIX B
The branch-path incidence matrix B is defined as a matrix
with e × (n− 1) dimensions, expressing the relationship
between the branches and paths. Path refers to the branches
from the corresponding bus to the reference. The branch path
incidence matrix B is described as follows:

B (i, j) = +U : The i-th branch is from the j-th node to the
reference and is oriented in the same direction.

B (i, j) = −U : The i-th branch path is from the j-th node
to the reference and is oriented in the opposite direction.

B (i, j) = 0 : The i-th branch has no connection to the j-th
node.

In Fig. 7, the branch-path incidence matrix B is expressed
as follows:

Because the power grid is a radial arrangement with no link
circuit, the bus incidence matrix has the following relation-
ship with the branch-path incidence matrix.

EtB = U (12)

B = (Et )−1 (13)

However, network component models describe the connec-
tion relationship of the network components and the charac-
teristics of the individual network components.
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B. SERIES COMPONEN BUILDING ALGORITHM
According to the graph theory mentioned in the previous
section, network components were divided into series and
shunt components. The set of series components does not
constitute a loop, whereas any shunt component can be added
to constitute a loop.

Each component in a network can be expressed in
impedance or admittance form. The characteristics of the
network components can be represented as the primitive
impedance matrix za,b,c or primitive admittance matrix ya,b,c,
as shown in Fig. 8.

FIGURE 8. Representations of a network component.

Therefore, the performance equations of a primitive net-
work in impedance form and admittance form can be
expressed as

v̄a,b,c =
[
za,b,c

]
· īa,b,c (14)

īa,b,c =
[
ya,b,c

]
· v̄a,b,c (15)

is multiplied by the transpose matrix of the bus incidence
matrix Et . According to Kirchhoff’s current law, the current
injected into the bus yields

Īa,b,cBUS = Et īa,b,c = Et
[
ya,b,c

]
· v̄a,b,c (16)

According to the conservation of energy law, the power in
interconnected and primitive networks must be equal, i.e.,(

Ī∗ a,b,cBUS

)t
V̄ a,b,c
BUS =

(
ī∗ a,b,c

)t
v̄a,b,c (17)

Then, by substituting (16) into (17), yields(
ī∗ a,b,c

)t
EV̄ a,b,c

BUS =

(
ī∗ a,b,c

)t
v̄a,b,c (18)

Therefore,

v̄a,b,c = EV̄ a,b,c
BUS (19)

Substituting (19) into (16), yields

Īa,b,cBUS = Et
[
ya,b,c

]
EV̄ a,b,c

BUS (20)

Therefore, using the bus frame of reference, the performance
equation of a network in the admittance form is expressed as
follows:

Īa,b,cBUS = Ya,b,c
BUS V̄

a,b,c
BUS (21)

According to (21), it can be seen that the bus admittance
matrix Ya,b,c

BUS is obtained by multiplying the bus incidence
matrix E with the primitive series admittance matrix

[
ya,b,c

]
.

The bus impedance matrix Za,b,cBUS is the inverse of the bus
admittance matrix Ya,b,c

BUS , as expressed in (22).

Za,b,cBUS = (Ya,b,c
BUS )

−1
= (Et

[
ya,b,c

]
E)
−1

(22)

According to the relationship between the bus incidence
matrix E and branch-path incidence matrix B, yields

Za,b,cBUS ≡ Bt
[
za,b,c

]
B (23)

C. SHUNT COMPONENT BUILDING ALGORITHM
According to (23), the topology of distribution networks can
be described by the corresponding incidence matrix. The
dimension of the ZBUS is unchanged when an element (link)
is added between the existing nodes. All elements of the
original bus impedancematrixmust be recalculated to include
the effect of the added link by using the Kron reduction
method [23], [24].

FIGURE 9. Representation of a partial network.

We assume a partial network with m buses and reference
node 0, as shown in Fig. 9. ZBUS is the series impedance
matrix of the partial network. The performance equation of
the partial network can be expressed in (24).

V̄ a,b,c
1 = Za,b,c11 Īa,b,c1 + . . .+ Za,b,c1p Īa,b,cp + . . .

+Za,b,c1m Īa,b,cm
...

V̄ a,b,c
p = Za,b,cp1 Īa,b,c1 + . . .+ Za,b,cpp Īa,b,cp + . . .

+Za,b,cpm Īa,b,cm

...

V̄ a,b,c
m = Za,b,cm1 Īa,b,c1 + . . .+ Za,b,cmp Īa,b,cp + . . .

+Za,b,cmm Īa,b,cm (24)

When a link is added to the partial network between bus p
and bus q, no new buses are added. The dimensions of the
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ZBUS matrix remain unchanged, but all elements in ZBUS
matrix must be recalculated. If the impedance of the added
link is za,b,cpq and there is a current Īa,b,cl flowing through
this impedance, as shown in Fig. 10 (a). Therefore, from
Fig. 10 (a), we obtain

V̄ a,b,c
q − V̄ a,b,c

p + za,b,cpq Īa,b,cl = 0 (25)

FIGURE 10. Add a link.

By adding a link, the original currents Īa,b,cp and Īa,b,cq were
changed to Īa,b,cp − Īa,b,cl and Īa,b,cq + Īa,b,cl , respectively.
Therefore, the network equation becomes:

V̄ a,b,c
1 = Za,b,c11 Īa,b,c1 + . . .+ Za,b,c1p

(
Īa,b,cp − Īa,b,cl

)
+ . . .

+Za,b,c1q

(
Īa,b,cq + Īa,b,cl

)
+ . . .+ Za,b,c1m Īa,b,cm

...

V̄ a,b,c
p = Za,b,cp1 Īa,b,c1 + . . .+ Za,b,cpp

(
Īa,b,cp − Īa,b,cl

)
+ . . .

+Za,b,cpq

(
Īa,b,cq + Īa,b,cl

)
+ . . .+ Za,b,cpm Īa,b,cm

...

V̄ a,b,c
q = Za,b,cq1 Īa,b,c1 + . . .+ Za,b,cqp

(
Īa,b,cp − Īa,b,cl

)
+ . . .

+Za,b,cqq

(
Īa,b,cq + Īa,b,cl

)
+ . . .+ Za,b,cqm Īa,b,cm

...

V̄ a,b,c
m = Za,b,cm1 Īa,b,c1 + . . .+ Za,b,cmp

(
Īa,b,cp − Īa,b,cl

)
+ . . .

+Za,b,cmq

(
Īa,b,cq + Īa,b,cl

)
+ . . .

+Za,b,cmm Īa,b,cm (26)

Substituting V̄ a,b,c
p and V̄ a,b,c

q from (26) into (25), yields(
Za,b,cq1 − Za,b,cp1

)
Īa,b,c1

+ . . .+
(
Za,b,cqp − Za,b,cpp

)
Īa,b,cp + . . .

+

(
Za,b,cqq − Za,b,cpq

)
Īa,b,cq + . . .

+

(
Za,b,cqm − Za,b,cpm

)
Īa,b,cm

+

(
za,b,cpq + Za,b,cpp + Za,b,cqq − 2Za,b,cpq

)
Īa,b,cl = 0

(27)

By adding (27) to (26), the (m + 1)-th associative equations
can be obtained as follows:

where

Za,b,cli = Za,b,cil

= Za,b,ciq − Za,b,cip , i ∈ {1, . . . , p, . . . , q, . . . ,m}

(29)

Za,b,cll = za,b,cpq + Za,b,cpp + Za,b,cqq − 2Za,b,cpq (30)

The link currents Īa,b,cl can then be eliminated, and (28) can
be partitioned and rewritten in a condensed form as follows:[

V̄ a,b,c
BUS
0

]
=

[
Zold
BUS 1Z
1Zt Za,b,cll

][
Īa,b,cBUS
Īa,b,cl

]
(31)

where

1Z =
[
Za,b,c1q − Za,b,c1p , . . . ,Za,b,cpq

−Za,b,cpp , . . . ,Za,b,cqq − Za,b,cqp , . . . ,Za,b,cmq − Za,b,cmp

]t
(32)

Therefore, by expanding (31), yields

V̄ a,b,c
BUS = Zold

BUS Ī
a,b,c
BUS +1Z·Īa,b,cl (33)

0 = 1Zt Īa,b,cBUS + Za,b,cll Īa,b,cl (34)

After rearranging (34), yields

Īa,b,cl = −

[
Za,b,cll

]−1
1Zt Īa,b,cBUS (35)

Then, substituting (35) into (33), we have

V̄ a,b,c
BUS =

[
Zold
BUS −1Z·

[
Za,b,cll

]−1
·1Z

t]
Īa,b,cBUS (36)

Consequently, the new impedance matrix Znew
BUS is defined

by (37).

Znew
BUS = Zold

BUS −1Z·
[
Za,b,cll

]−1
·1Zt (37)
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When bus q is the reference, as shown in Fig. 10 (b), then
Za,b,cqi = Za,b,ciq = 0, and (28) can be simplified as:

where Za,b,cll = za,b,cpq + Za,b,cpp and

1Z =
[
−Za,b,c1p , . . . ,−Za,b,cpp , . . .− Za,b,cmp

]t
.

IV. PROPOSED ALGORITHM
In this study, the three-phase direct ZBUS power flow method
is improved for unbalanced radial distribution systems by
combining the graph theory, Kron reduction method, and
superposition theorem. Convergent problems caused by dis-
tribution transformers are considered in the proposedmethod.

In the existing direct ZBUS power flow method, the slack
bus is generally regarded as an ideal voltage source, and the
series impedances of the network components are incorpo-
rated into the bus impedance matrix according to (23). The
shunt components are equivalent to the injection currents,
which are updated according to the calculated bus voltages
during the iterative process.When all bus voltage mismatches
are less than the preset tolerance ε, the bus voltages converge.

However, the direct ZBUS method may require a large
number of iterations or even fail to converge owing to dif-
ferences in the network component models. Therefore, a bus
impedance matrix ZBUS building algorithm for the series and
shunt network components is used in the proposed algorithm.
Using equation (23), the series components are incorporated
into the bus impedancematrixZBUS , and using (37), the shunt
components are involved in the bus impedance matrix ZBUS .
To describe the proposed method, a radial distribution system
with series and shunt components is illustrated in Fig. 11.

The proposed direct power flow method is based on bus
voltage calculation. Using the superposition theorem, only
one type of power source is considered simultaneously when
calculating the bus voltage. When a voltage source for the
slack bus acts, all injected currents are open-circuit; con-
versely, when the injected current sources act, the voltage
source for the slack bus is short-circuited.

In general, the power flow calculation designates one of the
buses connected to the generators as a slack bus. In a power
flow study, the voltage at the slack bus is typically assumed
to be in a balanced three-phase state. The amplitude |Vslack |
and power angle θ0 for the three phases are given by (39).

V̄ a,b,c
slack =

V a
slack
V b
slack
V c
slack

 =
 |Vslack |6 θ0 + 0

◦

|Vslack |6 θ0 − 120
◦

|Vslack |6 θ0 + 120
◦

 (39)

Because the ground of the slack bus is considered, accord-
ing to Norton’s theorem, the open-circuit voltage source can

FIGURE 11. Radial distribution system expressed by equivalent
impedances.

be converted into an injection current source with equivalent
impedance or admittance. Thus, the equivalent injection cur-
rent at the slack bus is calculated using (40).

Īa,b,cslack =

[
Za,b,cBUS,slack

]−1
3×3
· V̄ a,b,c

slack (40)

When the voltage source at the slack bus acts, all the
injected current sources are open-circuit. The voltage drops
caused by the voltage source at the slack bus are given by (41).

If the network components in the distribution systems
have constant or quasi-constant impedance characteristics,
the voltage drops calculated by (41) are the final converged
solutions without the iterative process. If the distribution
system contains network components with constant current
or constant power characteristics, the injected current com-
pensations Īa,b,cZIP are used to update the voltage drops using
(8) during the iterative process. In contrast to (41), when
compensating currents are applied, the bus impedance matrix
ZcomBUS is used. ZcomBUS is obtained by short-circuiting the slack
bus using (37). In the k-th iteration, the voltage drop V̄ com

BUS
caused by the compensating currents can be determined
using (42).

V̄ com(k)

BUS = ZcomBUS Ī
a,b,c(k)
ZIP (42)

Therefore, by combining the voltage drops generated by
the voltage source at the slack bus and the compensation
currents, the bus voltages at the k-th iteration are obtained
using (43).

V̄ a,b,c(k)
BUS = V̄ slack

BUS + V̄
com(k)

BUS = V̄ slack
BUS + ZcomBUS Ī

a,b,c(k)
ZIP (43)
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FIGURE 12. Flow chart of the proposed algorithm.

Then, the voltage mismatch at the k-th iteration is

1V̄ a,b,c(k)
BUS = V̄ a,b,c(k)

BUS − V̄ a,b,c(k−1)
BUS (44)

According to (44), if the voltage mismatches of all buses
are less than the predefined tolerance ε, i.e.,

∣∣∣1V̄ a,b,c(k)
BUS

∣∣∣ <
ε, then the bus voltages are the final converged solutions;
otherwise, the bus voltages are updated iteratively, as shown
in (45). A convergence factor α is used to avoid divergence
in the power flow calculations during the voltage iteration
process, where α is set according to different scenarios for
distribution systems, and usually α ≤ 1. The flowchart of the
proposed algorithm is shown in Fig. 12.

V̄ a,b,c(k+1)
BUS = V̄ a,b,c(k)

BUS + α ·1V̄ a,b,c(k)
BUS (45)

V. RESULTS
To confirm the accuracy, robustness, and feasibility of the
proposed algorithm, a series of simulations for the accuracy
and performance tests were conducted. For all the test cases,
the convergence tolerance for the bus voltage was 10−4 pu.
The program was implemented using MATLAB 2021a on a
computer with an i7-10700F processor andWindows 10 oper-
ating environment.

A. ACCURACY TEST
In terms of accuracy, the proposed algorithm was compared
with the IEEE results. The IEEE-13 bus system contains most
of the network components of a practical power grid, includ-
ing transformers, voltage regulators, shunt capacitor banks,
overhead transmission lines, underground cables, and various
load demands. Therefore, it is often used as a benchmark for
power flow algorithms for unbalanced distribution systems.
Table 1 shows the results obtained using the proposed method
for power flow calculation. Tables 2 and 3 show the voltage
mismatches between the results obtained by the proposed
method and IEEE results.

TABLE 1. Bus voltages for IEEE-13 system.

TABLE 2. Magnitude mismatches bus voltages between the calculated
solutions and IEEE-13 bus system results.

The results show that the mismatches between the pro-
posed method and the IEEE-13 bus system results are
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TABLE 3. Angle mismatches of bus voltages between the calculated
solutions and IEEE-13 bus system results.

insignificant. The maximum mismatch of the voltage magni-
tudes is 0.0002 p.u. (0.0205%), and the maximum mismatch
of the voltage angles is 0.01◦ (0.3906%). There is one reason
for this minor mismatch. A different voltage regulator model
was used in the proposed algorithm. For the voltage regulator
model, three single-phase double-winding transformers were
used in this study, whereas the ideal voltage regulator was
used in the IEEE test system.

B. PERFORMANCE TEST
To verify the performance of the proposed method, the fol-
lowing tests and analyses were performed in different scenar-
ios using the other five methods.

Method 1— Direct ZBUS method [12];
Method 2— Implicit Gauss ZBUS method [25];
Method 3— NR method;
Method 4— CIM method [26];
Method 5— BFS method [10];
Method 6— Proposed method.

1) IEEE TEST CASES
IEEE 13, 34, 37, and 123 bus test systems [27] are often
used to verify the convergence of the power-flow algorithm.
The selection of network component models and calculation
algorithms significantly affects the performance of the solu-
tion algorithm. Thus, a performance comparisonwith existing
methods is proposed. TABLE 4 compares the number of
iterations (NIs) and execution time (ET) for different test sys-
tems. The initial voltage estimation obtained by the proposed
method approximates the final converged solution. Hence, the

performance of the proposed method is quite excellent than
that of the direct ZBUS and implicit Gauss ZBUS methods in
terms of the NIs, particularly for the IEEE-34 bus system.

Owing to the extensive length of overhead lines and unbal-
anced loading patterns, the convergence of power flow solu-
tion algorithms is challenging. The convergence factor was
used during the iterative process.

2) TRANSFORMER CONNECTION TEST CASES
In this subsection, the effects of transformers with different
connections on the convergence of solution algorithms are
examined. The IEEE-4 bus system [28], as shown in Fig. 13,
is often used to test the effects of the transformers. In this test
case, the transformer was a step-down transformer with a bal-
anced three-phase load connected to the terminal bus. NI and
ET were compared in five connection scenarios for three
similar algorithms (Method 1, Method 2, and Method 6).
The results are shown in Fig. 14 for the Yg− Yg, Yg−1,
Y−1, 1− Yg, and 1−1 connections.

FIGURE 13. IEEE-4 bus system.

In terms of NI, it can be seen that the implicit Gauss
ZBUS method has the worst convergence among the three
algorithms. The implicit Gauss ZBUS method has divergence
problems for transformer connections 1 − Yg and 1 − 1.
The NIs of the proposed method are reduced by up to 2–6
(28.57%-75%) compared with those of the direct ZBUS
method. The ET of the proposed method is the fastest com-
pared with those of the other algorithms. The proposed
method exhibits excellent convergence when considering
transformer models.

3) CONSTANT Z LOAD TEST CASE
In the proposed algorithm, if the characteristics of the net-
work components are constant impedance or quasi-constant
impedance, then the equivalent compensation currents for the
network components are zero. In other words, the network
systems consist of only equivalent voltage sources, so the
bus voltage can be obtained without an iterative process.

TABLE 4. Comparisons of IEEE test feeder.
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FIGURE 14. Comparisons of transformer connections.

TABLE 5. Load parameters for constant Z-13 bus system.

To demonstrate the validity of the proposed direct power
flow method, the parameters of the loads in the IEEE-13
bus system were modified, as shown in Table 5. The
load characteristics were set to constant impedance. The
bus voltages and performance comparisons are presented
in Tables 6 and 7.

The proposed algorithm has the advantage of being able to
derive bus voltages without iteration when the network com-
ponents are all constant impedance characteristics. Compared
with the other two methods, the proposed method reduces the
NIs by 5 (500%) and the ET by 25.95 and 31.15 ms (245.97%
and 295.26%).

To demonstrate that the proposed algorithm can be imple-
mented without iterative procedures, two parameters, the load
ratio and line ratio were added for a broad range of operating
scenarios. The NIs, maximum bus voltage mismatches, and
minimum bus voltages were investigated for the constant
Z-13 bus system and the IEEE-13 bus system with load ratios
and line ratios ranging from 0.6 to 2. The results are presented
in Figs. 15–18.

TABLE 6. Bus voltages for constant Z-13 bus system.

TABLE 7. NI and ET for constant Z-13 bus system.

FIGURE 15. Load ratio test case.

FIGURE 16. Minimum bus voltage in load ratio test case.

FIGURE 17. Line ratio test case.

The results show that the load and line-length variations
may affect the voltage drops in the distribution network,
which may affect the NIs. With different load characteristics,
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TABLE 8. Test of convergence factor on IEEE test system.

FIGURE 18. Minimum bus voltage in line ratio test case.

increasing the load and line length may slowly increase the
NIs. However, with the constant impedance characteristics
using the proposed algorithm, the NIs are unaffected. In con-
trast, the maximum bus voltage mismatch is negligible in
the case of a light load or short line length. That is, the
minimum bus voltage approaches to 1.0 p.u. The operation
conditions can be regarded as the quasi-constant impedance
characteristics [29]. Moreover, the initial estimated results
for the constant-impedance characteristic can be used instead
of the final converged results for the different load char-
acteristics to achieve the bus voltages without the iterative
procedure. In conclusion, the comparison results demonstrate
the effectiveness of the proposed method.

4) CONVERGENCE FACTOR TEST CASES
To further verify the convergence of the proposed method,
the results of the three methods with different convergence
factors are compared and analyzed in this subsection. The
NIs for the convergence factors from 0.4 to 1 are investigated,
as shown in Table 8.

The results show that Methods 1 and 2 require the conver-
gence factor to increase the convergence of the algorithms
in the case of complex distribution systems, which is the
IEEE-34 bus system. However, the optimal convergence fac-
tor varies with the operating conditions of the distribution
systems. The optimal convergence factor must be fine-tuned
using the trial-and-error method. Nonetheless, the proposed

method can improve the convergence of the iterative proce-
dures without considering the convergence factor for all four
test systems. Therefore, the proposed method exhibits better
convergence than the other two methods.

VI. CONCLUSION
In this study, a three-phase power flow algorithm was pro-
posed for radial distribution networks. The graph theory,
Kron reduction method, and superposition theorem were
combined in the proposed method. The proposed method
involves both the series and shunt components when build-
ing the bus impedance matrix. When the network compo-
nents consist of only a constant impedance characteristic,
the bus voltages can be obtained without iterations. If the
network component characteristics are constant current or
power, only a small amount of compensation current must
be injected. Alternatively, the proposed method can achieve a
non-iterative procedure in the case of light loads and short
lines. To demonstrate the accuracy and efficiency of the
proposed method, IEEE test systems were used to verify the
convergence performance in terms of the NIs compared to
the convergence factor. The proposed method also shows a
significant improvement in the NIs and ET compared with
the direct ZBUS method and the implicit Gauss ZBUS method
when transformer models with different connections are con-
sidered. Finally, the results demonstrate that the proposed
method achieves excellent convergence in unbalanced net-
work systems.
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